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Abstract. A new mathematical procedure is presented to calcu-
late special self-consistent three-dimensional analytic solutions
of the magnetohydrostatic (MHS) equations. The derivation of
the procedure is based on previous work by Low (1985, 1991,
1992, 1993a, 1993b) and Bogdan & Low (1986). Compared
to this previous work, the method presented here has the ad-
vantage of being more systematic concerning the mathematical
treatment of the problem. This is reflected by the fact that the
present approach allows the inclusion of additional field-aligned
currents in a very natural way and that the fundamental equation
which has to be solved is a Schrodinger type equation. Since the
Schrodinger equation has been very intensively studied in the
past, the knowledge accumulated in quantum mechanics about
solutions of the Schrodinger equation can now be applied to the
problem of calculating self-consistent three-dimensional solu-
tions of the MHS equations. In this paper, special attention will
be paid to the case of a plasma around a spherical self-gravitating
body (like a star). For this special case, by using the newly de-
veloped tools, we derive the first explicit solutions including the
additional field-aligned currents. These solutions complement
those given by Bogdan & Low (1986). One possible application
of the new solutions is the modeling of the solar corona.

Key words: magnetohydrodynamics — plasmas — Sun: magnetic
fields — Sun: corona — stars: magnetic fields

1. Introduction

The self-consistent modeling of astrophysical plasmas is one
of the major tasks of theoretical astrophysics. Considering the
complexity of this task due to the general non-linearity of the
mathematical problems connected with it, both simplifications
and large scale computations are usually necessary to make any
progress. Common simplifications include the use of a fluid
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(magnetohydrodynamic) description for the plasma, which is
especially useful if one is not interested in the detailed micro-
scopic physics of the plasma; the investigation of the stationary
states of a plasma is useful if e.g. the system under consider-
ation evolves macroscopically only on a relatively long time
scale. In this paper we will assume that both simplifications ap-
ply and, in addition, we will assume that there are no large scale
plasma flows. Under these assumptions, magnetohydrodynam-
ics reduces to magnetohydrostatics (MHS).

Due to their intrinsic nonlinearity, even the solution of the
MHS equations is still notoriously difficult. This difficulty is
reflected by the fact that only very few explicit solution classes
are known. The particularly well studied classes comprise espe-
cially those cases which have special simplifying symmetries,
namely that the variation of the measurable physical quantities
along one spatial direction is zero. Helically invariant systems
(including the limiting cases of translational and rotational in-
variance) have been studied particularly well, because it can
be shown that these systems are the only symmetric systems
which allow the reduction of the mathematical problem to a sin-
gle nonlinear elliptic differential equation (Johnson et al. 1958;
Solov’ev 1963; see also Edenstrasser 1980a, 1980b). Equilibria
of this type have been used to model systems like the magnetotail
of the Earth (e.g. Schindler & Birn 1986) or plasma structures
in the solar atmosphere (e.g. Priest 1982).

The step from the symmetric cases to cases with variations
in all three spatial dimensions has proven to be very difficult.
The reason for this is that apart from the nonlinearity of the equa-
tions, the problem can generally only be reduced to a system of
two coupled nonlinear partial differential equations (if e.g. the
magnetic field is represented by Euler potentials) which has no
definite type in terms of elliptic, hyperbolic or parabolic. There-
fore, only very few explicit solutions of the three-dimensional
case are known; even the numerical solution of the problem is
making notable progress only very recently (e.g. Fiedler 1992).
Three classes of explicit three-dimensional solutions are known
in principle. The first class is the class of potential fields. Poten-
tial fields represent the (more or less trivial) physical situation
of current free plasmas, and obey the general equation

VxB=0 ¢))
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which allows the representation of the magnetic field by a scalar
potential that obeys Laplace’s equation. Potential fields have e.g.
been used for the extrapolation of the solar magnetic field from
the photosphere into the corona (e.g. Altschuler & Newkirk
1969; Riesebieter & Neubauer 1979; Levine et al. 1982).

The second class is a special subclass of the force-free
fields. Force-free fields are characterized by the fact that the
current density j is everywhere parallel to the magnetic field
B: j = aB. The special analytically tractable subclass has
the additional property that the factor « connecting j and B is
constant. These constant-« fields obey the equation

V x B=aB 2)
with o = const.

The third class of solutions comprises solutions of the full
MHS equations including pressure and an external gravitational
field (or other forces like a centrifugal force induced by rota-
tion). Penetrating investigations of how the full set of equations
may be reduced to an analytically tractable form under certain
special assumptions have been carried out in a series of papers
by Low (1982, 1984, 1985, 1991,1992,1993a, 1993b; see also
Bogdan & Low 1986). Work on this problem has also been done
by Osherovich (1985a, 1985b) who used the Clebsch represen-
tation for the magnetic field to reduce the problem to a tractable
form. ! The principal idea behind Low’s method is to prescribe
a special type of current flow which allows then the reduction of
the mathematical problem to a single partial differential equa-
tion. The method, however, depends strongly on the inclusion
of an external gravitational field (or another body force depend-
ing on the plasma density) and on the trick that the equation
of state relating the plasma pressure to the plasma density is
not fixed a priori. These two features give rise to an additional
degree of freedom for the problem which may be exploited to
solve the problem analytically for current flows which are per-
pendicular to the external gravitational field. This has been done
both for a constant gravitational field (Low 1985) and the 1/r?
gravitational field of a spherical massive body (Bogdan & Low
1986). Low (1991, 1992) investigates also current flows which
include an additional field-aligned part similar to the current in
the force-free constant « case, but only for the case of a con-
stant gravitational field. Low (1993a, 1993b) finally investigated
the problem whether solutions can be found for cases where o
varies. His solutions, however, though very interesting in gen-
eral, are very special, and for the present paper of no further
interest.

The objective of this paper is to show that under certain as-
sumptions the approach developed by Low can be used to reduce
the full set of the MHS equations in three dimensions to a more
familiar differential equation than the equation derived by Low,
respectively Bogdan & Low. This equation is a Schrodinger type
equation, well-known from quantum mechanics. During the
derivation of this equation presented in Sect. 2, we will include
the constant-« field aligned current flow. The inclusion of this

! See the discussion in Sect. 3
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current gives rise to a very natural part of the Schrodinger equa-
tion with o2 being the eigenvalue of the analog of the Hamilton
operator of quantum mechanics. The Schrodinger equation is
one of the best studied equations of mathematical physics, and
the broad knowledge about this equation accumulated over the
past decades, especially concerning solutions for given poten-
tials, may now be applied to the solution of this special MHS
problem.

In the main part of this paper, we will treat the case of a
spherical massive body giving rise to a 1/7? gravitational field
in the plasma surrounding it. We treat this case for two reasons :
first, because the inclusion of the field aligned current flow for
this case has not been carried out yet, and second, because the
solutions calculated for this case by Bogdan & Low (1986) have
recently been used in efforts to model the solar coronal plasma,
starting either from measured plasma properties or from the
photospheric magnetic field (Bagenal & Gibson 1991; Zhao &
Hoeksema 1993, 1994). Therefore, it will be interesting to com-
pare the cases with and without additional field-aligned current
flow. For the case of a constant gravitational field, the derivation
will be given in Appendix B.

The outline of the paper is as follows. In Sect. 2, we will
discuss Low’s method in some detail and show how the method
can be used to derive the fundamental Schrodinger type equation
for the radial component of the magnetic field. In Sect. 3, we
discuss the relationship between the method presented here and
other methods (e.g. Bogdan & Low 1986; Osherovich 1985b).
In Sect.4, the new tool will be used to derive several explicit
solutions including a generalization of the Bogdan-Low solu-
tions. The paper concludes with a summary and discussion of
the results in Sect. 5.

2. The method

The starting point of the investigation is the set of MHS equa-
tions including a pressure gradient and an external gravitational
field, but without an energy equation or an equation of state:

JxB—Vp—pVi=0, 3
V x B = o, @)
V.B=0. 5)

Here, p denotes the pressure, p the plasma density, and 1 the
gravitational potential. Low’s approach is based on the inclusion
of gravity, which introduces the plasma density as a new quantity
into the formal mathematical problem. If one does not include
an equation of state or an energy equation a priori, but instead
exploits this additional degree of freedom by fixing the relation
between the pressure and the density only a posteriori, it is
possible to calculate analytic solutions of the set of Egs. (3) —
5. .
Low (1985) and Bogdan & Low (1986) investigated the case
where the current flow is restricted to be perpendicular to V.
A more general treatment was then given by Low (1991, 1992)
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who showed that the problem may be reduced to another, more
flexible analytically tractable form if the current is prescribed
as

3=VF Y- B,) x V. O]

Here, F is a free function of its arguments. F’ is then assumed
to be linear in its first argument, which leads to Ampere’s law
(4) being linear in B. Low (1991) also showed that even with
an additional field aligned component of the current density,
it is still possible to achieve the same reduction of the force-
balance equation (3) so that the pressure and the density may
be expressed in terms of the magnetic field. The current density
then has the general form

j=aB+VFN Y- B,y) x Vi, @)

where o # constant is allowed. However, only for constant « it
seems to be possible to reduce Ampere’s law (Eq. (4)) further
to an analytically tractable form (Low 1991). Low (1992) cal-
culated a special solution for the case of a constant gravitational
force pointing in the negative z-direction. A generalization for
the case of a spherical gravitating body is still missing. We will
therefore concentrate on this case, but the method we will de-
velop is also suited for the case treated by Low (1992). This
case is discussed in detail in Appendix B.

Let us start with Eq. (4) and insert Eq. (7) on the right hand
side

V x B=puy(aB+VFENY - B,y)x V). )

‘We assume now that

GM

p=-22 Uy= o ©)
T r

with M being the mass of the central body. Taking the curl of
Eq. (8), and dotting the resulting equation with r, we obtain

r - (Vx(VxB)=

po(poc®r - B+1 -V x (VF(Vy - B,¢) x V)  (10)
‘We write F' now in the form
GM
F(Vy-B,Y)=x()Vy - B = F»(zb)—??r - B, 11)

leading to

2
VE(VY - B, ) x Vb = k(1) (%ﬂ) Ve -B)yxr. (12)

We furthermore introduce the function
GM\?
£(r) = k() (—77> ) (13)

and the angular momentum operator L (divided by h) (e.g.,
Jackson 1975, Chap. 16)

L=%rxv. (14)
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The properties of L are summarized in Appendix A. With

r (Vx(VxB)=—r-AB=—A(r- B) 15)
(e.g., Jackson 1975, Chap. 16), we finally arrive at
A(r - B)+ &)L (r - By+@(r - B) =0, (16)

with po having been absorbed into @ = poa and € = poé. We
have derived now one linear partial differential equation for the
radial component of the magnetic field. A similar derivation ap-
plies to the case with constant gravity in the negative z-direction;
the derivation for this case is given in Appendix B.

We proceed by expanding r - B into a series of spherical
harmonic functions Y;™ (as defined in Jackson (1975)):

oo l 2
r-B=Y Y 1d+1) | Y ADuP@) | VMO, 4),  (17)
=1 m=—1 g=1

where Ag,)z are constant (complex) coefficients. We remark that
the sum starts at [ = 1 instead of [ = 0, because no magnetic
monopole term exists. Inserting this expansion into Eq. (16), we
obtain

dZ ggj )
dr?

Il +1) (rlz ~ E(r)) 9P +agP =0 (18)
for the two independent radial functions gEj)(r) = 'ruﬁj)(r).
Equation (18) has the same form as the radial Schrédinger equa-
tion in quantum mechanical systems with spherical potentials
(like the hydrogen atom), with the function £(r) as the potential,
and o the energy eigenvalue. There is, however, the difference
that the eigenvalue of the angular momentum operator [(! + 1)
does not only appear as the numerator of the 1/r2 centrifu-
gal part, but also as a factor of the potential. The reduction of
the initial problem to such a familiar type of equation as the
Schrodinger equation, gives every reason to believe that there
are indeed several analytic solutions to the problem including
the field-aligned current part.

The reduction of the MHS equations to a Schrodinger-type
problem in spherical coordinates is also claimed to have been
achieved by Osherovich (1985b). In that paper, the general re-
duction of the MHS equations to a single partial differential
equation is done by the use of a Clebsch representation for the
magnetic field. Though this general approach is very useful, the
particular derivation of solution examples in Osherovich (1985a,
1985b) is neither as general as the approach presented here nor is
it completely correct. We will discuss the relationship between
our approach and other approaches in Sect. 3.

The basic equation to solve is now Eq. (18). The solutions
then give us r - B. We will now go on to show how the other
components of the magnetic field, the pressure and the density
can be derived. We start by dotting Ampere’s law (Eq. (8)) with
T and using the properties of L (see Appendix A)

L~B=%527*~B (19)
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We remark that the left hand side contains only derivatives of
By and By, so inserting the expansion (17) into Eq. (19), we
get

L . Bt =
1 oo 1 2
@y A+ [ > ADuPE) | V0,0, (0)
I=1 m=—1 j=1
where B; = Bgeg + Byey. We see that we have to find a repre-

sentation of B; which leads to a series representation of L - B;
conforming with the right hand side of Eq. (20). It is readily
shown that this is fulfilled by representing B in the form (see
e.g. Jackson 1975, Chap. 16)

(e l
= Z V(M LY™ (0, ) + win (VY ™0, ¢),  (21)
l: =—

with vy, (r) and wy,,, (1) being functions which still have to be
determined. Inserting (21) into Eq. (20) and looking at a single
order [, m, the function vy,, () emerges as

2
o) = 133 AD (). @)
41

The functions wy,,,(r) have to be determined from V - B = 0,
leading to

w,m(r)-ZA,m = (rf ) 23)

Putting everything together, we obtain as the final expression
for the magnetic field

W+ P ()Y, 9) +

2uP LY 0, 6) +

d(ru )

— Ve, ¢)> 24)

‘We now proceed to the derivation of the pressure and the density.
Inserting Eq. (7) into Eq. (3) and rearranging the cross-products,
we get

Vp+pVyy+ (B - VY)VF —(B-VF)Vy =0. (25)

To get a nontrivial current flow, V1 and VF have to be lin-
early independent. From Eq. (25) thus follows that p = p(F, ).
Considering the component in direction of VF', one obtains

dp 1 F

aF = B VVE Ty e

This can be immediately integrated to give

P=po(t) — " @n
26(1)
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po is a free function and represents a background pressure. In-
serting now the expression (11) for F' and using the definition
of £(r), we finally get
1 =
=po(r) = 5—€() (r - B)’. (28)
Ho

From the V-component of Eq. (25), the plasma density can
be determined

3p>
=—|=—] +B-VF
? (fw .

where the derivative of the pressure after ¢ has to be carried
out with F' fixed. Inserting Eq. (27) for p, changing then the
derivative from 9 to 7, using the definition of £(r), and inserting
the definition of F', we get for the plasma density

(29)

7.2

11GM

p:

(30)

(ld‘t(r B +1€B - V(r - B) — “"(izm)

Like the pressure, the plasma density consists of a spher-
ical background part pg = —(r2/GM)dpo/dr and a three-
dimensional part induced by the magnetic field variations.

Having calculated both pressure and density, it is in principle
possible to define the plasma temperature through an equation
of state like the ideal gas equation (Bogdan & Low 1986)

7=

Ry’ 31)

where R is the universal gas constant and p is the mean molecu-
lar weight. We have now completed the formal derivation of all
physical quantities and can go on to discuss example solutions.

3. Comparison with other approaches
3.1. Relation to Bogdan & Low (1986)

Examples of functions £(r) for which Eq. (18) can be solved
are easily found. Before discussing explicit examples, we want,
however, to clarify the connection between our method and the
method of Bogdan & Low (1986) who used a representation of
the magnetic field which is different from the one introduced
by Low (1991) used here. The magnetic field in Bogdan & Low
(1986) has the form

oe  1o0¢ ._1 0%
or r99° rsin98¢e¢

(n(r)—1) —age, + V.
or

B

1]

n(r)

e+

(32

Since this representation is only valid for & = 0, we have to
compare it with the magnetic field representation of Low (1991)
for vanishing a. For a = 0, Ampére’s law (Eq. (4)) can be readily
integrated to give

B=FVy)+VQ, (33)
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with ® being arbitrary and F is to be taken from Eq. (11).
Comparing the radial components of Egs. (32) and (33), we
obtain the relation

1

rEr) =1- —

) 34
n(r) G4

If Eq. (34) holds for two functions 7(r) and £(r), then any solu-
tion derived for o # 0 will reduce to solutions of the Bogdan-
Low formulation of the problem in the limit & — 0. In other
words, if & = 0 and relation (34) holds true for the functions
&(r)and n(r), then any solution derived by the method discussed
in this paper will coincide with the corresponding solution ob-
tained by the method of Bogdan & Low (1986). Hence the solu-
tions derived by the newly developed method may be regarded
as generalizations of the respective Bogdan-Low solutions to
the regime o # 0.

3.2. Discussion of Osherovich’s (1985b) method

Osherovich (1985b) uses the Clebsch representation for the
magnetic field

vy Ve
B v’

where 1) is the gravitational potential and 3, v, and @ are ar-
bitrary functions. After reducing the MHS equations as far as
possible by using this representation, he goes on to discuss the
same special case we discuss in this paper, namely a plasma
in the gravitational field of a spherical massive body. To get an
analytically solvable equation, he chooses to specialize Eq. (35)
to

B (35)

B =V +®Q(r)e,, (36)
with Q(r) being a free function. Equation (36) looks similar
to Eq. (32) of Bogdan & Low (1986). There is, however, a
subtle difference to be noted. Whereas in Eq. (36) the factor
in front of e, is ®Q(r), in Eq. (32) it is 99 /0r. Therefore,
unless @ obeys the differential equation & /9r = ®Q(r), the

magnetic fields will be different for the same function ®. The

value of Osherovich’s approach may thus lie in the fact that his
magnetic field representation gives rise to other solution classes
than Low’s method. But, as may easily be seen by taking the curl
of Eq. (36), Osherovich’s method also only allows current flows
which are perpendicular to the gravitational force. Therefore,
the present paper is in any case a generalization concerning the
possible directions of current flow.

Unfortunately, the further calculation of solutions in Os-
herovich (1985b) contains an error in the analytical derivation
which makes his subsequent conclusions partially incorrect. An
equation for the calculation of the unknown function @ is ob-
tained by imposing the V - B = 0 condition on Eq. (36). The
outcome is

2

Ad + Q(r)%—(f + (%—?— + ;) ®=0. 37
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Comparing Eq. (37) to Eq. (21) of Osherovich (1985b), one sees
that the 2 /r part is missing.

In addition to this, Osherovich has to make a very special
Ansatz for ® in order to reduce Eq. (37) to a Schrodinger-type
equation?:

1 0%
This condition allows @ only to take the form
®(r,0,¢) =exp ( / c@’ )dr’) P, ¢). 39)

With this additional constraint, a superposition of e.g., different
spherical harmonics is no longer possible, because these would
give rise to different radial functions C(r) and Eq. (38) would no
longer be valid. This, of course, restricts the possible variations
in the full three dimensions considerably. A much better way
to make use of Osherovich’s method would be to treat Eq. (37)
directly by expanding @ into a series of spherical harmonics.
Though the result would not be a Schrodinger-type equation,
the resulting solutions would not be restricted in their depen-
dence on the spatial coordinates. Furthermore, due to the dif-
ferent Ansatz for the magnetic field, they might have properties
which are generically different form those of the Bogdan-Low
solutions.

4. Example solutions

‘We will derive solutions for the three cases

k/r?, case I,
1/r?2 —1/(r + a)?, case II,
1/r? + kexp(—2r/L) — q, case III,

£(r) = (40)

where k, ¢, and L are constants. The functions gfj)(r) for these
choices are

VI, (Ar), case I,
A2y _ ) VT +al, (A +a)),
g = V7 +aN,(\(r + a)), casell, “1)
T, (AQ), case I1I,
with
£/ +1/2)2 — k, casel,
v=<(+1/2), case II, 42)
+Ly/ql(l+1) — a2, caselll,
and
a, cases I & II,
A= {L\/—_l(l ¥DF, case IIL “3)
The variable ¢ for case III is defined as
¢ =exp(—r/L). (44)

2 This Ansatz works also if the missing term is included in Eq. (37);

the details of the calculation change of course.
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J,(x) and N, (x) are Bessel functions of the first kind. In cases
I and III, it is understood that the arguments of the square roots
have to be restricted to positive values, which means that the
range of allowed [-values may have a lower limit that is different
from unity, depending on the values of k, a, , and g.

Our case II corresponds to the case III of Bogdan & Low
(1986). This may be easily checked by using Eq. (34), and ap-
plying it to the function (r) = (1+a/r)~2, representing case Il
of Bogdan & Low (1986). The solutions obtained for this case
have been used to model the solar coronal plasma and magnetic
field structure by Bagenal & Gibson (1991), and Zhao & Hoek-
sema (1993, 1994). It will therefore be especially interesting to
see, how the solutions obtained for o % 0 change compared to
case III of Bogdan & Low (1986). For this reason and to not
overload the paper with figures, we will restrict our treatment
to case II from now on. The interested reader will certainly be
capable of generating his own illustrative figures for the other
cases from the solutions given above and the formulae given in
Sect. 2. The example we show is only intended to be illustrative.
We do not try to fit any measurements with the solutions; this
will be left for future work. In our example, the radial component
of the magnetic field obeys the Same boundary conditions as in
the example shown by Bogdan & Low (1986) in their Sect. I1Ib;
in addition it also has the appropriate asymptotic behaviour in
the radial coordinates in the limit @ — 0. This second condition
excludes the J,, part of the solution. The example includes only
the spherical harmonics for{ = 1, m = 0,and for{ =2, m = 1.
The magnetic field components read

+
B, = IOTOTO afl( Yy —
re (r0+a) | 1
21 T‘; T ta)? L)Yy =Y, ) (45)
o _rg(r0+a) 0 . Z1
Bo = —pAu T g 20 )51 Fap 2 Y2 ¥
1 r0r0+a df1 f1
2A10r T+a (d'r —r+a> 89Yl
1, rketa)
27 (rvap
dfs 22\ 0 1 i
(dr r+a> o1’} (Y2 Y2 ) (46)
_a [9_7"0"'“
By = 7 A" f1(7‘)
o r_o(r0+a) 0
272 (r +a)? AT )sm989(Y —Y D+
1 ZQ(TO"'G)Z
27 (r+a2
dfa 2\ 1 9 1
(dr _'r+a> wag (2 Y2 ) “n
£ = cosq+qsing 48)

COS qo + qo Sin qo

633
(3 —¢*)cosq+3gsing
- 4
) (3 — q*)cos qp + 3qo sin qo “9)
g = a(r+a), go = a(ro +a)

The two functions fy(r) and f,(r) represent the modifications
of the magnetic field which come from a nonvanishing value of
«. Both functions reduce to 1 in the limit o — 0. In this limit,
the field of Bogdan & Low (1986) is recovered.

The parameter values for this example are rp = 1.5R), a =
0.017¢. The strength of the radial magnetic field has been chosen
as By = 1/4mw/3A10 = 0.45 - 107*T.? The relative strength of
the two different spherical harmonic components is taken to be
determined by Ajp = Aj . We furthermore choose the same
background model as Bogdan & Low (1986), taken from Saito
etal. (1977) :

po(r) = 2.87-10715.

(c1(r/r))™" + ea(r/r0)™®) kgm™> (50)
po(r) = 7.9-1073.
(Ci(r/re) 47 + Co(r/re)™271) Tm™>  (51)
=0.804 Ci =0.866 d; =33
¢ =0.196 C,=0.134 dy=5.38

In Fig. 1, we show the projection of the three-dimensional mag-
netic field lines onto the plane ¢ = 0, . The inner boundary is
defined at r = ro and the outer boundary is defined as the box
x =y = z = 2. In the left panel the field lines without addi-
tional field aligned currents (a = 0) are shown. In the right panel
the value of v has been set to 0.1/ry. Comparing particular field
lines one can immediately see the difference between the two
figures. It may be noticed that the symmetry of the field lines
with respect to the equatorial plane is destroyed in the figure on
the right hand side. This is due to the twist introduced by the
additional field-aligned current for nonvanishing values of «,
which may also be easily noticed especially when viewing field
lines that do not cross the outer boundary.

In Figs. 2 - 7, we show comparisons between density, pres-
sure, and temperature in the two cases. Whereas the difference
in the magnetic field is quite obvious, the differences in these
quantities are hardly noticeable at all. The reason for that lies
in the fact that for the value of o chosen, the magnitude of the
change in the radial magnetic field component is only about 1 %
of the value with vanishing «. It is, however, mainly the radial
magnetic field component which determines the values of the
pressure and the density, and therefore these quantities remain
largely unchanged in the present case. For larger values of o,
the pressure and the density will also deviate noticeably from

3 This differs from the value of 0.5 - 107*T chosen by Bogdan &
Low (1986), because we found that this value generates regions of
negative density near the inner boundary. We also remark that there
are differences between our density and temperature contour plots and
the plots of Bogdan & Low (1986). We have tried to find the reason
for these differences and have carefully checked the expression for the
density several times, but we always arrived at the same plot for the
density.
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Fig. 1. Projection of three-dimensional magnetic field lines generated from Eq. (24) with £(r) corresponding to case III of Bogdan & Low (1986)
onto the plane ¢ = 0 (left side of plot) and ¢ = 7. The left panel shows the original case (a = 0), whereas the right panel shows a field with
an additional field-aligned current flow (o = 0.1/7¢). Comparing the field lines in the two plots the twist induced by the field-aligned current
becomes obvious. All length scales are in units of 7o = 1.5R

2.0 2.0

1.0} - 1.0f -
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1.0} - 1.0} -
-2.0 2.0

-2.0 -1.0 0.0 1.0 2.0 -2.0 -1.0 0.0 1.0 2.0

Fig. 2. Contour plots of the plasma density divided by the background density p/po in the plane ¢ = 0, 7. The contours increase from a value of
0.5 at the innermost contour by intervals of 0.05 outwards. The last contour on the right side of each plot has the value 0.99. A comparison of
the plots shows that there are only very tiny differences in the density between the two cases. There is, however, a difference between this plot
and the corresponding plot in Bogdan & Low (1986). Several independent checks of the density did not reveal an error in the present calculation
and the formal expressions for the density are totally equivalent
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Fig. 3. Contour plots of the total plasma pressure divided by the background pressure p/po in the plane ¢ = 0, . The contours lying on the
equator and the contour which cuts the equator have the value maximum value 1.0 as B, vanishes along those contours. The values of the other
contours decrease inwards from 0.95 by steps of 0.05. As the plasma density, the pressure plots do not show any significant difference

2.0 ' T ' 2.0 . . .
1.0 . 1.0 -
0.0+ . 0.0+ O i
-1.0+ . -1.0r 2
-2.0 L . L 2.0 1 ! !

-2.0 -1.0 0.0 1.0 2.0 -2.0 -1.0 0.0 1.0 2.0

Fig. 4. Contour plot of the total plasma temperature divided by the background temperature T'/T in the plane ¢ = 0, 7. The values of the
contours decrease outwards in steps of 0.1, starting at 1.4. Since the plasma temperature is derived from plasma density and pressure, it also
shows no significant difference between the left and the right hand plot

the a = 0 case. As we will discuss in the Sect. 5, there are rea-
sons that restrict the range of physically acceptable values of «,
but our only reason to show an example with a relatively small
value of o was to keep the differences between the magnetic
field lines of the & = 0 and the « # O case at a moderate level,
because this makes a comparison of the two cases easier.
These results show that it is possible to change the mag-
netic field structure by adding additional field-aligned currents
while at the same time other quantities like the plasma density or

the plasma pressure are not significantly changed. This conclu-
sion could be important for a consistent modeling of the plasma
properties and the magnetic field in the corona, as recent efforts
with e.g. the Bogdan & Low (1986) solutions seem to be not
completely successful (Gibson & Bagenal 1994).
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Fig. 5. Same as Fig. 2, but for the plane ¢ = /2, 37/2. Again, the values of the contours are decreasing when going inwards. The contour
cutting the left and right boundaries has the value 0.99, the next contour the value 0.95, and the others have values which decrease by steps of
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Fig. 6. Same as Fig. 3, but for the plane ¢ = w/2, 3w /2. Again, the contour coinciding with the equator has the value 1.0. The other contours

have values decreasing by 0.05 when going inwards

5. Summary and discussion

In this paper, we have shown, how the method of Low (1985,
1991, 1992, 1993a, 1993b) and Bogdan & Low (1986) for the
calculation of self-consistent three-dimensional analytic solu-
tions of the MHS equations can be put on a systematic basis,
even if an additional field-aligned current component is taken
into account. For spherical coordinates, solutions of the MHS
equations for this enlarged type of current flow were derived for
the first time. We have shown that the basic equations may be

reduced to a one-dimensional Schrédinger-type equation, with
the function being equivalent to the potential in quantum me-
chanics still being free. In this way it is possible to apply the
wealth of knowledge on solutions of the Schriodinger equation
to this problem in magnetohydrostatics.

We have exploited this simple form of the basic equation
by deriving solutions of the problem for three special cases; we
do not, however, claim that this is the complete set of solutions
which can possibly be found in this way. For one special case,
we showed how the structure of the magnetic field changes if
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Fig. 7. Same as Fig. 4, but for the plane ¢ = 7/2, 37 /2. The values of the contours are decreasing in the outward direction, starting at a value

of 1.4 in steps of 0.025

an additional component of field-aligned currents is included.
The Bessel functions which are the two independent solutions
for this case, are oscillatory and have an infinite number of ze-
ros, if 7 is allowed to increase to oo. Of course, the extension
to 7 — oo of the solutions presented here would be unphysical
for several reasons. One reason is that on an infinite domain,
the solutions investigated here have no finite total magnetic en-
ergies though the magnetic field vanishes at r — oo (but only
as 7~! which is to slow). In contrast, the Bogdan-Low solutions
have integrable total magnetic energies. A second reason is that
the zeros of the solutions would give rise to an infinite number
of magnetic islands which are unphysical for an application to
the solar corona. Furthermore, an application of the static theory
presented here too far out from the solar surface would certainly
not be appropriate because at some point the dynamical influ-
ence of the solar wind would become dominant. We therefore
have to restrict the application of the theory presented here to
the inner corona (a few solar radii).

For the sake of conciseness, we only considered one partic-
ular value of the parameter «, namely a = 0.1/r¢ There was no
particular physical reason for choosing this comparatively small
value for o here. Apart from the reason that showing an exam-
ple for a small value of « keeps the differences of the magnetic
field lines of the cases with a vanishing and a non-vanishing
« at a moderate level and thus making a comparison easier, it
seems to be reasonable not to choose too large a value for o
for the following reasons. « represents an inverse length scale
in the argument of the solution functions. If this length scale is
chosen too small, then even if the solutions are restricted to a
finite spherical domain around the solar surface, some of the ze-
ros mentioned above may occur inside the considered domain.
This can be avoided if « is chosen small enough. A criterion for
the maximum allowed value of « for this special application of

the theory could be derived from the value of the smallest zeros
of the spherical Bessel functions and the location of the outer
boundary. With the value chosen for the example, we were well
inside the allowed range for o for the example.

For the set of parameters we investigated, we found that
though the magnetic field changes visibly, all other plasma quan-
tities do not as compared to the case without additional field-
aligned current flow. For larger values of « it is to be expected
that the plasma pressure and the plasma density also show de-
viations from the case of vanishing «. It should be kept in mind
that due to the restrictions on the possible values for o, the mag-
nitude of these deviations will also be limited. This result may
be of importance for models of the solar coronal plasma us-
ing the Bogdan-Low solutions (Bagenal & Gibson 1991; Zhao
& Hoeksema 1993, 1994), because difficulties seem to exist to
get a satisfying fit to both the measured photospheric magnetic
fields and the other plasma quantities (Gibson & Bagenal 1994).
It may be speculated whether solutions with a suitable value of
a # 0 might be one way out of this dilemma. With the appro-
priate value of , a better agreement of the data with the models
might be achieved, since the magnetic field seems to react more
directly on changes of « than the other quantities.

Though the result of finding analytic self-consistent solu-
tions of the MHS equations in three dimensions is certainly
very satisfying in itself, it should, however, not be forgotten
that we have treated only a very special case out of a large
number of possibilities. One question which certainly has to
be answered is: How useful are these solutions ? Can they be
applied to real problems without asking for too much idealiza-
tion ? In view of the multitude of applications of current-free
(potential) and force-free constant-« fields to the interpretation
of observations, these questions can certainly be answered with
yes. One of the advantages of the solutions presented here is that
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they do not only give us the magnetic field, but also the plasma
quantities density, pressure, and temperature. Here, however,
again a warning is necessary. Due to the fact that we cannot
fix the equation of state a priori or include an energy equation,
the thermodynamic properties of a solution become only known
after the solution has been derived. This, of course, may limit
the applicability of the method severely.

In any event, it is useful to know at least one way in which a
multitude of self-consistent three-dimensional solutions of the
MHS equations can be analytically calculated. For systems with
symmetries allowing a two-dimensional treatment, analytic so-
lutions have been very.useful for the theoretical understand-
ing of space plasma systems like solar coronal structures or
the Earth’s magnetosphere. The search for analytic solutions
in the two-dimensional case is considerably simpler (though
far from trivial), because a systematic way of reducing the
problem to the solution of a single elliptic partial differen-
tial equation has been known since the 1950’s (e.g., Dungey
1953; Chandrasekhar 1956, 1958; Chandrasekhar & Prender-
gast 1956; Grad & Rubin 1958; Shafranov 1958). But, though
these two-dimensional approximations have been very useful
in the past, a three-dimensional treatment will be necessary in
the future for a more complete understanding and modeling of
many space plasma systems. We hope that the present contri-
bution will be able to either stimulate further research in the
analytic direction, and/or provide possibilities to test numeri-
cal codes written to calculate more realistic three-dimensional
equilibria.
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Appendix A: useful properties

of the angular momentum operator

We summarize some of the useful properties of the angular
momentum operator (divided by k)

L= %'r x V, (A1)

especially in connection with the spherical harmonic functions
Y}, From the definitions of L and Y;!, it is straightforward to

show
1 0 (. ,0 1 9%,
- [—sine 20 (sm 055) + —sin293—¢] Y.

I+ DYL.

Ly} =

(A2)
From the definition of L immediately follows
r-L=0, (A3)
Lf(r)=0, (A4)

r-VxN=iL N, (AS)

T. Neukirch: 3D solutions of the MHS equations

where f(r) is an arbitrary function of 7 and IN an arbitrary
vector function. Equation (A5) implies that

L'V<I>=%T'V><V<I>=O, (A6)
for any function ®. Finally, we have

1 6% ?
Ad = ;513 (T‘q)) - ﬁq)’ (A7)

for any function ®. Other useful formulae with properties of L
can be found e.g., in Jackson (1975), Chap. 16.

Appendix B: derivation for Cartesian geometry

For localized magnetic structures extending not too high into
the solar corona, it is sufficient to consider the gravitional force
as being constant and directed downwards. In that case, the
derivation given in Sect. 2 has to be slightly altered to take the
different geometry into account. The procedure, however, stays
the same. Since now

Yv=Gz, Vi =Ge, (B1)
instead of taking the scalar product of the curl of Eq. (8) with
T, we multiply it scalarly with e,. Introducing

1

L.=<e. xV, (B2)
£o(2) = k()G (B3)
we get

AB, +¢.(2)L2B, +a*B, = 0. (B4)

Depending on which coordinate system is chosen for the xy-
plane (Cartesian or polar coordinates), it is now possible to write
down a series expansion for B,, where the basic functions are
the eigenfunctions of L? in the respective coordinate system. In
Cartesian coordinates,

0* 0
2__ (2 9
L= ((%z + 8y2> , (BS)
whereas in polar coordinates R, ¢ the operator reads
10 0 1 8%
L=-|535 B35 )+ =75 B
c [R 3R (RaR) TR a¢2] (B6)
For the Cartesian case, the eigenfunctions are
Crs(x,y) = exp(yz + by), (B7)

with the eigenvalues being —(y%+62). v and § are arbitrary com-
plex constants, whose values are determined by the boundary
conditions. In polar coordinates, the eigenfunctions are

Pim(R, ¢) = Jm(kR) exp(ime). (B8)

© European Southern Observatory ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1995A%26A...301..628N

rIYO5AZA - 3015 T62BN!

T. Neukirch: 3D solutions of the MHS equations

Here, m is an integer and & is an arbitrary complex constant,
which again has to be fixed by the boundary conditions of the
problem. The eigenvalue in this case is k*. With

2
B.= [ 4 [0+ AGGEC @), @)
=1

respectively

co 2
B, = / dk > > KPAD ud) (2)Pem(R, ¢), (B10)

m=0 j=1

the Schrédinger-type equations obtained for the two coordinate
systems are

U )
E+[A(§(z)—l)+a]U=O, (B11)
where U(z) stands for the function in either of the cases and A
for either of the eigenvalues. Proceeding now in the same way as
for the spherical coordinate case, one obtains the other magnetic

field components as well as plasma density and pressure.
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