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Summary. We investigate the orbital evolutions of numbered
asteroids which are supposed to be located near the secular
resonance vq according to Williams’ list (1979). The asteroidal
orbits are integrated numerically over 1 Myr in the four-body
model Sun-Jupiter-Saturn-asteroid. Only the two asteroids (759)
Vinifera and (1222) Tina are found to be located deeply in the vg
secular resonance. The asteroid (2368) Beltovata is at present
also situated in this secular resonance. Presumably, Beltovata
will be removed from the resonance due to a close approach to
Jupiter. Beltovata is a possible candidate to become an Apollo
asteroid. The dynamical topology of the v¢ secular resonance
seems to be similar to the mean motion resonance. We conjecture
that also for the v¢ resonance, a separatrix-like region separates
librators from circulators. Only those parts of the v¢ secular
resonance region, where libration with large amplitudes occurs,
have to be considered as possible sources of meteorites.
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1. Introduction

In two preceding papers, I and II (Froeschlé and Scholl 1986,
Scholl and Froeschlé 1986) we have presented results obtained
numerically for orbital evolutions of fictitious bodies located near
and in the principal secular resonances vs, v¢ and v, in the
asteroidal belt. These three secular resonances are mainly due
to the rotations of the orbital planes of Jupiter and Saturn in
an inertial system. The reference plane of this system, the invari-
able plane is defined by the sum of the angular momenta of all
planetary orbits.

Two kinds of rotation are relevant in this context which are
usually described by the motions of nodal lines  and of apsidal
lines &.

The motions @ and @& of all planetary orbits can be ob-
tained by solving a system of ordinary differential equations
(e.g. Brouwer and Clemence 1961). This system describes an
oscillating system with eigenfrequencies v; (i = 1, 18) according
to Brouwer and Van Woerkom’s theory (1950). The eigenfre-
quencies Vs, Vg and v, 4 are nearly equal to cT},, cf)s, and Q, respec-
tively. The subscripts J and S refer to Jupiter and Saturn. These
frequencies are of the order of 10° yrs™1.

Williams and Faulkner (1981) calculated the locations of the
three secular resonances vs, v and v, in the asteroidal belt using
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Williams’ (1969) semi-analytical secular theory. An asteroid is
located in the secular resonance vg, for instance, if its longitude
of perihelion & rotates with the frequency V. Since v & @s, the
resonance condition can also be expressed by & ~ &. Corre-
sponding conditions hold for the resonances vs and v, Because
the eigenfrequencies v, V5 and v, ; are nearly equal to &y, ds and
Q it is justified to neglect in a first approximation the perturba-
tions of all other planets besides Jupiter and Saturn when investi-
gating the effects of these three resonances on orbital evolution.

The resonance condition, for instance ¢ ~ d, can be ex-
pressed in a different way, namely by & ~ dg + a constant value.
This means that we can expect a libration of the resonance argu-
ment @ — dig about a constant value. According to Williams’
theory (1969), libration is possible about 0° and about 180° for
all secular resonance cases.

In our two above-mentioned papers, we found resonant cases
for all the three secular resonances vs, v¢ and v,¢. However, we
did not find libration about the two possible values 0° and 180°
as predicted by Williams. For the vs resonance we obtained
librations only about 0°, for the v¢ resonance only about 180°,
and for v;¢ only about 180°. This result might be accidental and
only due to our method of searching for resonant cases. However,
we also cannot exclude that there is an intrinsic stability problem
for librators at secular resonances.

Another result of our investigations was the confirmation of
Williams’ (1973a,b) and Wetherill’s (1979) hypotheses who sug-
gested the secular resonances vs and v as sources of meteorites.

Wetherill (1979) also suggested the secular resonance vy to
have caused the comparatively large inclinations of Apollo-type
asteroids, a hypothesis, which is also supported by our results.
Bodies starting in the resonance v at a = 2.06 AU became Earth-
crossers grazing even the orbit of Venus within 10° yrs. The v
resonance cases which all started at a = 2.6 AU became Mars-
crossers. The temporary librations at the v, resonance showed
particularly strong increases in inclinations from 5° up to 25°,
for instance.

A third result concerned the topology of secular resonant
motion which appears to be similar to the topology of mean
motion resonances. Like in the case of mean motion resonances,
three different regions for secular resonant motion at the reso-
nance v;¢ was found: libration, inner and outer circulation.
Transitions between these regions occur. For the vs and v4 reso-
nance, we did not find any inner circulators.

After the investigation of the orbital evolution of fictitious
objects we were interested to see which known asteroids are
situated in secular resonances and how their orbits evolve.
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A total of 28 asteroidal orbits was investigated. 23 were taken
from Williams’ list (1979) of asteroids situated in secular reso-
nances according to his theory (1969). We added 5 more asteroids
numbered after the compilation of Willliams’ list and supposed
to be v¢ resonant cases. The orbits of all the 28 asteroids were
integrated numerically over 1 Myr years.

2. The numerical integrations

As in the case of the two preceding papers, we used also here
for the numerical integrations the four-body model Sun-Jupiter-
Saturn-asteroid neglecting, of course, the gravitational force ex-
erted by the asteroid.

The orbits were integrated by an Adams-type method modi-
fied by Schubart and Stumpff(1966) into a pure predictor method.
After vectorizing the corresponding computer program we per-
formed the calculations on a CRAY 1. This problem is very well
suited for vectorization since gravitational attractions among
asteroids are not taken into account.

The integrations covered a period of 1 Myr. Using a step size
of 4 days, almost 108 steps had to be performed. Tests on conser-
vation of angular momenta and orbital energies showed the reli-
ability of the numerical results.

In addition, two more tests were performed: the orbits of one
nonresonant asteroid were integrated again over 1 Myr using
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strongly differing starting mean anomalies. The mean anomalies
were shifted at values of some 10°.

Changing the initial orbital elements takes the inaccuracies
of the orbital elements into account which are intrinsic since the
elements are based on observations. It cannot be excluded that
slightly different initial orbital elements might move an asteroid
into a resonance or might remove the asteroid from the resonance.
Williams’ theory, namely, yields the location of a resonance as
a one-dimensional surface in so-called proper phase space. This
theory does not give a possible width of a secular resonance
region in the phase space of osculating elements.

The second test, changing strongly the initial mean anomalies,
is a test on secular perturbation theory and, in particular, on the
theory of secular resonances: it is well known that in secular
perturbation theories, rapidly changing variables like the mean
anomaly are eliminated usually by averaging techniques. The
phenomenon of secular resonances is predicted on the basis of
secular perturbation theories. Hence, the starting mean anomaly
of an orbit situated in a secular resonance should be of no rele-
vance. Changing the starting mean anomaly should yield also a
resonant orbit except for cases situated at the border of a reso-
nance region.

Both tests, changing slightly initial orbital elements and
changing strongly the initial mean anomalies yielded rates @
which differed less than one percent from the corresponding

Table 1. The starting values of the 28 asteroids. Osculating elements are given with respect
to the invariable plane determined by Jupiter and Saturn. The first 23 asteroids are taken

from William’s list

-0

~o

No. Name a(AU) e i Q° [0} I°
36 Atalante 2.746 0.304 19.036 247.995 299.285 220.116
130 Elektra 3.111 0.219 21.656 42.206 274.736 344.305
154 Berta 3.194 0.093-  20.500 287.052 82.552 228.439
386 Siegena 2.899 0.170 19.511 64.878 278.954 27.522
413 Edburga 2581 0.346 17.131 358.084 249.643 269.008
426 Hippo 2.890 0.101 21.023 203.688 64.555 345.594
466  Tisiphone 3.372 0.068 20.707 184.742 72.085 91.782
501 Urhixidur 3.150 0.153 21.528 247.624 241.220 71.712
581 Tauntonia 3.218 0.016 20.155 356.453 19.163 89.331
605  Juvisia 3.004 0.135 20.550 233.175 251.908 152.751
631 Philippina 2.791 0.084 19.783 122.719 37.671 154.023
739 Mandeville 2.735 0.145 19.307 33.092 74.330 174.162
759 Vinifera 2.616 0.208 21.366 210.067 213232 321.583
965 Angelica 3.144 0.287 20.842 291.371 343.759 227.655
1022 Olympiada 2.807 0.173 19.449 6.488 131.681 294.476
1042 Amazone 3.225 0.111 19.798 302.854 238.787 92.616
1166 Sakuntala 2.540 0.203 17.185 0.730 189.322 127.424
1222 Tina 2.790 0.249 21.002 142.949 197.722 91.201
1312 Vassar 3.092 0.217 20411 25.007 286.473 226.892
1317 Silvretta 3.173 0.254 21.025 257.057 291.794 16.641
1361 Leuschneria 3.087 0.126 20.746 62.708 226.258 118.177
1390 Abastumani 3435 0.033 19.631 279.060 289.110 37.365
1609 Brenda 2.581 0.248 17.098 359.307 226.709 17.982
1916 Boreas 2272 0.450 13.856 229.157 210.023 20.953
2368 Beltovata 2.104 0413 6.894 181.156 223472 92.732
3004 1976 DD 2.589 0.263 31.626 214.938 67.853 267.408
3167 1955RS 2.542 0.103 15.678 265974 165.667 122.545
3270 1982 DA 2.148 0.331 26.420 42.938 7.076 83.537

© European Southern Observatory ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1987A%26A...179..294F

296

original values. We, therefore, think that our results are reliable.
In addition, we used in the test runs a step size of 2 days instead
of 4 days which did not change the resulting values {&).

The osculating elements of the 28 asteroidal orbits are given

in Table 1; a,e,i, 2, d,! designate as usual the semimajor axis,
eccentricity, inclination, longitude of ascending node, longitude
of perihelion, mean longitude respectively. Indices J and S will

in the following refer to Jupiter and Saturn. The orbital elements
were taken from a list compiled by L. Schmadel. For the test runs
mentioned above, we took the elements from “Asteroids”
(Williams, 1979). The elements in Table 1 are referred to the in-
variable plane determined by Jupiter’s and Saturn’s orbital angu-
lar momenta.
Table 2 contains the starting values of Jupiter and Saturn.

Figure 1a shows the distribution of the 23 asteroids of Wil-
liams’ list. Orbital inclination with respect to the invariable plane
is plotted against semi-major axis. The points scatter around the
Ve resonance region.
According to Williams’ theory, the v4 resonance region is
defined as a surface in a proper a,,e,,i, phase space. A corre-
sponding resonance curve for e, = 0.1 is shown in Fig. 1b. In
Fig. la, we cannot expect such a curve since the elements are
not given in proper space and since our sample orbits have
differing eccentricities. The five asteroids we added to the sample,
have semimajor axes smaller than 2.6 AU and would be situated
in the left portion of the diagram.

Table 2. Starting values for Jupiter and Saturn with respect to
invariable plane

a(AU) e i @ @ r

Jupiter 52027 0.048 0.361 201.023 269.202 237.122

Saturn  9.547 0.052 0.890 21.117 345530 138.217

samplel

40 C T T T T T T T T T T T T T T T T

=t ;

0 ]

ol 5
2ol ' Lo :"u T, ]
c L H ot 1
.2 - R
© - +¥ j
S sl :

10 } _:

s L _

0 : | 1 I ! | 1 | ! | L | ! | ! | i | 1 :

2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0
a [AU]

Fig. 1a. Distribution of the 23 asteroids of Williams’ list. Inclination with
respect to the invariable plane vs. semimajor axis
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Fig. 1b. Resonance surfaces in proper space for e,(0) = 0.1 and schematic
representation of asteroid regions and families (Williams 1969)

3. The search for v, secular resonance cases: results

As already outlined above, two criteria can be applied in order
to find secular resonance cases:

a) The time average (@) of an asteroidal orbit is nearly equal
to {@,y which is supposed to be nearly equal to V.

b) The resonance argument & — @, librates either around 0°

or around 180°.
We applied both criteria a) and b), since each of them yields
additional information also about the non-resonant cases. Plot-
ting the resonance argument & — @ against time may reveal
temporary librators. In addition, the libration amplitude indicates
how deep in the resonance an asteroid is situated. On the other
hand, calculating (&> — ((f)s> shows how far away from the res-
onance an asteroid is situated. .

We obtained a value of 28706/yr for {(&,> by averaging
numerically determined derivatives dd,/dt over the whole period
of 1 Myrs. Our value is very close to Brouwer and Woerkom’s
value for vy of 27777/yr who used all the planets except Pluto
and who used different planetary masses for Jupiter and Saturn
in their theory. Williams’ results for v¢ resonance cases are based
on Brouwer and Woerkom’s value for v¢. Table 3 shows values
for v obtained also by other authors. It is interesting to note that
the neglection of the great inequality between Jupiter and Saturn
affects much stronger the resulting value for v, than the neglection
of planets or use of different planetary masses.

The resulting values (&) for all our sample asteroids are
given in Table 4.

According to Table 4, we found two ve secular resonance
cases, namely 759 Vinifera and 1222 Tina since both fulfil (&) ~
{&,y. We concede that a numerical integration including all the
planets is necessary in order to confirm our result since using all
the planets changes both (&) and v¢. We cannot exclude that a
resonant case might become a non-resonant case including all the
planets in the model. However, as we will see later both asteroids,
Vinifera and Tina, appear to be located deeply in the resonance
in our model. We, therefore, conjecture that they are also reso-
nance cases in a model which includes all the planets.
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Ve ("/year) Planets used Remark Authors

27.717 All, except Pluto Great inequality between Brouwer, V. Woerkom
Jupiter and Saturn (1950)
included

26.22 All, except Pluto Fourth order theory great Bretagnon (1974)
inequality included

23.09 All, except Pluto Great inequality not included Brouwer, V. Woerkom

(1950)

22.69 Jupiter, Saturn Great inequality not included Heppenheimer (1980)

22.06 Jupiter, Saturn Great inequality not included Charlier (1902)

28.06 Jupiter, Saturn Numerical integration; “great This paper

inequality included” time
average {@,)

Table 4. Resulting time averages <(f)> for the 28 asteroids. The
first 23 asteroids are taken from Williams’ list

Asteroid number ) ("/yr) Resonance classification
36 33.96 near
130 3943 non
154 78.67 non
386 35.23 near
413 30.97 near
426 32.79 near
466 106.05 non
501 57.85 non
581 526.54 non
605 39.52 non
631 31.51 near
739 30.63 near
759 27.89 resonant
965 58.61 non
1022 31.99 near
1042 164.19 non
1166 38.25 non
1222 27.90 resonant
1312 39.77 non
1317 72.48 non
1361 42.27 non
1390 51.75 non
1609 33.35 near
1916 30.28 near
2368 29.53 near
3004 11.41 non
3167 37.37 near
3270 12.99 non

All the remaining 26 asteroids are non-resonant cases ac-
cording to criterion a) using {&». Some of these asteroids have
values (a%) near <(f)s> like 2368 Beltovata or 631 Philippina. On
the other hand, asteroids like 466 Tisiphone seem to be far from
the v¢ resonance with (&) larger than 100”/year. In order to

Table 5. Eccentricity (e) and perihelion distance (p) variations for
the 28 asteroids. The first 23 asteroids are taken from Williams’
list

Asteroid e, €max  Pmin (AU)  Pmax (AU)  Resonance
number classification
36 0.17 038 1.70 2.28 near
130 0.10 038 193 2.80 non
154 008 025 240 2.94 non
386 006 025 217 2.73 near
413 0.10 040 1.55 2.32 near
426 006 030 202 2.72 near
466 0.03 0.17 2.80 3.27 non
501 010 024 239 2.84 non
581 00 005 3.06 3.22 non
605 0.04 020 240 2.88 non
631 003 030 195 2.71 near
739 0.10 040 1.64 2.46 near
759 0.11 030 1.83 2.33 resonant
965 0.18 035 204 2.58 non
1022 004 032 191 2.69 near
1042 0.05 016 271 3.06 non
1166 0.10 031 175 2.29 non
1222 0.10 034 184 2.51 resonant
1312 009 024 235 2.81 non
1317 0.07 034 209 2.95 non
1361 005 020 247 2.93 non
1390 00 006 323 3.44 non
1609 0.08 030 1.81 2.37 near
1916 020 0.50 1.14 1.82 near
2368 038 085 032 1.30 near
3004 021 046 140 2.04 non
3167 0.02 0.19 206 2.49 near
3270 025 044 120 1.61 non

discriminate between asteroids located near and far from the
resonance, we like to introduce the terms near-resonance and
non-resonance cases. For sure, this classification of near-and non-
resonance cases is purely empirically since the discrimination is
not based on a theory. For the sake of convenience, we like to
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introduce an empirical value of 10" for the difference |[{&> —(@,))|
which discriminates between both cases. All asteroids in Table 4
with values of (@} larger than 38"/yr or less than 18"/yr are non-
resonant cases.

According to this classification, we found 2 resonance cases,
11 near-resonance cases and 15 non-resonant cases.

Why did we find so few resonance cases? This question is not
trivial since all the first 23 asteroids of Table 4 are supposed to
be resonance cases according to Williams (1979).

The following three reasons may have caused this result:

a) We used only Jupiter and Saturn in our model while
Williams® model includes all the planets except Pluto.

b) The orbital elements of the asteroids we used differ from
those which Williams used.

¢) Williams® secular theory cannot be applied for the non-
resonant cases.

We cannot exclude that some of our near-resonant cases
become resonant cases taking into account a) and b). Hence, our
results and Williams’ results on v4 resonance cases do not disagree
really for our near-resonant cases. There is, however, a serious
disagreement for our non resonant cases. The differences
(@Y — (@, appear to be too large to be explained by a) and b).

We conjecture that the disagreement is caused by an inade-
quate application of Williams’ theory for the non-resonant cases.
Our conjecture is based on Fig. 2 where the mean rates (&) of
the 23 asteroids of Williams’ list are plotted against their semi-
major axes.

All the non-resonant asteroids except one have semi-major
axes larger than 3.0 AU. The exception is 1166 Sakuntala with
a = 2.54 AU. This asteroid is located very close to the 3/1 mean
motion resonance at a = 2.51 AU. We think that the vicinity to
a mean motion resonance is the reason why this asteroid was
identified by Williams as a resonance case in disagreement with
our results.
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Fig. 2. Time averaged rates {v) = (cf)} of the 23 asteroids of Williams’
list vs. semi-major axes

This suggestion is confirmed for the asteroids cases with semi-
major axes larger than 3.0 AU. The values (cf)) increase with
increasing semimajor axis towards the near side of the 2/1 Kirk-
wood gap located at about 3.22 AU. The 2/1 mean motion reso-
nance is situated at 3.28 AU. On the far side of the 2/1 gap, the
values <(f)> decrease.

Figure 2 suggests that the disagreement between ours and
Williams’ results concerning v¢ secular resonance cases is caused
by Williams® application of a secular perturbation theory near
mean motion resonances.

Williams® secular theory is based on a so-called Gauss
method, where the orbits of an asteroid and a perturbing body
are replaced by rings. This is justified if any configuration Sun-
asteroid-perturbing body can occur without repetition or omis-
sion of certain such configurations. Near mean motion reso-
nances, however, certain configurations occur preferentially
over comparatively long periods. Applying the Gauss averaging
method on near mean motion resonant cases yields inaccurate
values for angular momentum transfer to the asteroidal orbit. We
conjecture that the use of Williams’ secular theory for the calcula-
tion of the locations of secular resonances and for the calculation
of @& does not yield proper results close to mean motion reso-
nances. Additional terms should be introduced into the theory
which take into account terms due to mean motion resonances.

4. The two secular resonance cases, Vinifera and Tina

Also the application of the second resonance criterium shows that
both asteroids, Vinifera and Tina are v4 secular resonance cases.
Figures 3a and 3b show respectively the libration of the resonance
argument & — @,. In both cases, @ — @, librates around 180°.
Like in our investigation of fictituous asteroids (Paper I), we did
not find a librator about 0°. Whether this result is related to
stability problems of librators about 0° or this result is accidental,
is still an open problem.

The libration periods are both of the order of 510° yrs. The
libration amplitudes do not exceed 90°. This means that both
asteroids are deep in the resonance.

360

MODEL 9 BODY 10 (759) VINIFERA

270
f
1

® — @y (degrees)
180

90

TIME (10° YEARS)

Fig. 3a. The time-evolution of the resonance argument & — @&, over
1 Myr for (759) Vinifera
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Fig. 3b. Same as Fig. 3a for (1222) Tina

Both libration curves show modulations with periods of the
order of 510*yrs. This modulation is caused by the interaction
Jupiter and Saturn. The term @, — &; circulates with this period
of 510%yrs.

Since both asteroids are located deeply in the resonance in
our model, we expect that both asteroids are also resonant cases
in a model which includes all the planets. Nothing can be said
about how long both asteroids remain resonance cases. We can-
not exclude a chaotic behaviour as it was found for 3/1 mean
motion cases by Wisdom (1983) for instance.

More information about orbital evolution of both v4 secular
resonance cases is obtained by Figs. 4a,b and 5a,b. In Figs. 4a
and 4b, eccentricity is plotted against (& — @,). The eccentricity
of Vinifera varies between 0.11 and 0.25, while Tina’s eccentricity
varies between 0.10 and 0.32. Comparing these variations of
eccentricities with those obtained in Paper I, we can say that
the amount of the variation is related to the libration ampli-
tude. The larger the amplitude, the larger the variation. This

MODEL 9 BODY 10
" ! T i Tl

o

(759) VINIFERA
LI T | T T

0.2

0.1

o . . | , . |
0 90 180
© — dy (degrees)
Fig. 4a. Variation of eccentricity vs. the resonance argument & — @, for
Vinifera
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Fig. 4b. Same as Fig. 4a for Tina
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Fig. 5a. Orbital evolution in a polar diagram for the librator Vinifera

result is important for the problem of the delivery of meteorites
from the vg resonance. Bodies with large libration amplitudes
almost leaving the resonance are the best candidates to become
meteorites.

Figures 5a and 5b present the orbital evolutions in a polar
diagram, like in Paper I, with axes ¥/}, ¢ defined by

s =\/2(1—7\/1——ez)008(65—(5s)
52=\/2(1——7 /1 — e?)sin(d — &,)

Charlier (1902) introduced these variables in his theory for secu-
lar resonances. This polar diagram is taken in analogy to a polar
diagram introduced by Schubart (1964) in order to investigate
mean motion resonance cases. Librators in mean motion reso-
nance cases appear in such a polar diagram as banana shaped
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(1222) TINA
! |

Fig. 5b. Same as Fig. 5a for the librator Tina

orbits. In Figs. 5a and 5b, such bananas can be hardly seen
because of the modulation of the curves due to the argument
@, — @&; mentioned above. Averaging out the effects due to this
argument would yield clearer banana-shaped curves.

The orbital inclinations of both secular resonance cases vary
very little between 19° and 22°. This confirms our results of Paper
I that the v¢ secular resonance is not important for changing
strongly orbital inclinations.

5. The temporary resonance case (2368) Beltovata

According to our secular resonance criterium which uses the
difference {@) — (&), (2368) Beltovata appears as a near-reso-
nance case. We found a value of 1”5/yr for this difference. Plot-
ting the resonance argument @ — @, against the time, however,
shows a different result. The resonance argument regresses very
slowly on the mean for about 510° yrs (Fig. 6). Then, suddenly
it progresses. This progression is caused by several close ap-
proaches to Jupiter after 510° yrs. In the beginning, Beltovata
starts librating in the v¢ resonance. We cannot exclude that also
avoiding close approaches to Jupiter might cause Beltovata to
drift out of the resonance. On the other hand, Beltovata has to be
considered as a resonance case in the beginning, comparing its
behaviour of @ — @, with the one of Tina, Fig. 3b. A correspond-
ing comparison with near-resonance and non-resonance cases
presented in the following paragraph also shows that Beltovata
is at present in the v4 secular resonance.

Before approaching Jupiter closely after 510 yrs, it is also
possible that Beltovata will encounter closely a terrestrial planet
which we did not include in our calculations. The eccentricity of
Beltovata’s orbit, namely, increases up to 0.85 which yields a
perihelion distance of only 0.3 AU.

It is obvious that Beltovata is on a chaotic orbit. Hence,
Beltovata might become a meteorite one day. The origin of
Beltovata is an open problem.

MODEL 8 BODY 15 (R368) BELTOVATA

T T F

T y
A

360

270
f

Rl SN

® — @ (degrees)
180

90

TIME (10° YEARS)

Fig. 6. The resonance argument & — @, vs. time for the temporary li-
brator (2368) Beltovata

6. Near-resonance and non-resonance cases

We selected as an example for a near-resonance case the asteroid
(739) Mandeville and for a non-resonant case the asteroid (965)
Angelica. Mandeville’s value of 30763/yr for (@) is compara-
tively close to the resonance value (@) = 28"1/yr.

The diagram & — &, vs. time (Fig. 7a) shows a slow progres-
sion of the resonance argument & — d;. Also the diagram eccen-
tricity vs. & — @, (Fig. 7b) reveals the vicinity to the v resonance.
The resonance center, like for Vinifera and Tina, is situated on
a line defined by & — @, = 180°. The orbits of the resonance
cases Vinifera and Tina rotate around this centre. The orbit of
a near-resonant case like Mandeville performs only a partial
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Fig. 7a. The resonance argument @& — @, vs. time for the near-resonance
case (739) Mandeville
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similar to Mandeville’s orbit in Fig. 7c. For a review for the
7] topology of mean motion resonances see for instance Greenberg
and Scholl (1979) or Froeschlé and Scholl (1983). There is even
more evidence for the occurrence of a homoclinic-like point at
the v¢ resonance like at mean motion resonances as shown in
Fig. 8 where the orbit of (631) Philippina is plotted in a polar
diagram.

The orbit of the non-resonant asteroid Angelica is shown
in Figs. 9a—c. The resonance argument & — @, circulates much
faster than the one of Mandeville (Fig. 7a). Irregularities in the
prograde motion of @ — @, are due to @; — &, as outlined above.
In Fig. 9b where eccentricity is plotted against & — &, no half-
rotation about a resonance center can be seen like in Fig. 9b
for Mandeville. Angelica’s orbit in the /3,y diagram (Fig. 9¢c)

0.4

|
0 90 180 270 360
© — ty (degrees)

Fig. 7b. Eccentricity vs. & — &, for Mandeville

R
g
R

(ST
S

Fig. 8. Orbital evolution in a polar diagram for the near-resonant case
(631) Philippina

, o ) , o MODEL 9 BODY 11  (965) ANGELICA

Fig. 7c. Orbital evolution in a polar diagram for Mandeville 8 S e A P L T
Ly ‘ : : : R ‘ ) ' L - ’ 4
rotation about the center. This behaviour of near-resonant case B Tl » IR “-: : Dooa T
was clearly demonstrated by Nakai and Kinoshita (1985) for the g Toorsr s R I . I
V16 resonance using a simplified model. @ L ! ; o I ,
Because of this half-rotation of Mandeville’s orbit about the i I PoA ooy
resonance centre in Fig. 7b, its orbital eccentricity varies strongly, & ol A cxlo. N b
: o QL i - v e v, Do
namely between 0.1 and 0.4. An equivalent result was found by T 3 . v ; ; poov i
Kinoshita and Nakai for the v;¢ resonance and also interpreted [ D S ’-‘ R
on the basis of their theory. It appears that a corresponding | L. i ¥ N e T
theory can be established for the v4 resonance according to our  ,5 o | S T L T
numerical results, since at both resonances the same phenomena Sl AR S
occur. A ST TR I L SN ST
Figure 7c shows Mandeville’s orbit in the polar diagram with S I , o DR ¢ ‘ P

AR SIS RN . R S|

%, Y5 as variables. For positive y5 values, the covered region is o
smaller than for negative values. In analogy to mean motion
resonances, we conjecture the occurrence of a homoclinic-like TIME (10° YEARS)

point also in case of the v¢ secular resonance. Orbits close to  Fig, 9a. The resonance argument é& — ¢, vs. time for the non-resonance

the homoclinic-like point at mean motion resonances are very case (965) Angelica

© European Southern Observatory ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1987A%26A...179..294F

AF.

FTOBTAGA 7 TI797 .

ECCENTRICITY

302

ol v
180 270

© — @& (degrees)

B —

@, for Angelica

360

Fig. 9b. Eccentricity vs
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Fig. 9c. Orbital evolution in a polar diagram for Angelica

fills a ring with almost constant width unlike Mandeville’s orbit
(Fig. 7c).

Although Angelica is a non-resonant asteroid, its orbital ec-
centricity varies comparatively strongly, namely between 0.18
and 0.35. On the average, however, near-resonance cases show
larger variations in eccentricity than non-resonance cases. This
is illustrated in Table 4 which gives minimum and maximum
values for all our sample asteroids.

As compared to the non-resonant asteroids, the two resonant
asteroids Vinifera and Tina have similar variations in eccentric-
ity. However, this does not mean that this holds for all resonance
cases. Tina and Vinifera may have just survived for a compara-
tively long period due to their small variations in eccentricity.
In Paper I, we presented resonance cases with much stronger
variations in eccentricity than Tina and Vinifera do show.

7. Conclusions

Among the 23 numbered asteroids which are supposed to be
located in vg secular resonance according to Williams (1979),
we found only two resonance cases, (759) Vinifera and (1222)
Tina. Both asteroids show a libration of the resonance argument
@ — @, about 180°. Like in Paper I where we investigated ficti-
tuous asteroids, no asteroid was found to librate about 0°. Such
a libration is also predicted by Williams’ theory (1969). Whether
or not this is due to an intrinsic stability problem is an open
problem.

The asteroid (2368) Beltovata is at present also in the v reso-
nance but will be removed from the resonance either by Jupiter
or by terrestrial planets. After 510° yrs, we found a series of close
approaches to Jupiter. The eccentricity of Beltovata increased up
to 0.85. Beltovata is a candidate to become an Apollo asteroid.

Eight out of the remaining 21 asteroids of Williams’ list are
near-resonant asteroids with differences (&) — (c,> smaller than
10”/yr. We cannot exclude that some of these asteroids might
become resonance cases in a model which includes all the planets.
Only Jupiter and Saturn were included in our model. 13 asteroids
of Williams’ list appear to be far from the v4 resonance. These
asteroids are situated in the vicinity of mean motion resonances,
in particular near the 2/1 Kirkwood gap. We conjecture that the
application of Williams’ secular theory on orbits near mean mo-
tion resonances does not yield sufficiently accurate values for the
rate (@) in order to determine v¢ resonance cases.

An analysis of the resonant and near-resonant cases indicates
a similar topology between secular resonances and mean motion
resonances. Like in the case of mean motion resonances, there
seems to be also in the case of secular resonances a homoclinic-
like point and a separatrix-like region which separates librators
from outer circulators. This is an open problem for analytical
work on the vq secular resonance.

Another result of our investigation is related to Wetherill’s
(1979) and Williams’ (1973a,b) hypotheses who suggested the v,
resonance as a source for meteorites. According to our results
presented in a preceding paper (Froeschlé and Scholl 1986),
bodies located in the v resonance at a = 2.05 AU may become
Earth-crossers within 10° yrs.
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