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Summary. The perfect ellipsoid is presented: an inhomogeneous triaxial mass 
model with a gravitational potential that is of Stäckel form. The equations of 
motion are separable in ellipsoidal coordinates and all stellar orbits have three 
isolating integrals that are known explicitly. The orbital structure in the perfect 
ellipsoid is generic for all centrally concentrated triaxial mass models with a finite 
central density and a Stäckel potential, and it is tractable by analytic means. The 
orbital shapes are classified in terms of the values of the integrals of motion. This 
classification becomes particularly transparent in terms of the action integrals. 
Individual orbit densities can be computed without integration of the equations of 
motion, and some examples are shown. There are four families of general orbits: 
boxes, inner and outer long axis tubes and short axis tubes. These are identical to 
the major orbit families that occur in Schwarzschild’s ellipsoid and are thought to 
be of prime importance for the structure of elliptical galaxies. Special values of the 
axis ratios of the perfect ellipsoid lead to a simpler orbital structure. The prolate, 
oblate and spherical limits are treated, as well as the elliptic and circular discs and 
the needle. The existence of the perfect ellipsoid shows that ellipsoidal 
coordinates are the natural coordinates for the description of triaxial systems. The 
relevance of mass models with Stäckel potentials for the construction of 
self-consistent models of elliptical galaxies is discussed. 

1 Introduction 

A realistic self-consistent equilibrium model for an elliptical galaxy should have at least the two 
following properties : 

(i) The density distribution must be stratified on concentric, nearly ellipsoidal surfaces. Such a 
triaxial mass model is the simplest model that is compatible with the observed brightness contours 
of ellipticals. 

(ii) Most individual stellar orbits in it must possess three independent isolating integrals of 
motion, i.e. two in addition to the energy integral. These integrals are required in order to 
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274 T. de Zeeuw 

maintain the anisotropic velocity dispersions which are needed to support a triaxial equilibrium 
shape (Binney 1978a, b; Illingworth 1981). 

Few models satisfy these requirements. To date, all of them are numerical and have been 
constructed either by linear programming techniques (Schwarzschild 1979, 1982) or by brute 
force N-body calculations (e.g. Wilkinson & James 1982; van Albada 1982). No simple 
expressions are known for the two non-classical integrals of motion enjoyed by most of the stars in 
these models. As a result the phase-space distribution function, which is a function of all three 
isolating integrals (Jeans 1915; Lynden-Bell 1962b), is known only as a set of occupation numbers 
of individual orbits. 

This paper is the first in a series in which we try to improve upon this situation. We consider 
inhomogeneous triaxial mass models in which all stellar orbits have three exact isolating integrals 
of motion, for arbitrary ratios of the axes of the model. The integrals are known explicitly and the 
orbits can therefore be described by analytic means. 

The existence of these mass models is based on the existence of the special potentials for which 
the Hamilton-Jacobi equation is separable, and therefore admit three independent isolating 
integrals. Liouville (1846), Bertrand (1852) and Jacobi (1866) already discuss such potentials. 
They were first systematically studied by Stäckel (1890, 1891, 1893), Levi Civita (1904) and 
Dall’Acqua (1908). Independently, Eddington (1915a) introduced them in stellar dynamics. 
Later investigations were made by Weinacht (1924), Clark (1936) and Lynden-Bell (1962c). For 
all these potentials the Hamilton-Jacobi equation separates in ellipsoidal coordinates, or their 
degenerate forms. We shall refer to them as Stäckel potentials. 

The orbits in a Stäckel potential can be found by straightforward integration of the 
Hamilton-Jacobi equation. However, a full classification of orbits can be made without such an 
integration. The fact that the motion is separable means that an individual orbit can be considered 
as the sum of three motions, one in each coordinate. The stars are thus constrained - by the 
integrals of motion - to move between coordinate surf aces. As a result, all possible orbital shapes 
can be found by a simple inspection of the coordinate system in which the Hamilton-Jacobi 
equation separates. 

Another useful property of orbits in a separable potential is that their individual density 
distribution is known explicitly and moreover is easily evaluated. This makes it straightforward to 
construct self-consistent models by means of, e.g. Schwarzschild’s (1979) method, in which a 
mass model is reconstructed from the densities of individual orbits in it by linear programming, 
while avoiding laborious numerical integrations (Schwarzschild 1979, 1982; Richstone 1980). 

In the present paper we study the stellar orbits in a particular mass model with a gravitational 
potential that is of Stäckel form. It is the triaxial generalization of an oblate spheroidal model 
discovered by Kuzmin (1953, 1956) in his classic study of separable models of the Galaxy. The 
present model is the only inhomogeneous triaxial body with a potential of Stäckel form in which 
the density is stratified exactly on similar, concentric aligned ellipsoids and is nowhere singular 
(de Zeeuw & Lynden-Bell 1985). We shall call it the perfect ellipsoid. 

It will turn out that the orbital structure in the perfect ellipsoid is generic for all triaxial mass 
models that are centrally concentrated, have a finite central density, and a Stäckel potential. 
Furthermore, the general orbits in these separable models correspond precisely to the four major 
families of orbits that occur in Schwarzschild’s (1979) non-rotating elliptical galaxy model (the 
Schwarzschild ellipsoid). These are just the orbit families that are of most importance for 
determining the structure of triaxial galaxies (Schwarzschild 1981). 

In Section 2 we briefly discuss the ellipsoidal coordinates in which the Hamilton-Jacobi 
equation is separable. In Section 3 we present the perfect ellipsoid and show that its gravita- 
tional potential is of Stäckel form. The classification of orbital shapes in Stäckel potentials is 
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275 Elliptical galaxies with separable potentials 

discussed in Section 4 and applied to the perfect ellipsoid in Section 5. The degeneracies that 
occur for special values of the axis ratios of the perfect ellipsoid are treated in Section 6. 
Individual orbit densities are considered in Section 7. In Section 8 we introduce action-angle 
variables, and we show how the orbital frequencies can be computed. The orbit classification in 
terms of the action integrals is presented in Section 9. The results are discussed in Section 10. 

2 Coordinates 

Ellipsoidal coordinates were introduced in mathematical physics by Lamé (1837) and Jacobi 
(1839). Numerous authors have discussed their properties (e.g. Jacobi 1866; Whittaker & Watson 
1902; Morse & Feshbach 1953; Lyttleton 1953). In this section we consider the shapes of the 
coordinate surfaces, which are the surfaces bounding the orbits in Stäckel potentials. We first 
discuss elliptic coordinates in a plane. 

2.1 ELLIPTIC COORDINATES 

Let (jc, y) be Cartesian coordinates in a plane. Following the notation of Lynden-Bell (1962c) we 
define elliptic coordinates (A, p) as the roots for r of 

jc2 y1 

 + ^—=1, (1) 
T+a z+ß 

where a and ß are constants; we assume a<ß, and we take /¿<A. The following inequality holds 

—ß<p< — a<X. (2) 

Expressions for x and y in terms of A and p are 

(A+a)(/f+«) 7 (X+ß)([i+ß) 

(a-ß) ’ ^ “ (ß-a) 
(3) 

from which we find 

X+p = -a-ß+x2+y2, Xp=aß-ßx2-ay2. (4) 

Fig. 1 shows the coordinate lines. Curves of constant A are ellipses with the major axis in the 
y-direction. They all have identical foci at x = 0, y = ± ^ß-a. The ellipse A = - a is the segment of 
the y-axis between the foci. Curves of constant p are hyperbolae, with the same foci.-For p = -ß 
they coincide with the x-axis; p = -a corresponds to the parts of the y-axis outside the foci. 

Through each point (x, y) there is one ellipse and one hyperbola of the confocal family, and 
these two curves are perpendicular to each other in this point. The line element ds2 = dx2+dy2 of 

Figure 1. Elliptic coordinates in a plane. The filled squares are the foci. 

© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 



19
8 

5M
N

RA
S.

21
6.
 .

27
3D

 

276 T. í/e Zeeuw 

these curvilinear orthogonal coordinates is equal to P2dA2 + Q2dfi2, with metric coefficients P and 
Q given by 

. X-/i . fi-X 
P2=   , Q2 = ^ . (5) 

4(X+a)(X+ß) 4(^a)(fi+ß) 

Near the origin the elliptic coordinates are approximately Cartesian. At large distances from the 
origin the ellipses become progressively rounder (Â—> °o) and the hyperbolae are nearly identical 
to their asymptotes, which are straight lines through the origin. Thus, very far from the origin, the 
elliptic coordinates resemble ordinary polar coordinates. The asymptotic relations are given in 
Appendix A. 

The transformation (x, y)-^(A, fi) is unique. However, a choice of values for À and // only 
determines x2 and y2, so in general corresponds to four points (±jt, ±y). 

2.2 ELLIPSOIDAL COORDINATES 

Let (x, y, z) be Cartesian coordinates. We define ellipsoidal coordinates (A, ¿u, v) as the three 
roots for r of 

+■ 
r 

T+a z+ß r+y 
= 1, (6) 

where a, ß and y are constants with a<ß<y, and we take v<fi<X. The three roots satisfy the 
inequality 

-y<v<-ß<ii<-a<X. (7) 

The relations between (x, y, z) and (A, //, v) are 

2 (X+a)(fj,+a)(v+a) 

(a-ß)(a-y) 

2= (A+ß)(ß+ß)(v+ß) 
y (ß-a)(ß-y) ’ 

2 (A+y)(|U+y)(v+y) 

(y-a)(y-ß) ’ (8) 

and 

X+ii+v=-a-ß-Y+x2+y2+z2, 

Xfi+fiv+yX-aß4-ßy+Ya-(ß+y)x2-(y+a)y2-(a+ß) z2, 

Aiuv= -aßy+ßyx2+yay2+aßz2. (9) 

By equation (1),X,iâ and v cover adjacent intervals of one variable which we shall later call r. We 
shall describe the coordinate surfaces by covering this variable from high to low values. 

Surfaces of constant A are ellipsoids. For very large A they are nearly spherical with radius 
yjX+a. As A diminishes the ellipsoids shrink and become more pronouncedly triaxial with the 
long axis in the z-direction and the short axis in the jc-direction. This continues until at A=-a the 
short axis has become zero and the ellipsoid degenerates into the area inside the focal ellipse 
y2/(ß—a)+z2/(y-a)=l. Fig. 2a shows the surfaces of constant A. For cross-reference to the 
other figures the points z=±yjy-a at which the focal ellipse intersects the z-axis are marked by 
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Elliptical galaxies with separable potentials 277 

Figure 2. Ellipsoidal coordinates. The three pairs of foci are denoted by the open and filled circles and the filled 
squares, (a) Surfaces of constant A are ellipsoids. The degenerate ellipsoid A = - a, inside the focal ellipse, is shaded, 
(b) Surfaces of constant fi are hyperboloids of one sheet. The degenerate hyperboloid ii = -ß, between the two 
branches of the focal hyperbola, is shaded, (c) Surfaces of constant v are hyperboloids of two sheets. The degenerate 
hyperboloid v = -ß is shaded. 

open circles and the points y = ± yjß-a at which it intersects the y-axis by squares. The foci of the 
focal ellipse are at z=±yjy-ß and are marked by filled circles. 

The surfacep=-a is the part of the plane x=0 outside the focal ellipse. All surfaces of constant 
¡a are hyperboloids of one sheet around the x-axis (Fig 2b). With decreasing// the ellipse by which 
this hyperboloid cuts the x=0 plane shrinks and finally, at p=-ß, coincides with the piece of the 
z-axis between the foci at z=±^y-ß. At the same time the entire hyperboloid degenerates into 
the part of the plane y=0 between the two branches of the focal hyperbola 
x2/(a-ß)+z2/(y-ß)=l. This hyperbola intersects the z-axis at the filled circles and has the open 
circles as its foci. 

The surface v=-/? is confined to the plane y=0 but covers the parts outside that covered by 
//=-/?. With falling v these parts open up into hyperboloids of two sheets around the z-axis. They 
gradually widen and approach the z=0 plane. At v=-y they coincide with this plane (Fig. 2c). 

Through each point (x, y, z) there is one ellipsoid A, one hyperboloid of one sheet p and one 
hyperboloid of two sheets v. These three surfaces are perpendicular to each other in this point. 
The line element ds2=dx2+dy2+dz2 of the coordinates is equal to P2d?i2+Q2dp2+R2dv2, where 
the metric coefficients are given by 

p2= (X-[i){X-v) fc-v)(/*-A) Rl= (v-A)(v-m) 

4(A+a)(A+/?)(A+y) ’ 4(//+a)(//+/5)(//+y) ’ 4(v+a)(v+/?)(v+y) 

Near the origin the coordinates (A, //, v) are approximately Cartesian. At large distances from the 
centre the ellipsoids become -- as we have seen - progressively more nearly spherical and the 
hyperboloids are almost indistinguishable from their asymptotic surfaces which are cones around 
the x-axis (//) and around the z-axis (v). The asymptotic relations are given in Appendix A. 

Table 1. Elliptic coordinates in each of the principal planes. 

Plane 

x=0, 

y=o, 

z=0. 

central part 
outer part 
central part 
outer part 
entire plane 

Foci 

z=±sly-ß 

z=±^jÿ^ä 

Labels of coordinate curves 

y = ±$^a 

Plane 

X = —a 
fi = -a 
p=-ß 
v=-ß 
v — —y 

Ellipses 

P 
A 
A 
A 
A 

Hyperbolae 
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278 T. de Zeeuw 

In each of the three principal planes the coordinates form an elliptic coordinate system as 
described in Section 2.1. The complete set of specifications for the three planes is given in Table 1, 
in agreement with Fig. 2. 

Finally, we remark that the transformation from (x, y, z) to (A, v) is unique. The converse is 
not true. Each choice (A, v) corresponds in general to eight different points (±x, ±y, ±z). 

2.3 SPECIAL CASES 

If two or three of the constants a, ß and y in equation (6) are equal, the ellipsoidal coordinates 
take special forms. We briefly describe these degeneracies. For further details, see, e.g. Morse & 
Feshbach (1953). 

For y=ß the coordinates (A, //, v) are oblate spheroidal coordinates (A, //, ^). Surfaces of 
constant A are oblate spheroids with the short axis in the x-direction. Surfaces of constant p are 
hyperboloids of revolution around the jc-axis. The range of v is zero, so that it can no longer be 
used as a coordinate. The surfaces of constant v of the general case, hyperboloids of two sheets 
around the z-axis, are now planes containing the x-axis. Thus, they can be labelled by an 
azimuthal angle %. 

In each plane of constant^ {meridionalplane) the coordinates (A, p) are elliptic coordinates. 
They are the roots for r of 

z2 

r+a x+ß 
= 1, z2=y2+z2, (11) 

where The foci are at a=0. z=±^ß-a. The relations between (A, u) and {x. z) 
can be deduced easily from equations (3) and (4). In the equatorial plane, x=0, the coordinates 
are polar coordinates (z, %) with z2=r+ß (r=A or p). Note that the circles are labelled by p for 

radii z^^Jß—a and by A for z^^ß—a. The focal ellipse A =//=-or in the (y, z)-plane of the general 
case now is a focal circle with radius z=y\ß-a. The coordinate lines in the meridional and 
equatorial planes are shown in Fig. 20. The line element ds2 is equal to P2dX2+Q2dp2+z2dx2, with 
P and Q given in equation (5). 

For ß=a, the coordinates (A, ju, v) are prolate spheroidal coordinates (A, (p, v). Surfaces of 
constant A now are prolate spheroids elongated along the z-axis. Surfaces of constant v are two 
sheeted hyperboloids of revolution around the z-axis. The variable p is equal to -ß=-a and can 
no longer be used as a coordinate. The surfaces of constant p of the general case (hyperboloids of 
one sheet) are planes that contain the z-axis. They are labelled by an azimuthal angle (p. 

In each meridional plane (0=constant) the variables (A, v) are elliptic coordinates. They are 
the roots for r of 

tar2 z2 

_l = 1, 
T+a r+y 

ttr2=x2+y2, (12) 

with -y<v<-a<A. The foci are at tar=0, z=±yly-a. The relations between (A, v) and (tzr, z) are 
similar to those given in equations (3) and (4). In the equatorial plane the coordinates are polar 
coordinates (ta-, (p) with tar2=A+a. The coordinate lines in the meridional and equatorial planes 
are shown in Fig. 24. The line element of the prolate spheroidal coordinates is equal to 
P2dX2+vT2d(p2+R2dv2, where P and Q are expressions in A and v similar to those given in equation 

(5). 
For y=ß=a all three pairs of foci of the ellipsoidal coordinates coincide with the origin and the 

variables p and v lose their meaning. The ellipsoidal coordinates become spherical coordinates (r, 
6, (p) defined by x=rsinocos0, y=rsin0sin0 and z=rcos0, where r2=A+ör. 
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Elliptical galaxies with separable potentials 279 

3 The perfect ellipsoid 

3.1 DENSITY DISTRIBUTION 

The density distribution of the perfect ellipsoid is given by 

go 

^ (1+m2)2 ’ 

where 

2 2 2 
0 xz / zz 

m - — + — + — , a>b>c>$. 
aL b cz 

(13) 

(14) 

The density is stratified on similar concentric ellipsoids with semiaxes ma, mb and me. The x-axis 
is the long axis of the density distribution and the z-axis is the short axis. The central density is p0- 
At large distances from the centre g falls off as m-4. 

The mass M(m) within ellipsoidal radius m is 

m 
M(m)=2jrabcgQ< arctanm 

( l+mz 

The total mass M is 

M=Jt2abcQo, 

and the half-mass radius mi/2 is equal to 2.264437 .. 

(15) 

(16) 

3.2 DERIVATION OF THE GRAVITATIONAL POTENTIAL 

The calculation of the gravitational potential of an ellipsoidally stratified density distribution is 
classical theory. Using Theorem 12 from Chapter 3 of Chandrasekhar (1969) we find that the 
potential V of the perfect ellipsoid is given by 

V=-JzGgoabc 
/; 

1 du 
(17) 

o [l+x2/(ß2+w)+y2/(62+w)+z2/(c2+w)] \l(a2+u)(b2+u)(c2+u) ’ 

where G is the gravitational constant. Define ellipsoidal coordinates (A, v) by choosing in (6) 

a=—a, ß=~b2, y=-& (18) 

Straightforward algebra then reduces equation (17) upon substitution of equations (8), and (18) 
to 

V=-jzGgoabc 
I 

^(u-a)(u-ß)(u-y) 
du, 

o (w+A)(w+iu)(w+v) 

which can be separated as 

m F(fi) F(v) 
v=— 

(jU-v)(jU-A) 

where 

F(T)=jrGgoabc 
f 

^(u-a)(u-ß)(u-y) 

(u+t) 
+A(u)t+B(u) du. 

(19) 

(20) 

(21) 
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280 T. de Zeeuw 

Here t denotes A, // or v. The functions A(u) and B(u) serve to assure the convergence of the 
integral defining F(t) but are otherwise arbitrary. We may use this freedom to give F(r) a simple 
form. The function 

F(T)={T+a)(T+y)G(T), (22) 

with 

f00 Ju-ß du 
G(r)=jtGQoabc \ j= = = , (23) 

Jo ^(u-a)(u-y) u+T 

is of the form (21) because 

(r+a)(r+y) (w-a)(«-y) 
   hr-w+a+y. 

U+T U+T 

This is the form we adopt for F(r) in equation (20) in the subsequent analysis. The function G(t) 
can be expressed in terms of the incomplete elliptic integrals of the three kinds and is readily 
evaluated numerically. It is further discussed in Appendix B. 

The potential (20) is of Stäckel form (Weinacht 1924), i.e. the potential of the perfect ellipsoid 
has the special form for which the equations of motion are separable in the ellipsoidal coordinates 
(A, //, v) that are defined by equations (6) and (18). This is true for all value of the axis ratios of the 
perfect ellipsoid, de Zeeuw & Lynden-Bell (1985) show that the perfect ellipsoid is the only mass 
model with a Stäckel potential in which g=g(m2), i.e. in which the density is stratified exactly on 
similar, concentric and aligned ellipsoids, and is nowhere singular. However, many other triaxial 
mass models with a Stäckel potential exist (de Zeeuw 1985b). 

3.3 A SPECIFIC EXAMPLE 

All results in the previous sections are valid irrespective of the axis ratios a:b:c of the perfect 
ellipsoid. It is useful to have an explicit example. For this we take ¿z = l, 6=5/8 and c=l/2. The 
resulting axis ratios are identical to those of the Schwarzschild ellipsoid, although the radial 
density profile of the latter ellipsoid differs from (13). In order to facilitate a comparison, all 
figures in the present paper relating to the perfect ellipsoid have been made for these values ofa,b 
and c. 

Numerical values of G(t)/GM and its derivative G'(t)/GM are given in Table 2 for a number 
of values of g. Both these functions will be used in the orbit analysis. A graph of G(t)/GM is 
shown in Fig. 3. G(r) decreases monotonically with increasing r; It follows from equation (B8) 
that G(t)~GM/a/t at large r. For other values of the axis ratios G(r) has a similar form. 

Fig. 4a shows the equipotential curves V equals constant in the (x, y)-plane of the perfect 
ellipsoid [cf. equation (74)]. Since the total mass of the perfect ellipsoid is finite, the potential 
becomes Keplerian at large distances from the centre and the equipotential curves become 
rapidly nearly round. This is illustrated for each of the principal planes in Fig. 4b which shows the 
axis ratios of the equipotential curves as a function of potential energy. The potential equals 
-G(-ß) in the centre and approaches zero at large distances. Fig. 4b may be compared with a 
similar one for the Schwarzschild ellipsoid, fig. 1 in Merritt (1980). 

The surfaces of constant density, m2=constant, and the equipotential surfaces both have their 
long axis in the x-direction and their short axis in the z-direction. At a given radius the 
equipotential surface is rounder than the equidensity surface. Note that the coordinate surfaces 
A=constant are elongated in the opposite manner: they have the z-axis as long axis and the x-axis 
as short axis. 
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Elliptical galaxies with separable potentials 

Table 2. The functions G(t)/GM and G'(r)/GM for a = l, 6 = 5/8 and c=l/2. 

281 

V-y: 0.25 
0.30 
0.35 

fi-ß= 0.390625 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 

Â-a= 1.0 
1.2 
1.5 
2 
3 
5 
7 

10 
15 
20 
30 
50 

G(t)/GM 

1.037189 
0.983059 
0.938470 
0.907390 
0.900746 
0.839635 
0.791545 
0.752211 
0.719138 
0.690744 

0.665970 
0.624503 
0.576185 
0.517851 
0.443134 
0.361114 
0.314090 
0.269910 
0.226234 
0.199116 
0.165816 
0.131092 

Gf(r)/GM 

-1.203732 
-0.976006 
-0.816198 
-0.717962 
-0.698282 
-0.536714 
-0.431889 
-0.358818 
-0.305222 
-0.264382 

-0.232328 
-0.185454 
-0.140344 
-0.097522 
-0.057868 
-0.029561 
-0.018838 
-0.011607 
-0.006643 
-0.004451 
-0.002517 
-0.001217 

-y-ß -a 

Figure 3. The function G(r) for a = l, b = 5/S and c = l/2. 

Figure 4. (a) Equipotential curves in the (jc, ;y)-plane of the perfect ellipsoid. Contours are shown for E/V(0, 0, 
0)=0.9,..., 0.1, in intervals of 0.1. (b) Axis ratios of the equipotential curves in all three principal planes as function 
of the value of the potential energy. 
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282 T. de Zeeuw 

3.4 SPECIAL CASES 

Special values of the axis ratios of the perfect ellipsoid lead to simpler expressions for the 
gravitational potential, and also - as we shall see in Section 6 - to a simpler orbital structure. We 
consider briefly the prolate, oblate and spherical models, and also the elliptic and circular disc, 
and the needle. The reader who is not interested in these degeneracies should turn his attention to 
Section 4. 

3.4.1 Prolate spheroid 

For a>b=c the mass model defined in (13) is a prolate spheroid with the x-axis as symmetry axis. 
From equation (18) it follows that Y=ß- The ellipsoidal coordinates (A, /¿, v) reduce to oblate 
spheroidal coordinates (A5iu,^) (cf. Section 2.3). The gravitational potential of this perfect prolate 
spheroid follows from equations (20), (22) and (23) upon substitution of v= -y= -ß. The result is 

(A+a) G(X)-(p+a) G(p) 
V=V{X, p)=-- ; W V ; (24) 

X—p 

which is manifestly axisymmetric, and of two-dimensional Stäckel form (e.g. Jacobi 1866). The 
integral (23) for G(r) is now elementary. We find 

/ a 

G(p)=2irGgob2\   artanh 
V p+a 

G(X)=2jcGQ0fr 
-a 

X+a 
arctan 

X+a 

-a 
(25) 

with a= -a2. This function is regular and smooth. Some special values of G(r) and its derivative 
G'(t) are given in Appendix B. 

3.4.2 Oblate spheroid 

For a=b>c the mass model defined in (13) is an oblate spheroid with the z-axis as symmetry axis. 
It follows from equation (18) that a=ß in this case. The coordinates (X,p,v) are prolate spheroidal 
coordinates (A, 0, v) (cf. Section 2.3). The gravitational potential Vof this perfect oblate spheroid 
follows from (20), (22) and (23) upon substitution of p=-ß=-a. The result is 

„ x (A+y)G(A)-(v+y)G(v) V=V(À, v) = ;  
A-v 

(26) 

which is axisymmetric, as it should be, and of two-dimensional Stäckel form. The integral (23) for 
G(t) is elementary. We find 

G(r)=2jrGp0ß2 arctan t=X or v, 

with y=-c2. Some special values of G(r) and its derivative G'(r) are given in Appendix B. The 
separability of the gravitational potential for this case was first demonstrated by Kuzmin (1953, 
1956). 
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Elliptical galaxies with separable potentials 283 

3.43 Sphere 

For a=b = c the mass model defined in (13) is a sphere. It follows from equation (18) that the 
ellipsoidal coordinates reduce to spherical coordinates (r, 0, 0) (c/. Section 2.3). The 
gravitational potential of the ‘perfect sphere’ follows from the general expressions (20), (22) and 
(23) upon substitution of ju = v- — y= -ß= — a=a2. The result is 

^ arctan (r/fl) ,  
V=V(?i) = — G(X) = —2jrGgoa2 , r=^À+a. (28^ 

(r/a) { S) 

3.4.4 Elliptic disc 

For a>b>c=0 the mass model defined in (13) is an infinitesimally thin elliptic disc in the (x, 
y)-plane. In order to derive the surface density distribution of the perfect elliptic disc we take in 
(13) the limit c—>0, while keeping 'Lq=jzqqc/2 fixed. Then the density becomes p(x, y, z)=2(x, 
y)ó(z), where ô is the Dirac delta function and 2 is the surface density given by 

So 

(l+m2)3/2 ’ 
(29) 

2 is stratified on similar ellipses with semiaxes ma and mb. The central surface density is 20. At 
large distances from the centre 2 falls off as m-3. The total mass within elliptic radius m is 

M(m)=2ji^Qab {1 — 
V l (l+m2)1/2 

(30) 

The total mass M of the disc is equal to 2nLtfib. The half mass radius equals fe. 
For c=0 we find from (18) that y=0. The coordinates (A, //, v) are therefore still ellipsoidal 

coordinates. The gravitational potential of the perfect elliptic disc is given by the expressions (20), 
(22) and (23). For y=0 the integral G(r) can be expressed in terms of the complete elliptic 

integrals of the three kinds. It is readily evaluated numerically. Properties of G(r) are given in 
Appendix B. 

Fig. 5 is a graph of G(r)/GM for ß = 1 ,J?=1/2 and c=0. At small r the function G(r) diverges as 
bGM/ayjT. At large r it falls off as GM/yfr. Fig. 6 shows equipotencial curves in two of the 
principal planes. In the disc the potential is smooth, and the equipotential curves quickly become 

nearly round with increasing radius, in agreement with the finite total mass of the disc. In the 
z-direction the potential is continuous, but not differentiable at z=0. This is due to the presence 
of the thin disc in the plane z=0. 

Figure 5. The function G(t) for a=l, 6=1/2 and c=0. 
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284 T. de Zeeuw 

Figure 6. Equipotential curves in two principal planes for the perfect elliptic disc, for a = 1, 6 = 1/2 and c = 0. (a) (*, 
_y)-plane; (b) (x, z)-plane. 

3.4.5 Kuzmin's disc 

For a=b>c=0 the elliptic disc (29) is axisymmetric. Its surface density can be written as 

a^o 

(W
2+a2)3/2’ 

w2+x2+y2. (31) 

This is Kuzmin’s disc, which sometimes is referred to as Toomre disc I. It has been the subject of a 
number of investigations (e.g. Kuzmin 1953; Toomre 1963; Shu 1969; Miyamoto 1971, 1974; 
Kalnajs 1976). 

From equation (18) it follows that ß=a and y=0. As a result, the coordinates (A, //, v) are 
prolate spheroidal coordinates (A, 0, v). This is not surprising, since we can obtain the disc (31) 
also by collapsing the perfect oblate spheroid along its short axis. We note that the relation 
between the (A, v) and the (íjj, z) coordinates is given by 

m 2_ (A+a)(v+a) 

a 
(32) 

so that tzr2+z2=A+v+a. The foci of the elliptic coordinates (A, v) lie on the z-axis, at 
z=±J-a=±a. 

The gravitational potential of Kuzmin’s disc follows from (26) upon taking y=0: 

V=V(À, v)=- 
AG(A)-vG(v) 

A-v 
(33) 

The function G(r) is now elementary and simple 

G(r) = 
GM 

T’ 
(34) 

where we have written M=2ji'L0a2, the total mass of the disc. 
Substitution of (34) in (33) and transformation to the variables (rar, z) by means of (32) 

produces 

GM 

[rar2+(|z| + a)2]1^2 ' 
(35) 
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Elliptical galaxies with separable potentials 285 

This is identical to the result obtained by Toomre (1963) by means of the Fourier—Bessel 
Theorem. In the disc the potential is simply 

V=V(X, 0) = - 
GM GM 

(w2+aY2 ’ 
(36) 

As already noted by Kuzmin (1953), it follows from (35) that the potential above the disc equals 
that of a point mass M in the focus at z= - a below the disc. The potential below the disc is that of a 
point mass M in the focus at z=+a above the disc (see also Hunter 1980). Thus, equipotential 
surfaces outside the disc are parts of spheres, centred on the appropriate focus. 

3.4.6 Needle 

For completeness, we briefly consider the case a>b=c=Q for which the density (13) is an 
infinitesimally thin needle along the x-axis. The line density distribution of this needle (or perfect 
cigar) can be obtained from (13) by taking the limit 6=c—>0, while keeping 

constant.Then the density becomes p(jc, y, z)=Ç(x)ô(y)ô(z), where Çis the line density given by 

Co 

1+m ~2 
- ? 

m — (37) 

The central line density is Ç0* At large distances f falls off as 1/m2. The mass M(m) between -m 
and m is 

M (m)=2öfo arctan m, (38) 

so that the total mass M of the needle is Jia£0. The half mass distance is equal to 1. 
From equation (18) it follows that/?=y=0. The coordinates (A,v) are now oblate spheroidal 

coordinates (A, /¿, ^), in agreement with the fact that the needle (37) may be obtained by 
collapsing the perfect prolate spheroid along its short axes. The gravitational potential of the 
needle follows from (24) and (25) upon substitution of f0 for xQob2 in those expressions. 

4 Stellar orbits in Stäckel potentials 

4.1 EQUATIONS OF MOTION 

The Hamiltonian7/ for motion in a potential V(A, /i, v) is 

pl pI pl 
—7 + 7 + —7+^(A,jW, v), 
IP2 2Q2 2R2 

(39) 

where = P2A, pfl = Q2p andpv=R2v are the momenta conjugate to A, // and v. P, Q and R are 
given in equation (10). When we substitutepT=dW/dt, with r=A, // or v, in (39) and equate the 
resulting expression to the total energy P, we obtain the Hamilton-Jacobi equation. For a 
potential of Stäckel form (20) we find, after multiplication by (A-^Ja)(iu-v)(v-A), 

(v-[i)i2(A+a)(A +/3)(A+y)i ~ | -F(X)-X2E 

+ (A-v)<¡ 2(ji+a)(pi+ß)(ß+Y)\ 
/ dw y 

V dfi ) 

+ ([i-l)^2(v+a)(v+ß)(v+y)^ -F(v)-v2£| = 0. (40) 

The solution W of this partial differential equation is Hamilton’s characteristic function. 
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286 T. de Zeeuw 

Since we already know that the motion is separable, due to the special form (20) of the 
potential, we write 

W=Wa(A)+W>) + Wv(v). (41) 

Furthermore, we define 

U(t) =2(r+a)(r+/?)(T+y) 
dWr_ 

dr 
F(t)~T2E, T=X,fl,V. 

Then the Hamilton-Jacobi equation (40) becomes 

(y-ß) U{K)+{X-v) U(ß)+{ß-X) í/(v) = 0, 

(42, 

(43) 

and this has to be true for all values of A, and v. By partial differentiation with respect to t (i'=A, 
v) we find that i/'(r) is a constant. Hence we must have 

U(T)=jz-k, (44) 

where j and k are constants. By means of (42) we can write 

(dWT\
2 . T2E-Tj + k + F(T) 

  =Pr = , T—A,[l, V. 
\dt ) 2(T+a)(T+ß)(T+y) 

(45) 

These are the equations of motion. Note that pT is a function of r only. Integration produces 
Hamilton’s characteristic function. It is given by (41) with 

J V 2(T+a)(r+ß)(T+y) 
l=Â,/U,V. (46) 

Thus, W=W(X, fi, v; E, j, k). 
The natural variables for the description of completely separable motion are the so-called 

action-angle variables (e.g. Arnold 1978; Goldstein 1980). We shall introduce them in Section 8. 
First we consider those properties of the stellar orbits that can be deduced from the equations of 
motion (45) without integrating them. 

4.2 INTEGRALS 

The constants ; and k that occur in (45) are the values of two integrals of motion, / and X, say, that 
exist in a Stäckel potential in addition to the total energy H=E. Expressions for / and K in terms 
of the coordinates and conjugate momenta may be found by solving (45) for E, j and k. The 
resulting expressions are most easily written in terms of the quantities X, Y and Z defined as 

Y= 

Z— 

pi m 

2P2 (A-juXA-v)’ 

PÏ Hm) 

2Q2 (ß-y)(p-2)’ 

Pi F(v) 

2R2 (v-X)(v-fi) ' 
(47) 
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287 Elliptical galaxies with separable potentials 

We find (Clark 1936; Lynden-Bell 1962c) 

H=X+Y+Z, 

J (v+A) Y -I- (X+fX) Z, 

K=pivX+vXY+XßZ. (48) 

Note that all three integrals are quadratic in the velocities. 
Any function of H\ J and K is also an integral of motion. In order to simplify the subsequent 

analysis we may therefore use any three independent functions of H, J and K as integrals. It is 
advantageous to retain the total energy H=E as integral. However, it is handy to use instead of/ 
and X integrals I2 and /3 defined by 

a2H+aJ+K y2H+yJ+K 
h=-   , h=    (49) 

a-y y—a 

The relation between these integrals and the angular momentum integrals that exist in 
axisymmetric and spherical potentials is discussed in Section 4.4 (see also de Zeeuw & 
Lynden-Bell 1985). 

In terms of the values i2 and /3 of the integrals I2 and /3 the equations of motion (45) become 

2 (r+aXr+y) E- (r+y) ¿2- (r+a) h+F{T) 

2(r+a)(r+/3)(r+y) 
(50) 

where r is equal to A, // or v. 

4.3 ORBIT CLASSIFICATION 

For given values E, i2 and /3 of the integrals of motion H, I2 and /3, an orbit exists if, and only if, 
p2, p2 and p2 are all three non-negative for some values of A, // and v, respectively. In each of the 
three coordinates motion is then either an oscillation (or libration) between turning points defined 
by Pr = 0, or, if p2>0 for all r, a rotation (r=A, p or v). Which combination of oscillation(s) and 
rotation(s) in the three coordinates occurs, follows from equation (50) upon substitution of the 
values of £, i2 and /3. This determines the class or family to which an orbit belongs. The intervals 
for whichp2, p2 andp2 are non-negative define the volume allowed to the orbit by the integrals of 
motion. Orbits of different families have allowed volumes of different shapes. In general the 
frequencies of the motion in each of the three coordinates are incommensurable so that an orbit 
completely fills its allowed volume. 

A complete classification of orbital shapes in a given Stäckel potential is obtained by 
determining via (50) for each combination of values of E, i2 and i3 whether an orbit exists and if so, 
to what family it belongs. We shall do this in Section 5 for the perfect ellipsoid and display the 
result in a three-dimensional classification diagram (Fig. 17). This shows the regions in (E, i2, 
/3)-space that correspond to the various orbit families that occur in the perfect ellipsoid. 

There are a number of methods for investigating all combinations of E, i2 and i3 in a systematic 
manner. We choose to first fix values of i2 and i3 and consider the orbits that exist for different 
values of E and then repeat this process for other combinations of i2 and i3. For this purpose it is 
convenient to rewrite (50) as 

£-¿2/(T+a)-¿3/(r+y)+G(r) 

2(z+ß) 
(51) 
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288 T. de Zeeuw 

where G(r) is defined in equation (22). Equation (51) may be rearranged as 

E=2{T+ß)pt+Vefi(T), (52) 

with 

^ett(r)= —+—-G(r). (53) 
T+a r+y 

Equation (52) has the familiar form of an energy equation for one-dimensional motion in an 

effective potential EeffW* However, it differs in two important aspects from such an equation: 

(i) It should be considered simultaneously on three intervals, one for v, one for // and one for A, 
defined by the inequality (7). 

(ii) The usual condition that motion is allowed as long as the energy exceeds the effective 
potential is true for A and// but not for v: motion is allowed, i.e. pî^O, for values of v, p and A that 
satisfy 

£—E>Veñ(p), E>Veff(A). (54) 

Nevertheless, just as for one-dimensional motion, we may employ equation (52) to classify orbital 
shapes graphically: draw, for fixed values i2 and i3, the effective potential curve, the graph of Vgff 
as function of r. A comparison with the horizontal lines E=constant - keeping in mind (54) - 
immediately yields the values of A, // and v where motion is allowed (see Fig. 7 below). Turning 
points occur when E=VeffW> i-e- whenever the effective potential curve crosses the line of 
constant E. 

4.4 SPECIAL CASES 

It is of interest to consider briefly the axisymmetric and spherical special cases. This reveals the 
connection between the ‘non-classical’ integrals I2 and /3 of the triaxial case with the angular 
momentum integrals. It also shows how the equations of motion (51) reduce to well-known 
forms. 

4.4.1 Prolate spheroid 

The gravitational potential (24) of the perfect prolate spheroid has the x-axis as symmetry axis, so 

that Lx, the angular momentum component parallel to this axis, should be conserved. Indeed, 
upon setting v=-y=-ß in equations (47)-(49) we find that /3 becomes 

h=V2pl=V2L2
x. (55) 

Herepx=¿x=yz-zy is the momentum conjugate to*; it is equal to Lx. The integral I2 is still 
non-classical. 

For general axisymmetric potentials motion is usually described as two-dimensional motion in 
a reduced potential VTed in a meridional plane *=constant (e.g. Ollongren 1962), with 

Vred=v+^, (56) 

where lx is the value of Lx. In the present case this reduction occurs naturally . For ß=y the range of 
v is zero and (51) is valid for A and p only. These equations for A and p are identical to the 
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289 Elliptical galaxies with separable potentials 

equations of motion in the two-dimensional Stäckel potential Vred{A,p) given by 

VTei=V+(ß-a)i3 

l/(A+a)-!/(//+«) 

A —p 
(57) 

with y given in (24). It follows from the relations between (A, /¿) and (x, z) - see Section 2.3 - that 
(57) is identical to (56). Thus, (51) automatically describes motion in a meridional plane. Once 
the motion in A and p has been determined, then that in x follows from (55). 

For given values E, i2 and of the integrals of motion the area in the meridional plane 
allowed to the orbit follows from a comparison of the effective potential curve (53) with the line of 
constant energy for A and p (see Fig. 19 below). Only those values of A and p are allowed for which 
E>Vqíí(X) and E>Vcii(p). The allowed area in the meridional plane defines the axisymmetric 
volume allowed to the orbit. The frequencies of the motions in A, and x are in general 
incommensurable, and the orbit will fill its allowed volume. 

A complete classification of the orbital shapes is obtained by comparing effective potential 
curves with lines of constant energy for all values of E, i2 and i3 of the integrals of motion. This is 
done in Section 6.1. The results can then be displayed in a classification diagram, which indicates 
the orbital shape for each combination of E, i2 and i3 (Fig. 21 below). 

4.4.2 Oblate spheroid 

In this case we know from the axisymmetry of the potential (26) that Lz, the component of the 
angular momentum parallel to the z-axis, is an integral of motion. Indeed, upon setting 
p=—ß=—a in equations (47)-(49) we find for I2 

I2=V2P¡ = V2L2
z, (58) 

wherep^ =m(p =xy-yx is the momentum conjugate to 0. It is equal to Lz. The integral /3 is the 
famous third integral of Galactic dynamics (e.g. Oort 1928; Kuzmin 1953, 1956; Contopoulos 
1960; Hori 1962; Ollongren 1962). 

The three-dimensional motion is equivalent to two-dimensional motion in a reduced potential 
VXQá=V + ßzjlvy1 in a meridional plane (Ollongren 1962), where lz is the value of Lz. Just as in the 
prolate case, this reduction occurs naturally. For/?=or, the equations of motion (51) are valid only 
for A and v. They are identical to the equations of two-dimensional separable motion in the 
Stäckel potential VTed in a meridional plane 0=constant (see also Hori 1962). Once the motion in 
A and v has been determined, then that in 0 follows from (58). 

For given values E,i2= Vill and /3 of the integrals H, I2 and /3 motion is allowed for all values 
of A and v for which E>VQÍÍ(X), and E<VQii(v). These inequalities determine the three- 
dimensional axisymmetric volume in which the orbit lies. The frequencies of the motions in A, 0 
and v are in general incommensurable and the orbit fills its allowed volume. A complete 
classification of orbital shapes is obtained by a comparison of effective potential curves with lines 
of constant energy, for all values of i2, i3 and E. This is done in Section 6.2. 

4.4.3 Kuzmin's disc 

If we collapse the perfect oblate spheroid along the symmetry axis we obtain Kuzmin’s disc. 
Motion in the potential of this disc can be analysed in exactly the same way as was described in the 
above. 

We have seen in Section 3.4.5 that the potential above the disc is equal to that of a point mass M 
in the focus below it, and similarly for the potential below the disc. Since I2= ViLl in this case, it 
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290 T. de Zeeuw 

follows that the integral /3 should be expressible in terms of the integrals of Keplerian motion, 
albeit in a different way for points above and below the disc. 

Taking ¡i=-ß=-a and y=0 in equations (47)-(49) we find 

/3= V2L2
x+ ViL2+ V2a2z2-a\z\ V. (59) 

Now we write z*=z±a and we take the plus sign for z>0 and the minus sign for z<0. In other 
words, we transform to Cartesian coordinates (x, y, z*) that for points above the disc are centred 
on the focus below it, and for points below the disc are centred on the focus above it. Then we can 
write 

/3= V2Lf+ V2Lf+a2H+aA*z, (60) 

where 

Az*=xLy*-yLÏ+z*y, (61) 

and L*=yz*-z*y, L*=z*x-xz* and y=-GM/x/x2+y2+z*2. The first three terms in (60) are 
integrals of motion in any potential that is spherical with respect to (x, y, z*)=(0, 0, 0). The 
quantity zl* is the z-component of the Laplace-Runge-Lenz vector, A=rAL+rV, which is a 
conserved vector only in the 1/r potential (Goldstein 1980, §3.9 and references therein). 

4.4.4 Sphere 

From equations (47)-(49) we find, upon taking ju=v=-y= -ß— -a, 

J=V2L2-2aH, K=a2H-V2aL2, /2+/3=
1/2L2, (62) 

where T=|L| and L=(LX7 Ly, Lz) = (yz—zy, zx-xz, xy-yx) is the angular momentum vector. 
From the prolate and the oblate cases discussed in the above we know that Lx and Lz are also 
integrals. As a result, we have four integrals of motion: E, Lx, Ly and Lz, as it should be in a 
spherical potential. 

Since fi=v=—a, the equations of motion (51) are only valid for A: 

£ _ (¿2+*3)/(A+¿0+G (A) 

2(À+a) 
(63) 

Substitution of (28) and A+a=r2 produces the well-known equation for radial motion in a 
spherical potential. 

From the conservation of L it follows that every orbit lies in a plane through the origin. The area 
filled by an orbit in this plane follows from a comparison of the effective potential curve - Veff 
versus A - with a line of constant E. All values of A are allowed for which £>Veff(A). 

5 Classification of bound orbits 

5.1 FAMILIES OF BOUND ORBITS 

For the function G(r) given in (23) the effective potential defined in (53) may still have quite 
different forms depending on the signs of i2 and i3. As a result, there is a great variety of orbital 
shapes in the perfect ellipsoid. The analysis of these shapes in this subsection is complete except 
for two intentional restrictions: we limit the analysis to bound orbits (£<0), and we do not (yet) 
discuss all limiting and transitional cases between orbits of different families. 
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Inspection of effective potential curves for all four combinations of signs of i2 and /3 reveals that 
no orbits exist with /3<0. Fig. 7 shows such effective potential curves for the two remaining 
combinations of signs (/2<0, /3>0 and i2>Q, ¿3>0). We distinguish the cases with E>Vcfi(—ß) 
from those with £<Veff (-/?). Cross-sections with the principal planes z=0, y=0 and x=0 of the 
volume allowed to the corresponding orbits are shown in Fig. 8. It is evident that the four cases 
shown correspond with four different general orbital shapes. We discuss each family separately. 

(i) Boxes. For the case 

/2<0, Veff(—ß)<E<0, (64) 

the allowed values for A, /¿ and v are (Fig. 7a) 

-y<v<vmax, -a<A<Amax. (65) 

The orbit must cross the (x, z)-plane always in an area lying in that bounded by the focal 
hyperbola (Fig. 8a). The (y, z)-plane is crossed in an area inside the focal ellipse. A star in such an 
orbit oscillates back and forth in each coordinate, so that it does not have a fixed sense of rotation. 
Following Schwarzschild’s (1979) nomenclature, we identify the orbit as a box orbit. 

(ii) Inner Long Axis Tubes. For values of the integrals that satisfy 

/2<0, Veii{ßo)<E<V&ii{—ß), (66) 

where p0 is the value of p for which Veff reaches a minimum, the allowed values for A, /¿ and v are 
(Fig. 7b) 

~Y—V—~ß, ßmm—ß—ßmdiX’) (X —A —A max • (67) 

The orbit lies completely outside and around the jc-axis (Fig. 8b). It must cross the (x, z)-plane 
outside the focal hyperbola. The (y, z)-plane is crossed inside the focal ellipse. A star in this orbit 
has a fixed sense of rotation around the x-axis since there are no turning points in v. The orbit is a 
tube orbit around the long axis. Since z-axis crossings occur between the inner foci at z = ± Jy-ß 
and the outer foci at z = ±^y-a, we shall refer to it as an inner long axis tube. 

(iii) Outer Long Axis Tubes. For 

^3>0? ^eff(^o)<£<^eff(~ß)> (68) 

where A0 is the value of A where Veff reaches a minimum, the allowed values for A, /¿, and v are 
(Fig. 7c) 

~y—V——ßi Pmin—h — ~(X'> ^ min —^ max • (69) 

The allowed volume lies outside and completely around the x-axis (Fig. 8c). The corresponding 
orbit crosses the (x, z)-plane outside the focal hyperbola; crossing of the (y, z)-plane takes place 
outside the focal ellipse. Again there are no turning points in v so that a star in this orbit has a fixed 
sense of rotation around the x-axis. The z-axis is crossed outside the outer foci. We shall call this 
orbit an outer long axis tube. 

(iv) Short Axis Tubes. For 

Vza(-ß) ] 
/2>0, /3>0, <£<0, (70) 

Feff(4o) J 

where A0 is the value of A where Vgff reaches a minimum, motion is allowed for (Fig. 7d) 

7<V<Vmax, ß^p ^ CX, ^min—^max* (71) 
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292 T. de Zeeuw 

The corresponding orbit lies outside and around the z-axis (Fig. 8d). It crosses the (x, z)-plane in 
an area lying in that bounded by the focal hyperbola. The (y, z)-plane is crossed outside the focal 
ellipse. There are no turning points in // so that a star in this orbit has a definite sense of rotation 
around the z-axis. It is a short axis tube. 

It should be remarked that for all three tube orbit families both clockwise and anticlockwise 
motion around the appropriate axis is allowed, and in the same volume. 

Before we can construct the full three-dimensional classification diagram in (£, /2, ^-space we 
need to establish the precise boundaries of the four regions corresponding to the four families of 
general orbits we have found. These boundaries, and the corresponding limiting and transitional 
orbits, follow upon substitution of equality signs in all inequalities given in equations (64), (66), 
(68) and (70). They can, however, also be obtained by a careful investigation of the motion in the 
principal planes. 

Of special importance are the orbits for which motion is in one coordinate only. These are the 
simple periodic orbits. They all lie in the principal planes. From the symmetry of the potential V 
with respect to these planes it follows that the oscillations along each of the principal axes are 
among the simple periodic orbits. 

In the following three subsections we study, in turn, motion in each of the three principal 
planes. The symmetry of the potential ensures that a star moving in such a plane will remain in it, 
so that motion is two-dimensional. As a result, we can construct for each principal plane a 
two-dimensional classification diagram (Figs 10,13 and 16). These diagrams are cross-sections of 
the full three-dimensional classification diagram Fig. 17. The reader who is not interested in the 
detailed description of the motion in the principal planes should turn his attention to Section 5.5. 

5.2 ORBITS IN THE (x, y)-PLANE 

All orbits in this plane must have z=0, i.e. v=-y, and therefore require py/2R2=0 for v=-y. 
From equation (51) it then follows that for all orbits in the (x, y)-plane 

¿3=0. (72) 

-Y-ß -a (a) 
-Y-ß -a (b) 

Figure 7. Effective potential curves for the four families of general orbits in the perfect ellipsoid. The dashed curve is 
- G(r). The area between the line of constant E and VeffM in the intervals where equation (54) is satisfied is hatched, 
(a) Box; (b) inner long axis tube; (c) outer long axis tube; (d) short axis tube. 
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Figure 8. Cross-sections with the three principal planes of the volumes allowed to the four general orbits by the values 
of the integrals of motion. The dashed curves indicate the focal hyperbola [(*, z)-plane] and the focal ellipse [(y, 
z)-plane]. The foci are denoted by the same symbols as in Fig. 2. (a) Box orbit; (b) inner long axis tube; (c) outer long 
axis tube; (d) short axis tube. 
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-Y-ß -a 
(0 

Figure 9. Effective potential curves for orbits in the (x, }>)-plane of the perfect ellipsoid, (a) Butterfly; (b) loop; (c) 
stable y-axis orbit; (d) unstable y-axis orbit. 

The remaining equations of motion are 

.2  g--fe/(r+q)} + G(r) 

2{r+ß) 
r=2,//. (73) 

These two equations are identical to the equations of motion for strict two-dimensional separable 
motion in a potential V(x, y, 0) given by 

^ (A+«)G(A)-(^+a)G(/i) 
V(x, y, 0)= ^ , (74) 

A—ß 

which is of two-dimensional Stäckel form in the elliptic coordinates (A, //). 
Fig. 9 shows effective potential curves for /3=0. Since l/i?2=0 for v=-y, the condition 

z2=pl/R2=Q for v=-y does not imply that pl=Q in the (x, y)-plane. As a result, the line of 
constant E does not necessarily intersect the effective potential curve at v = -y [cf. equation (51)]. 
This can also be deduced by considering the effective potential curves shown in Fig. 7 and letting /3 

go to zero. The area filled by an orbit in the (x, y)-plane can be found for each value of i2 and E in 
exactly the same way as described in Section 4.3 by comparing Veff with lines of constant E, but 
only for A and ß. We find two possible shapes for a general orbit in this plane: 

Butterflies. For i2<0 the orbits are boxes collapsed in the z-direction. They cross the y-axis 
always between the foci (compare Fig. 8a) and have no fixed sense of rotation. Following Binney 
(1982) we call them butterflies. 

Loops. For i2>0 the orbits are short axis tubes, collapsed in the (x, y)-plane. They cross the 
y-axis outside the foci (compare Fig. 8d) and have a fixed sense of rotation around the centre. 
They are loop orbits. 

Next we consider the simple periodic orbits. Three types exist in the (x, y)-plane. In addition to 

the oscillations along the x- and y-axes, also the curves A =A0 in this plane are solutions of the 
equations of motion. They are elliptic closed orbits. 
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295 Elliptical galaxies with separable potentials 

The x-axis is given by v=—y and//= —ß. An oscillation along this axis may be considered as a 
butterfly orbit collapsed in the y- (or//-) direction. From Fig. 9a it follows that this is a solution of 
the equations of motion if and only if £=Feff (-/?). This results in the following conditions on the 
integrals of motion 

i2=(a-ß)(E-Eo), i3=0, Eo<E<0, (75) 

where 

E0=-G(-ß). (76) 

The energy E0 equals the value V(0,0,0) of the gravitational potential in the centre. The value of 
G(-ß) for the perfect ellipsoid, and the other special values of G(r) and G'(r) which we shall 
encounter below, are all given in Appendix B. For a given value of E the amplitude (Amax orxmax) 
can be calculated by solving pi=0. Not surprisingly, the result is that xmax follows from 
E=V(xm.dX, 0, 0) with 

V(x, 0, 0)=- 
(A+a)G(A)-(a-jg)G(-^ 

X+ß 
x2=A+a, (77) 

Note that for E=E0 we find ¿2=/3=0 and xmax=0 so that the star is at rest in the centre. 
The y-axis is given by 

v=-y, A=-a, for 0<|y|<y^a, 

y=-y, M=-a, for Vß-ö—If I- (78) 

An oscillation along the y-axis is a solution of the equations of motion if and only if 

/2=0, ¿3=0, E0<E<0. (79) 

The amplitude ymax is the solution of £=V(0, ymax, 0) where 

V(0,y,0)=-G(r), y2=T+ß, r=A or p. (80) 

The orbit reaches the foci at y = ± ^Jß—a for an energy E2 given by 

E2=-G(-a). (81) 

Consider the region allowed by the values of the integrals given in (79). Fig. 9c shows the 

effective potential curve for the case E0<E<E2. Although the line of constant energy does not 
intersect the effective potential curve at A = -öt, still x2=p2/P2=0 there, since 1/P2=0 for À=-a. 
From Fig. 9c it follows that pl<0 for all A^-or, so that, as expected, the allowed region is a 
segment of the y-axis between the foci. Here the y-axis can be considered as a butterfly orbit, 
collapsed in the x-direction. However, for £2<£<0 the situation is different (Fig. 9d). Now the 
allowed region is an area, bounded by the ellipse A =Amax. As required, p¡í/Q2=0 forp=-a, but 
/?2>0 for all -a. This means that for these energies the oscillations along the y-axis are 
unstable to perpendicular perturbations. Any small perturbation inp will makep2>0 so that the 
star will keep moving away from the y-axis; it orbits in the allowed elliptic area. From the above it 
follows that for E0<E<E2 a y-axis oscillation is stable, so that the change of stability occurs at 
E=E2, when the orbit just reaches the foci. Note that by a similar argument we find that the x-axis 
orbits are always stable. 

The elliptic closed orbits are loop orbits collapsed in the A-direction. They occur for values of E 
and i2 for which £=yeff(A0) and Veff has a minimum at A0. Thus, a parametric representation of 
the relation between E and i2 for these orbits is 

;2=-(A0+a)2G'(Ao), £=-G(Ao)-(A0+a)G'(Ao). (82) 
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296 T. de Zeeuw 

E 

(ß-a)E0 0 

Figure 10. Classification of orbits in the (x, y)-plane of the perfect ellipsoid in terms of the integrals E and i2. Each 
point in the shaded region corresponds with a bound orbit. The dashed line represents the unstable y-axis orbit. 

The elliptic closed orbits are stable and exist for all energies in the range E2<E<Q. AiE=E2, \.t. 
XQ= -a, they branch off the y-axis orbit which at this energy becomes unstable, as we have seen. 

This means that the foci are the points of bifurcation on the y-axis. 
Fig. 10 illustrates the relations between E and i2 for the three families of simple periodic orbits 

in the (x, y)-plane. Together with the line E=0, these relations form the boundary of the area in 
the (E, /2)-plane that corresponds to bound orbits in the (x, y)-plane of the perfect ellipsoid. Each 
point in the shaded region represents one orbital shape. Clearly, the general orbits are divided, by 
the unstable y-axis orbit, in two families, one having i2<0, the other with i2>0. These are just the 
two families mentioned earlier, the butterflies and the loops. This two-dimensional classification 
diagram Fig. 10 is the cross-section /3=0 of the three-dimensional diagram Fig. 17. 

We have seen that x-axis orbits are collapsed butterflies and that the elliptic closed orbits are 
collapsed loops. Conversely, we may consider these periodic orbits as the progenitors or parents 
of the general orbits. Butterflies are x-axis orbits with a superposed /¿-oscillation and loops are 
elliptic closed orbits with a superposed A-oscillation. 

Finally, we remark that for all orbits in the (x, y)-plane the effective potential curves shown in 
Fig. 9 tell us that py<0 for all v^-y. As a result, all orbits in this plane are stable against 
perpendicular perturbations (perturbations out of the plane). 

5.3 ORBITS IN THE (x, z)-PLANE 

Motion in this plane is identical to two-dimensional motion in the potential V(x, 0, z) given by 

g(A)-g(<7) 
V(x, 0, z)=- 

with 

X-o 
o=p or v, (83) 

(t+(x){t+y) G(r) - (a—ß){y-ß) G{—ß) 
g«= — • (84) 

r+p 

V(x, 0, z) is of Stäckel form in elliptic coordinates (A, o) with foci on the z-axis at z = ± Vÿ—ä 
(Table 1). 
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Elliptical galaxies with separable potentials 297 

All orbits in the (x, z)-plane must have y=0, i.e. // = —ß or v= -ß, which in either case requires 
£=^eff(-/?) or 

E-E^ 
h 

a-ß y-ß 
(85) 

Classification of orbital shapes can be done as before, but now with (85) as constraint on the 
values of the integrals of motion. Effective potential curves for this case are shown in Fig. 11. 

The general orbits in the (jc, z)-plane are butterflies and loops. Unlike the case of the (x, 
y)-plane, here not all general orbits are stable against perturbations out of the plane. Stable and 
unstable butterflies occur for They are stable when Veff has a minimum in the range of v (Fig. 
11a) and are just box orbits collapsed in the y-direction. They lie in the area between the two 
branches of the focal hyperbola (compare Fig. 8a). When Veff has a minimum in the range of p, 
(Fig. 11b) the allowed volume is three-dimensional. Cross-sections of this volume are shown in 
Fig. 12a. These are butterfly-shaped areas in the (x, y)- and (x, z)-planes, the latter containing 
part of the focal hyperbola. In the (y, z)-plane these orbits cross in an elliptic area inside the focal 
ellipse. By a reasoning similar to that for they-axis (Section 5.2) we conclude that these butterflies 
are unstable. Stable and unstable butterflies in the (x, z)-plane are separated by critical butterflies, 
which occur when Veff has a minimum in/z=v=-/?, equal to E. We find for these orbits 

(a-ß)2 

i2=- (E-EJ, Ei<E<0, 
a—y 

where 

E^-Gi-ß^iy^Ci-ß), 

(86) 

(87) 

and i3 follows from (85). The critical butterflies are bounded by parts of the focal hyperbola. 
Unstable loops occur for /2>0 (Fig. 11c). All loops are unstable to perturbations out of the plane 
(Fig. 12b). The allowed region is an ellipsoidal shell of finite thickness. 

Now consider the simple periodic orbits. The x-axis oscillation was already discussed in Section 
5.2. The z-axis is given by 

H=-ß,X=-a, for 0£|z|<^y—/?, 

v=-ß, X = -a, for ,JyEß<\z\<yly-a, 

v=—ß,ß = —a, for \]y—a£\z\. 

An oscillation along the z-axis is a solution of the equations of motion if 

¿2=0, i3=(y-ß)(E-E0), Eo<E<0. 

The amplitude zmax follows from E=V(Q, 0, zmax) with 

(t+y)G(t)-(y-ß) G ( -ß) 
V(0, 0, z)=- 

T -\~ß 
zz=T+y. 

(88) 

(89) 

(90) 

For E=Ei, defined in (87), the orbit just reaches the inner foci at z = ± yjy—ß. The outer foci, at 
z = ± yjy-a, are reached for E=E3 defined by 

(y-a)G(-a)-(y-ß)G(-ß) 
E^=- 

ß-a 
(91) 

From our experience with they-axis orbits in Section 5.2 we expect that stability changes occur at 
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298 T. de Zeeuw 

-Y-ß -a (b) -Y-ß -a (c) 

-Y-ß -a 
(d) 

Figure 11. Effective potential curves for orbits in the (x, z)-plane of the perfect ellipsoid, (a) Stable butterfly; (b) 
unstable butterfly; (c) unstable loop; (d) stable z-axis orbit; (e) unstable z-axis orbit; (f) twice unstable z-axis orbit. 

the foci. This is indeed the case, as inspection of the effective potential curves in Fig. lid, e and f 
shows. For E$<E<Ei a z-axis oscillation is stable and can be considered as a stable butterfly 
collapsed in the A-direction. For Ei<E<E^ the allowed region is an area in the (y, z)-plane, 
bounded by the ellipse ß=iLimax=Zmax-y. For these energies a z-axis orbit is therefore unstable to 
perturbations in the y-direction. A z-axis orbit is unstable in both the y- and the z-direction 
for £3<£<0. The region allowed by (89) is now a volume, bounded by the ellipsoid 

^ ^max -^max-y* 
In the (x, z)-plane there are also elliptic closed orbits. The curves A=A0 are solutions of the 

equations of motion (51) (compare Fig. 11c). The orbits exist for energies in the range £3<JF<0, 
and branch off the z-axis orbit at the outer foci. The relations between the integrals of motion for 
these orbits follows from E=Veff(?iQ) with Veff having a minimum at A0. In parametric form 

(ß-a) 
  -[(¿o+a)2g'(Äo)Hy-ß)G(-ß)], 
(y-a) 

E=-gtto)-(ho+a)gf(À.0), (92) 

where g(r)=£(r)/(^+«) and g(r) is defined in (84). The values of i3 follow upon substitution of 
(92) in (85). Just as the loop orbits in this plane, the elliptic closed orbits are unstable to 
perturbations out of the plane. The values of the integrals given by (92) not only allow the ellipse 

A =A0 in the plane, but instead allow the whole ellipsoid A =A0 (compare Fig. 12b). 
The above results are summarized in Fig. 13, an orbit classification diagram of E versus i2. The 

simple periodic orbits and the line E=0 bound the area that corresponds to bound orbits in the (jc, 
z)-plane of the perfect ellipsoid. As long as we disregard perpendicular instability, the diagram is 
similar to Fig. 10 for the (x, y)-plane. This is as expected, since both describe strict 
two-dimensional motion in similar non-axisymmetric potentials. When considered as principal 

planes of the same three-dimensional potential, however, perpendicular instability becomes 
important for the (x, z)-plane. As a result, Fig. 13 is richer in structure than Fig. 10. 
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Figure 12. Cross-sections with the principal planes of the volume allowed by the values of the integrals of motion for 
the two unstable orbits in the (x, z)-plane of the perfect ellipsoid, (a) Unstable butterfly; (b) unstable loop. 

Figure 13. Classification of orbits in the (x, z)-plane of the perfect ellipsoid in terms of the integrals E and i2. The 
shaded area corresponds with stable bound orbits, the light shaded area with unstable bound orbits. Dashed lines 
represent once unstable periodic orbits, the dotted line twice unstable periodic orbits. 

5.4 ORBITS IN THE (y, z)-PLANE 

Motion in this plane is identical to two-dimensional motion in the potential V(0, y, z) given by 

{x+Y)G(x)-(v+y)G(v) 
V(0,y, z)=- x=h or fi, 

x-v 
(93) 
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300 T. de Zeeuw 

Figure 14. Effective potential curves for orbits in the (j, z)-plane of the perfect ellipsoid, (a) Stable butterfly; (b) 
unstable butterfly; (c) unstable loop; (d) inner stable loop; (e) outer stable loop. 

which is of two-dimensional Stäckel form in elliptic coordinates (x, v) with foci on the z-axis at 
z = ±^¡ÿzß (cf. Tahiti). 

The condition x=0 for all orbits, i.e. A = -aorJti = -a, requires 

i2=0. (94) 

The general orbits are butterflies and loops. Due to perpendicular instability we have to 
distinguish five types of general orbits in the (y, z)-plane. Effective potential curves are given in 

Fig. 14. 
Stable and unstable butterflies. For E< Veff(-a) they are stable (Fig. 14a). They are box orbits 

collapsed in thex-direction, and lie inside the focal ellipse (compare Fig. 8a). For E>V&n{—á) the 
butterflies are unstable (Fig. 14b). The values of the integrals of motion now allow a 
three-dimensional volume, cross-sections of which are shown in Fig. 15a. The stable and unstable 
butterflies are separated by critical butterflies, which occur for E=Vcii(—a), i.e. 

i3=(Y-a){E-E2), £2<£<0. (95) 

A critical butterfly is bounded by parts of the focal ellipse. 
Stable and unstable loops. Unstable loops occur for E>V&ii{—a) (Fig. 14c). The values of the 

integrals of motion allow the three-dimensional volume shown in Fig. 15b. This contains the focal 
ellipse. For E<Veñ{-á) the loops are stable to perturbations out of the plane (Fig. 14d, e). They 
lie either inside or outside the focal ellipse, and are inner and outer long axis tubes collapsed in the 
x-direction (compare Fig. 8b, c). Stable and unstable loops are separated by critical loops, which 
occur for E=Veff ( - a) [cf. (95)]. They touch the focal ellipse either on the inside or on the outside. 

Of the simple periodic orbits the oscillations along they- and z-axis have already been discussed 
in Sections 5.2 and 5.3. In the (y, z)-plane the z-axis orbit becomes unstable to perturbations in 
the y-direction at z = ± yy-ß. Here elliptic closed orbits branch off; they exist for all energies in 
the range Zi^cEcO. The relation between E and i3 follows from E=Veñ(xo) and the requirement 
that Veff has a minimum at x0 (compare Fig. 14d, e): 

i3=-(x()+y)2G'(x0), E=-G(x0)-(x0+y)G'(x0), -ß<x0. (96) 

© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 



19
8 

5M
N

RA
S.

21
6.
 .

27
3D

 

301 Elliptical galaxies with separable potentials 

Figure 15. Gross-sections with the principal planes of the volume allowed by the values of the integrals of motion for 
the two unstable orbits in the (y, z)-plane of the perfect ellipsoid, (a) Unstable butterfly; (b) unstable loop. 

Figure 16. Classification of orbits in the (y, z)-plane of the perfect ellipsoid in terms of the integrals E and i3. 
Shadings, dashed and dotted lines have the same meaning as in Fig. 13. 

The elliptic closed orbit coincides with the focal ellipse for x0= -a. This occurs for £=£4 where 

£4=-G(-a)-(y-a)G'(-a). (97) 

The corresponding value of i3 is equal to -(y-a)2Gf(-a). 
The classification diagram of E versus i3 is shown in Fig. 16. It is the cross-section ¿2=0 of the 

three-dimensional classification diagram Fig. 17. When we ignore the different shadings in Fig. 16 
it is similar to the corresponding diagrams 10 and 13 for the other principal planes.The relatively 
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302 T. de Zeeuw 

Figure 17. Three-dimensional classification of orbits in the perfect ellipsoid in terms of the integrals E, i2 and i3. Each 
point within the volume shown corresponds with a bound orbit. Dashed and dotted lines have the same meaning as in 
Fig. 13. The three planar cross-sections in which each point corresponds to an orbit in one of the principal planes, are 
shown with more detailed explanations in Figs 10,13 and 16. They separate the four volumes, identified by separate 
insets, that correspond with the four families of three-dimensional orbits. 

long (i.e. y-) axis orbits are the parents of the butterflies; the loops are generated by the elliptic 
closed orbits. The relatively short (i.e. z-axis) orbits, unstable, separate the two. Again it is the 
perpendicular instability that is responsible for a more complicated picture. Five different areas 
can be distinguished in the diagram, each corresponding to one of the five types of loops and 
butterflies we discussed in the above. 

Finally we note that we have the following inequalities 

Eo<E2<E3<E4<0. (98) 

5.5 THE THREE-DIMENSIONAL CLASSIFICATION DIAGRAM 

We have now completed the classification of the orbital shapes in the perfect ellipsoid. Figs 10,13 
and 16 are the classification diagrams for motion in each of the three principal planes. Figs 10 and 
16 are cross-sections (/3=0 and i2=0, respectively) of the three-dimensional volume in (E, i2, 
/3)-space that corresponds to bound orbits in the perfect ellipsoid. This volume is shown in Fig. 17. 
The cross-section E=VQfi(-ß) that described motion in the (x, z)-plane of the perfect ellipsoid, is 
similar to Fig. 13 which is the projection of this cross-section onto the plane /3=0. It is evident that 
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Elliptical galaxies with separable potentials 303 

Figure 18. Cross-section of Fig. 17 with a plane of constant E(E4<E<0). 

the planes ¿3=0, E = Veif(-ß) and i2=0 play an important role: they bound as well as separate the 
four volumes that correspond to the four families of general orbits. For clarity these four volumes 
are shown as separate insets in Fig. 17. Fig. 18 is a cross-section with a plane of constant £, where 
£4<£<0. For E3<E<E4 the point B lies below the point A on the ¿2-axis. 

Box orbits occur for values of the integrals that lie in the volume bounded by the three planes 
just mentioned (as well as by the plane £=0). These three planes also form bounding surfaces of 
the volumes corresponding to the three tube orbit families. The latter are further bounded by two 
curved surfaces. Both of these have a parametric representation of the form 

dV^ffixo) 
E=Vef{(x0), =0, -ß<x0, (99) 

ax 

or equivalently, 

Í2=-(xo+a)2\- + 
lOo+y) J 

(y-a)i3 
E= -G(x0)-{xq+o) G'(xq) +   —, ~ß<xQ. (100) 

(*o+yr 

For -ß<x0<-a this describes the curved surface in Fig. 17 for which ¿2<0- Inspection of Fig. 7b 
reveals that the values (100) of the integrals of motion in this case correspond to infinitesimally 
thin inner long axis tubes. For -a<^0 equation (100) describes the curved surface in Fig. 17 with 
/2>0. Values of the integrals of motion on this surface give infinitesimally thin outer long axis tubes 
or infinitesimally thin short axis tubes as can be seen from Fig. 7c and d. When the values of the 
integrals lie not only on the surface (100), but also on one of the surfaces ¿2=0, ¿3=0 or 
E=Vcii{-ß) the infinitesimally thin tubes are confined to a principal plane of the perfect 
ellipsoid, and hence are elliptic closed orbits. Thus, the surface (100) contains the curves in Figs 
10, 13 and 16 that describe these simple periodic orbits. 

Fig. 17 also illustrates why various orbits in the (x, z)- and (y, z)-planes are unstable to 
perpendicular perturbations. When a part of the appropriate classification diagram separates two 
general orbit families, the corresponding planar orbits are unstable. The orbits are stable when 
they lie on the boundary of one family of general orbits. This can be deduced also by a comparison 
of the cross-sections with the principal planes of the various orbit families encountered in the 
preceding sections. Fig. 17 makes this result transparent in terms of the integrals of motion. 

Any combination of integrals of motion is also an integral. One may therefore choose three 

independent combinations of //, /2 and /3 such that the orbit classification diagram becomes 
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304 T. de Zeeuw 

simple to draw. All such diagrams are equivalent. We shall see in Section 9 that the simplest 
classification is obtained in terms of the three action integrals. 

The orbital structure that we have derived in this section depends on the form of the function 
G(r) which - via (22) and (20) - defines the potential. It is not difficult to show that the orbital 
structure is the same for all functions G(r) that are smooth, monotonically decreasing with 
increasing r. Furthermore, at r=-y, G(r) should be finite, or diverge slower than 1/r+y. 
Similarly, at large values of t, G(t) should fall off slower than 1/r. This means that the orbit 
classification presented here is valid for many Stäckel potentials, and not only for the perfect 
ellipsoid. In fact, all centrally concentrated triaxial mass models that have a finite density in the 
centre and a Stäckel potential possess an orbital structure that is identical to that of the perfect 
ellipsoid] it is summarized in Fig. 17. 

6 Special cases 

The orbital structure of the perfect ellipsoid simplifies for the various special cases that were 
introduced in Section 3.4, and studied further in Section 4.4. 

6.1 PROLATE SPHEROID 

For a>b = c we have ß=y and the Hamilton-Jacobi equation separates in oblate spheroidal 
coordinates (cf. Section 2.3). The classification of orbital shapes can be done by using the method 
decribed in Section 4.4. This is identical to taking v= — y= —ß in all formulae, effective potential 
diagrams and classification diagrams of the general case. 

Of the four families of general orbits that exist in the triaxial model, only two occur in the 
perfect prolate spheroid: inner and outer long axis tubes. There are no box orbits or short axis 
tubes. The effective potential curves for both cases are shown in Fig. 19. The cross-sections of the 
allowed volume with the meridional plane and with the equatorial plane are shown in Fig. 20. 

Inner Long Axis Tubes occur for (Fig. 19a): 

/2<0, /3>0, Veff(/¿o)<£<0, (101) 

where /¿0 is the value of p for which Veff reaches a minimum. The allowed values of A and p are 
(Fig. 20a) 

Pm\n~P —/^max 5 (X^À, </lmax. (102) 

The orbit crosses the z-axis inside the foci, i.e. within the focal circle in the equatorial plane. 
Outer Long Axis Tubes occur for values of the integrals that satisfy (Fig. 19b) 

/2>0, Veff(Ao)<£<0, (103) 

where A0 is the value of A where Veff reaches its minimum. The allowed values of A and^ are (Fig. 
20b): 

hmin—h ~ ^min—^ —^max* (104) 

The orbit crosses the z-axis outside the foci, so it remains outside the focal circle in the equatorial 
plane. 

In each of the above cases there are no turning points in^, since ¿3>0. Thus, a given tube orbit 
has a definite sense of rotation around the Jt-axis. Both clockwise and anticlockwise motion 
around the long axis may occur, filling the same volume. 

For i3=V2li=0 the orbits are constrained to remain in a meridional plane since^=0 and hence 
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305 Elliptical galaxies with separable potentials 

Figure 19. Effective potential curves for the two families of general orbits in the perfect prolate spheroid. The dashed 
curve is -G(r). (a) Inner long axis tube; (b) outer long axis tube. 

Figure 20. Cross-section with a meridional plane and with the equatorial plane of the volumes allowed to the two 
general orbits by the values of the integrals of motion. The focal circle is dashed. The filled squares are the foci, (a) 
Inner long axis tube; (b) outer long axis tube. 

constant. Motion in this plane is equivalent to motion in the (x, y)-plane of the triaxial model. 
The detailed orbit classification in this plane can therefore be taken verbatim from Section 5.2. 
The relevant effective potential curves are given in Fig. 9; since y=ß, we can ignore the v-part of 
the diagrams. A small change in h=l/2ll will make j zero and cause an orbit to leave the 
meridional plane and circulate around the x-axis. Thus, all orbits in this plane are unstable to 
perturbations out of it. The only exception is the x-axis oscillation. The orbit classification 
diagram of E versus i2 for the meridional plane is equivalent to Fig 10, except for the 
perpendicular instability just mentioned. 

All orbits in the equatorial plane have /2=0- Motion in this plane may be compared with that in 
the (y, z)-plane of the triaxial model described in Section 5.4. Effective potential curves follow 
from those given in Fig. 14, where again we can ignore the v-part. We note that the three kinds of 
loops that occur in the (y, z)-plane of the triaxial model all have their counterparts in the prolate 
model. This is not true for butterflies. Neither stable nor unstable butterflies exist in the 

11 
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306 T. de Zeeuw 

Figure 21. Three-dimensional classification of orbits in the perfect prolate spheroid in terms of the integrals i2 and 
i3=V2lx. Each point within the volume shown corresponds to a bound orbit. Dashed and dotted lines have the same 
meaning as in Fig. 13. 

Figure 22. Cross-section of Fig. 21 with a plane of constant E(E4<E<0). 

equatorial plane of the perfect prolate spheroid. The orbit classification diagram for the 
equatorial plane - E versus i3=V2ll - follows from Fig. 16, by taking ß=y. 

The three-dimensional volume in (E, i2, i3)-space that corresponds to all bound orbits in the 
perfect prolate spheroid is shown in Fig. 21. Fig. 22 is a cross-section with a plane of constant E, 
where E4<E<0. For E2<E<E4 the point B lies below the point A on the /3-axis. The volume is 
limited by the planes £ =0, /3=0 and a curved surface, the parametric representation of which is 
given by equation (100), provided we take v=-y= -ß. Values of the integrals of motion on this 
surface give rise to infinitesimally thin inner and outer long axis tubes. The former are inner long 
axis tubes collapsed in the jU-direction, the latter are outer long axis tubes collapsed in the 
direction of A (see Figs 19 and 20). 

Fig. 21 may be compared with Fig. 17. Taking ß=y is equivalent to merging the plane 

£=Veff(-/0 with that of i2=0 in that figure. The result is Fig. 21; all boxes and short axis tubes 
disappear. We remark that of the five special energies E0, £lr E2, E3 and E4 that occur in the 
general case, only three are left. For /?=y one finds £i=£0 and E3=E2. 

6.2 OBLATE SPHEROID 

For a=b>c we have a=ß and the Hamilton-Jacobi equation separates in prolate spheroidal 
coordinates (c/. Section 2.3). The classification of orbital shapes (Section 4.4) is identical to 
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307 Elliptical galaxies with separable potentials 

taking// = —/?=—a in all formulae, effective potential diagrams, and classification diagrams of 
Section 5. 

Of the four families of general orbits that exist in the triaxial model, only one exists in the 
perfect oblate spheroid. All general orbits are short axis tubes. No box orbits, inner or outer long 
axis tubes occur. 

Tht short axis tubes exist for values of the integrals of motion that satisfy (Fig. 23) 

¿2>0, ¿3>0, Veff(Ao)<£<0, (105) 

where A0 is the value of A for which V'cff reaches a minimum. The allowed values of A and v are 

—y<v<vmax, Amm<A^Amax. (106) 

Figure 23. Effective potential curve for a short axis tube in the perfect oblate spheroid. The dashed curve is -G(r). 

Figure 24. Cross-section with a meridional plane and with the equatorial plane of the volume allowed to a short axis 
tube by the values of the integrals of motion. The filled circles are the foci. 

Cross-sections of the allowed volume defined by (106) with the equatorial and meridional planes 
are shown in Fig. 24. A given short axis tube has a definite sense of rotation around the z-axis 

W»0). Both clockwise and anticlockwise tubes may occur, filling the same volume. 
For i2= the orbits lie in a meridional plane. Motion in this plane may be compared with 

that in the (y, z)-plane of the triaxial model discussed in Section 5.4. However, in the present case 
all orbits in this plane, with the exception of the x-axis oscillation, are unstable to perturbations 
out of this plane. Any change in i2 will cause the orbits to leave the plane 0=constant and circulate 
around the z-axis. The classification diagram of E versus i3 follows from Fig. 16 upon taking/?=a. 

All orbits in the equatorial plane have /3=0. The general orbits are loops, and are always stable. 
They are short axis tubes collapsed in the z-axis direction. At each radius there exists a circular 
orbit. The relation between E and i2 for this orbit is given by equation (82). The classification 
diagram of E versus i2 follows from Figs 10 or 13, upon taking/?=or. 

The three-dimensional volume in (£, /2, /3)-space that corresponds to bound orbits in the 
perfect oblate spheroid is given in Fig. 25. A cross-section with a plane of constant E is shown in 
Fig. 26. This volume is limited by the planes £=0, /3=0, /2=0 and a curved surface for which the 
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308 T. de Zeeuw 

Figure 25. Three-dimensional classification of orbits in the perfect oblate spheroid in terms of the integrals £, i2= làlz 
and /3. Each point within the volume shown corresponds to a bound orbit. Dashed and dotted lines have the same 
meaning as in Fig. 13. 

Figure 26. Cross-section of Fig. 25 with a plane of constant E. 

parametric representation is given in equation (100), where we have to take^ = -ß=—a. Values 
of the integrals of motion on this surface give rise to infinitesimally thin short axis tubes, i.e. short 
axis tubes that are collapsed in the A-direction. 

Fig. 25 can be obtained from the similar classification diagram for the general case, Fig. 17, by 
takingß=a. This is equivalent to merging the plane E=Vefi(-ß) with that of /3=0 in that figure. 
This causes all boxes and inner and outer long axis tubes to disappear. Also, of the five energies 
E0, E4 that play a special role in Section 5, only two remain, since E0=E2 and E^E^E^ 

6.3 SPHERE 

For a=b = c we have a=ß = y, and the Hamilton-Jacobi equation separates in spherical 
coordinates. The classification of orbital shapes can be done as decribed in Section 4.4. The 
results are identical to those obtained by taking Ju=v=-y=-^=-a in all formulae, effective 
potential diagrams and classification diagrams of Section 5. Equivalently, one can take 
v=-y=—a in the results for the oblate case, presented in the above. 

From the conservation of the total angular momentum it follows that every orbit lies in a plane 
through the origin. In each such plane the general orbits are loops, as inspection of Veff(À) shows. 
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309 Elliptical galaxies with separable potentials 

At every radius r=r0= ^Ào+a] there exists a circular orbit. The parametric relation between 

/2+¿3= Vil2 and E for this orbit is 

i2+¿3=-(Ao+a)2G'(A0), £=-G(Ao)-(Ao+«)G'(A0). (107) 

For ¿2+¿3=0 each orbit is a straight line through the origin (0 and 6 both constant). This orbit is 
unstable. Any small change in l2 will cause the orbit to circulate about the centre. Evidently, the 
motion in each plane through the origin is equivalent to that in the equatorial plane of the perfect 
oblate spheroid, except that here all orbits are marginally unstable against perpendicular 
perturbations. A small change in the direction of L changes the inclination of the orbital plane. 

The three-dimensional orbit classification diagram for the sphere is similar to Fig. 25, if we 
merge the dotted line in that figure with the axis i2=Í3=0. 

For a = b = c = 0 the ‘perfect sphere’ is a point mass M at the origin. Taking the limit 0->O in 
equation (28) produces V=-GM/r, as it should. Motion in such a Keplerian potential is 
described in every textbook on classical mechanics (e.g. Goldstein 1980, §3). 

6.4 ELLIPTIC DISC 

As the potential of the perfect elliptic disc is of Stäckel form in ellipsoidal coordinates (A, //, v), it 
admits the three integrals of motion H, I2 and /3 defined in equations (47) - (49). For y=0 we find 

K K 
I2=aH+J+ — , I3= . (108) 

a a 

The equations of motion are given in (51), where we have to take y=0 and use the appropriate 
form of G(t). Motion can be analysed in exactly the same way as was described in Section 4.3 for 
the general case. 

A comparison of the effective potential curves with lines of constant energy for all values of E, 
i2 and ¿3 reveals that the three-dimensional orbits in the potential of the perfect elliptic disc have 
exactly the same variety of shapes as the orbits in the triaxial model. The fact that in the present 
case G(r) diverges proportionally to l/^/r for r-» - y=0, whereas in the general case G(-y) is 
finite, does not change the orbit classification. The behaviour of Veff at r=-y is in both cases 
determined by the term ^/(r+y). Thus, the detailed orbit classification, as well as the relations 
between the integrals of motion for all orbits, can be taken verbatim from Section 5, by taking 
y=0 in all equations. 

In particular, the bound orbits that remain in the perfect elliptic disc are identical to those 
found in the (x, y)-plane of the triaxial model. The classification diagram of E versus i2 is similar to 
Fig. 10. The only difference is the precise form of the relation between E and i2 for the elliptic 
closed orbits, which is due to the difference between the functions G(r) in the two cases. 

6.5 kuzmin’s disc 

Just as the classification of the orbital shapes in the potential of the perfect elliptic disc turned out 
to be identical to that in the triaxial model, we find that the orbit classification for motion in the 
potential (35) is identical to that presented in Section 6.2 for the perfect oblate spheroid. 

The volumes allowed to the three-dimensional orbits are the same as for the perfect oblate 
spheroid, but for the case at hand we also know that these orbits must consist of pieces of 
Keplerian ellipses around the appropriate foci (c/. Section 4.4). An obvious example is the closed 
elliptic orbit over the pole. 
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310 T. de Zeeuw 

6.6 NEEDLE 

The needle has the same relation to the perfect prolate speroid as Kuzmin’s disc has to the perfect 
oblate spheroid. Motion in the potential of this perfect cigar is equivalent to that in the perfect 
prolate spheroid. The orbit classification can be taken verbatim from Section 6.1, by writing 
ß=y=0 in all equations. The only orbits that remain in the needle are the x-axis oscillations. 

Finally, we remark that the orbit classification for the special cases of the perfect ellipsoid is 
valid for a wide class of models with Stäckel potentials. 

7 The self-consistent problem 

7.1 THE DISTRIBUTION FUNCTION 

A dynamical model for a collisionless stellar system such as an elliptical galaxy is determined 
completely by a specification of the phase-space distribution function, /, which gives the 
distribution of stars over position and momentum. Clearly, /^0, and it must satisfy the 
collisionless Boltzmann equation. If the stellar system is in a steady state,/does not depend on 
time explicitly, and df/dt=0. The problem of finding a distribution function for a stellar system is 
the fundamental problem of stellar dynamics (Chandrasekhar 1942), and is often referred to as 
the self-consistent problem. 

The density g of the system is related to the integral of / over the momenta. In ellipsoidal 
coordinates we have 

Of(X,p,v)px,pti,pv)dpxdpfidpv\dXdpdv=g(X,p,v)PQRdXdpdv. (109) 

Here we have used the fact that the volume element dxdydz equals PQRdXdpdv [cf. (10)]. For 
density distributions with a gravitational potential of Stäckel form all orbits have three exact 
isolating integrals of motion. Jeans’ theorem applies; it states that in this case/is a function of the 
phase-space coordinates only through the isolating integrals, i.e. /=/(//, /2, /3) (Jeans 1915; 
Lynden-Bell 1962b), Thus, we may write 

v) = 
1 

PQR 
f(H J2J3) 

d(PA ? P/i 5 Pv) 
dHdI2dI3. 

With the aid of the equations of motion (51) we find 

(110) 

n 1 rr ,( 11 M, h, h)dHdhil, 

where 

an) 

N(t) =H- 

and 

C(X,n,v) = 

h U 

r+a r+y 
•+G(r) 

(y-a) 

2V2V(A+a)(/H-a)(v+a)V(A+y)(/i+y)(v+y) ' 

(112) 

(113) 

For given (A, p, v), the integration in (111) is over all values of H, I2 and /3 for which the 
expressions under the square roots are non-negative. 

Two main approaches towards the solution of the self-consistent problem for mass models with 
separable potentials may be identified. In the first method, one specifies a function/(//, /2, /3) 
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311 Elliptical galaxies with separable potentials 

and calculates p (A, //, v) by means of (111). This/is the distribution function of a self-gravitating 
stellar system in equilibrium only if the potential of p (A, //, v) that follows from Poisson’s equation 
(V2y=4jrGp) is identical to the potential defined by G(r) in the right-hand side of (111). The 
alternative approach is to specify p(A, p, v) - and hence G(r) - and regard (111) as an integral 
equation for/(//, I2,13). One may then attempt to solve this equation by direct inversion, or by 
means of a (numerical) approximation technique. 

7.2 INDIVIDUAL ORBIT DENSITIES 

For a single orbit with H= E, I2= h and 13=Í3 the density is given by (110) or (111) with/=/(#, /2, 
l3) = ô(H-E)ô(I2-i2)ô(l3-i3). The mass in the element dxdydz is given by gorhPQRdXdpdv 
with 

É>orb(¿,/¿, v; £, i2, i3) = 
d(.PA ? Pfi 7 pv) 

/2,13) (H=E, I2=i2, /3=/3) 

C(À,ju,v) 

j-N(A)N(p)N(vy 
(114) 

where C(A, v) is given in (113), and A^(r) in (112). The expression (114) is valid for all values of 
A, p and v for whichp 2 > 0, /?2 > 0 andp 2 >: 0, so that the square roots are well defined [cf. (51)]. For 
all other points (A, p, v) the orbit density porb is zero. Clearly, porb can be simply evaluated; no 
(numerical) integration of the equations of motion is required. 

We remark that, if one is interested in the mass of the element dÀdpdv, the expression (114) 
has to be multiplied by PQR. 

The orbital densities should be interpreted as follows. In general, the frequencies of the 
motions in each of the three coordinates A, p and v are incommensurable and porb is the 
time-averaged density of the orbit as it fills the whole area allowed by the integrals. When two of 
the frequencies are commensurable, the phase difference between the corresponding oscillations 
is a fourth independent isolating integral of motion. The orbit breaks up in a continuum of 
semi-periodic orbits parametrized by this fourth integral. In this case porb applies to this whole 
collection of orbits. Similarly, when all three frequencies are commensurable, there are two 
isolating integrals in addition to //, I2 and /3. The orbit is now a two-parameter family of periodic 
orbits. Again, porb applies to this whole family. 

For orbits in one of the principal planes expression (114) simplifies. For an orbit in the 
(jc, y)-plane the mass in the element dx dy is 2orb dx dy, where the surface density 2orb is given by 

PQ 1 
2orb(L;«; E, i2)= -—x  

A p px Pfi 

1 

2^l(A+a)(p+a) y¡E—i2/(p+<r)+ G(p) 
(115) 

Similar expressions can be written down for the (x, z)- and (y, z)-planes. 
For the simple periodic orbits porb becomes a line density §orb. For example, for the x-axis orbit 

the mass in the element dx is §orbPdA with 

£>rb(A; E) = 
1 

2^(À+a)pÀ ’ 
(116) 

where pk is given in (73), and i2=i2(E) given in (75). 
In Fig. 27 we show some examples of densities of strict two-dimensional orbits in the (jc, 
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312 T. de Zeeuw 

Figure 27. Densities of two orbits in the (jc, y)-plane. The curves are contours of constant potential energy. A darker 
shading indicates a higher density, (a) Butterfly; (b) loop. 

y)-plane of the perfect ellipsoid, computed with equation (115). The density is highest at the 
boundary of the area filled by the orbit. The star spends most of its time where the velocity is 
lowest, so the density peaks at the turning points, where px andare zero (or both, at the four 
corners of a butterfly). We remark that although this means that porb is infinite at the orbital 
boundaries, the integral of p0rb ov^r a finite region is always finite, even if this region contains the 
boundaries. 

It follows from the above that (111) can be rewritten as 

= J J jf(H, I2, I^)gOTb(X,fi,v; H, I2, /3) dHd^dlj,. (117) 

This shows explicitly that the solution of the self-consistent problem is equivalent to populating 
individual orbits in such a way that the orbital densities add up to the total mass density. 

Various numerical techniques for the reconstruction of a given mass model from the orbits in it 
have been developed recently (Schwarzschild 1979; Newton & Binney 1984). For general 
systems, such as the Schwarzschild ellipsoid, the orbital densities have to be calculated by 
numerical integration of the equations of motion and subsequent averaging of the time spent by 
each orbit in a large number of cells. It is evident that the same methods can be applied to the 
construction of self-consistent models with Stäckel potentials. In this case, however, laborious 
numerical integrations can be avoided, since the orbital densities porb can be written down 
explicitly. 

Finally, we remark that the special forms of the fundamental integral equation (111) for the 
axisymmetric, spherical, disc and needle limits can be deduced easily. The appropriate 
expressions for the individual orbit densities follow immediately. 

8 Actions and frequencies 

We have obtained a complete classification of orbits in a Stäckel potential without integration of 
the equations of motion. In what follows we introduce action-angle variables, which in many 
respects are the natural variables for a description of the motion. It will be seen in Section 9 that 
the orbit classification of Section 5 becomes particularly transparent in these variables. 
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Elliptical galaxies with separable potentials 313 

8.1 ACTIONS AND ANGLES 

The definition of action-angle variables for completely separable Hamiltonian systems has been 
discussed in extenso, e.g. by Goldstein (1980) in the context of Hamilton-Jacobi theory. We 
briefly outline the procedure for the case of motion separable in ellipsoidal coordinates. The 
results apply to all Stäckel potentials, and not only to the particular case of motion in the perfect 
ellipsoid. 

We define action variables Jx, and /v by 

1 fdWT If 
Jy =—(p dr=—(bpTdr, t=A,]u,v, (118) 

2ji J dr 2jc J 

where pT = pT (r; E, i2, i?) is given in (51), and the integration is over all values of r for whichp^> 0. 
For an orbit with H=E, h-h and h~h we find 

dr dji^E, ¿2 ? f?) • (119) 

This confirms that the actions are integrals of motion. The orbit classification can therefore 
equally well be performed in terms of Jß and Jv. 

Upon inversion of the equations (119) we find expressions for E, i2 and i3 in terms of the 
actions. This means that we can write Hamilton’s characteristic function W, given in (41), as 

W=^jWT(r,Jx,Jfl,Jv). (120) 
r 

The angle variables dT, which are canonically conjugate to the actions, then follow from 

dW 
2 

dWr'(T, Jx, d^, /v) 

ddr 

(121) 

The equations of motion in action-angle variables have a simple form. Since H=H(Jx, dp, dv), 
Hamilton’s equations are 

. dH 
JT = 0, dr= = <yr. (122) 

d/r 

The solution is 

/r=/r(0), 0T=<M+0r(O), T = X,fi,V, (123) 

where /T(0) and 0T(O) are constants determined by the initial conditions, and t denotes time. 
Equations (123) represent the complete solution of the equations of motion in a Stäckel potential 
(20). 

The quantities œT = dH/dJt are the frequencies of the motions in each of the coordinates. If all 
three frequencies are incommensurable, the orbit completely fills the volume allowed to it by the 
values of the integrals of motion, i.e. the region where pi, p^ and pi are non-negative. If there is 
one relation of the form lox + mWp + na)v = 0, where /, m and n are integers, an appropriate phase 
difference is a fourth isolating integral of motion. The orbit now breaks up in a continuum of 
orbits, each of which fills a two-dimensional region in the allowed volume. If two such relations 
exist between the frequencies, so that all three are commensurable, two independent phase 
differences are conserved, and the orbit is a two-parameter family of periodic orbits (Lissajous 
figures) that together fill the allowed volume. 
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314 T. de Zeeuw 

8.2 FREQUENCIES 

The calculation of the fundamental orbital frequencies o)x, o)ß and œv via inversion of (119) and 
subsequent differentiation, is cumbersome. Fortunately, the inversion may be avoided (see, e.g. 
van de Hulst 1962). We may write 

àH 

dH 

dJn dL 
(Ox  -+(0U   +(Oy   =1, 

dH *dH dH 

dH 

dix 

dH 

dix 

= (Ox 

= ü)x 

dJk 

dix 

dix 

dlri 

+ (0., 
dl2 

dh 

+ (Ox 

+ (Ox 

dJy 

'dix 

dJy 

d/q 

=0, 

= 0. (124) 

Then 

1 diJ^ Jy) 1 a(/v, Jx) 1 dVx,^) 

A ô(/2,/3) " A d(I2,l3) A d(I2, /3) 

where we have written 

^ J/xi Jy) 

- d(H,i2,l3)' 

(125) 

(126) 

The partial derivatives that occur in the expressions (125) and (126) can be evaluated by 
differentiating under the integrals (118) 

a/r _ ! f dr 

dH 8JzJ(T+ß)pT
, 

dJT _ If dr 

dl2 SjtJ (T+a)(T+ß)pT 
, 

dJT _ If dr 

dix 8ji J (T+ß){T+Y)pT 

(127) 

The above formulae allow a calculation of the actions 7r and frequencies (oT without the 
necessity of completely solving the equations of motion. For a given Stäckel potential, e.g. 
specified by the function G(t), and given values E, i2 and i3 of the integrals of motion, the actions 
follow from (51) and (118), and the frequencies can be computed by means of (125)-(127). In 
practice, the integrations that are needed in (118) and (127) will often have to be performed by 
numerical means. 

8.3 TWO-DIMENSIONAL MOTION 

Motion in the (x, y)-plane of the perfect ellipsoid is strictly two-dimensional, and separable in 
elliptic coordinates (A, //). For subsequent use, we briefly consider how the expressions derived in 
the above simplify. 

We have seen in Section 5.2 that in this case v=-y and í3=0;. In general0 for v= -y, so 
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Elliptical galaxies with separable potentials 315 

that we find [cf. (127)] 

7V = 0, 
djy 
— = 0. 
d/2 

Substitution of these expressions in the formulae for and then produces 

D d/2 
a)ß = - LdÄ 

D d/2 

with 

D d(/A, J^) dJx dJ^ dJ\ dJf, 

' d(H, I2)~ dH dl2 d/2 d//’ 

and the partial derivatives of JT are given in (127). We note that 

(128) 

(129) 

(130) 

(131) 

Here 7* and are defined as in (118), but pT is given by (73). 
We remark that the separation of the Hamilton-Jacobi equation, and the introduction of 

action-angle variables, for the case of two-dimensional separable motion in elliptic coordinates 
has been discussed in many textbooks, in the context of the famous problem of motion in the field 
of force of two fixed centres of attraction (e.g. Jacobi 1866; Charlier 1927; Landau & Lifshitz 
1976). 

9 Orbit classification in action space 

9.1 ACTION DIAGRAMS 

The actions J\, and Jv for the orbits in the perfect ellipsoid are 

2 r ^max 2 Ç ^max 2 rvmax 
7i=— Pidh, /„ = — p^dn, Jv = — pvdv, (132) 

/Amin K J/dtmn Jl J-y 

where the pT are given in (51). For a box orbit we have Amin= -a and pmin= ~ß\ f°r an inner long 
axis tube Amin= —a and vmax= —ß; for an outer long axis tube pmax= ~a and vmax= —ß, and for a 
short axis tube jumaX=—a and jUmin=—ß- The other integration limits follow from solving 
/?T=0(r=A, p or v). The actions for the various limiting and transitional orbits that we 
encountered in Section 5 can be found by taking the appropriate limits in (132). These can be 
deduced easily from the effective potential diagrams of Section 5. 

For the evaluation of the loop integrals in (118) we have taken in (132) four times the integrals 
from Amin to Amax, from pmin topmSLX and from vmin to vmax. We do the same for the calculation of 
the frequencies co^, co^ and cov by means of (127). For a box orbit this choice covers one complete 
oscillation in all three variables. For the three kinds of tube orbits, however, the oscillations in 
two of the three coordinates are covered once, but the rotation in the remaining coordinate is 
covered twice. This ensures that the actions and frequencies are continuous across the transitions 
from one orbit family to another. The situation is analogous to that for the well-known case of the 
pendulum. 

Since the actions are integrals of motion, we can represent the orbit classification of Section 5 
by means of a three-dimensional action-diagram. The result is given in Fig. 28; it is equivalent to 
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316 T. de Zeeuw 

Figure 28. Action-diagram for the three-dimensional orbits in the perfect ellipsoid. The volumes occupied by the four 
families of general orbits are indicated. The locations of all limiting and transitional orbits are described in the text. 
The light and dark shaded surfaces correspond to the unstable orbits in the (x, z)- and (y, z)-plane, respectively. 
Dashed lines indicate simple periodic orbits that are unstable in one direction. The dotted line represents the z-axis 
orbits that are unstable in two directions. The filled and open circles and squares have the same meaning as in Section 
5. The diagram is equivalent to Fig. 17. 

Fig. 17. Each point in the diagram corresponds to an orbit. The tilted triangular surface is a 
surface of constant energy. Fig. 29 shows a detailed map of this surface, with the locations of the 
various limiting and transitional orbits indicated. It is directly comparable to Fig. 18. 

Four distinct volumes may be recognized in Fig. 28, one for each family of general orbits. These 
volumes are separated by two curved surfaces. Values of the actions on these surfaces correspond 
with orbits in the (x, z)- and (y, z)-planes that are unstable to perpendicular perturbations (i.e. to 
perturbations out of it). Box orbits and inner long axis tubes are separated by the unstable 
butterflies in the (x, z)-plane. The unstable loops in this plane divide the outer long axis tubes and 
the short axis tubes. The inner and outer long axis tubes are separated by the unstable loops in the 
(y, z)-plane; the unstable butterflies in that plane separate the short axis tubes from the boxes. 

The orbits in the (x, y)-plane are all stable to perpendicular perturbations and have /v=0, so 
that they correspond to the points in the (Jx, /^)-plane (compare Fig. 30). The stable butterflies in 
the (x, z)-plane are located in the (Jx, /v)-plane on the boundary of the volume allotted to boxes. 
The similar boundary in the (/^, /v)-plane is occupied by the stable butterflies in the (y, z)-plane. 
The inner stable loops in this plane lie also in the (J^, /v)-plane; they bound the volume of the 
inner long axis tubes. The outer stable loops in the (y, z)-plane form the boundary of the volume 
reserved for the outer long axis tubes in the (Jx, 7v)-plane. The remaining areas in the planes /A =0 
and J^=0 are occupied by the three varieties of infinitesimally thin tubes. 

Finally, points on the axes in the action-diagram correspond to the stable simple periodic 
orbits. The x-axis orbits lie along the /¿-axis. The stable y-axis orbits and the elliptic closed orbits 
in the (x, y)-plane together occupy the /^-axis. The /v-axis is reserved for the stable z-axis 
oscillations - up to the filled circle - and, at larger values of/v, for the elliptic closed orbits in the 
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317 Elliptical galaxies with separable potentials 

elliptic closed orbit 
in (y.z)-plane 

in (x.y)-plane 
Figure 29. Cross-section of Fig. 28 with a plane of constant E. It may be compared with Fig. 18. 

¿)-plane. The dashed line in the plane indicates the z-axis orbits that are unstable to 
perturbations in the ^-direction, and the unstable elliptic closed orbits in the (x, z)-plane. The two 
times unstable z-axis orbits occupy the dotted line, which is the curve of intersection of the two 
shaded surfaces in Fig. 28. 

We emphasize that this whole classification is valid not only for the perfect ellipsoid, but/or all 
triaxial mass models that are relevant for elliptical galaxies and have a Stäckel potential. 

9.2 PHASE-SPACE VOLUMES 

The phase-space volume occupied by a family of general orbits is a useful quantity. It is equal to 
(2jt)3 times the volume occupied by that family in the three-dimensional action space (e.g. Arnold 

In order to obtain the actions for the tube orbits we have taken twice the loop integral in (118) 
for the rotating variable. One might therefore think that the volume in action-space allotted to 
tubes is too large by a factor of two. However, as Binney & Spergel (1984) point out, this is not the 
case, since each set of values (/A, , Jv) appropriate for a tube orbit represents in fact two orbits, 
one clockwise, and the other counter-clockwise. 

The boundaries of the volumes occupied by the various orbit families are most easily written 
down in terms of the integrals H, I2 and I3. It is therefore convenient to evaluate the volume 
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318 T. de Zeeuw 

J 

0 
0 x-axis orbits 

Figure 30. Action-diagram for the orbits in the {x, y)-plane of the perfect ellipsoid. The locations of the various orbit 
families are indicated. The filled square represents the y-axis orbit that just reaches the foci of the elliptic 
coordinates. The figure is equivalent to Fig. 10. The drawn curve is a line of constant energy. 

integral in action-space as an integral in (//, /2, /3)-space, by writing 

where the Jacobian A(/f, /2, /3) was defined in (126). The integration over Z/is from Eq [cf. (76)] 
to 0. The limits on the integration in the (/2, /3)-plane can be deduced from Fig. 18 and the 
equations (75), (82), (85), (86), (92) and (100). 

9.3 TWO-DIMENSIONAL MOTION 

It is of interest to take a more detailed look at the two-dimensional motion in the (jc, y)-plane. 
Fig. 31 shows the frequencies of the simple periodic orbits in the (jc, y)-plane of the perfect 

ellipsoid as function of energy, calculated numerically for the axis ratios 1:Vs:1/!. It may be 
compared with the similar figure given by de Zeeuw & Merritt (1983) for Schwarzschild’s (1979) 
non-separable triaxial potential. 

Due to the non-axisymmetry of the potential in the (jc, y)-plane, the frequencies of the two axial 
oscillations differ at all energies. They decrease as the energy increases, and their ratio 
approaches one, in accordance with the fact that the potential is anharmonic and becomes more 
nearly spherical at large radii. At E=£2 the elliptic closed orbits branch off the y-axis orbits, 
which are unstable above this energy. At a given energy the elliptic closed orbit has the highest 
frequency. The reason is that the axial orbits have turning points, so that a star in such an orbit will 
spend a relatively long time at large amplitudes. The elliptic closed orbits do not have turning 
points. 

Fig. 32 shows the action-diagram for this case, with lines of constant energy and lines of 
constant frequency ratios added. It follows from equation (131) that the slope of a line of constant 
energy equals minus o)x /co^. In the calculation we have taken a factor IjiGqq in the potential equal 
to one [c/. equation (17)]. 

(133) 
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Elliptical galaxies with separable potentials 319 

Figure 31. Frequencies of the simple periodic orbits in the (*, _y)-plane of the perfect ellipsoid as function of the 
energy. The dashed line indicates the unstable y-axis oscillation. 

Figure 32. Action-diagram with curves of constant frequency (Oxlco^ (thin), and curves of constant energy (thick). 
Energy increases towards the upper right. 

The action-diagram is equivalent to the integral diagram Fig. 10. In both cases the line £=0 and 
the curves representing the stable simple periodic orbits limit the area in the diagram that 
corresponds to bound orbits in the (x, y)-plane. The general orbits are divided in loops and 
butterflies by the unstable y-axis orbits. In the action diagram the stable simple periodic orbits all 
lie along the axes, but the line E=0 may be at infinity, depending on the form of the function G(r) 
that defines the potential. 

Binney & Spergel (1984) have constructed action-diagrams for two-dimensional motion in a 
variety of non-axisymmetric potentials by means of the techniques of spectral stellar dynamics 
(Binney & Spergel 1982). For non-rotating potentials that are not too far from round, their 
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320 T. de Zeeuw 

diagrams are closely similar to Fig. 32. Motion in such potentials can therefore be approximated 
quite accurately as motion separable in elliptic coordinates. 

The action-diagram for motion in the (x, y)-plane of the Schwarzschild ellipsoid is given by 
Ratcliff, Chang & Schwarzschild (1984). It is similar to our Fig. 32, but contains a small stochastic 
region in the area around the unstable y-axis orbits, in agreement with the results obtained by de 
Zeeuw & Merritt (1983). Ratcliff et al. also display geometrical properties of the orbits in an 
action-diagram, relating to the positions of the corners of the butterflies, and to the points 
between which loops cross the y-axis. For the motion in a Stäckel potential we can construct a 
similar diagram by drawing curves of constant ^x, Amax and Amin in an action-diagram. The result 
is shown in Fig. 33. All orbits on a curve of constant ßmdLX are butterflies bounded by the same 
hyperbola /i=//max in the (x, y)-plane. Orbits on a curve of constant Amax are either butterflies 
bounded by the ellipse A =Amax, or they are loops, bounded at the outside by the same ellipse. 
With increasing/^ the value of/* on a curve of constant Amax decreases until it becomes zero. Here 

the loop has shrunk to an elliptic closed orbit at A=Amax. At this point in the action diagram a 
curve of constant Amin begins. Orbits on this curve are all loops, bounded on the inside by the 
ellipse A =Amin. 

The phase-space volume allotted to the butterflies and loops equals (2;r)2 times the area 
occupied by these orbits in the (/*, /i)-plane. It follows that the fractions of butterflies and loops 
as function of energy are given by and/L/(/B+/L), respectively, with 

/b(£) 
-f J (a 

\D(E,I2)\dI2, fL(E)= \D(E,I2)\dI 
(a-ß)(E-E0) 

=f, (134) 

0.0 0.2 0.4 

Figure 33. Action-diagram with curves of constant values of Amax, Amin and //max. 
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Elliptical galaxies with separable potentials 321 

where D is the Jacobian of the transformation from (/A, J^) to (H, /2), given in (130). For 

Eo<E<E2 only butterflies exist. 

9.4 PROLATE SPHEROID 

When the short and intermediate axes of the perfect ellipsoid are equal it is a prolate spheroid 
with the x-axis as symmetry axis. Now/? = y, and the ellipsoidal coordinates are oblate spheroidal 
coordinates (A, /i, ^). In each meridional plane constant the variables A and p are elliptic 
coordinates. In this case /3 is a classical integral of motion, equal to ViLl, where Lx is the 
component of the angular momentum parallel to the symmetry axis. 

The orbit classification is given in Section 6.1. Of the four families of general orbits of the 
triaxial model only two remain: inner and outer long axis tubes. No box orbits or short axis tubes 
occur in the perfect prolate spheroid. 

The actions can be calculated by means of equation (132). We find 

2 C^2 r_ 
Jv—J^— I pxdx — lx — y2Í2, (135) 

n Jo 

where lx is the value of Lx. It follows that 

dJx dJx 

dH dl2 

(136) 

Substitution of (136) in the expressions (125) for the frequencies shows that and are in this 
case given by the two-dimensional expressions (129). This is not surprising since the 
three-dimensional motion in the perfect prolate spheroid can also be described as 
two-dimensional motion in a meridional plane, in a reduced potential that is separable in elliptic 
coordinates (A, //). 

Figure 34. Action-diagram for the orbits in the perfect prolate spheroid. The diagram is equivalent to Fig. 21. 
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322 T. de Zeeuw 

Fig. 34 is the action-diagram for the perfect prolate spheroid. As in Section 4.1, each point in it 
may be related to a general orbit, or to a limiting or transitional orbit. This can be done easily by a 
comparison with the equivalent integral diagram, Fig. 21. 

Fig. 34 can be obtained as a limiting case of the diagram for the triaxial case (Fig. 28) quite 
easily. Since the model is axisymmetric with respect to the x-axis, the motion in the (x, y)- and (x, 
z)-plane is identical. This means that, when/?-*y, the light shaded surface in Fig. 28 drops onto 

the plane/v=0. The result is Fig. 34. 

9.5 OBLATE SPHEROID 

When the intermediate axis equals the long axis, the perfect ellipsoid is an oblate spheroid, with 
the z-axis as symmetry axis. In this case a=ß and the ellipsoidal coordinates are prolate 
spheroidal coordinates (2, 0, v). In each meridional plane 0=constant the variables>1 and v are 
elliptic coordinates. The integral I2 is now a classical integral, l2=l/2L2

z, where Lz is the angular 
momentum component parallel to the symmetry axis. 

The orbit classification is given in Section 6.2. The general orbits are all short axis tubes. No 
boxes, inner and outer long axis tubes exist in the perfect oblate spheroid. 

The actions can be calculated by means of (132). We find 

where lz is the value of Lz. It follows that 

Substitution of (138) in the expressions (125) shows that (Ox and co^ are given by expressions 

Figure 35. Action-diagram for the orbits in the perfect oblate spheroid. The diagram is equivalent to Fig. 25. 

(137) 
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323 Elliptical galaxies with separable potentials 

similar to (129). Just as in the prolate case, the motion in the axisymmetric potential may be 
described as two-dimensional motion in a meridional plane in a reduced potential that is 
separable in the elliptic coordinates (Á, v). 

Fig. 35 is the action-diagram for the perfect oblate spheroid. It is equivalent to the integral 
diagram shown in Fig. 25. The orbital structure evidently is rather simple, compared with the 
triaxial case. 

Fig. 35 can be obtained from Fig. 28 by noting that in the oblate model motion in the (x, z)- and 
(y, z)-planes is identical. Whenß->a, the light shaded as well as the dark shaded surface in Fig. 
28 merge with the (/A, /v)-plane, so that only the short axis tubes remain. 

10 Discussion 

10.1 COMPARISON WITH THE SCHWARZSCHILD ELLIPSOID 

Schwarzschild (1979, 1982) has constructed realistic models of elliptical galaxies by means of 
linear programming. In the potential of a given mass model stellar orbits and their individual 
densities are calculated. The latter are added in such a way that the mass model is reproduced with 
non-negative occupation numbers for all orbits. These occupation numbers represent the 
phase-space distribution function that is consistent with the assumed mass model. 

The mass model chosen by Schwarzschild is roughly ellipsoidal with axial ratios 1:5/8:1 /2. The 
radial density profile is p(r)~(l + r2)-3/2, which falls off as r~3 at large radii r, and gives a finite 
density in the centre. Following Tremaine (1983), we refer to this model as the Schwarzschild 
ellipsoid.* Schwarzschild first constructed a self-consistent solution for this ellipsoid in the 
absence of figure rotation, and later also with rotation. 

The basic periodic orbits that occur in the Schwarzschild ellipsoid are the three oscillations 
along the principal axes - and closed, nearly elliptic, orbits in the three principal planes. These 
are exactly the six simple periodic orbits that exist in the perfect ellipsoid, and they have identical 
stability properties (Heiligman & Schwarzschild 1979; Schwarzschild 1981). 

Schwarzschild concluded that three maj or families of general orbits exist in his model, each one 
related to a stable periodic orbit family: boxes, short axis tubes and long axis tubes. Cross-sections 
with the principal planes of the volume filled by a typical box orbit and by a typical short axis tube 
are shown in figs 2 and 3, respectively, of Schwarzschild (1979). They are nearly identical with the 
similar cross-sections for these orbits in the perfect ellipsoid, which are shown in Figs 8a and d. 
After it became clear that in the perfect ellipsoid there are two distinct families of long axis tubes, 
Schwarzschild (private communication) kindly re-investigated the orbits in his non-rotating 
model. He found that the long axis tubes in his model are also of two kinds, both of which occur in 
the self-consistent solution. The cross-sections with the principal planes of the volumes filled by 
these orbits are very similar to those shown in Figs 8b and c for the perfect ellipsoid. 

In each of the principal planes of the Schwarzschild ellipsoid there are two major families of 
general orbits: butterflies and loops. Representative orbits in the (x, y)-plane are shown in Fig. 7 
of de Zeeuw & Merritt (1983). By analogy with the analysis in Sections 5.3 and 5.4 of the present 
paper we conclude that the butterflies and loops in the (x, z)- and (y, z)-planes of the 
Schwarzschild ellipsoid are not all stable to perpendicular perturbations. 

In addition to the four major families of three-dimensional orbits, the transitional orbits 
between them and the simple periodic orbits, the Schwarzschild ellipsoid also contains minor 
orbit families connected with higher order periodic orbits, and a small fraction of stochastic 
orbits, related to unstable orbits (Goodman & Schwarzschild 1981; de Zeeuw & Merritt 1983). 
These are the signature of a non-integrable potential. 

*This ellipsoid should not be confused with the velocity ellipsoid introduced by K. Schwarzschild in 1907. 

© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 



19
8 

5M
N

RA
S.

21
6.
 .

27
3D

 

324 T. de Zeeuw 

The perfect ellipsoid has all orbit families that are the major building blocks of Schwarzschild’s 
non-rotating model galaxy. This model is thought to be representative of triaxial elliptical 
galaxies. We conclude that the perfect ellipsoid contains all orbit families that are of major 
importance for the structure and dynamics of non-rotating triaxial elliptical galaxies. It follows 
that, if 3. phase space distribution function/(//, /2,1?,) exists that is consistent with the perfect 
ellipsoid - i.e. that satisfies (111) - then the resulting equilibrium model deserves to be called the 
perfect elliptical galaxy. 

10.2 SOME IMPLICATIONS 

Real ellipticals are nearly perfect (or, depending on one’s taste : perfect ellipticals are nearly real). 
Some imperfections are: 

(i) The radial brightness profile of elliptical galaxies is represented well by a de Vaucouleurs or 
a King law (e.g. Kormendy 1982). Assuming that the ratio of mass-to-light is constant, this means 
that the underlying density distribution differs from that of the perfect ellipsoid, given in (13). 

(ii) The contours of constant surface brightness of ellipticals are usually well approximated by 
concentric ellipses (Carter 1978). The position angle of the major axis, as well as the axis ratios, of 
these isophotes in many cases vary with radius (King 1978; Williams & Schwarzschild 1979; Leach 

1981). This requires that in the underlying mass distribution the surfaces of constant density are 
not all similar aligned concentric ellipsoids (Contopoulos 1956; Stark 1977). This means that the 
perfect ellipsoid will not show twisting isophotes and ellipticity changes. 

(iii) Although observationally one cannot distinguish star streaming within the figure from 
rotation of the figure - but see Tremaine & Weinberg (1984) - it is generally believed that the 
figures of ellipticals rotate, albeit slowly (Binney 1978b; Illingworth 1981). The perfect ellipsoid 
has a non-rotating figure. 

(iv) Not all stellar orbits in an elliptical galaxy will belong to the four families present in the 
perfect ellipsoid. In other words, it is unlikely that elliptical galaxies have gravitational potentials 
that lead to exactly separable equations of motion. As in Schwarzschild’s ellipsoid, there will be 
minor families trapped around higher order periodic orbits, as well as some stochastic orbits. 

In what follows we shall discuss these points in some detail, and argue that«// these defects 
detract little from the advantage of having mass models with arbitrary axis ratios that have all 
important orbit families, and in which motion can be described by analytic means. 

Many other triaxial mass models exist with potentials of Stäckel form. These models are not 
stratified exactly on similar aligned concentric ellipsoids (since the perfect ellipsoid is the only 
such one) and have radial density profiles different from that given in equation (13). It is not at all 
unlikely that triaxial mass models exist with Stäckel potentials that come closer to being realistic 
than the perfect ellipsoid. We have seen in Section 6 that all centrally concentrated models of this 
kind have exactly the same orbital structure as the perfect ellipsoid. 

Kuzmin (1956) showed that axisymmetric mass models with separable potentials have 
remarkable properties, and that elegant methods exist for the construction of such models. 
Triaxial models can be constructed by similar methods (de Zeeuw 1985b), and we will discuss 
these in a future paper (de Zeeuw, Peletier & Franx 1985, in preparation). 

Rotation of the figure is probably unimportant for the structure of large elliptical galaxies 
(Binney 1978b; Illingworth 1981). Slowly rotating models resemble non-rotating ones in many 
respects (Schwarzschild 1982; Wilkinson & James 1982). Therefore, a description of at least the 
large ellipticals based on non-rotating mass models like the perfect ellipsoid should be adequate 
for many purposes. Furthermore, the close analogy between the orbits in the perfect ellipsoid and 
those in Schwarzschild’s non-rotating models leads one to wonder whether a similar analogy 
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325 Elliptical galaxies with separable potentials 

exists in case of rotation. In other words, are there inhomogeneous triaxial mass models that 
rotate and have potentials that admit three integrals for all orbits in them? In contrast with the 
case of no rotation, little is known concerning this problem (e.g. Lynden-Bell 1962c). At present 
only two such potentials are known: the three-dimensional uniformly rotating harmonic oscillator 
and a special case found recently by Vandervoort (1979). The former is the gravitational potential 
inside a uniformly rotating homogeneous triaxial ellipsoid, and has been used by Freeman (1966) 
when he constructed simple models for rotating stellar systems (see also Hunter 1974). 
Vandervoort (1979) showed that no other rotating potentials exist with an integral quadratic in 
the velocities in addition to the energy integral. Whether potentials exist with extra integrals that 
are not quadratic in the velocities is unclear (e.g. Binney 1984), but it is certainly a problem that 
deserves attention. 

No ellipticals flatter than about E6 exist (Binney & de Vaucouleurs 1981). As a result, the 
gravitational potentials of these galaxies are not only of nearly Stäckel form, but they are also not 
too far from spherical. It is precisely in this case that the small perturbations that cause a Stäckel 
potential to become non-separable, do not induce a drastic change in the phase-space structure 
(de Zeeuw 1985a). Minor orbit families will occur, and some stochastic orbits. Goodman & 
Schwarzschild (1981) showed that these orbits are unlikely to play an important role in the 
dynamics of ellipticals. The major orbit families are still the four found in the perfect ellipsoid, 
although their shapes may be a little different. Thus, for many purposes it is adequate to use the 
separable models for a description of the structure and dynamics of (non-rotating) triaxial 
elliptical galaxies. 

10.3 THE SPECIAL CASES 

From the analysis presented in Sections 5 and 6 it is clear that the orbital structure in centrally 
concentrated mass models with separable potentials becomes progressively richer with a decrease 
in the degree of symmetry of the models. In spherical models all orbits are loops in planes through 
the centre. (Note that the distinction ‘of Stäckel form’ is redundant in this case, since every 
spherical potential is a Stäckel potential.) In the axisymmetric models the loops become 
three-dimensional tube orbits around the symmetry axis. The triaxial models not only contain 
tubes around both the short and the long axis, but also contain box orbits. 

In all cases there are three quadratic integrals of motion for each orbit. The non-classical 
integrals are natural generalizations of the angular momentum integrals that exist in 
axisymmetric and spherical potentials. The existence of the three independent isolating integrals 
makes it possible to derive the orbital shapes, and their individual densities, without integrating 
the equations of motion. The method we have employed for this - comparison of effective 
potential curves with lines of constant energy - reduces in a natural way to the customary method 
for the determination of the motion in a spherical potential, and is just as easy to use. 

For centrally concentrated triaxial mass models with Stäckel potentials that are not too far from 
spherical, a small perturbation that causes the potential to become non-separable will not change 
the orbital structure drastically (c/. Section 10.2). This is also true for the oblate and prolate 
degeneracies. Indeed, numerical orbit calculations in oblate axisymmetric potentials show that 
most orbits are short axis tubes (e.g. Ollongren 1962; Martinet & Hayli 1971). 

The disc-like degeneracies deserve some special attention. Kuzmin’s disc is a convenient mass 
model for the understanding of the dynamics of infinitely thin axisymmetric discs (Kuzmin 1953). 
It can represent an exponential disc reasonably well to about 4.5 scale lengths (Toomre 1963). 
The simple form of the potential allows the explicit calculation of many properties. An example is 

the recent use by Schweizer, Whitmore & Rubin (1983) of the velocity of a star in the elliptic 
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326 T. de Zeeuw 

closed orbit over the pole of the disc as function of radius for the interpretation of observations of 
polar dust rings around SO galaxies. 

The perfect elliptic disc is the non-axisymmetric separable generalization of Kuzmin’s disc. The 
orbital structure in the disc is generic for all non-rotating non-axisymmetric centrally 
concentrated infinitesimally thin discs, provided that the axis ratio is not smaller than about 1/3. 
It follows that the perfect elliptic disc, and more generally, infinitesimally thin discs with Stäckel 
potentials, are useful mass models for the description of mildly ovally distorted discs, and also for 
some barred stellar systems. 

10.4 SPECTRAL STELLAR DYNAMICS 

Actions and angles are the natural variables for the description of separable motion. Recently, 
Binney & Spergel (1982, 1984) have developed a numerical method, termed spectral stellar 
dynamics, for the calculation of actions and frequencies of a given orbit in a non-separable 
potential. By a Fourier analysis of the time-dependence of the coordinates of a star in a given orbit 
they obtain the spectrum of the orbit, from which the fundamental orbital frequencies and the 
action integrals are deduced. Ratcliff et al. (1984) turned this procedure around, and computed 
the orbits, for given frequencies or actions, in a given potential. In both cases, the orbits can be 
studied and classified in terms of the numerical values that are obtained for the integrals of 
motion. 

The action-diagrams found by Binney & Spergel for motion in two-dimensional non-rotating 
potentials that are not too far from round, are essentially equivalent to the action-diagram 
presented here for the {x, y)-plane of the perfect ellipsoid (Figs 32-33). For all such potentials 
motion is therefore quite accurately described as slightly perturbed separable motion in a Stäckel 
potential. The potentials of (at least) the non-rotating elliptical galaxies are nearly of 
three-dimensional Stäckel form, and at most moderately triaxial. When spectral dynamics will be 
applied to motion in such potentials, the action diagrams presented in Section 9 should be useful 
guides in the investigation of the orbital structure. 

Actions are adiabatic invariants, so they are the natural variables to use when studying secular 
evolution in stellar systems (e.g. Norman 1983). Binney & Spergel find that in the 
two-dimensional potentials that have action diagrams equivalent to our Fig. 32, the actions are 
well conserved during a slow evolution of the potential, even when, in the process, the orbit 
changes from loop to butterfly, or vice versa. However, when the potential is very elongated, or 
rotating, actions may change discontinuously across the transition from one orbit family to 
another. It is to be expected that in the three-dimensional potentials of triaxial elliptical galaxies 

the actions of the individual stellar orbits are well conserved during a slow evolution. 
Binney & Spergel first numerically compute an orbit in a given potential, and then Fourier 

analyse the resulting x(t) and y (t) in order to obtain the spectrum of the orbit which in turn yields 
the frequencies and the actions. Ratcliff et al. (1984) reverse this procedure and compute the orbit 
for given actions or frequencies. They transform the equations of motion to angle variables and 
represent the coordinates % and y as truncated Fourier series in the angles. The Fourier 
coefficients are determined by the requirement that the series satisfy the equations of motion on a 
grid of points in angle-space. An important advantage of this method for the calculation of orbits 
in a given potential is that a solution covers only a finite region in angle-space, since both angles 
are periodic. As a result, a bound on the numerical error in the procedure immediately translates 
to a bound on the error in the orbit valid for all times. This is in contrast with the usual procedure 
in which x and y are calculated directly as function of time. 

Unfortunately, Ratcliff et al. find that a relatively large number of terms is needed in order to 
obtain good accuracy. They estimate that an application to three-dimensional motion, although 
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straightforward in principle, will be rather costly in computer time. It seems worthwhile to 
investigate whether the calculations required can be reduced drastically, especially in 
three-dimensions, by use of properly chosen ellipsoidal coordinates, instead of Cartesian 
coordinates. Such a procedure might be considered as a numerical perturbation technique for the 
study of motion in slightly perturbed Stäckel potentials. 

10.5 SELF-CONSISTENT MODELS 

The construction of self-consistent models for density distributions that have a gravitational 
potential of Stäckel form is straightforward by means of Schwarzschild’s (1979) linear 
programming technique. The orbital densities needed for this can be simply evaluated from 
expressions given in Section 7, without even calculating the orbits themselves. This speeds up the 
construction process considerably. If one or more self-consistent solutions exist for a given mass 
model, then the occupation numbers of the orbits that make up the model, together with their 
known integrals of motion, will provide a discrete numerical approximation to the distribution 
function/(//, /2,13). Whether it is possible to derive distribution functions by analytic means 
remains to be seen. Experience with spherical and axisymmetric models (Eddington 1915b; 
Lynden-Bell 1962a; Hunter 1975; Lake 1981; DeJonghe 1984) makes it rather unlikely that an 
explicit inversion of the fundamental integral equation (111) is possible. Derivation of at least 
some of the properties of/by analytic means would already be extremely useful, since it would 
allow the study, if not the construction, of whole classes of equilibrium models at once, and bring 
a delineation of the full variety of such models for elliptical galaxies within reach. 

Before attempting to solve the triaxial problem it is worthwhile to try to solve the similar 
problem for the perfect elliptic disc. The appropriate integral equation can be derived easily from 
equation (115). This problem is ‘only’ two-dimensional, and has many aspects of the 
three-dimensional problem. There is more than one family of general orbits, and every orbit 
enjoys a non-classical integral of motion in addition to the energy. Furthermore, for the limiting 
case of Kuzmin’s disc, distribution functions already exist (Shu 1969; Miyamoto 1971, 1974; 
Kalnajs 1976). From the arguments given above it follows that such a solution would be useful for 
the understanding of disc-like stellar systems as well. 

10.6 CONCLUDING REMARKS 

From the preceding arguments we conclude that: 

(i) The ellipsoidal coordinates discovered by Lamé and Jacobi are the natural coordinates for 
the description of non-rotating triaxial elliptical galaxies. 

(ii) The orbit families that are of major importance for the structure and dynamics of triaxial 
elliptical galaxies are precisely those found in Stäckel potentials. Thus, potentials of ellipticals are 
well approximated by Stäckel potentials. The integrals of motion enjoyed by most stars in these 
systems, two non-classical ones in addition to the energy, are well approximated by the quadratic 
integrals admitted by Stäckel potentials. 

(iii) Study of exactly separable models is worthwhile for the understanding of the equilibrium 
structures of elliptical galaxies. 

It is appropriate to recall a statement made by Jacobi (1866) in his ‘Vorlesungen über 
Dynamik’. In the first paragraph of chapter 26, devoted to ellipsoidal coordinates, he writes: ‘Die 
Hauptschwierigkeit bei der Integration gegebener Differentialgleichungen scheint in der 
Einführung der richtigen Variabein zu bestehen, zu deren Auffindung es keine allgemeine Regel 
giebt. Man muss daher das umgekehrte Verfahren einschlagen und nach erlangter Kenntniss 
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einer merkwürdigen Substitution die Probleme aufsuchen bei welchem dieselbe mit Glück zu 
brauchen ist.’ Then he discusses one such remarkable set of variables, the ellipsoidal coordinates 
(in n dimensions) and the problems where - at that time, 1842 - he had already used them with 

success. Among these is the determination of the geodesics on a triaxial ellipsoid, and his 
rederivation of Euler’s (1760) solution of the problem of motion in the field of force of two point 
masses. The elucidation of the dynamics of triaxial ellipticals may now be added to Jacobi’s list. 
Chandrasekhar’s (1942) remark in the preface of his book on ‘Principles of Stellar Dynamics’, 
that ‘several of the problems of modern stellar dynamical theory are so severely classical that it is 
difficult to believe that they are not already discussed, for example, in Jacobi’s Vorlesungen’, 
clearly applies. 
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Appendix A: Ellipsoidal coordinates at large radii 

We briefly describe the behaviour of the coordinates (A, //, v) at large distances from the origin. 
Define spherical coordinates (r, 6, 0) by Jt = rsin0cos0, y = rsin0sin0 and z = rcos0. Then it 

follows from equations (7) and (8) that for r2>l, 

A = r2 - a - (/? - a) sin2 0 sin2 0 - (y- a) cos2 0 + O ( 1/r2), 

// = y2 (/? - a) sin2 0 sin2 0 + Vi (y - a) cos2 0 - Vz (/? + y) + Va a/Ä + O ( 1 /r2), 

v = y2 (ß - a) sin2 0 sin2 0 + y2 (y - a) cos2 0 - y2 (^ + y) - y2 ^/Â + O (1 /r2), ( Al) 

with 

A = [(y - a) cos2 0-(ß-a) sin2 0 sin20 + (ß - y)]2+4(ß - a)(y - a) sin2 0 cos2 0 sin20. ( A2) 

This shows that at large radii À becomes equal to r2, and ¡a and v each depend on both angles 0 and 
0. Curves of constant fi and v on a sphere with radius r>l are illustrated in Fig. Al. 

The (x, y)-plane is given by 6=71/2. Then equation (Al) reduces to 

X = r2—a-(ß-a) sin20 + O(l/r2), 

ß = (ß-a) sin20-ß + 0(l/r2), 

v=-y. (A3) 

Figure Al. Behaviour of the ellipsoidal coordinates at large radii. The intersections of the hyperboloids of one (p) 
and two (v) sheets with a sphere of radius r>\ are shown. The dashed curves indicate the focal ellipse and the focal 
hyperbola. 
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For the (x, z)-plane (0=0) we find 

i = r2-a-(j/-or) cos26»+0(1A2), 

jU = (y - a) cos2 0- y+0(1 /r2), 

v= -ß, 

ß = ~ß, 

v=(y—a) cos20-y+O(l/r2), 

where 

for 

for 6f<6<jï/2, 

Of = arccos 

(A4) 

(A5) 

is the angle between the z-axis and the asymptote of the focal hyperbola. For the (y, z)-plane we 
have (j)=jt/2 and (Al) reduces to 

A=r2-y+(y-ß) sin2#+0(l/r2), 

p = -a, 

v=—ß—(y—ß) sin20+O(l/r2). (A6) 

Appendix B: The function G(r) 

The gravitational potential V contains the function G(t) defined in equation (23) 

f00 Ju-ß du 
G{i)=JtGç0abc \ , -X , 

Jo yl(u-a)(u-y) U+T 

with a = - a2, ß=—b2 and y=-c2. Both G(t) and its derivative G'(^) can be expressed in terms of 
the incomplete elliptic integrals of the three kinds (see e.g. Byrd & Friedman 1971) 

2jtGp0bc 1 
G(j)=   {(r+ß)Il 

sin/ T+a 

( r+a 
/,—, 

V a-y 
m\ + (a-ß)F(l, rn)\, (Bl) 

and 

G'(t) = 
jrGçobc 1 

sin/ (T+a)(T+y) 

x 
{(r+«)(T+y)-(r+a)(T+^)-(r+^)(r+y)}n/ v+a 

+ 

r+a 

{(t+«)(/9—y) + (T+y)(/l—op} 

T+a 

, m 
a —y 

T+a 
F(l, m) be sin / + (y - a) £(/, ra) 

a 
(B2) 
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Fv, ™)=l -¡=^ 
Jo vl-sii 

dß 

^l — sm2msin267 

E(l, m)= f yjl-sh 
Jo 

sin msin ôùîô, 

II(/,s2, m)= 
Jo (1-5 su 

dO 

'o ( 1 -52 sin2 sin2 m sin2 O 

Here we have introduced the angles / and m by 

c=acosl, b = ayjl — sin2 m sin2 /, 

so that 

ß-a = a2sm2hin2m, y-a = ö2sin2/, y-/? = fl2sin2/cos2ra, 

Important special values are 

2jiGpQbc 
G(-a)= ^—£(/, m), 

sml 

IjvGpobc 
G{-ß)= ——F(l, m), 

G(-y) = 

and 

G'{-a) = - 

G'(-ß) = - 

G'(-y)=- 

sin/ 

2jiGçQbc ( 

sin/ I 
F(l, m) - E{1, m)  sin / \, 

2jtGgobc 

3a2 sin3/sin2 m 

2jiGQübc 

a2 sin3 / sin2 m cos2 m 

jiGpobc 

cos mF(l, m) -f (2 skrm -l)E(l,m) —— sin2m sin /cos / 

E(l, m)-cos2mF(l, m) sin2msinl\, 
b 

3 ö2 sin3/cos2 m 
- cos mF(/, m) + (2 cos m -1) £(/, m) + — sin / —— cos2 m 

(B3) 

(B4) 

(B5) 

(B6) 

(B7) 

For values of T>a2 the behaviour of G(r) is 

2jtGQ0abc h+Y 
G(t)= p=— arctan a/ hO(l/r) 

Vr+y V -y 

Jt2GQQabc 
+ 0(l/r). (B8) 

The coefficients of the terms of order l/r and higher can be written as an infinite series in sin2m. 
Extensive tables of E and F exist, but calculation of H requires the evaluation of an infinite 

series. In practice it is much easier to evaluate G(r) and G'(t) by direct numerical integration. We 
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found it handy to rewrite the integrals,by the substitution s = c/yju + c2. The result is 

f1 ^c2+(b2-c2)s2 ds 
G(T) = 2jrGç0abc2 \ x^— —-, T>c2. (B9) 

Jo Jc2+(a2-c2)s2 c2-\-(t-c2)s2 

The integrand now is regular and smooth. The corresponding function G'(r) follows immediately 
upon differentiation of the integrand with respect to r. 

For the perfect prolate spheroidß = y so that m=jr/2. G(z) is given in (25). Special values are: 

G(-a) = 2jTGg0b2, 

G(-ß) = 2jiGg0a 
2(l-e2), 1+e 

2e 
In 

1-e 

G’{-a) = ——nGQo(\ — e2), 

JiGpo f (1-e2 1 + e 
G’(~ß)= ^1-1+^ In 

2e 1—e 
(BIO) 

where e is defined by e = sin/, so that b2=a2(l-e2). 
For the perfect oblate spheroid a=ß, so that m = 0. G(r) is given in (27). Special values are: 

G(-a)=2jrGç0a
: arcsine. 

G(-y) = 2ji;Gçoa2, 

G,(-a)=jtGg0 

yl-e' 
yl-e2- 

arcsm e 

G'(-y) = - 
2jiGgo 

3(l-e2) 

with e=sin/, so that c2=a2(l-e2). 
For the perfect sphere we have a=ß=y and G(t) is given in (28). Thus. 

(Ml) 

G(—a)=2^Gç0a
2, G'(-or) = - — jtGp0. 

3 
(B12) 

For the perfect elliptic disc we have cc<ß<y=0, so that 1=jz/2 and b=acosm. We find 

4GH0b 4G20b ( (r+a \ ) 
G(r)= |(r+/?)nl —-, ml + (a-ß)F(m)|, 

T+a 

2GI.0b 2G2.0b /r+a \ 
G ^= r(r+a)2 Wa_^)_(r+o:)(T+iS)}n( m\ 

+ {(T+a)ß+T(ß-a)}F(m)-a(T+a)E(m) (B13) 

where F(m) = F(jt/2, m), E(m) = E(jt/2, m) and Il(s2, w)=n(^r/2, s2, m) are the complete 
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elliptic integrals of the three kinds [cf. (B3)]. Special values are 

G(—a)=4Gl.0bE(m), 

G(-ß)=4GX0bF(m), 

G'(—a) = - 

G'(-ß) = - 

For 

4Gl0b 

3a2 sin2 m 

AG'Zob 

a2 sin2 m cos2 m 

{cos2 mF(m) + (2 sin2 m-l)E (m)}, 

{E(m) - cos2 mF(m)}. 

we find 

(B14) 

G(r) = 
bGM 
—- + 0(l/r). 
ayjT 

(B15) 

For numerical calculations of G (r) and G ' (r) it is useful to rewrite the integrals by the substitution 

sint=b/yju + b2. Then 

G(r) = 4G2 
rjr/2 

°‘b,L t 

dt 
x 

b2+{T-b2)siv^t yjb2+(a2-b2) sin2t 
(B16) 
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