FI978ACAS, ~.7347 . 81T

1978, Astron. Astrophys. Suppl. 34, 81-90.

STATISTICS AND MAPPING OF ASTEROID CONCENTRATIONS
IN THE PROPER ELEMENTS’ SPACE

A. CARUSI
Laboratorio di Astrofisica Spaziale, CNR, Frascati, Italy

E. MASSARO
Istituto di Fisica, Universita di Palermo
and
Unita di ricerca GIFCO-CNR, Palermo, Italy

Received June 10, 1977, revised December 7, 1977

A statistical investigation of asteroid families has been carried out using a new clustering technique, developed by A.I. Gavrishin. Proper
elements for 2764 asteroids (1810 numbered and 954 PLS asteroids) have been computed. Using these data the Gavrishin z> method gives
only fifteen significant classes. Five of them are coincident with the Hirayama families, Themis, Eos, Coronis, Phocaea and Flora, that
cannot be univocally subdivided. The new PLS families are clearly recognized. Furthermore many small sized families, reported by several
authors, lose their statistical relevance.

Isodensity maps of the asteroid belt and the distribution of the apparent mean opposition magnitude are also presented: they give an
interesting representation of the internal structure of the main belt.
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1. INTRODUCTION

The discovery of an internal structure of the asteroid belt goes back to the nineteenth century when
D. Kirkwood (1867) observed several gaps in the asteroid distribution vs their mean daily motion, n*. These
gaps correspond to the values of n which are in perfect resonance with Jupiter’s mean daily motion 7;. No satis-
factory explanation has been proposed until now for such an important resonance phenomenon, that seems to
occur in the rest of the Solar System only in the case of the Saturnian rings. The deepest Kirkwood gaps
correspond to the values of the ratio ny/n equal to 1/4, 1/3,2/5, and 1/2, less deep gaps, however occur also at
2/7, 3/7 and 4/9 (figure 1). On the other hand at the resonances 1/1 and 2/3 the isolated Trojans and Hilda
groups can be found, and the single 279 Thule lies at the commensurability 3/4.

Further analyses of the minor planet population, performed taking into account other orbital parameters,
show many interesting results. Hirayama (1918, 1919), who first used statistical techniques, discovered some
concentrations of asteroids in the (a, e, {) osculating element space: he called “families’ these groupings with a
precise genetic meaning. In his successive studies, Hirayama (1923, 1928, 1933) followed by other authors
(Brouwer 1951; Arnold 1969; van Houten et al. 1970; Lindblad and Southworth 1971; Williams 1975) used
proper elements e’ and i’ instead of the osculating elements e and i: again noticeable groupings were recognized,
in quite good agreement with those found previously. The results of Hirayama’s studies have been accepted and
extended by successive authors: new objects were added to the discovered families and new groups were
identified. Hence the number of families and their elements reported in literature has increased continuously.

The methods adopted in searching asteroid families differ from author to author. At the very beginning,
Hirayama and Brouwer used visual inspections rather than a statistical analysis, with the exception of the
Hirayama’s work of 1919. Consequently their family recognitions were not supported by quantitative estimates.

The developing of big computers capable to process a large amount of data provided new methods in
searching asteroid families. The first computer-based research was the one performed by J.R. Arnold in 1969.

In the present paper we will describe the results of a statistical investigation of asteroid families and the
method used in this research. Asteroids’ density maps in the proper elements space are given, which allow an

*Kopal (1973) has pointed out that the existence of these gaps was first observed by K. Hornstein.
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easy recognition of the asteroid families, and give an interesting representation of the whole belt. We also report
several graphs referring to the distribution of the apparent mean opposition magnitude B (a, 0) within each
family.

2. THE z? METHOD

To search asteroid families we have used a new clustering method, recently developed by A.L. Gavrishin
(1968, 1974), and adapted for computer elaborations by Coradini et al. (1977).

Preliminary results of the application of that method to the identification of asteroid families have been
reported previously (Carusi and Massaro 1977) ; in this paper the final analysis is presented, which is different
from the other one for the presence of some minor groups.

The z° method was developed essentially to classify geochemical samples : it has been used with appreciable
success in the classification of lunar rocks and glasses (Coradini ef al. 1976). A detailed description of such
technique can be found in the reference cited and here we will report only a brief summary of it. The outstanding
characteristic of the new statistical procedure is the possibility of an automatic classification in terms of homoge-
neous taxonomic units. By means of successive transformations the original multivariate distribution is reduced
to an univariate quasi-gaussian distribution with mean value and variance equal to 0 and 1 respectively. If N is
the total number of elements in the sample, n; < N elements which will form the first class are selected by a test
of membership to a suitably defined normal distribution. Afterwards the method is applied to the remaining
N - n, elements to identify the second homogeneous class. By successive iterations all the following classes are
obtained. :

The membership of an element to a class is determined by means of an hypothesis test where the critical value
is represented by a parameter g. The choice of the g value depends on the security level (s.1.) needed: the larger
the g, the more general is the classification. For example g = 3.0 corresponds to a s.l. of 99.8%.

The z> method gives excellent results when a large number of variables and elements is used. In our case the
small number of variables used (a, €', i') is balanced by the very large number of the elements.

The search for families has been done dividing the entire range of a into five overlapping intervals:
(1.90-2.50),(2.25-2.75),(2.50-3.00), (2.75 -3.25), (3.00— 4.20) AU. This way it has been possible to check
whether or not a “family” recognized in one interval is present also in the preceding or in the subsequent one.

The method divides all the elements in classes, defined by a given mean value and standard deviation for
each variable. It also compares each class with the others and then gives an indication of the distances between
the classes. No objective “‘a priori” criterion exists to select the most significant groupings, but the method itself
puts some internal constraints. Firstly it does not work very well if the number of residual elements, during the
classification, becomes less than approximately 30: the last classes have very little significance. Secondly, the
method indicates the relative weight of each variable and provides a goodness index for the classification. The
use of this index can help to choose the g value.

In our analysis a value g = 1.4, corresponding to a s.I. 91.8% has been used. We have also chosen to use
decimal logarithms for e’ and i’ variables, because of their small variation ranges. This does not affect the quality
of the results because the method does not require any linear relationship between the variables.

For each class listed in every printout, we have also calculated, for every variable, the variance of the sample
means 0, We have then analyzed the distribution of the o, values in each output and we have accepted the
classes belonging to the first half of the distribution. The accepted classes have been subdivided into two types:
type 1, if the class has been identified in two intervals, without noticeable differences, and type 2, if it has been
found mixed with other less important classes in one of the overlapping intervals. Special computations were
made for the extreme intervals to ensure the overlapping: other special runs were processed, with g = 1.35,
1.50, 2.00 and with different ranges both for a and e’. Moreover, to analyze the behaviour of a single class, runs
were made with only numbered asteroids.

© European Southern Observatory * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1978A%26AS...34...81C

CI

FI978ACAS. ~.73347 .81

Asteroid families 83

3. RESULTS

The orbital elements of 1861 numbered asteroids are reported in Minor Planets Ephemeris (1976). Since the
orbital elements of many of them have been recomputed with improved precision, we have preferred to
determine ex novo the proper eccentricity e’ and inclination i’ for all the minor planets with semi-major axis in
therange 1.9-4.2 AU, using the tables by Brouwer and van Woerkom (1950). A four-point Bessel interpolation
has been used for the values of a lying in the centre of the range; a four point Newton interpolation for those
values close to the minimum and the maximum of the range. To avoid the effects due to the singularities of
induced oscillation in proximity of 1.94, 2.03 and 2.64, the asteroids very close to these values have been
rejected.

Proper elements for a total number of 3606 minor planets (1810 from MPE and 1796 from PLS) have been
obtained, in agreement with the van Houten et al. (1790) proper elements down to the fourth decimal digit. The
analyzed sample consisted of 2764 minor planets, 1810 of which numbered and 954 PLS asteroids (class 1).

On the basis of the selection criteria reported in the previous section, 15 major groupings have been selected:
they are reported in table 1. The “families” — a term we now use without any genetic meaning — are shown for
decreasing values of a. The geometric means value <<e'>> and <<i'>> are also reported. We may note,
however, that the difference with the arithmetic mean is on the fourth decimal digit. Columns 4, 6, and 8 contain
the variables’ variation ranges, and column 9 the classification type (1 or 2). The last column shows the families
recognized by other authors which seem to be strongly related to ours. Two families only have no correspon-
dence : Hilda, a well-known group with a high value of semi-major axis, and Astraea.

Inside some families the z> method finds some structures. In fact it works iteratively, and the most compact
groups are first identified: lower density structures result sometimes as type 2 classes. That characteristic is
shown in the column 9 of table 1. The internal differentiation of the families is reported in table 2, while in table 3
the family members are listed.

We point out that Coronis is split in two type 1 classes, one of which (Coronis) is fully contained in the other.
In the case of Themis the situation is similar, but the Themis subfamily is a type 2 class. The subfamilies belonging
to Eos and Flora, which is the most articulate group, are instead not completely contained each in the other. It is
remarkable that such compact subfamilies are to be regarded as dependent on the method of analysis, instead of
being actually significant structures : we prefer to consider those families whithout subdivisions, as reported in
table 1. In section 6 we will discuss in greater detail all the families found.

The family H4 (Maria) has not been identified in our analysis: Maria is a peculiar family whose members’
number always increases more slowly than in the other families. Van Houten et al. list also, among the PLS
asteroids, 63 new members for Themis, 23 for Eos, 32 for Coronis, but add only 3 new members to the H4. This
fact confirms the low growth rate of this family which Hirayama himself regarded as doubtful (Hirayama 1933).

Regarding the PLS sample, the families vH1, vH2, vH6, vH32, vH33, and vH34 are well recognized while
vH30 is hardly detectable: the other families cannot be separated from the background. vH3 is one of these
families, whereas it is partially recognized in the total sample.

Inside the numbered sample, H1, H2 and H3 have been quite wellidentified, together with Hilda and Hygiea.
In the central region of the asteroid belt the situation is more complex, and none of the families reported by the
previous authors can be precisely identified : they are often broken and mixed up.

The total sample examined utilizing a ¢ = 1.5 shows in this zone some concentrations that may be related to
A86, A87, A83, A73; they do not satisfy, however, our selection criteria. Therefore, the non-existence of well-
defined classes in this region of the asteroid belt seems to be confirmed.

In the inner region, only the Flora group is recognized, and its subdivisions depend on the s.1. used. None of
the Brouwer (1951) and Arnold (1969) little families can be precisely confirmed.

4. DENSITY MAPS
The structure of the asteroid belt can be visually investigated drawing the density maps in the (a, e, i") space.
A complete set of the density maps, including the description of the computational technique, is given in Carusi
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and Massaro (1978). Here we will report only those maps which are particularly relevant to the families’
description.

The gap structure of the asteroid belt appears very clear in the numbered asteroid (4, i") map (figure 3) and
in the total (@, i") map (figure 2) ; it is just visible, but not so clear in the PLS (a, i") map (figure 4). We recall that,
being the maps obtained by linear interpolation, the zone of influence of each asteroid is quite large, conse-
quently the gaps’ limits result slightly confused.

An important feature of these maps consists of five well-defined maxima, that correspond to Themis, Eos,
Coronis, Nysa, and Flora. They are all out of the region between the gaps 1/3 and 2/3, where the isodensity
distribution is quite uniform. Note also how clearly a division of the asteroid belt into three rings appears in these
maps: an inner ring, between 2.06 and 2.50 AU (1/4 — 1/3 resonances) ; a central ring, between 2.50 and 2.82
AU (1/3 - 2/5); and an external one, between 2.82 and 3.28 AU (2/5 — 1/2). Planet-crossing asteroids, like
Apollo-Amor objects, and external groups like Trojans and Hilda, are then excluded from the main belt. The
presence of families and minor gaps suggests the existence of a fine structure in the rings. Further subdivisions of
the inner and the outer ring can be traced in correspondence to 2/7 resonance (Flora and Nysa subrings) and to
3/7 and 4/9 (Coronis, Eos, and Themis subrings). Such subdivision is not as relevant as the previous one;
however, interesting properties can be observed among the subrings. The ring and subring structures are shown
in table 4; the most important resonances and their relationship with the families are listed in table 5.

A striking dishomogeneity between the outer ring and the others can be observed in the total (a, i) map
(figure 2). In the outer ring the asteroids are concentrated in the three maxima corresponding to Themis, Eos,
Coronis; in the central and in the inner rings the asteroid distribution is instead quite smooth. This fact is not so
evident in the total (a, e') map (figure 5), where also the inner ring is characterized by two major concentrations
(i.e. Flora and Nysa), comparable with those of the outer ring.

A strong correlation can be noted among the families derived by the z* method and the density maxima. It is
clear also that all the groups are more separated on i’ than on e’.

5. MAGNITUDE HISTOGRAMS

The relationships between the mean opposition magnitude B (a, 0) of the asteroids and their position in the
belt has been also studied. It is particularly interesting to find whether the distribution of B (a, 0) inside each
family is similar or not to the general distribution of the corresponding ring.

The B (a, 0) histogram for all the minor planets of the main belt (2675 objects) is shown in figure 6. It is
characterized by the presence of two very well-defined peaks: the first is located at 15.5 — 16.0 and the second at
19.0 - 19.5. Clearly, the former corresponds to the numbered and the latter to the PLS asteroids. In figure 6 is
also reported the B (a, 0) distribution for the asteroids of the families listed in table 3: the two histograms are
quite similar, unless a lack of faint objects. This fact can be easily explained considering the differences in the
a-distribution between the two populations (figure 1), so that the richest and most distant families have only a
little number of elements with large values of B (a, 0).

In the following figures the distributions in the three rings of the main belt are shown. The frequency curves
relative to the inner subrings of Flora and Nysa (figures 7 and 8) have two completely different patterns. The
same holds for the two families of which the B (a, 0) distributions are very similar to the corresponding ring. The
distribution of the central ring asteroids (figure 9) is very similar to that of the main belt, and very little can be
deduced from the magnitude graphs of the pseudo-families in this ring. In the outer ring (figure 10) all the distri-
butions show the same features, and follow the distribution of the main belt. The families Themis, Eos, Coronis
have a similar behaviour. The only relevant difference is, therefore, between the Flora and Nysa subrings, due to
the lack of faint objects in the former. This fact can be partially explained taking into account that the selection
effects in PLS tend to increase the number of low inclination asteroids and that the Nysa subring shows a lower
mean inclination than Flora. However, it is difficult that such a large discrepancy might be due to this effect only:
if so, the distribution in the central ring and in Flora should be more similar.
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6. DESCRIPTION OF THE FAMILIES

We will now examine in greater detail all the families, as reported in table 1.

—HILDA — It is the family with the largest semi-major axis. Hilda group is well known, and is located exactly
at the 2/3 resonance. Actually, in our Hilda family, only ten of the 28 known objects present in that region are
contained, and likely must be considered as a chance grouping in that population. Note that some errors in the
computation of ¢’ and i’ may be due to the Brouwer’s method, whose application is doubtful at resonances.

—HYGIEA -1t is a type 2 family, largely overlapped by Themis on a and e'. It is formed essentially by PLS
asteroids (67%), and in figure 2 can be recognized by the flat maximum over Themis. Hygiea is also present in
the PLS map of figure 4. It is strictly related to vHH34 Medea. However because of PLS selection effects, more
conspicuous in the outer regions, the statistical relevance of this family is scarce.

— THEMIS - This is the major family in the outer ring, and collects about 19% of all the asteroids in its
subring. Among the far and rich families, Themis has the lowest proper inclination and the largest proper
eccentricity (figures 2 and 5). The z> method divides this family into two subfamilies: Erato, type 1, and Themis,
type 2, both listed in table 2. Such subdivision is maintained in the particular elaborations and in the analysis of
the numbered sample; hence, it is not due to the presence of PLS asteroids. However, owing to the reasons
already explained in section 3 we consider Themis as a single class. It is remarkable that the B (a, 0) dlstnbutlon
of the family reflects quite well the total subring distribution (figure 10).

—EOS - It is the most compact family, identified in the (a, i") total map (figure 3) by the absolute maximum.
Eos s the only high inclination group among the rich families and it is characterized by lack of PLS asteroids with
the exception of PLS 2504 and PLS 4645 (now numbered as 1812). This circumstance is explained by the great
extension of the vH2 family on a, crossed by 4/9 resonance. It must be pointed out that only the two mentioned
PLS minor planets fall into the Eos’ a — range, whereas it contains all the 60 numbered asteroids. In table 2 the
Eos-Dorothea subdivision provided by the z* method is reported: such subdivision is also preserved in the
printouts of the numbered minor planets. Finally, the Eos B (a, 0) distribution is the sharpest in the outer ring.

— CORONIS — Its general features are very similar to those of the above mentioned families. Coronis'also is
split in two subfamilies, both type 1 class, and can be found also in the numbered asteroid printouts. This is the
only rich family with low eccentricity and inclination.

— CENTRAL RING — In this region we have identified five type 2 families. Gefion is the smallest one, with
nine asteroids only. It lies very close to the 2/5 resonance. Other authors report the presence of small families in
that range, and in fact we cannot consider as proved the existence of Gefion. Io and Tyche are joined on a, and
partially overlap on e’ and i’: the z* method finds a strong correlation between them. Their PLS asteroids are
essentially elements of vH33, which is so large to cover almost the entire central ring; hence, these two families
are to be considered as a single one even if their correlation is not so strong as in the case of Themis with Erato or
Eos with Dorothea. An inspection of the density map of figure 2 reveals a flat maximum comparable in extension
to that of above mentioned groups. We want to point out that our method has unified LSIO and vH33, differ-
ently from that reported by Lindblad and Southworth (1971). Similar arguments can be given for Astraea and
Russia: we will note only that Astraea’s asteroids have never been reported in families by other authors; in fact
this family is formed to a great extent by PLS asteroids. In figure 3 itis visible a relative maximum corresponding
to Russia, while no feature is related to Astraea. The possibility that these groups are to be considered as a single
one is supported by the strong correlation indicated by the z> method.

—PHOCAEA —This family has the highest inclination, and for this reason it has no PLS asteroids. In figures
2 and 3 it appears completely separated on i’ axis from the rest of the subring, therefore it has been identified
despite its low density like the Hilda group. No evidence exists for a clustering on e’ (figure 5).

— VICTORIA -1t is a type 2 family, largely formed by B27, A77, and vH27 elements. In figure 2 it corre-
sponds to the relative maximum between Nysa and Phocaea.

—NYSA —Itis one of the principal families, and is mainly formed by vH32 asteroids. Nysa corresponds to the
only noticeable maximum in the PLS map (figure 4). Its numbered minor planets belong to B24 and A74.
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Because of its large content of PLS asteroids, the B (a, 0) distribution is very different from the others, as we have
previously discussed.

— BAPTISTINA-FLORA — Among the asteroid families the Flora group is peculiar, because it is very
numerous and structured. Since the earliest researches, it has always been the richest family containing more
than double the average number of the asteroids forming the other Hirayama families. Brouwer, for the first
time, recognized some structures in this group ; he divided it into four separated families, numbered from 6 to 9.
Such division was represented in the (e’, i") plane by three parallel straight lines arbitrarily drawn. According to
Brouwer that can be explained taking into account the distribution of ' + 9¥': in fact, for the elements of BS,
nt’ + ¥’ is always in the interval (0°.0 — 0°.6), while for the families B7 and B9 ©t’ + 8" is distributed on the entire
circumference. Brouwer claims that without the B8 identification, it would be impossible to separate B7 from
B9. Actually, this fact has small relevance, because the ' + 9 distribution of B8 greatly changes adding some
objects from B7 — B9 very close to the B8 limits, and consequently the above mentioned division cannot be
traced again.

Arnold found the internal structure of the Flora group only in a “qualitative’ way, without any specification;
Lindblad and Southworth admitted their failure in recognizing this division.

The z° method gives Flora as separated in three groups: however, the division Flora-Berolina-Iduberga has
to be considered as a spurious result, due essentially to the followed procedure, as explained in section 3. We
conclude that there is only one very large family.

Quite different is the case of Baptistina, because it is located just beside the 2/7 resonance. Only one of the
34 objects of this family falls below that resonance, and correspondingly only one member of Flora is on the
Baptistina side. In table 3 it can be noted that the numbered part of Baptistina is formed by elements of B8-B9,
A8-A9 families. We argue that the division induced by the 2/7 resonance may be the only significant one in the
Flora group.

7. CONCLUSIONS

On the basis of our analysis we conclude that two most important arguments are firmly established by the
present distribution of bodies in the asteroid belt: (i) the internal subdivision of the main belt in three well
defined rings; (ii) the existence of a small number of local concentrations, or “families”.

Other divisions of the asteroid belt, based on the presence of the Kirkwood gaps, have been already found by
other authors. Chebotarev (1967) subdivided the whole belt in seven rings, four of which in the main belt, but
no other structural difference was pointed out by him.

The existence of the three main rings is confirmed by the relevant discrepancies, exhibited in the density
maps, as we discussed in section 4. We argue that the selection effects on the sample cannot completely
justify those differences: in fact adding the PLS asteroids the structural profile of the numbered sample does not
change, with the only remarkable exception of the Nysa maximum (see figures 2, 3, 4). Moreover, the subring
division is not too evident, and depends only on the presence of minor gaps and families.

Checking the existence of the families, the present analysis identifies only a small number of them, and eight
of the fifteen families in table 1 can be regarded as doubtful. This fact contrasts the general trend of the previous
researches, but it seems to be confirmed by the following evidence: only the large, rich families, firstly defined
by Hirayama, have always been recognized by all the authors, whereas the minor families were sometimes
identified, or partially confirmed, or undetected at all, as in the case of B27, to which eight members are assigned
in Brouwer’s classification. This family is included by Arnold in A77, with 16 members, 7 of which are also B27
members: only one of the nine left was not yet discovered in 1951. Lindblad and Southworth (1971) identify
instead a S-members family, while in the present work 6 B27 and 10 A77 members are included in Victoria
(see table 3). Completely different is the case of B16, again with 8 members: only 3 of them are included in
Arnold’s A66 and 2 in A67, whereas 7 are recognized by Lindblad and Southworth; in the present research
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B16 disappears completely. We want to point out that most of the little families are contained in the central ring.
whose flat and homogeneous structure was previously discussed.

Our conclusion is that the asteroids’ groupings, significant for the interpretation of the structure of the
asteroid belt, are only those coincident with the 4-5 density maxima in figure 2. The question if they were
grouped by dynamical processes, or they are to be considered as the remnants of primary larger bodies, or finally
if they appear only because of the data incompleteness (as shown in the case of Nysa), is still open.
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EBos 62 3.0156 3.0060-3.0239 L0735 .0549-.0933 .1776 .1682-.1858 1-2 | H2,B2,A2 —~ Eos 48 3.0155 .0759 21795 1
Coronis 61 2.8751 2.8316-2.9182 .0490 .0365-.0646 .0368 .0334-.0402 1 H3,B3,A3,VH3 Dresda 35 2.8840 .0507 .0368 1
Gefion 9 2.7901 2.7673-2.8134 11358 .1296-.1478 L1641 .1586-.1698 2 VH16 Gorenisl Coronis 26 2.8632 .0466 L0367 1
Io 27 2.6755 2.6515-2.7097 1675 .1500-.1875 .2161 .1977-.2394 2 A69,B19,L545,vi33 Iduberga 9 2.2422 .1551 L1247 2
Tyche 41 2.6019 2.5482-2.6500 L1644 .1269-.2451 2371 .2200-.2636 2 VH33, (B20,A70) Flora—| Berolina a7 2.2356 21398 .0810 1
Astraea 36 2.5737 2.5262-2.6264 2172 .1765-.2641 .0758 .0552-.1044 2 Flora 106 2.2143 .1415 .0776 2
Russia 15 2.5538 2.5372-2.5739 197 .1894-.2071 L1215 .0957-.1485 2 A73,Ls43
Nysa 77 2.4009 2.3379-2.4676 722 .1440-.2012 .0459 .0335-.0640 1 B24,A74,vi32
Victoria 26 2.3765 2.3295-2.4344 11999 .1738-.2290 .1855 .1474-.2306 2 B27,A77,vH27
Phocaea 29 2.3654 2.3058-2.4284 .2396 .1821-.3158 <4434 .3879-.5135 1 H5,BS5,A5
Baptistina 34 2.2848 2.2487-2.3157 L1560 .1349-.1881 .1041 .0833-.1263 2 B9,A9
Flora 162 2.2220 2.1798-2.2535 1417 21112-.1737 .0812 .0483-.1320 | 1-2, sgéﬁ(ﬂss) +A(6789)
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Table 3 Listing of family members and comparison with other classifications. (H: Hirayama - B: Brouwer - A: Arnold - vH: van Houten et al. - LS:
Lindblad and Southworth).

HIIDA HYGTEA THEMIS P08 CORONIS GEFION © TYCHE ASTRAEA RUSSIA
caH | Others | caM |others | cam |others | ca [others | can [others can |others | caM |others | cam |others | cam [others | can |others Cat |others | CaM [Others | cam [others | cau |others
221 | ma | 1413 B | 158 [ ma 1802 1212 B
153 10 24 | EA | 1247 BA {2596 | v 320 | w1416 B | 167 [ mma | 1824 1433 A 85 ALs | 250 | +mA 5 232 | B
190 294 e2+¢| ma |1253+| Ba |2602 | wn 330+ | mBA | 1434 B | 208 | mma | 1835+ 1751 141 aLs | 404 53 262 ALS
958 538 oo+| mBA |1259+| BA [2622 | v 450 | mBA | 1533 B | 203 | mma | 1848+ 1836 145 | B 546 269 518 ALS
1038 1209 | 1S 104 A | 1261 2631+ wi 513+ HBA | 1552 BA | 263«| EBA [2085+| vE [ 2545 | vH 166 | B 630 [ B 419 678 ALS
1180 1273 171+| mea | 1302+| BA [2702 | v 529 | mm | 1605 A | 277 | Ema |2528+| wvu |412¢ | v 390 as | 712 662 1281 A
1212 1561 222 | mA | 1331 B |2757 | v 562 | meA | 1641 A | 31+| A |2549+| e [4des4 | vH 89 | B 737 970 | B 1391 ALS
1512 1599 23 | A | 1340 B 2821 [ w 573 | mBA | 1649 A | 321+| ma |2%81+| v [6071 | vH 888 s | 839 | m |12 1460 A
1746 2558 | v 268 | HmA | 1383 B |2825 | w s79+| mA | 1711 A | 262 | ma |2894+| vB 6556 | v %7 | B 523 | +ma | 1430 1501 a
4282 2570 | vH 36+| B | 1440 B | 4127 [ v 633 | ma | 1723 A | s3e+| ma 4036 | v 1238 | m 971 | B | 1450 1756
4652 2611 | W 379 | me | 1445 BA | 4506+ v 63or| mBA | 1732 A | 658 | EBA |4122+| vH 1313 aLs | 995 A |ien 1860
2692 | 383¢| mBA | 1462+| Ba |4525 | wm 653 | ma | 1737 7200 mea | as2t+| v 1384 [ = | 1050 A | 2020 2531
4035 | va 461+| HBA | 1487+| BA |4582 | 661 | mA | 1753 761 | mea | 4593+| wa 1499 aLs | 1094 2036 4591
4061 | v 68+ | EBA | 1489 4585 | v 742 | EBA | 1758+ 811+| meA | 4661+ | wvH 1510 a | 1106 2048 6038 1s
4214 |vhrs | 492+| EBA [153%+| mA 4600 | wa 766 | HBA | 1767 83; FBA | 6044+ | v 1783 1168 2073 6120
4529 |wizs | 515 | mBA | 1576+ A |4603 [ vm 775 | mA | 1780 962+ | HEA | 6534¢| vH 2139 | v | 1193 A | 2081 6744
4628 | vi 526+| mBA | 1581+ A |4651 | v 798+| HBA | 1786 975+ | mea |6542 | vH 2506 | va | 1329 A | 2083
4780 | v 555 | mBA | 1615+ A | 4776+( v 807 | mBA | 1801 99: HBA | 6546 | i 2514 | va | 1392 A | 2200
6066 | vH 561 | mB | 1623+ A |4801 | 833 | mA [1812 [ vH [1020+| mmA |eSe5+| vA 2681 | vi [1425 | mA | 2573
6191 | wa 621+| mBA | 1624+ A |e121 | w 8% | mBA | 1852 1079 | mBA | 6632¢| A 4085 | v | 1431 A | 2618
6688 | vH 637+ mA [ 1633 A |6276 | wa 1075 | ma | 1861 1100+ | EBA | 6792+ wH 4150 | v | 1453 A | 4018
6135 | wH 656+ HBA | 1669+ A |63 | w 1087+| A | 2s04+| e [1223 | mma 4698 | va | 1473 4088
710+ HBA | 1674+ A |e522 | w 1105 | HEA 1289 ) 6046 | wi | 1503 | B | 4091
767+ HBA | 1686 A |6529 | wa 112 B 1336 B 6096 | i | 1531 A | 4105
846r| EEA | 1687+ A | 6543 | wH 1129+ | HBA 1350+ | B 6114 | va | 1554 A | 4141
848 | HBA | 1691+ A |ese2 | i 148 | HEA 1363+ B 6621 | i | 1688 a |41
936+| HBA | 1698 A |66 | wm 174 | EA 1389 = 6191 [ va 1775 4272
938 [ mBA | 1764 6569 | v 1186 | HEA 1423 B 7561 | v | 2121 4613
954+| HBA | 1778+ 58 v 1199+|  HEA 1442 B 2786 | wi | 6053
981 | mBA | 1782+ 6587+ i 1207 | 1ma 1482¢ | BA 4100 | va | 6057
988 B | 1788 6639 | vH 1210 | EBA 1497+ |  BA 4130 | vE | 6065
991+ mmA | 1805+ 6652 [ v 1220 | HEA 1570 A 4140 | va | 6108
996 | HBA | 1815 6745+ v 1234+| B 1618 a 4547 | vA | es32
1003+ Ba | 1851 6769 | 1286 B3 1635 A 4552 | vH | 6566
1027+| HBA [2023 | vi | 9606 | vm 1287 B 1725+ A 4622 | v | 6644
1061 B 2523 | ve 1291+|  BA 1741+ 4831 | w6675
1073 BA 2535 | vH 1339+ B 1742+ 6119 6706
1074 | mBA {2547 | wE 1353+|  BA 1745+ 6513 | wH
1082+ EmA [2548 | wa 1388 B 1762 6523 | wH
1142 B | 2553+ | i 1410 B 1774+ 6641 | v
171 A |2563 | wa 67112 | Wi
+Dorothea, H2,B2,A2,vi2 +Dresda, i3,B3,A3,vi3 B19,291, V816 6774 | wu
Ls41,vEB4 +Erato, H1, B1,A1 Vil
19,269, B20,B21(+), | B23 B23,A73,1543
1SIo,vi33 A70,viB3
NYSA VICTORIA PHOCAEA BAPTISTINA FLORA .
Table ation between the aster-
CaM |Others | CaM |Others | CaM |Others | CaM |Others | CaM | Others CaM | Others | Ca | Others | CaM | Others | CaM |Others | CaM | Others 5 Rel ion betwee
oid families and the resonances with
44 | B 4078 | wm 12 A 25| ma | 298 | ma 8 | mma |1047= ma |1514=| ma | 1807= 9085 | i
135 | B [ 4082 | wu 84 | m 105 | me | 376 | B 43 | m | 1052=] mBA | 1518 B [ 1810=| i (9609 [ v Jupiter
192 | B [ 4103 | wa 115 265 A | a8 | m 256 | mBA | 1055 | mBA [ 1523<| B | 1814 p .
650 | BA [ 4113 | wm 219 290 | mea | 809 | =ma 281 | mBA | 1056=| mBA | 1527=| BA | 1820
750 | B | 4247 | 220 3: B | 956 | A 341 | meA [ 1058 | mma |1530=| ma | 1823
99 | BA | 4304 | v 29| B 326 | A 1078 | BA 352 | HBA [ 1060/| mBA |1549=| BA | 1831= :
1183 4526 v 284 391 A | 1126 B 364 HBA | 1088 BA | 1562= BA | 1850 Resonance n a families
1378 4528 | v 313 | B 502 | mBA | 1314 | ma 422=| HEA | 1089 | HBA | 1563 B | 1855 (my /n ) (/) ()
1493 | Ba | 4555 | v 163 587 | HBA | 1365 | Bra+ 453 | mBA | 1117=| mBA | 1577= A | 1857= ast’
1559 4587 vH 486 A 352 HEA | 1387 B] 498 HEA | 1120 HEA | 1590= AvH| 2013 v
1650 4595 vH 584 BA 950 A | 1419 BA 525 A 1123 HBA | 1601= A | 2060 vH
1757 4618 v 753 a | 109 BA | 1476 BA 540 HEA | 1130 HEA | 1602 A | 2077 vH 3
1768 4650 vH 783 a 1103 B | 1526 BA 553= HBA | 1133 HBA | 1608 A | 2122=| wH n 299.0510 5.201 Trojans
18216 4663 vH 855 BA 1164 B | 1696 A+ ;‘3? g Hgg_ HEA :gg A ;?jg
184, v 4692 v 916 BA 1170 B | 1842 HBA A 3/4 398. Thu
00 4742 | wva | 1236 1192 B | 2072 711 | mma | 1188 | EBA | 1622 a | 2770 / 8.7340 4.293 e
2027 4751 vH 1278 1318 BA | 2099 728 1216/ BA | 1631/ A | 4008 vH
2035 | wvi [ 4839 | vE | 1466 1322 B | 2107 736 | HBA | 1219 | EBA | 1634/ A | 4014 2/3 448.5760 3.969 Hilda
2050 v 4875 v 1504 1565 A | 2168 ;?3‘ HEA | 1249 BA | 1636= A | 4022=| wH
2051 vH 6055 vH 1507 a 1568 A | 2507 HBA | 1270 BA | 1651 A | 4066 vH
289 | wi | 6061 | vE | 1665 1573 A | 4032 800 | mBA | 1274=| BA | 1652 avit| 4119 | vH 3/5 498.4180 3.700
2164 vH 6062 Vi 1694 1575 A | 4099 g?g g :g:: BA lggr A 41§9
2566 v 6080 vH 2569 1584 A | 4200 = B A | 475=
2580 | ve | 6081 | wi | 4043 1591 A | as17 8n=| ma | 1376 B | 1667 A | 4537 172 598.1010 3.276
2603 vH 6085 v 6123 vE 1626 A | 488 831 HEA | 13962 BA | 1675 A [ 4550 vH Hygiea
2606 | vH | 6097 | i 6645 | i | 1657 a | 4617 836 | mBA | 1399 B | 1682= A |48 | ;
2630 v 6102 v 1803 6075 864 1405/ B 1703 A | 4620 vH
211 | vH | 6354 | wi 1816 €110 871=| mBA [ 1412 B | 1707 A [4623 | wH 4/9 672.8640 3.029
2216 | v | 6sa7 | wm 1817 6126 883=| mBA | 1415 B | 1713 A |4638=| Eos
2775 | v | es0 | v 6186 901 | mma |1418/| B | 1717 A | 4637
2777 | vH | 6578 | wH 6631 905 | EBA | 1422 B | 1733 A 466 | vH 3/7 697.7850 2.956
4009 | ve | 607 | v 6737 913 | ma | 1446 A | 1736= 6199 | vH Coronis
015 | wa | 6635 [ wa 671 915=| mmA | 1449 B | 1738 6285 | i 2 747
4021 | va | ees7 | wa 9523 929=| mBA | 1451 B 1784 | v |6s80 | wa /5 6260 2.823
2023 | v | 6773 | wa 935 | HBA | 1455/ BA | 1752 6593 | v Gefion
4033 [ wa |69 | v 936=| HEA 1472 BA | 1763 6615= vH T
4038 | vH | 9093 | v 951 | wmA | 1480 B | 1785« 6619 | va o
4039 | i 9%3/| B | 1496 B | 1790= 6643 | vH Tyche
4056 | vH 967=| A |1500/| BA [1798 6669 | v Astr:
2077 | 1016 | mea | 1513 B | 1806= 9066=| vH R aea
ssia
B24,A74,VHB32 B27,A77,vH27 | H5,BS5,A5 B9,A9,B8(+), =Berolina, /Iduberga, H6,B(6789) ,A(6789),vHE 1/3 897.1520 2.500
28 (+)
Nysa
Victoria N
Phocaea
Baptistina
2/7 1046.6770 2.256
Flora
1/4 196.2020 2.064
. . 2f9  1fs 27 13 3fs 25 3[74f8 12 3fs 2/3
Table 4 Ring and subring structure of the | I l REE | l |
asteroid belt and its correspondence with the
families. 60~ .
Ring Subring | Femilies N. of el. | Fam. el. | Percentage 40-
- a: 954 pPLS
Flora Flora 290 162 55.86 ASTEROIDS
Tnner Beptistin }554 }st }35 o 20-
Nysa fyemenl 564 166 29.43
Nysa
T T 3 T o 0y
Gefton 20 25 3.0 35 4.0 a (Auv)
Central | none Tyche 851 128 15.04
Russia
Astraea
Coronis | Coronis 195. 61 1.28 l I I l I l I | I I [
Outer 208 Bos 1854970 | 624 258 | 33.51126.60
Thenis_ | Thenis [} 590 135 22.88
Hyglea It [t22.
60 -
Main
asteroid 2675 4 26.69
belt
40 -
b: 1810 NUMBERED
ASTEROIDS
20 -
- i) g
T + T + t
20 25 30 35 40 a (Au)

Figure 1 Distributions of the semi-major axes of the two asteroid popu-
lations: a) PLS and b) numbered asteroids.
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Figure 2 Isodensity curves in the (g, i) plane for the cumulate popu- Figure 3 Isodensity curves in the (g, i") plane for the numbered asteroid
lation of PLS and numbered asteroids (2707 objects). population (1762 objects).

Figure 4 Isodensity curves in the (a, i) plane for the PLS asteroid popu- Figure 5 Isodensity curves in the (a, ') plane for the cumulate popula-
lation (945 objects). tion of PLS and numbered asteroids (2707 objects).
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Figure 7 B(a, O) distribution for the asteroid population of the Flora subring
(inner ring) and of the families therein contained.

Figure 6 B(a, O) distribution for the whole asteroid population
of the main belt and the asteroids of the families listed in table 1
(Hilda has been excluded).
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Figure 8 B(a,O)distribution for the asteroid populations of the Nysa subring
(inner ring) and of the families therein contained.

Figure 9 B(a, O) distribution for the asteroid populations of the
central ring and of the families therein contained.
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Figure 10  B(a, 0) distribution for the asteroid populations of the three subrings of Coronis, Eos, and Themis (outer ring) and of the respective families.
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