Astron. Astrophys.337,940-944(1998)

ASTRONOMY
AND
ASTROPHY3CS

An analytic solar magneticfield model

M. BanaszkiewicZ, W.l. Axford?, and J.F. McK enzi&

! SpaceResearcliCenter PolishAcademyof SciencesBartyckal8a,PL-00716Warsav, Poland
2 Max-Planck-Institufiir Aeronomie,Postaich20, D-37189Katlenturg-Lindau,Germary

Receved 23Januaryl998/ Accepted30Junel998

Abstract. We describea simple analytic modelfor the mag-
netic field in the solarcoronaand interplanetaryspacewhich
is appropriateto solar minimum conditions.The modelcom-
binesan azimuthalcurrentsheetin the equatorialplanewith
anaxisymmetricmultipolefield representingheinternalmag-
neticfield of the Sun.Theradialcomponenbf thefield filling
interplanetarypacds approximatelymonopolasatlargehelio-
centricdistancessobsened. Theseopenfield linesconnecto
the polarregionsof the Sunanddefinethe polarcoronalholes
which areprevalentatsolarminimumandwhich arethesource
ofthefastsolarwind. By includingbothdipoleandaquadrupole
termsattheorigin it is possibleto constructagoodrepresenta-
tion of the coronalmagneticfield in suchconditions.We also
notethat the Parker spiral will be underwoundrelative to the
caseof themonopolebecaus¢heopenfield linesemanatdérom
solarlatitudesin excessof 60°.
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1. Intr oduction

Immediatelyfollowing the Pioneerl0 encountemwith Jupiter
Gleeson& Axford (1974),(1976) constructeca very simple
magneticfield modelinvolving a dipole andanazimuthalcur-
rentsheetThe modeldescribegatherwell the magnetosphere
of arapidly-rotatingplanetcontainingcold, co-rotatingplasma
andis alsoapplicableto the magneticfield of the solarcorona
andits extensioninto interplanetaryspacelts simplicity arises
from the fact thatit is possibleto chooseforms for the cur-
rent distribution which permit analytic expressiongo be de-
rived for the associatednagneticfield. In particularone may
chooseheratio of the dipolemomentsf the currentsheetand
of theinternalplanetanfield to createathin disc-like region of
closedmagneticfield lines equivalentto the “coronal streamer
belt”. Thisregionextendgoinfinity aroundtheequatoriaplane
andis containedabore andbelow by oppositely-directedields
whichare'monopolar’atlargedistance$romtheplanet.Sucha
“dipole pluscurrentsheet’(DCS)modelconfigurationis shovn
in Fig. 1, which alsoshaws the trajectoryof a proposedsolar
probemission[Axford etal. (1995)].
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Sincethe solarmagneticfield obsered during eclipsesin
sunspotninimumconditiondgs similarin formto sucharotating
magnetosphergsold (1958)]andwe know thatthe interplan-
etarymagneticfield is dominatedby a single, nearequatorial
currentsheetatsuchtimes,it seemsappropriatdo usetheDCS
magneticfield model alsoin thesecircumstancegAxford &
McKenzie(1997)]. Themonopolabehaiour of themagnitude
oftheradialcomponentfthefield obsenedatlargeheliocentric
distancegi.e.r?B, ~ const, [Forsythetal. (1996)])confirms
thisview andindeeds unsurprisinge.g.Schatter{1971)).Fur
thermore sincethe openmagneticfield regions,togethemwith
their associatedast solarwind, appearto connectto the po-
lar coronalholeswhich persistfor mary yearsaroundsunspot
minimum, it is obviousthatthemagnetidield strengthin these
coronalholescan be determinedby magneticflux consera-
tion. Thustheaverageradialfield of ~ 3.1-10~° gaussat1 a.u.
measuredy Ulysseg[Forsythetal. (1995)] correspondso an
averagemagnetidield strengthof ~ 10 gaussatthebaseof the
coronaassumingheboundaryof thepolarcoronaholesto beat
60 dggreessolarlatitude (e.g.Axford (1976); Gabriel (1976)).
(In makingthis estimatehemagnetidlux containedn theslow
wind belt nearthe equatorialplaneis excludedasthis should
notconnecto the polarcoronalholes.)

Thereare however somedrawbacksof the DCS modelas
describedlf it isassumethatplasmaonclosedieldlinesforms
thenearSuncoronalstreamebelt andthatthe openfield lines
containlower-density fastsolarwind (apartfrom discretepolar
plumes}hentheshapeof thefield linesin thepolarregionsdoes
not appeato be correct.Coronagraplobsenations[Habbalet
al. ,1995]; [Schwenn,private communication,1996] suggest
that the polar plumes,and thereforethe magneticfield lines
in the polar corona,are almoststraightbeyond about1.5Rg.
Furthermore the high-latitudeboundaryof the streamerbelt
doesnot appeatto bulge nearlyasmuchabove the equatorial
planeasdoesthelastclosedfield line shovnin Fig. 1. TheDCS
modelsuggesthatthe viewv from theEarthof the (low density)
polarcoronabelon about3 Rg heliocentricdistances likely to
be obscuredy higherdensityregionsassociatedvith coronal
streamerén theline-of-sightfrom the Earth,whichis certainly
not always so (e.g. Loucif & Koutchmy(1989);L. Strachan,
private communication(1996)).We can adjustthe strengthof
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Fig. 1. Themagnetidield linesfor the DCSmodelwith thelastclosed
field line intersectinghesurfaceof the Sunat 60 degreedatitude.The
parabolandicateghepossiblerajectoryof aSolarProbemissionwith
aperiheliondistanceof 4 - Rs. Themagnetidield linesareessentially
monopolatbeyondaboutl0 - Rs exceptin thestreamebelt. Closeto
the Sunthe field lines are sufficiently non-radialto causea potential
plasmaviewing problemfor the mission.

thecurrentsheeto correctthesedeficiencieso someextentbut
it appeardo be moreappropriateo modify the solarfield.

2. The dipole plus quadrupole plus curr ent sheet(DQCS)
model

The DCS model can be improved by the inclusion of a
quadrupolecomponenbf theinternalfield of the Sun,assug-
gestedor exampleby Brueckneretal. (1996).Thecorrespond-
ing component®f the magneticfield in this case(the DQCS
model)aregiven analytically(in gauss)n cylindrical polarco-
ordinategp, z in solarradii) asfollows:

B, 3pz  15Qpz (422 — 3p%)
M b 8 7 r2
K p
2 7 1
a1 [(F] + a0)? + P22 @
B, 2% —p*  3Q (82" +3p* —24p°2%)
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+— )
a1 [(|z] + a1)? + p?]3/2

wherer? = p? + 22 andQ = 0 correspondso theDCSmodel.
In orderto makethelastclosedield line (whichextendgo large
distances)ntersectthe Sunat 60 degreedatitude,andto have
B, ~ 3.1 -nT atl a.u.,it is necessaryo choosekK = 1.0,
M = 1.789 anda; = 1.538 in thelimiting case) = 1.5 where
all field lines still connectwith the Sun. (As beforewe make
anallowancefor the magneticflux containedn the slow wind
belt.) Theevolution of thefield configurationas( is increased
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Fig. 2. Theevolution of themagnetidield configuratiorfor theDQCS
model with increasingvaluesof Q. The case@ = 0 is the DCS
modelshavn in Fig. 1. The effects of the quadrupolebecomemore
pronouncedasQ increasesintil Q = 1.5 whenthereis adirectlink
from the solarequatorto infinity alongthe equatorialplaneandcur-
rentsheetFor @ > 1.5 thereis a neutralpoint closeto the Sunin
the equatorialplanewith detachedield lines at larger distancesthis
is unphysicalalthoughsuggestie of whatcould happerasa resultof
reconnectiotin thecoronaNotethattheclosespacingof thefield lines
shavn, especiallyin the quadrupoldoops,doesnotrepresenthefield
strengthbut is simply intendedto provide betterdetailwhereneeded.

from zeroto > 1.5 is shavnin Fig. 2 andanexpandedversion
ofthecase&) = 1.5in Fig. 3.1t shouldbenotedthatfor @ > 1.5
therearefield linessurroundinghe currentsheetwhich do not
connectwith the Sunandwhich, understeadyconditions,are
unphysicalalthoughthey may be suggestie of what happens
whenthefield change®r reconnects.
Themodelcaneasilybecomparedvith obsenations First,
it predictsthe monopolambehaiour of theradialcomponenbf
thefield atlargedistance®bsenedby UlyssesSecondultravi-
oletimagefthepolarcorona SUMERandEIT onSOHO)and
coronagraplobsenations(LASCO C1 andUVCS on SOHO)
provideinformationonthedirectionof thefield linesin the po-
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Fig. 3. An enlagedversionof the DQCSmodelfor the limiting case
@ = 1.5. On comparingwith Fig. 1 it is evidentthat the potential
plasmaviewing problemfor aSolarProbemissionhasdiminishedsince
thefield lines are essentiallystraightalthoughnot radial everywhere
alongthetrajectory Thedashedinesindicatesurfacesf constanfield
strength.

lar regionswhich can be compareddirectly with the models.
In particular the shortwispsof emissionobsered at the limb
by SUMERandEIT give thefield directionsat the baseof the
corona:we have measuredhe anglesrelative to the radial di-
rectionusing SUMER images(Fig. 4) andfind that the case
Q = 1.5 fits ratherwell whereas) = 0 is certainlyexcluded.
Furthermoretheessentiallystraightfield linesobsened bgyond
~ 1.5Rg areeasilyreproducedn the case) = 1.5, although
it is importantto note that thesefield lines are not radial but
corverge nearthe poles.Thereareimmediateandusefulimpli-
cationsof theabovefor solarwind modelling.Thefastwind can
be assumedo flow alongthefield linesandthefield strength
thereforecontrolsits divergenceln particular alongthestraight
polarfield line,
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Onecanimmediatelyseefrom this resultthatthe currentsheet
determineghe monopolarform of the field at large distances
fromtheSun.Thefield strengthatthe baseof thepolarcoronal
hole is dominatedby the dipole and quadrupolecomponents,
being11.8gaussatthepoleandfalling to 7.8 gaussattheedge
at60degreedatitude(seeFig. 5). Similarly thelocal expansion
factor f, whichwe defineastheratio of thefield strengthatthe
baseof the coronato that of a monopolewith the samefield
atlarge distance{ M K/a; = 1.29), is ~ 10 at the pole and
~ 6.7 attheedge.(Notethatthe form of the expansionwhich
is determinedby B, is rapid andnot uniform acrossthe polar
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Fig. 4. Thedirectionof themagnetidield atthelimb in polarcoronal
holesdeterminedy measuringhe anglebetweertheradial direction
andwispsof UV emissionwhicharepresumedo indicatethedirection
of thefield. Themeasurement@renot consistentvith theDCSmodel
(Q = 0) andif anything are bestrepresentedy the limiting case

Q= 1.5.
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Fig. 5. Thevariationof surfacefield strengttB andBr, andthelocal ex-
pansiorfactorf within the polarcoronalhole (latitudes> 60 degrees)
for variousvaluesof Q.

cap.Furthermorethe directionof thefield in the photosphere
is not necessarilyfhe sameasat the baseof thecorona.)

The fact that the inclusion of the quadrupoleterm weak-
ensthe solar magneticfield aroundthe equatoris interesting
from the point of view of the origin of the slow solarwind. In
the limiting case@ = 1.5, thereis a direct connectionfrom
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the Sunto infinity alongthe equatorialplanewhere B = 0
everywhere LASCO C1obsenrationsof persistenbut fluctuat-
ing denseplasmaemissionfrom the equatoriakegionssuggest
that this might indeedbe the sourceregion of the slow wind
[Schwennprivatecommunicatior{1996)].It haslongbeenun-
derstoodthat, in contrastwith the fastwind, the slow wind is
essentiallyransienandfilamentaryandnotin equilibriumwith
its coronalbase[Axford (1977)]sothatthis regionis in mary
respectavell-suitedto producethe necessargrnvironmentfor
the sourceof the slow wind. We emphasisdnowever that our
modelis a simpleone,primarily designedo provide a simple
field descriptionfor polar coronalholes,andit shouldnot be
over-interpreted.

3. Modification of the Parker spiral

In ourDQCSmodelof themagnetidield theParkerspiralangle
is modifiedto reflectthe factthatthe openfield linesemanate
from solar latitudesfs > 60°, with the resultthat the field
obsened at large distanceswill appearunderwound because
therotationratedecreasewith solarlatitude.We canquantify
thiseffectasfollows. Therotationrateof thephotospher€ ()
is given approximatelyby [Howard & Harvey (1970)]
Q(0s) = i(1 — 1sin2 Os — 1sin4 0s) rotations/day.(4)
26 8 6
Therelationbetweends andthe latitude 6 to which the field
line is asymptotiomay be obtainedirom thefield line equation

whichis given by the ¢ componenbf the vectorpotential A,
namely
pAy(rs,bs) = pAg(r — oo, 0) (5a)
where
2 2 2
p, 3p°Q 5p
K, |z] + a1 } }
b I . 5b
I (FE o e

p=rcosf, z=rsinf.
Asr — o0, pAy — (Ki1/a1)(1 — |sind|). Thereforethe
relationbetweer andfs (for 8 > 0) is gven by

2 2
. a; [cos*0s 3 _cos*lg 4
51n9:1—K1[ s +§Q ) (4 —5cos™ 0g)
K rgsinfg + a
+ - - ; 2 21 2 /2| (6)
a, ((rgsinfs + aq)? +ricos? fs)

Fig. 6 shawvs 65 as a function 6 for various values of the
quadrupolanomentq). Thisfanningoutof thefield linesistoa
goodapproximatiordescribedy s —60° ~ 6/3. Wehaveused
thisto construcfig. 7 whichshawvstheratio of therotationrate
asfunctionof 6 to therotationrateof amonopole.This shavs
thattheParker spiralcanbeasmuchas20%undervwoundatthe
equatorialcurrentsheet,10% underwundat # = 60° andof
course‘correctly” wound ower the poles.Ulyssesobsenations
of the heliosphericagnetidield [Forsythetal., 1996]appear
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Fig. 6. Solarlatitude #s asa function of “asymptotic” latitude 6 for
variousvaluesof the quadrupolenoment@.
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Fig. 7. Theratio of therotationrateasfunctionof ¢ to therotationrate
of amonopole.

to supportthis trendof underwinding Furtherevidenceof this
effectis providedby Smithetal. (1997)who plot Ulyssesnea-
surementsftheratio< rV By > /Qq < r2B, > asafunction
of thesine of the colatitude.Here() is the equatoriakotation
rate,V is thesolarwind speedand By and B, arerespectiely
theazimuthakndradialcomponentsfthemagnetidield given
by [e.g.Parker (1963)],

(7)
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Fig. 8. The solid curve (£2/90) sin ¢ is in good agreementvith the
Ulyssesobsenationg(squaresandtheirbesfit line[Smithetal.,1997].
(Thedash-dotine correspondso solid bodyrotation.)

where¢ is theco-latitude(¢ = 7/2 — 6). Hencewe have

rVBr Q.
m = Q—O sin ¢@.
Using Eq. (4)for therotationrateandthe approximateelation
0s = 0/3+m /3 whichdescribefiow thefield linesfan outfrom
solarlatitudesin excessof 60° we have plotted (©2/€) sin ¢
asa function of sin ¢. It will be obsened from Fig. (8) that
this curve providesa remarkablygoodfit to the obsenations,
indicatedby the squaresandthe bestline (the dottedline), in
both hemispheresNote that this resultis independenbf the
inclusionof aquadrupolenomentwhosemaininfluenceis felt
closetotheSun.However sincetheobseredparameterplotted
in Fig. 8 are meanvaluesof an asymmetricdistributions (see
Smithetal. (1997)for futherdiscussionandalsobecauseave
have neglectedthe smalltilt of thedipole,physicalconclusions
basedntheagreementvith themodelwith theseobsenations
shouldbetreatedwith somecaution.

(8)
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4, Conclusions

TheDQCSsolarmagnetidield modeldescribedhereappearso
provide a soundandusefulbasisfor further studiesespecially
of theflow of thefastsolarwind whichdominatesnterplanetary
spaceaduring solarminimum conditions.Sinceit involvesonly
anaxisymmetricdipole andquadrupoleandspecificforms for
the currentsheet,it is of coursenot a substitutefor more de-
tailedmodelswith morecomplex surfaceconditionsandforce-
free fields, wheretheseare neededIn particular the current
sheetmay beregardedasbeingonly a proxy for the effectsof
plasmapressuran the closedfield region andalsoof rotation
sinceit doesnot describethe physicsinvolved. Nevertheless
the modelmustprovide a goodrepresentationf the structure
of the magneticfield in a well- developedpolar coronalhole
andindeedappearso fit obsenationsof thefield directionsm-
plied by wispsof UV emissionat the limb andby rayswhich
extendto several solarradii in the polarregions.We alsonote
thatsincetheopenfield linesin ourDQCSmodelemanatérom
solarlatitudesgreaterthan60 degreesthe Parker spiralatlarge
distancesvill appeaundervwoundrelativeto thatexpectedrom
amonopole.
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