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Summary. Abramowicz et al. (1977) have recently shown
that a sharp cusp exists on the inner edge of the accretion
disk (with constant angular momentum), orbiting the
Kerr black hole. The cusp resembles very much a
similar cusp located on the Roche lobe in the close binary
case (Lagrange L, point) and therefore its existence is
very important from the physical point of view. In this
paper we will show that the existence of the cusp is a
typical phenomenon for any angular momentum
distribution. We will also discuss the physical importance
of the cusps. It is proved that the inner edge of any stable
disk cannot be closer to the black hole than the marginally
bound circular orbit, r=r,,,.
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1. Introduction

The theory of non-geodesic, perfect fluid disks has been
recently studied by Fishbone and Moncrief (1976),
Fishbone (1977) and Abramowicz et al. (1977). Fishbone
and Moncrief (FM) described the hydrodynamical
structure of isentropic disks,

s=const ¢))

while Abramowicz et al. (AJS) did it in a more general
case of barytropic disks,

p=p(e). )

Here s, p and ¢ denote the specific entropy, pressure and
total energy density. Both FM and AJS assumed
stationary, axially symmetric, perfect fluid disks with a
purely azimuthal flow. These assumptions and (2) will be
employed in this paper. There are five differential
equations (four Einstein’s field equations and one
relativistic Euler’s equation) which determine the hydro-
dynamical structure of a disk model. The authors
integrated only the relativistic Euler equation and there-
fore in both FM and AJS solutions some unspecified
functions appear. However, if one assumes that disk’s
self-gravitation is negligible and the background gra-

vitational field is known, then only one unspecified
function remains. It describes the law of disk’s rotation.
This function in the zero—viscosity case cannot be
determined and has to be assumed a priori.

The ¢=1=G convention and + — — — signature is
used in this paper. This means that all the physical
quantities are measured in terms of length. The length
unit is taken to be the mass of the black hole: MG/c*=1.
We also adopt the standard, spherical coordinate
system in which the metric tensor does depend neither
on the time coordinate, ¢, nor on the azimuthal coordi-
nate, ¢'. The convention adopted here is that the matter
rotates in the positive direction of ¢ and that the angular
momentum of the black hole can be either positive
(direct disks, direct orbits) or negative (retrograde disks,
retrograde orbits). In the standard coordinate system
the line element of the spacetime can be written as

ds* =g, dt* +2g,,dtdp + g,,d* + &,,dr* + geed6”. 3)

On Figure 1 some most important features of the
disk are presented and some important lines and points
named. We will use subscripts “in” and ‘“out” in order
to mark the values of physical (or geometrical) quantities
in the inner and outer edges of the disk. For example 7,
denotes the “inner radius™ of the disk on the equatorial
plane. For a given disk and any physical quantity Q the
quantities O, and Q,,, do not depend on ¢, ¢, r, 6 co-
ordinates. We will use the definition

P =8 — 8u8po-

In the Newtonian limit p is the distance from the axis
of rotation.

2. Relativistic Concept of Angular Momentum Density

" a) Newtonian Definition

The angular momentum per unit inertial mass (we will

call it also “angular momentum density” or simply
! The reader interested in an invariant formulation of our method
can consult Appendix 1 or e.g. the papers of Bardeen (1973) or
Abramowicz (1974)
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Fig. 1. The meridional section of the disk
and the black hole

Fig. 1a. The von Zeipel cylinders for the test fluid orbiting the Schwarzschild black hole.
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“angular momentum”) is defined in the Newtonian
theory of gravitation by the formula:

h=QR, @

where Q is the angular velocity and R is the distance from
the axis of rotation. In the case of barytropic fluid von
Zeipel’s theorem guarantees that the surfaces Q=const
coincide with the surface jy=const. This means that
L=k (R) and Q=Q(R). Therefore, we can characterize
a law of the rotation of the body by a specification of the
form of the function

N=h(@. | ©)

We will call this function the von Zeipel’s formula. The
criterion for the convective stability simple states that
Iy has to increase outward,

d

— [, =0. 6
RNE ©)
For an arbitrary motion in an axisymmetric, stationary
gravitational field J, is a constant of motion (does not
change on a flow line):

0 ) :
—+0'F; | jy=0. 7
( a ¢ i|] 'N ( )
Here o' is the velocity and V; is the operator of the cova-
riant derivative. In addition to these, Jy is simply con-
nected with the scalar of rotation, w, of the congruence
of the flow lines:

—0* =3 RT2(Vik) - (k). ®

The definition of w is: —w?=(1/2)w*wy; ©* is the
antisymmetric part of Viu*.

b) Relativistic Generalisation

A relativistic generalisation of the concept of the angular
momentum density has to mimic as close as possible
the above properties of J. The most frequently used
relativistic definitions of the angular momentum density
are the following:

I =—~u,lu, &)
b=—u,, (10)
Lo=—u.u. 11

The relativistic angular velocity is defined by
Q=u/ii. 12)

Here u'= (', u®, 0, 0) is the four velocity of the fluid
expressed in the standard coordinaté system (3). Note,
that [ =1/(1—QI).

The reader can consult Table 1 in order to convince
himself that the choice made in this paper, /= —u,/u,
seems to be the most natural and reasonable.
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Table 1. Properties of the angular momentum per unit mass
1. Definition Newtonian: Relativistic: Relativistic: Relativistic:
. Wy=QR? I=—u,lu,  h=-—u, L=—uu

2. New-

tonian  QR? QR? QR? QR?

limit
3. von Not

Zeipel’s  Fulfilled Fulfilled fulfilled Fulfilled

theorem
4. Isita Only in

constant Yes Yes the vacuum No

of motion? !

5. Criterion Simple: Simple: Simple only No simple
of stability /; has to I has to in the criterion
increase increase vacuum,

outward outward has to
increase
outward
6. Scalar of , 5 2 (D2 No simple  No simple
rotation @ ~Wh) @' ~(F]) relation relation
7. Keplerian Monotonic Minimum  Minimum  Minimum,
distribu- at 7, at r, singular at
tion : singular at 1,
Toh

rns =radius of marginally stable circular orbit
rmp =Tadius of marginally bound circular orbit
r,=radius of circular photon orbit

From the definitions (12) and (9) it follows that

l=_&¢+gg¢¢’ Q=_&Q+lgtt . (13)
&:+9g, 8oo 180

. ¢) Von Zeipel's Cylinders

Let us define the angular momentum per baryon, j, the

" energy per baryon, &, and the injection energy, @, by

the following formulae (Bardeen, 1973):

. +¢
==, (14)
n

s=L%,, (15)
n
p+e :

o=E"% 6
L, (16)

where n is the number baryon density. In the barytropic
case the surfaces /=const and the surfaces Q=const

* coincide so one can introduce the function

F=(1-Ql) exp j" 1-QD~1Qdl, an

lin

where , denotes the value of / on the inner edge of the
disk. In the isentropic case all the surfaces Q=const,
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Fig. 2a. The meridional section of the disk (/=2.17) orbiting the Kerr
black hole (@=0.99). The numbers give the values of the potential W.
The fiuid fills up the equipotential surface with the cusp. (This is only
an example: the fluid can fill any closed equipotential surface—see
Figure 2b)

a=0 7

1:48

. L
4 12 20 28 36 rsin@

Fig. 2b. The same as in Figure 2a for the case [, =4.8, a=0. There is
the cusp on the closed equipotential surface W= —0.019762

I=const, j=const, & =const and ¢ = const coincide and:

P=6,F, (18)
J=6,l(1-Q)7'F, (19)
&=6,(1-QN)7'F, (20)

where &, =const denotes the value of & on the inner edge
of the disk (Abramowicz, 1974).

We will call the surfaces of constant / and 2 the von
Zeipel’s cylinders. In the case when the background
gravitational field is known and a special form of the
von Zeipel’s formula is assumed one can easily find the

explicit form of the functions
I1=1(r,0), Q=Q(,0) 1)

by solving Equation (13). In the case of a static gravi-

M. Koztowski et al.: Analytic Theory of Fluid Disks

tational field (e.g. Schwarzschild metric):

Q= —8pp/8- 22

This means that the equation of the family of von
Zeipel’s cylinders does not depend on the assumed
rotation law, /=I(Q). In the case of a stationary field
with g, +0 (e. g. Kerr metric) the equation of the family
of von Zeipel’s cylinders will depend on the rotation
law. Figure 1aand 1b givestwo examples of the behaviour
of the von Zeipel’s cylinders.

The most remarkable property of the von Zeipel’s
cylinder is their cylinder-like topology inside the matter
distribution (Abramowicz, 1974).

3. AJS Solution

The quantity of 4=1 is called the redshift factor? and
the quantity U=y, is the energy of the fluid element
(per unit inertial mass). From the condition #%=1 it
follows that: "

A =(gtt+29&¢+g¢¢92)_1/2s (233)
U =—(g,,+2g,+7Pg) "p, (23b)
AU=(1-QD™". (230)

The AJS solution of the relativistic Euler equation,

g 2 24a
p+e ' 1—-QI (242)
can be written in two equivalent forms
’ P dp
W—W,,=In (FA),,—In (FA) = — [ 22, (24b)
. opte
]
W-Wo=ln U-lnUp— [ 28§ & (4

lin 1-QI opt+ 8.
The subscript “in” can be replaced here by “out”. The
quantity W= W(p) is equal in the Newtonian limit to
the total potential (gravitational plus centrifugal) ex-
pressed in the units of ¢®. Therefore, at infinity W =0.

In the isentropic case considered by FM one has

[

> =In ()

(25

with A= (p+ ¢)/n being the specific enthalpy. In any case
the equipressure (equipotential) surfaces are given by
the equation W=const.

For a known background gravitational field and a
given von Zeipel’s relation it is easy to determine the
explicit form of the equation

W(r,0)=const (26)

2 If r denotes the proper time of an observer with the four velocity

@, u®, 0, 0), then dr=dt/A
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from (24) and (21). Thus, the problem of constructing
the disk model is completely solved.
Note, that from (24c) it follows that

U, = Qd
In—euto [ 2
Un 5. 1-9Q1

For a known background gravitational field.and a given
von Zeipel’s relation this equation links 7;, and 7,,.

4. Two Explicit Solutions

Now, we are going to give explicit solutions for disks
which obey two von Zeipel’s relations

I=const,

/(1 — Q) =1 =const.

(27)
(28)
_Thé first relation was used by AJS and recently by

Fishbone (1977). The second relation was used by FM.

We will assume that the background gravitational field
is given by the Kerr solution:

2r
& »+a?cos? 0’ 29)
2ar sin2 0
& =2 2 cos? 0 (30)
2a%rsin® 60 ] .,
__ 2a°r sin” 6 1
. ['2+"2+r2+a2cos2 0] sin? 6, 31)

with |a| <1 being the total angular momentum of the Kerr

black hole (Note, that in our notation, the total mass of-

the black hole is equal to one: M =1).

a) Solution with I=const

This solution is important for the following physical
reasons:

First of all, according to Seguin (1975) configurations
with /=const are marginally stable with respect to the
axisymmetric perturbations (convective transport of the
angular momentum). There are some reasons to believe
(Weir, 1975) that if some specific mixing processes are
present then the disk will tend to reach such a marginally
stable state.

Secondly, if in a region of the disk the characteristic
time scale of the dissipation of the angular momentum,

iz -1 on~!

s IV =l (v' —) (32)
or

is much longer than the characteristic time scale of the

radial drift,
Larie S T[V (33)

then the fluid moves inward with practically no dissipa-
tion of the angular momentum. In such a region we will
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have [~ const. Note, that for the nearly Keplerian disk
we have 8l/or~0 for r~r,,. (On the circle r=r,, the
marginally stable circular orbit of a free test particle is
located. It is believed that this corresponds to the inner
edge for the nearly Keplerian accretion disks (see
Novikov and Thorne, 1973). Therefore,

tdiss > 1
tdrift

(34

Thus, the nearly Keplerian disk will have /=const in
the vicinity of its inner edge. Adopting formulae (17),
(23) and (24) to the case /=const and remembering that
at infinity we have Q=1I/r*=0, A=(1-12/r*)"1?=1
we can write the final result:

(355)

I =const,
— Bl (35b)
8ot lg,q,
A4 =(g,+2Qg,+PLg,,) 7, (35¢)
W=—In[4(1-Q)]=InU. (35d)

b) Solution for |, =const

This solution has no strong physical motivation. We
present it only in order to compare with FM solution of
the same problem. Simple calculations similar to those
for /=const case now gives

I, =const, (362)

Q=— 21*&0’ 800t (4l:p2 +gq2w)1/2 , (36b)
2l*g¢¢

W=—In A+[Q. (36¢)

¢) Nature of the Solutions = const and [, =const

Figure 3 gives two examples of the behaviour of the
equipotential surfaces, one for /=const and one for
[, =const case. The matter can fill each of the closed
surfaces W=const. Note, that in both cases one of the
closed equipotential surfaces has a sharp cusp located on
the inner edge of the disk. This, however, does not
contradict the results of FM stated that no disks with
[, =const have any cusps.

In the FM method the cusps are explicitly excluded by
the assumption that the pressure gradient cannot be zero
on the disk boundary.

One can gain the best insight into the nature of both
I=const and /, =const solutions by the examination of
the behaviour of the potential W on the equatorial plane
of the Kerr black hole. This behaviour is qualitatively
the same for disks with /=const and [, =const and does
not depend on the value of the Kerr parameter, a. It is
shown on Figure 3. For W<0 we have closed equi-
potential surfaces and for W>0 the equipotential
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Fig. 3. The behaviour of the potential W on the equatorial plane, for
I=const and /, =const disks. The broken line shows the locii of the
minima (center) and the maxima (cusp). The definitions of /™=, /™i®,
r™==_ pin can be easily read out from this figure. Note the close analogy
with the behaviour of the effective potential for free particles (Bardeen,
1973)

surfaces are open. The minima of W correspond to the
centers (i.e. points in which the pressure is maximal)
and the maxima to the cusps. The disk-like configuration
is possible (center exists) only when

1= [™in(g) (37

in the case of /=const, or
[, =™i%(q) (38)

in the case of [ =const.

For the critical values /=/™ (or [, =[") the center
and cusp are in the same point ™ (or r§"®). It is evident,
that 7™ (or 72®) is the minimal value of r for the center
and the maximal one for the cusp. The minimal value
of r for the cusp (and therefore also for the inner edge
of the disk) is reached when the cusp is located on the
marginally open equipotential surface, W=0. Such a
situation is possible when /=/™** (or [ =["**). Thus,
we can write

K 21"(a) 39)
in the case of /=const, or
rin 275 (a) (40)

in the case of [, =const. Note, that in the case /=const
we have

rm =Fns» (41 a)
P—— (41b)

Figure 4 gives the behaviour of the critical values of /
and r (I, and r,) for both direct (a/>0) and retrograde
(al <0) disks.

Note, that /=const disks are typlcally ‘more
relativistic” than /[, =const disks.

M. Kozlowski et al.: Analytic Theory of Fluid Disks

d) Convective Stability of the Models

Seguin (1975) has shown that a configuration is stable
with respect to the (local axisymmetric) convective
perturbations if / increases outward. It is clear that all the
models with /=const are then marginally stable. We
have checked that all the models with /, =const are also
stable. (See Fig. 5 for an example of /, =const distribution
of the angular momentum, /.)

5. Physical Importance of the Cusps

We have shown that the cusp exists typically (for not
too small and not too big angular momenta) for disks
with angular distributions /=const and / =const. It is
easy to note that for any stable distribution of the angular
momentum the existence of the cusp will also be typical.
On Figure 5 the dotted line represents a ‘“‘general”
(stable) angular momentum distribution. This line
crosses the Keplerian angular momentum distribution
in two points: the first corresponds to the cusp and the
second to the center of the disk.

It is easy to show (see Appendix 2) that the cusp
cannot be closer to the black hole then 7, and that the
same is also true for the inner edge of the disk:

T Z Tmb 42

This result in the special case of /=const disk was
obtained by AJS and Fishbone (1977). The less restrictive
(and in a sense trivial) condition 1, > r,,, was obtained by
FM.

The existence of the cusp is a very important pheno-
menon. It is clear that the accretion near the inner edge
of the disk will be determined by the existence of the
cusp which resembles very much a similar cusp located
on the Roche lobe in the close binary system (Lagrange
L, point). Having in mind this analogy Paczynski (1977)
has proposed that the accretion into the black hole
would be driven through the vicinity of the cusp due to
a little overcoming of a critical surface, W= W,,,, by
the surface of the disk, i.e. by a little violation of the
hydrostatic equilibrium (Fig. 6). In this case no viscosity
is needed in order to support the accretion in the vicinity
of the cusp. This new scenario for the accretion onto the
black hole removes the difficulties (pointed out by
Stoeger, 1976) connected with the incorrect inner
boundary condition adopted in the classical Novikov
and Thorne (1973) accretion disk model. We will discuss
this very important problem in details in a separate
publication. Here we will give only a rough estimation
of the maximal accretion rate following Paczyriski’s
scenario for the accretion through the cusp.

Let 3, denote the drift velocity measured in the local
rest frame of an observer whose motion is a pure rotation
described by Equation (12). Let us also assume that in the
vicinity of the inner edge of the disk we have /=const.
This assumption follows from some arguments similar
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Fig. 4c. The critical values of / for /=const disks and ax1

tothose used in derivation of formula (34). The relativistic
Bernoulli equation (Novikov and Thorne, 1973) can be
written in the following form

he” (1 —1?) "2 =const (on a flow line). (43)

Using this equation one can easily show that the flux of
the rest mass density,

fe_folh

-y “
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1
é Tms
Tmb
Th
1 ! | 1 1 1
0 09 099 09999 0999999
0999 099999 09999999
a

Fig. 4b. The critical values of r for /=const disks and a~1 (see also
Bardeen, 1973)

12 2

Fig. 4d. The critical values of /, and r, for /, =const disks

will be maximal when the radial drift velocity is equal to
the velocity of sound, v, = (dp/de)!/2. Therefore, assuming
that 1, <1 and denoting f=1,/v, one can write

f=Bf™*=Beot, + O(%7). (45)
Now, let us assume that the fluid itself is not relativistic
and obeys a polytropic equation of state

p=Keg*™'N,  ey=pn (46)

with K, N and p being constant. In this case the rela-
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Fig. 5. Keplerian distribution of the angular momentum (4, 4', 4",
B”, B, B') compared with three examples of the angular momentum
distributions inside disk: the /=const distribution (4B), [ =const
distribution (4”B") and a “general” distribution (4'B’). The letter 4
indicates cusp and the letter B indicates center of the disk

Fig. 6. Paczynski’s scenario for the accretion. The surface S is defined
by r=const, |0 —n/2| <6, 0L ¢ <27. The surface S,,, is defined by
the similar condition with 6, instead of 6,. W, denotes the equi-
potential surface which far away from the cusp coincide with the
surface of the disk. The actual disk’s surface is marked by the heavy
full line

tivistic Bernoulli equation can be written as

KA+N)N +i2+ W=W;. @7

Here K(1+N)YN and 41 are the first order terms in the
expansions of In 4 and In (1 —1?)"'/? with respect to
1/c®. The Bernoulli constant, Wy, is assumed to be the
same for all the flow lines. This follows from the fact that
far from the cusp the hydrostatic equilibrium is fulfilled,
and that at the surface of the disk (W= W) both v, and

M. Koztowski et al.: Analytic Theory of Fluid Disks

08|

06[

041

Ttrue

Fig. 7. The shear magnitude for the /=%(l,,+1,,) distribution on the
equatorial plane of the disk. The heavy full lines correspond to the
part of the disk between its center and cusp. The shear magnitude is
plotted vs. r,p,. = [ (—g,,)"/dr. Note, that the maximum of themagnitude
of shear almost exactly coincides with the cusp and that there exists a
point between cusp and horizon where shear is equal to zero. This is im-
portant for the correct formulation of the inner boundary condition
for the “integrated stress” (Novikov and Thorne, 1973; Stoeger, 1976)

& are equal to zero. From the Bernoulli equation it
follows that

fmﬂ:(JI:IJ/s+—1Z)N+1/2[K(JfJV+ 1)]N'

48)

The accretion rate, dM,/dr, measured by the “comoving”
observer® is equal to the amount of the rest mass out-
flowing the disk in a unit proper time through the surface
S (see Fig. 6):

dif —=| fas. 49)
The maximal possible rate of accretion is equal

dif: = | fmdS=GaDHK AW, (50

where

AW =Wy — W, (1)

The factor G(a,[) contains the information on the space
time geometry and the behaviour of the potential W
near the cusp:

Gla,[)=4n [—gtéﬁ"-—]m , (52)

%(1 - Ué) r=rcusp

0=m/2

3 The “comoving” observer has v,=0 and the four velocity given
by u'=(, u*, 0, 0)
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where _
v,= 1U/pA (53

is the azimuthal velocity measured in the locally non
rotating frame (Bardeen, 1973) and

"= <%V)a=n/2

1 2424 UG+ )+ P+ X)) O
2 Zy+21Y, + X, ’
with
X,=1-2/r X, =2a%/P,
Y, =2a/r Y, = —2a(1 +a*/)r, (55)

Zy=— (r2 +a’+¥), Z =P +a&+Qad ) Q+a ).
Note, that

2 1/2
dS=n(—(1gE‘L§°)‘ll)/2— . (56)

The function H(N) is defined by

T(N+3/2)
T(N+2)

In the usual physical units the formula for the accretion
rate reads

H(N) =‘/7; (A +1/N)"N(N+1/2)~N-172 (57)

d _
d'c% =G HKNAWN*T  (g/s), (58)
where
G,=0.75 (M, /M@)ZG, (59)
H, = ANty (60)

and G, H, AW are given in the units adopted in this
paper (gravitational constant, velocity of light and the
black hole mass equal to unity). The functions G(a,/)
and H(N) are tabulated in Tables 2 and 3.

Formula (58) gives us the accretion rate in the frame
of the comoving observer. The accretion rate in the
frame of a stationary observer, dM,/dz,,, is equal

My __dM (&:+29&¢+92gw)‘/2, (61)
dtstat chomov gt

In Paczynski’s scenario for accretion it is assumed that
Topsp =7,

cusp ="'ms"

6. Discussion

Thetheory presented here does not include any dissipative
processes and assumes that the disk’s self-gravitation is
negligible. The examples of /=const and /, =const disks
do not pretent to describe any realistic, astrophysical
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Table 2. The geometrical factor G(a,/)

a Jmax '%(Im“ + lmin) Imin
—0.9999 0.957 E 03 0.134 E 04 ~ 0.340E 04
—-0.99 0.951 E 03 0.132 E 04 0.337 E 04
-0.9 0.892 E 03 0.124 E 04 0.314 E 04
—-0.6 0.710 E 03 0.980 E 03 0.244 E 04
—0.3 0.547 E 03 0.748 E 03 0.182 E 04

0 0.402 E 03 0.544 E 03 0.128 E 04

0.3 0.275 E 03 0.366 E 03 0.824 E 03

0.6 0.166 E 03 0.215 E 03 0.450 E 03

0.9 0.692 E 02 0.849 E 02 0.149 E 03

0.99 0.353 E 02 0.410 E 02 0.579 E 02

0.9999 0.260 E 02 0.291 E 02 0.332 E 02

Note, that we use here the computer notation: 0.260 E 02=0.260 10>

Table 3. The function H(N)

N 0 1.5 3

H(N) 1.11 0.062 0.00226

object*. They only give an idea of the advantages of our
method: analytic form and simplicity. Now, we would
like to make some estimations for the limitations of the
applicability of the theory due to our simplified as-
sumptions.

The work on a more sophisticated theory which
will include all the processes omitted here is now in
progress.

a) Dissipative Processes

The dissipative processes such as the heat generation,
transport of energy and angular momentum, radiation
etc., have their source in the fact that the fluid (with a
finite viscosity, n) rotates non-rigidly. The shear tensor,
6;, » which characterises the non-rigidity of the rotation
has the non-zero components:

1 1
@ =E Oy =E AspzaiQa (62)

where i=r, 6. Therefore, for a given angular momentum
distribution (i.e. given von Zeipel’s formula) and a
given background gravitational field (e.g. Kerr space-
time with given a) g, can be explicitly found in the form
0, =0y, (r,0). The heat generation rate per unit volume,
&neat» 18 €qual to

Epear =2071, (63)

—0;

where ¢?= —40'*g,, is the magnitude of the shear

4 According to the discussion given in § 4a, however, the inner part

of the nearly Keplerian disk will have /=const distribution of the
angular momentum
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tensor. From (62) it follows that:

= —”—4—]2 (0,251 + @2 i)

- U(l _ Q l) r grr 6 goo
In Figure 7 we show the behaviour of this quantity on
disk’s equatonal plane for the case /= (s + Lnp) = const.
Note, that in the usual physical umts, (s) 72, the shear
magnitude, o2 is equal to

62— (GLMO) (%) o*=4.1209 101° (%’-)2 2 (65)

This expression in the Newtonian theory of gravity reads:

() (4
* \GM,) \ M) B¥’
where f=r/(GM/c*). It means, that in the Newtonian

theory the magnitude of shear, when expressed in our
units, can be written as

=P/p*.

Note, that the magnitude of shear for Keplerian orbits
is equal in the Newtonian theory: 62=9/16 3. From
Figure 7 and Equation (65) it follows that the dissipative
effects will be, in general, more important in the case of
galactic black holes, M~3M,, than in the case of
supermassive black holes, M~ 3 10’ M, and that they

(64)

(66)

m=2mne, ||

disk

will be most important for the holes with the maximal
angular momentum, a=~1.

If the heat generation rate is very small then the
dissipative effects can be treated as a perturbation. The
relativistic equations for the non-perfect fluid can be in
this case linearised with respect to the zero-order
structure discussed in details in this paper. Solution of
these equations will give the first-order structure of the
disk, i.e. the explicit disk model including the explicit
model of the spectrum of radiation from disk. This
zero-and-first-order-structure approach will probably
be very fruitfull in the case of the nearly Keplerian disks.

The zero-and-first-order-structure approach is valid
only if the heat generation rate is very small. This,
however, depends strongly not only on the magnitude of
shear, o2 but also on the viscosity coefficient, n which
is not known with the sufficient accuracy. Therefore,
we will not give here any numerical estimations.

b) Self-gravitation

The self-gravitation of the disk is important in two
cases: First, if the total mass of the disk, m, is comparable
with the mass of the black hole, M, and second, if it
causes an instability.

M. Koztowski et al.: Analytic Theory of Fluid Disks

In the first case our approach is valid, but one has to
solve the Einstein field equations in order to determine
the functions g . This can be done by using a modifi-
cation of Ostriker’s SCF method. In the second case the
discussion given by Bardeen (1973) will be probably a
good starting point to solve the problem.

Let us examine the first possibility, i.e. let us check
whether the self gravitation is negligible in the sense, that

m
—<1.
M<

In order to find the total mass of the disk, m, we will
employ the well known Tolman’s formula:

m={[](F-T3-T-T) |/ —g &, (67)
where d*x=drdpdb, g=det {g;} and
Tx=(p+e)u'u, — 5 p (68)

is the stress energy tensor (with ufu, =u"u,=0). We will
assume the /=const case and the polytropic equation
of state (46) with

(69)

After some simple algebraic manipulations Tolman’s
formula gives:

P<e.

(1 +Ql) ( Wi — W)”" (P +d* cos? 0) sin 0dbdr,  (70)

1=QU\W,—-W,

where subscript ¢ refers to the center of the disk.
In the usual physical units, grams, the formula for
disk’s mass, m,, reads

e(C) (2
* 2 M, M-
This means, that in the usual units the m/M ratio can be

expressed as:
2
(ﬁ> =1.6192 1018 (-Ai> em.
M), M,

For a given background gravitational field each disk
with constant angular momentum is characterised by
two parameters: the value of the angular momentum, /,
and the value of the potential on the boundary, W,,. We
will use two others:

s

(M)

(72)

s 73

ho—h @)
Mn— I'Vc

g (74

The function m=m(a, N, f,fy) is shown in Figure 8.
From this figure and Equation (72) one can conclude,
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Fig. 8. The effects of the self-gravitation in the

that for the galactic black holes (M ~ 3M,) our approach
is valid even in the case of superdense accretion disks
(e,210'7 g/cm®). For the supermassive black holes
(M=~3 10" M) our approach is valid if ¢, S 1 g/cm?>.

7. Conclusions

The accretion disks with negligible self gravitation have
sharp cusps on their inner edges. The cusp resembles the
Lagrange I, point on the Roche lobe in the close binary
case and its physical role is very similar to the I, point:
Due to the existence of the cusp the accretion onto the
black hole is driven through the vicinity of the cusp
with no viscosity needed. The cusp (and also the inner
edge) of any stable disk cannot be closer to the black
hole than the radius of the marginally bound circular
orbit.

Typically, the effects of the dissipative processes are
more important for the galactic black holes (M ~3 M)
than for the supermassive holes (M~3 10" My). Self
gravitation is probably not important for galactic holes
but it is important for the supermassive holes. Neither
the dissipative effects, nor the self gravitation are
included in our method. »

Fishbone and Moncrief (1976) and Fishbone (1977)
have found no cusps in their accretion disk models.
There is, however, no conflict between their and our
results because they explicitly excluded cusps from their
solutions by an extra assumption that the pressure
gradient cannot be zero on the disk boundary.
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Appendix 1

Here we give an invariant formulation of the most
important definitions used in the body of the paper. We
have assumed, that the spacetime is stationary and
axially symmetric. This means that there are two
Killing-vector-fields present:

n', which has open trajectories and is unit and time-
like at infinity, and

&, which has closed trajectories and is everywhere
spacelike.

In the standard coordinate system (3) we have

&= 11i71i H gt¢ = nifi ’ g¢¢ = éici . (Al)

The definitions of 4 and Q can be read out from the
assumed form of the four velocity:

' =AM + Q8.
The invariant definition of / is:

I= — /i,

(A2)

(A3)

Appendix 2

Here we give a formal proof that r,, =7, .
1*) According to our convention:

Q>0, #>0. (A4)
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2*) Remark: For r>r,, we have

0<Qlp <1, (A5)

where K means “Keplerian™. :

3*) The center of the disk, 0=nr/2, r=r,, is located
on a Keplerian orbit (since V;p =0 there).

4*) Lemma : Everywhere in a disk (with a continuous
angular momentum distribution) we have 1 —Q/>0.

Proof: 1—QI>0 for 0==/2 and r=r, (from 2* and
3%). If Q/=1 in a point then (u*/u) (u,/u,)=—1 in this
point i.e. 'y +u®u,=0 in this point. This is, however,
not possible.

5%) Lemma: (0 In 4,/0l), o> 0.

Proof: (0 In 4/0]), p=uu®=Q(1—-QI) >0 (from 1*
and 4%). }

6*) Theorem: A stable disk with continuous angular

-momentum distribution has r,, >r,, . Proof:
o Qdl

W, =1 ; .
in n (ut)m+ lin1 '—Ql

(A6)

From 1* and 4* and assumed stability it follows that the

integral in (A6) is positive. Therefore:
Win2In (). (A7)

The condition: [, =/ is necessary for equilibrium. It

M. Koztowski et al.: Analytic Theory of Fluid Disks

follows from Lemma 5* that (u),,=()g(r,) and
therefore:

Wazln [()n)k - (A)
But ()¢ >1 for r<r,,, so we have
Wa>0 for r<r,. (A9)

The condition for a surface W=const to be closed is
W<=0. Thus, we have proved that it is not possible to
have any closed W =const surface in the region r<r,,.
Therefore, 1,27,,, Q.E.D.

in=
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