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The standard expression of the reaction rate for low-energy, nonresonant nuclear reactions in nondegenerate plasma

s contains a parameter-dependent integral which in all previous calculations with physical or astrophysical background
is considered as not capable of being evaluated in a closed form. So one usually resorts to approximation methods con-
cerning large values of the parameter. At first we point out that CoNsUL (1964) has given a series representation of the
integral which was identified with a MEIJER’s G-function by MaTtuaAIl (1971). Next, in view of a physically more exact
determination of the reaction rate formula, especially in connection with calculations concerning stellar energy generation,
we consider a more general integral containing the mentioned one as special case and give an approximation-free repre-
sentation by means of MEIJER’s G-function. The G-function so obtained may be conceived as complex-valued continuation
of CoNsUL’s series representation of a certain class of integrals contained in the considered one. From the series we
extract a small parameter approximation of the special integral.

CKOPOCTE peaKkiuH I HU3KOIHEPIreTUYeCKMX HEPe30HAHCHHIX AMEPHHIX PEeaKIMii B HEBLIDOKIEHHOU IIIa3Me CONEDIKHT HHTerpall,
KOTOPHIA 3aBHCHT OT apamerpa. Bo Bceil umelonleiicss B HaIM9uM (puanyeckoll U acTpopu3UIeCKoil auTepaType 3TOT MHTErpal pacc-
MATpHBaercHd JUMb OpUOIMKEHHo, AIA ConbmMX 3HadeHWil mapamerpa. BeuIo ofpaieHo BHUMAaHue Ha TOT, Yro Houcya (1964)
IpeACTaBHI MHTerpaJI GeCKOHEUYHBIM PANOM, KOTOPHIi MaTaii (1971) orosrmecTBua ¢ G-gyHrmmeii Meiiepa. 3arem, BBUAY PuaHIecKH
Gosiee TOUHOro ompeneseHusA GOPMYIAEl CKOPOCTH PeaKIuMU. B OCOGEHHOCTH B CBA3M C BHIYWCIECHUAMH, KACAIOIMMICH IreHepanua dHep-
T'M¥ BHYTPH 3BE3M, GBI paccMOTpPEH GoJjiee o0mmii MHTErpali, Coxep:Kanuii KAk 9YacTHBIA ciIydail BHINIEYIOMAHYTHIL HHTErpajl, ¥ MoKa-
3aHO ero IpeJCcTaBleHne B 3aMKHYTOM BHJIE ¢ IoMoupio G-gpyurunu Meliepa. Tak morydennas G-GyHKIMA NaéT KOMIIEKCHO3HAUNOE
npopossrenue paga HoHcyaa JiA KIacca UHTerpalioB paccMaTpuBaeMoro Tuma. Y13 pAna Guio BhijesneHo MpuGiuKeHue CoelualIb-
IOro MITerpajia fIfd caydad MaJuX dHAYeHUil mapamerpa.

1. Introduction

The theoretical determination of the reaction rate for low-energy nonresonant thermonuclear reactions in
nondegenerate nuclear plasma carried out by means of conceptions from nuclear physics and kinetic theory of
gases leads to a parameter-dependent integral. Till now, in connection with nuclear physics this integral was
approximately evaluated only, for large values of the parameter (cf. e.g. Cox and GIULI 1968 or, more recently,
MITTLER 1977). Proceeding in this way, the mathematically more exact calculation of the nuclear reaction rate
requires consideration of reaction specific correction factors to compensate for the error of mathematical approxi-
mation (SALPETER 1954, cf. Cox and GIULI 1968). We draw the attention to CONSUL’s series representation (1964)
of the integral, which was identified with a MEI1JER’s G-function by MATHAI (1971). Then we consider a more general
integral .

Lo(x) = [ dy y* exp [—y — xy~*/]

04_‘8

comprehending the special integral Ly(x) of the reaction rate, refer to CoNSUL’s series representation (1964) of
the integral in the case of non-negative integer «, and positive real x, and give a closed expression of the integral
by means of MEIJER’s G-function so continuating CONSUL'’s series to complex values of « and ». Giving a computable
closed expression for the nuclear reaction rate in such a kind is advantageous with regard to several points. On
the one hand, CoNSUL’s series expansion of the integral L (x) allows to investigate the reaction rate quantitatively
in the whole range of the parameter. On the other hand, because of the extraordinary functional properties of
MEIJER’s G-function the representation of the rate by such a function is qualitatively advantageous for using the
reaction rate in an analytical framework resulting from the mathematical description of energy generation by
fusion reactions, e.g. in stellar interiors, where in case of using an approximate expression the approximation error
propagates in a complicated manner. One immediately obtains the energy generation rate for thermonuclear
reactions in stellar interiors from the reaction rates of the individual nuclear reactions. In phases of hydrogen and
helium burning (pp-chain and CNO-cycle) the energy loss by neutrino emissioft of the star is proportional to the
number of proceeding fusion processes and therefore one can compute neutrino fluxes with the aid of nuclear
reaction rates. Furthermore, by using the mathematically precise expression for the reaction rate involved in an
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analytical framework the influence of possible theoretic modifications of the framework on the result can be con-
sidered more exactly.

Moreover, the mathematical formalism of MEIJER’s G-function, a generalization of the hypergeometric
function, appears usefully to us for investigating possible modifications of the reaction rate formula itself for reasons
from the kinetic theory of gases, quantum mechanics and nuclear physics, especially in connection with astro-
physical circumstances. To determine the rate for an individual nuclear reaction is quite difficult both experi-
mentally and theoretically. The physically more exact determination of the reaction rate, particularly under the
state conditions in stellar interiors, causes alterations of the analytical structure of the rate integral. ’

In the first instance, in section 2 we are dealing with the theoretical determination of the low-energy non-
resonant part of the thermonuclear reaction rate for exothermic nuclear reactions. In section 3 we are occupied
with the exact evaluation of the general integral L,(x). 3.1. contains the evaluation via CONSUL’s solution of the
associated differential equation problem for non-negative integer o and positive real x, in 3.2. we evaluate the
integral by means of representation as LAPLACE transform of a MEIJER’s G-fenction. Finally, in the appendix
we approximately calculate the integral for large values of the parameter x.

2. The nonresonant thermonuclear reaction rate

We are concerned with an ensemble of interacting particles of types a and X of relative velocity v. As a result
of thermally induced collisions among the particles proceeds the exothermic reaction °

a+X->Y+5b.

We calculate the reaction rate » presenting how many reactions proceed per unit volume and per unit time as
a function of density and temperature. »(v) dv is the fraction of the number of particles of the type a or X, whose
velocity relative to a particle of the other type lies between v and v + dv. N, and Ny are the number densities
of particles 2 and X, respectively, and o(v) is the cross section of the considered nuclear reaction. Hence, the thermo-
nuclear reaction rate is obtained by averaging the reaction cross section over the normalized distribution function
of relative velocities of the particles (cf. Cox and GIuLI 1968):

= (I — +d.x) NNy }odv n(v) o(v) v = (I — 5 Oax) NNy (00> . ' (1)

0,x 1s the KRONECKER symbol. The bracketed quantity {ov) is the probability per unit time that two particles a
and X confined to a unit volume will react with each other. In the following we suppose the nuclei to be in thermo-
dynamical equilibrium with regard to their velocities (not with regard to their mass abundances) — that is usually
assumed for thermonuclear reactions in stellar interiors. In the case of nondegenerate and nonrelativistic gas the
distribution function of the relative velocities of the nuclei is a MAXWELL-BOLTZMANNian:

n(v) dv = " exp s 4tv? do ‘ (2)
2nkT . 2kRT

where u is the reduced mass of the particles 2 and X, % is the BoLTZMANN constant, and T the absolute temperature.
For a more exact analysis of gaskinetic conditions in stellar interiors one could consider generalizations of

the BOLTZMANN equation (e.g. consideration of fluctuations, triple collisions at higher densities, several boundary

conditions; cf. CoHEN and THIRRING 1973) and the resulting corrected distribution functions. Till now, in the

literature concerning stellar nuclear reaction rates one finds ad-hoc-assumptions about alteration of the MAXWELL-

BorTzMANN distribution function for stellar plasmas (see CLAYTON 1974, VASIL’EV, KoCAROV and LEVKOVSKIJ 1974).
By means of the distribution function (2) one gets from eq. (1)

2 e 2
{ov)y = (zn’l;ﬂ,)s 4nfdv v (v) exp[— zll;avT] » (3)

So for a given type of nuclear reaction {gv> depends on the temperature only and is indepeﬁdent of density. In
the nonrelativistic case for the kinetic energy holds E = /wz/z With that, according to (1) and (3) the nuclear
reaction rate may be expressed as

, = (I — ?aux) NNx (niﬂ)/ (;T)s’z foo dE E exp[ kET] F(E) . )

o

To compute the thermonuclear reaction rate, additional expressions giving the details of ¢(E) for important reactions
are required. Now we consider the cross section for low-energy nuclear reactions X(a, b) Y, far from any resonances.
Such reactions involving a nucleon and a nucleus or else two nuclei are in general described in the BoHRr picture.
Starting from the BREIT-WIGNER formula one obtains for the cross section of low-energy nonresonant nuclear
reactions the expressmn (cf. Cox agpd GIuLl 1968; ¢ for o)

o(E) = S (EE) exp [— 2an(E)] , (%< I), (5)
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where E is the relative kinetic energy between the particles, B the nuclear barrier height, S(E) the cross section
factor, and exp [—2nn(E)] the GaAMow factor:

2 Z,Zxer 1
) :(%) hoE , ©)

Z,, Zx:  atomic numbers of nuclei a and X
e: quantum of electric charge
h = hl2m, h: PLANCK’s quantum of action

Because of the very small cross sections for charged particle reactions at low energies only particles with [ = o
(zero relative orbital angular momentum) make by far the greatest contribution to ¢(E). Therefore, deriving the
cross section formula (5) only partial waves with I = o, i.e. head-on collisions, are considered. The structure
of ¢ considering non-central collisions is treated by FRANK-KAMENECKI] (1959).

The cross section factor S(E) represents the intrinsic nuclear characteristics of the probability for the ocurrence
of a nuclear reaction. S(E) is a slowly varying function of energy over a limited energy range and is computed
from the measured values of a( ) using (5). Usually one takes S = const. = S,. A better approx1mat1on to S(E)
is a MACLAURIN series expansion up to the second order in E:

S(E) = S(0) + 5'(0) E + s"( ) E2 .

For certain reactions S(E) is represented by a power function (see FOWLER, CAUGHLAN and ZIMMERMAN I975).
Further modifications of the quantum mechanical cross section under conditions of stellar interiors are
needed to take into consideration electron screening (SALPETER 1954, cf. Cox and GIuLl 1968) and non-sphericity
of nuclear potentials (FRANK-KAMENECKIJ 1959).
With egs. (5) and (6) according to (3) we get the low-energy nonresonant part of the thermonuclear reac‘uon
rate (for S(E) only S(0) = S, is taken):

1 1 \Y2[ 2 \3 r E
= (I — Zé“x) NN (7@) (ﬁ) Sode exp [_ET — znn(E)]z

o

I' 2 1/2
= (I -5 5ax) NNy (;uk—T) So - 2Ly(x) , (7)

where Ly(x) is the parameter-dependent integral

Ly(x) = [ dy exp [— y — xy~*], 8)

=\z7 7 is positive rgal in physical case.

As already mentioned above, in the literature concerning nuclear physics and astrophysics the integral Ly(x) is
considered as not capable of being evaluated in a closed form. For large values of the parameter x one obtains
the approximate expression (cf. e.g. Cox and GIULI 1968)

woms ) (]

In the follovﬁng we consider the more general integral

(z_ﬂ)'/zZaZX e*n

Lu(%) = [ dy y=exp [~y — xy~] (10)

containing Ly(x) for « = o and evaluate it in a closed form. With the aid of the expression obtained one can consider
in the reaction rate formula (4) higher order terms in the MACLAURIN expansion of the cross section factor S(E).

Correspondmg to the approximation used for getting (9) we obtain for (10) in the large parameter approxi-
mation in case of real e (cf. appendlx)

7 \12 [ x \e+Dis (% \23
L“"‘)_”(?), (‘zf) "Xp[‘3(z) ]'

3. The evaluation of the integral in a closed form

3.1. Evaluation via Consul’'s solution of the associated differential equation problem

In the sense of a method often useful in investigating parameter-dependent integrals (Wthh can be traced
back to N. H. ABEL) we think the integral in consideration as a-function of the parameter, assume it sufficiently
often differentiable in a certain range of the parameter and aspire to derive a differential equation for this function.

16*
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For that we substitute y = %24 in the integral (10) considered for real , x. With that arises
L(x) = x2+2 [ dAA exp [—a24 — A~7/7] .
Differentiation with respect to x yields

d
:'a;La

(%) = (20 + 2) x““fdll“ exp [—x%4 — A7) — zx2“+3fdl Jettexp [—x2h — A=)

o o

Ly(x)

Resubstituting A = x~%y one obtains ‘
Ly(x) = x71 {(za + 2) }odyy“ exp [—y —xy~?] — 2 j’o dyy*tiexp[—y — xy‘l/z]}.
Therefore holds ’ i
| *Lil) = (2 + 2) L{t) — 2 J dyy=*" exp [—y — iy~
Twofold differentiation of this equation with respect to x leads to
L) + 4Li(0) = (2 + 2) Lifn) + 2 ] dyy=+ts exp [y — ay=1#]

L;(x) + Ly(x) + xL; (%) = (2 + 2) Lo(¥) — 2 [ dy y*exp [—y — xy—17],
o
i.e., to a differential equation for L,(x), 7
xL, (%) — 2aLy (%) + 2L,(x) = 0. (x1)

The differential equation (11)!) for the integral L,(x) is given without derivation by Baca1 (1962; the integral (2.6.)
considered there is produced from our integral after substituting y = 42).

Once given the values of L,(%,), Lo(%,), and Ly (%,), the solution of the linear homogeneous ordinary differential
equation of third order (1) is uniquely determined. By choosing x, = o, according to (o) we obtain the three
initial values

L,(0) = [ dyy*exp [—y] = ['(x + 1),
further
, dZ (%) o 1
E = — x—(1/2) — —_ — _
Le(0) ( e )M f dy y*~G2 exp [—y] T(oc + 2) (r2)
and °
vy [(APLa(%) . . __foo fora=o0
LGL(O) - ( dx2 )x=o—fdyy exp [:—y] - {]’1(“) for « >.O ,
because

jody yi=rexp [—pyl =p~U'(q), Rep>o0, Reg>o

holds (see GRADSTEJN and RYZIK 1971).

In the case of « being a non-negative integer, the special solution of the differential equation (r1) with the
initial conditions (12) is given as an infinite series by CONSUL (1964). In this paper, a factor 2 at ¥(2v + 1) is not
printed off. The result with this factor given in MATHAI (1971) is correct, as it can be verified by differentiating
the expression and inserting it into the differential equation: °

. ol — p)! 0o __r\—a—1
Lofr) = I'ee + 1) {5%” t 2 = o) © @D+ ¥ —a—2h x]} -
— F(a - %) it 3 ; E—I)” Gk (13)
» v=1 (zv—l-I)II_](r—oc—;)

where ¥(2) is the logarithmic derivative of EULER’s Gamma function, ¥(z) = (d/dz) In I'(2). It holds (see GRADSTEN]
and RYZIK 1971)

Y1) =—C, Y’(x):—C—[—I—i—%-{—...-i— ! ,- x integer > 1;

x®x—1I

C is the EULERian constant.

1) In the case of integer and half-integer « > —1/2, the differential equation (11) for the integral L4(#), recurrence relations for
the coefficients of the series representation of the solution, and the asymptotic representation of L,(#) are given in M. ABRAMOWITZ and
I. A. STEGUN (eds.), Handbook of Mathematical Functions, Washington 1964, pp. 1001 —1002.
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As it can be seen from (13), the solution is additively composed of a part nonanalytical at ¥ = o (with In x)
and a part analytical at x = o. The power series constituents of the solution (13) are obviously. convergent for all
real x. The series representation (13) of the integral (10) is suitable for its numerical computation. Furthermore,
this representation is advantageous for the approximate evaluation of the integral in the case of small x. According
to (13) for & = o holds

Lyx) =1 —atlx — x2Inx + & (1 — C) 22 + O(x?) . (14)

3.2. Evaluation via representation as Laplace transform of a Meijer’s G-function

The integral (10) may be understood as LAPLACE transform of the function ¢(y;«, ) = y* exp [—xy~1/?],
a, ¥ complex:

L,(x) = 70 dy exp [—y] @(y; @, %) = &o(y;a x); 1} . ) (15)

To calculate the transform we desire to represent @(y; «, %) as an G-function Gpg(Ay | 52724, introduced into
analysis by C. S. MEIJER in 1936 as a generalization of the hypergeometric function; see for definition ERDELYI
et al. (1953), GRADSTEJN and RYZIK (1971), MATHAI and SAXENA (1973). The LAPLACE transform of a G-function
yields a G-function again. Therefore, the result can be given explicitly in a closed form (cf. ERDELYI et al. 1953;
in MATHAI and SAXENA 1973 one finds a far extending generalization of the following formula):

Jdy exp [y Gpay | §ri) =GRz | ™)

]argl]<(m—{—n—£z——%)n, Rebd, +1 >0, h=1,..,m. (16)

In the first instance, we express the exponential function exp z by KuMMER’s function (confluent hypergeometric
function) @(a, b, 2) (cf. GRADSTEJN and RYZIK 1971):
expz= @D, 0b,2).

After that we take into consideration the connection between KUMMER’s function and MEIJER’s G-function (see
‘MaTHAI and SAXENA 1973) and obtain

expz = @, b, 2) = ;’:;,’Z:(——I—

a,=1, azzb)
% lo,=p

Taking advantage of an elementary property of. the G-function (see MATHAI and SAXENA 1973) from this follows
I,b) _ Gg:;(__I_I).
A z

exp [—ay~7#] = GIA{wy [+

I

1,1
G( _x
b4

Consequently holds

Consideration of a further property of the G-function (see ERDELYI et al. 1953; in MATHAI and SAXENA 1973 is
given a highly effective generalization due to SAXENA) yields

exp [__xy—x/z] — 7!‘1/262::(496-2}’ la1=1/2, a,:r) .
With the relation (see ERDELYI et al. 1953, MATHAT and SAXENA 1973)

# Gz | 5% = Gpi(e | B8 i) (17)
one finally obtains the desired relation between ¢ and G: '

x \2% 0,2 x -2
P(y; o, %) = y*exp[—xy~ 7] = n— -] Coll5) ¥

i IH). (18)
According to (16) for the LAPLACE transform of this function holds
0,2 x\-2 I os [ %\7?
dyexp [—¥]Gol{—=) vt =—+a a=1I+a|=G5(|—
2 2 2
Consideration of the important property (see ERDELYI et al. 1953, MATHAI and SAXENA 1973)
GRiGE 188 = Gyl | (r9)

and of property (17) finally yields the representation of our integral (10) by a MEIJER’s G-function:

a,=0,a,=1[2}c, a,=x+a)

[e o]

2 |
L#) = f dyy* exp [—y — xy="1] = 71 63;;’((2) =1t b=, b3=o), jarg 24 < 3. (20)
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The relation following from this formula in the special case & = o,

‘ 2
Ly(x) = w2 G33 ((—Z—)

was derived in another, mediate way by MATHAI (1971) (see also MATHAI and SAXENA 1973) who has represented
G-functions of the type G y(z | by, ..., b,) in a computable form via evaluation of their MELLIN-BARNES integral

» Y
definition and who has 1dent1f1ed the series expansion so obtained for G33(z | I, 5, 0) with CONSUL’s series repre-

sentation (13) (case a = 0) of the integral L,(x).
According to a general result concerning the asymptotic behaviour of G-functions (see MATHAI and SAXENA
1973), via eq. (20) the order of magnitude of the integral L,(x) for x — oo is given by

L) ~ 2 (£>1/2 (f—)(zm-}—x)B exp [_ 3 (i)m] , larg 22 < 471 . (22)

3 2 2

b =1, bzzé, b3=o> (21)

;2’

For real e, x this is just the result (A.4) obtained in the appendlx by approximate evaluation of the integral (10)
or large values of the parameter x.

) In the case of x — o the function 62’3((x/2) | T + a, 5, 0) shows the behaviour |(x/2)%?, y = Min (1 + Rea,

1,0), ie.
L) =0 ( (%)2

2
For real « > —1 holds y = 0 and we have

y), y = Min (1 + Re e, 0), for x—o0. (23)

Ly~ _:(x) = O (const.) for x—o.

This result follows from the definition (10) immediately. It holds explicitly according to (12): Ly»_:(0) = I'(x4-1).

The MEIJER’s function Gog(z | T + @, -+, 0) satisfies the linear homogeneous differential equation of the third
order (cf. ERDELYI et al. 1953, MATHAI and SAXENA 1973)

0= j—z — é(zd% — bf)]GgZ;)(z [ by =TI 4 o, by :—21—, by = o)_—-
=i—z — (z%— (1 + a))(zd% I) dz]Gg3<~ I+ a, % 0)
=:—z3adz~33—(%—a)z2a%—l—%zd%—z]Gﬁj?('z I—]—ac,%,O). (24)
Substituting z = (x/2)? the eq. (24) goes over into the equation
[x(;d—;—‘m—(%zzf Z]Gij‘;((g)z I+ a %,o):o‘ (25)

With that, in the case of real a, x the function a—**G3}5((x/2)® | T + a, 5, 0) is immediately seen a solution of

the differential equation (11) derived in (3.1.). So in general case the function #~7G33((%/2)? | T + a, 4, 0) directly
appears as continuation of the CoNsUL series (13) to complex values of «, .

Appendix: Large parameter apprOxiniation of the integral
The integrand of
| L (x) = jod;/y“ exp [—y — xy*‘./ﬂ; o real, x >0, (A.1)
vanishes at the upper and at the lower limits of the integral. Its dominating exponential part 7

exp [—f(y)] = exp [—(y + xy—*/?)]

assumes one strongly marked maximum at y = y,. From

o=f(y)=1— 5y

x\2i3
-

It holds f"'(y,) = < (x/2)=2/3 > o, i.e. there is a minimum for f(y) at y = y,.
The value of the integral (A.1) can be obtained in often sufficient approximation by considering the integrand
in an appropriately small vicinity of the extremal point y, only. In the first instance such an approximate calculation

one obtains
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(after a method due to LAPLACE) is carriea out for the general simple integral defined on the non-negative real
semiaxis

I =1 dy gly) exp [—(y)] (A.2)

where # denotes a large parameter. The function f(y) is assumed to be a convex function of y in the interval of inte-
gration. The dominating exponential part exp [—uf(y)] has one maximum at y = y,: f(y,) >> 0, f'(¥o) = 0, f""(¥o) >0,
and we assume y, > o. Further, g(y) is assumed to be continuous in the range of integration and differentiable
at y,. By assumption, for f(y) in a vicinity of y, holds

F) = f(yo) + 5" (30) (v — 30)® + -

With that, approximately one obtains for I
I~ [ dyg(y) exp [—u{f(yo) + 5" (%) (¥ — 30)}] =
= exp [—uf(y,)] J A2 g(ys + A) exp [—5 uf"' (o) 2] =~
—%

~ exp [—uf(yo)] | dLe(yo + 1) exp [ /" (30) 4] =

— exp [—uf(y0)] {g<y0> 2 ak exp [—3uf"(30) 2 + O(u-w)} ~

'/ 8(%0)

=~ 2 exp [—uf(yo)] 8(¥o) — 7 = (@) T—m =T exp [—uf(y,)]  (A3)
NE <yo>>/ (" (5)o)"
2
at which according to GRADSTEJN and RYZIK (1971)
~ I ‘n - I)
dl}{”exp[—slz]zw; Res >0, Ren > —1

[o]

is considered for s >o0,7 = o0, 2, 4, ... .

I'(z) is EULER’s Gamma function.

(Considering the integral (A. z) in the complex y-plane one obtains via the method of steepest descent an
approximate expression (cf. JEFFREYS and SWIRLES 1966) which gives (A.3) after formally passing over to real
y-axis.) . ’

According to (A.3), in our case for large values of the parameter x follows with

) =y +xy=12, gly) =y~

% \2/3
n=(3)
and .

flyo) =3 (x )2/3, iy == (ﬁ)"m, 2ls0) = (i>2a/s

2

and

for L,(x) the approximate expression

a5 (ool ()]

By (A.4) holds for &« = o (cf. also Cox and GIuLI1 1968)

Ly(x) =~ 2 <%)112 (2)1/3 exp [—3 (%)2/3], x>0.
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