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Recombination lines in the primordial radiation
I. N. Bernshtein, D. N. Bernshtein, and V. K. Dubrovich

Special Astrophysical Observatory, USSR Academy of Sciences
(Submitted February 8, 1977)
Astron. Zh. 54, 727-733 (July—-August 1977)

An accurate numerical calculation is made for the intensity and profiles of hydrogen recombination lines of
cosmological origin. The dependence of these quantities on parameters of matter in the universe is
established: on the hydrogen density and on the total density of all kinds of matter.

PACS numbers: 98.80. —k

1. We shall consider in this paper the distortions in
the primordial background (vestigial) radiation caused by
the release of recombination photons as matter cooled and
was transformed from a fully ionized into a neutral state
during the early stages in the evolution of the universe.
Zel'dovich, Kurt, and Syunyaev! have examined the dynam-
ics of hydrogen recombination in a hot or big-bang model
universe, and have shown that the most powerful distor-
tions that could have arisen in the frequency range cor-
responding to the Lyman lines would not have survived,
because inverse capture of the high-energy photons liber-
ated in this manner would have taken place. The main
process ensuring an irreversible transition of electrons
to the first level turns out to be two-photon decay of the
28 level,

One of us has pointed out previously?3 that distor-
tions exist corresponding to transitions between highly
excited levels in the hydrogen atom. It has been shown
that these distortions will in fact survive, and their am-
plitude has been estimated roughly. The argument has
been made that an experimental detection of these distort-
ing effects would enable fundamental parameters of the
universe to be determined: the hydrogen density and the
total density of all types of matter.

We give below an exact numerical calculation of the
intensity and profile of the distortions described in these
papers.z’3 The intensity will be found to comprise ~5-
10-% of the primordial background radiation for the case
of a transition from the 17th to the 16th level, which cor-
responds to a present wavelength A = 30 cm (it is here as-
sumed that the density of matter is equal to the critical
density).

2. Let us consider the kinetics of hydrogen recombina-~
tion at a temperature T =4000°K and a densityn= 104em™3.
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Recombination will take place because of the drop in tem-
perature as the universe expands. Energy will be released
corresponding to a transition of electrons from the free
to the bound state, This energy will appear in the form of
superequilibrium recombination photons, that is, photons
in excess of the background Planck radiation. The whole
recombination process operates in a quasiequilibrium
fashion: At any epoch the background radiation remains
Planckian because of the isotropy of the expansion and

the independence of the red shift on frequency, but the
temperature of matter is very close to the radiation tem-
perature because of the Compton effect, Under these con-
ditions a slow rise in the number of neutral atoms will
occur against the background of a large number of re-
combination and ionization events, which serve to main-
tain the dynamical equilibrium of matter and the back-
ground radiation.

The superequilibrium photons released by the irre-
versible recombination process will interact with matter,
One finds that for all photons other than those of the Ly-
man series, this interaction, during the time span of in-
terest to us, is unimportant. But the Lyman photons will
rapidly be absorbed because of the high population of the
first level. Upon being absorbed, a Lyman photon emitted
in an i — 1 transition (where i is the number of the level)
will induce a 1 — i transition, returning the system to its
original state; thus we may regard transitions from the
first and to the first level as not taking place at all. Ulti-
mately, however, the electron will arrive in the ground
state by means of two-photon decay of the 28 level,

3. We turn now to a general formulation of the prob-
lem. As will be evident from the considerations above,
we should be interested only in irreversible recombina-
tion events. In each such event a certain set of photons
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will be released, corresponding to the trajectory with re-
spect to levels that the recombining electron describes as
it heads toward the ground state. We shall be interested
in the mean number x;j of photons of a specified fre-
quency (representing the transition from level i to level

j) released in a single irreversible recombination event.?3
Generally speaking, wij will depend on temperature, but
as we shall show presently, in the temperature range

4200 > T > 3800°K of interest to us, this dependence is
very weak (~ 1%).

By the definition of *ij, the number of superequilib-
rium photons will be

6N.’j=xiiﬁN07

where 6N, is the number of irreversible recombination
events, or, equivalently, the change in the number of free
electrons or neutral atoms, Photons released at different
epochs and accordingly at different red shifts z will have
different frequencies at the present time. Evidently Av/v
=Az/(1 + 2).

For greater clarity it is convenient to use a differen-
tial property of the distortion amplitude: the ratio of
6Njj to the number 6Ny of photons in the Planck radiation
at the same frequency and in the same frequency band.
This ratio K = §Njj/6Ny is given?3 by

2
}vqﬁc dz
K=
T, T a Y
where Ay; is the laboratory wavelength of the i — j tran-

sition, 1 is the Planck constant, c is the velocity of light,

k is the Boltzmann constant, T, is the radiation tempera-
ture at z, = 1500, n¢ is the critical density for hydrogen

at zy, w = ny/ng, ny is the density of hydrogen, z denotes
the value of the red shift referred to zj, x = ny/ny, and n,
is the density of neutral hydrogen atoms, Upon substituting
numerical values and taking a Hubble constant Hy, = 75

km - sec™. Mpc™! we obtain (for A, = Mr,g6 = 2° 1072 em)

K—1.27-10~* (’“)zdz
—helRaO ) T

We have therefore to calculate nij and f = z3(dx/dz).

4. Our procedure for evaluating the efficiency factor
T the mean number of photons of frequency Yij : released

for each irreversibly recombining electron —is based on
a modeling of the motion of the electron with respect to
levels. This motion is determined by the matrix Wjj of
relative transition probabilities from level i to level j.
To simplify the calculations we appeal to the fact that
looped trajectories — those beginning and ending at the
same level —make no contribution to »y;, because each
such trajectory will correspond to an inverse one of the
same probability, in view of the detailed balancing prin-
ciple.

The calculation scheme thereby reduces to the fol-
lowing. In a system consisting of discrete levels (begin-
ning with the second), with the transition probabilities
between them being specified by the matrix Wij, a certain
number of particles will be triggered at initial time which
are distributed with respect to levels according to the
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probabilities W j of recombination on those levels. In
the first step these particles will be redistributed over

all levels (including the infinite level, which corresponds
to the continuum) in accordance with the matrix Wij’ which
is formally equivalent to multiplying the population vector
nj by the matrix Wj;. Particles that become ionized will

be excluded from further consideration since they de-
scribe loops © — .., We similarly shall neglect
particles arriving on the second level, because their sub-
sequent motion will necessarily terminate on the second
level, again leading to a loop: 2 — ... — 2. The next
step proceeds analogously, and so on. The calculation ends
when the number of particles neither becoming ionized
nor reaching the ground state becomes sufficiently small.
In each step we record the number of photons of fre-
quency vjj released, namely njWjj —njWjj; we then sum
these numbers and divide the sum by the total number of
particles reaching the second level. The quantity obtained
is the required value of Rije A description of the matrix
Wij used in the calculation is given in Appendix 1.1.

- 00,

5. The recombination dynamics is determined by the
rate at which the superequilibrium Lyman photons are
redistributed. As Zel'dovich et al.! have shown, the prin-
cipal mechanism in the redistribution process is two-
photon decay of the 2S level. They have also obtained an
equation describing the change in the degree of ionization
with time. We wish to point out, however,?® that Zel'dovich
et al. neglect the difference in the hydrogen density nyg
in the universe from the density ny (@ = n¢/ng) of all types
of matter (helium and other possible forms of matter, such
as neutrinos, gravitational waves, and black holes). These
two densities affect the recombination dynamics differ-
ently: © determines the expansion rate of the universe,
and  is the total number of recombination events.

With this situation in mind, we rewrite the equation
of Zel'dovich et al. in the form

d 1—
-—x- = Azs sH1Q- thg—*/2g 1/ ART oz [2 (—-xo ) - (1. 35) ]
dz o

where A,g 45 = 8.2 sec -1 represents the probability of
two-photon decay, H = h- 75 km - sec~! - Mpc™ is the Hub-
ble constant, I =13,6 eV, and X, is given by the Saha for-
mula:

e—T/kToz_

o mkT,z\ = 1
1—z, ( 2mih? ) na
6. In many respects the fate of the photons liberated
depends on whether they can survive interactions with
matter. The chief interaction mechanisms are: broaden-
ing by electron collision, free—free and free—bound ab-
sorption, and bound—bound absorption followed by re-
processing into other photons. Allowance must be made
for the fact that photons released at different times will
pass through layers of differing optical thickness. This
effect will introduce a further distortion into the line pro-
file. Henceforth all optical depths + will be taken from

the epoch z; of release of a given photon.
The broadening by electron collision is expressed by

o(fea)"

A
=607
v
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TABLEI

i i+l i+2 i+3 ité i+5 i i+l i+2 i+3 ité i+5
8 {20.319.06|5.41 |3.65| 2.65 17 [4.6812.20|1.39 (098 | 0.75
9 |16.4|7.34|4.42|3.01 | 2.20 18 {4.18]1.97]1.25|0.891 0.67
10 {13.3{6.01 [3.65|2.51 | 1.85 19 {376 |1.78|1.13 0.8 | 0.6l
111t 5.03 (3.08]2.13! 1.58 20 [3.39]1.61 |1.02|0.73| 0.56
12 | 9.29/4.27 12.63|1.83| 1.36 21 {3.08)1.46|0.930.66| 0.5
13 | 7.95/3.68 1228 |1.59] 1.19 22 12.81 |1.3¢|0.85 | 0.61 | 0.47
14 | 6.87/3.20 | 1.99 | 1.40| 1.65 23 | 2.57 | 1.2810.78 | 0.56 | 0.43
15 | 6 |28 {1.75[1.231 0.93 24 |2.36{1.13]0.72 | 052 0.4
16 | 5.28/2.48 [ 1.55{1.1071 0.83
TABLEII
[0]
rQtz
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.4

0.45 0.38 |0.9!

0.55 0.36 |0.87 |1.44 {2.28

0.65 034 (0.83{1.38|1.96|2.56|3.18

0.75 0.32 |0.80|1.33{1.91]2.50{3.103.72|4.36

0.85 0.31 |0.77|1.29]1.85}2.43|3.04 |3.65|4.28 | 4.90

0.95 0.29 |0.74|1.2511.80|2.38}2.97 |3.57|4.20}4.81 | 5.45 | 6.10:
1.05 0.28 |0.72]1.23]1.75|2.32 {2.90 |3.5014.13|4.73 {5.32 | 6.01
1.15 0.27 |0.70]1.20{1.71 {2.27 | 2.84 | 3.44 | 4.06 | 4.66 | 5.28 | 5.92
1.25 0.26 |0.68[1.17[1.67|2.22|2.79|3.383.97|4.58|5.20| 5.83
1.35 0.25 |0.65)1.15[1.63]2.17{2.73|3.32]3.914.51 |5.13| 5.75
1.45 0.24 [0.63)1.12[1.592.13]2.68|3.26|3.84|4.44 |5.05]| 5.68
1.55 0.24 |0.62|1.10|1.56]|2.08|2.63|3.20|3.784.37 |4.98} 5.61

The optical depth for free—free transitions is

3

T-=4-10"° %;7 A J.:zﬁzz dz;

o

for free —bound transitions,

o ¢
=410 ——A | 2%z% dz;
Q" ;[

and for bound —bound transitions, allowing for emergence
from the profile because of the expansion of the universe,

2

(0]
Tp—p=— 10-2z-2 W 7~,

where A is the present value of the wavelength.

A few words are in order with regard to this last
mechanism. Absorption in lines will not of itself an-
nihilate a photon., Such an event will occur only if an in-
verse transition fails to bring the electron to the same
level, or if capture of another photon from the radiation
field takes place and the system does not revert to its
initial state by a strictly inverse route. In either case,
one photon from the external field will disappear and a
photon of the combined frequency will be generated, Sim-
ple thermodynamical considerations — the condition that
entropy grow — imply that such a process should operate
in the sense of formation of a photon whose frequency lies
as close as possible to the maximum of the Planck dis-
tribution.

7. The results of our calculation of »;j are given in
Table I. Values of this efficiency factor are givenhere for
levels i and j differing by a small number. The numbers
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i and j themselves have been selected within the interval
of greatest interest, From Table I we may, in particular,
determine the relative intensity of the principal 1 —j=1)
and satellite (i —j > 1) lines having approximately the
same frequency.

A byproduct of the calculation of ;i is the value of
the transmission coefficient 7vj, representing the prob-
ability that an electron from the i-th level will reach
the second level. We omit a table of values of vj» pointing
out only that y; decreases rapidly with increasing i, and
amounting generally to a few percent for 60-70 levels.

In other words, the contribution of the high levels is very
slight, so that it is immaterial how many levels we take
into account.

Knowing y;, we can estimate the intensity of the dis-
tortions produced in free—bound transitions. For in-
stance, in the case of transitions « — 50-60 (correspond-
ing to the frequency of the 17—16 line), the intensity
6Neo,50 ~ 1073 6Nyq o We here make use of the fact that
the « — i lines, where i > 10, are strongly blurred by the
continuity of the free-electron spectrum. For « — i tran-
sitions in which i < 10, the lines are narrower. The most
intense and narrow line (Av/v = 0.05) corresponds to the
Balmer jump H,. For this line we obtain

at wavelength A = 0.6 mm. Observation of this line would
be advantageous because it is isolated and occurs in a
wavelength range where the receiver can have a band-
width about 500 times as large as Ay 6.

Table II gives the maximum values of the coefficient
f (see Sec. 3) for selected values of w and . These have
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been found by numerical integration of the dynamical equa-
tions in Sec. 5.

8. We conclude with a few words about helium, Re-
combination of the first electron for helium will take place
at a red shift zy, differing by several percent from 4z, .
This will be the case because the presence of a factor
preceding the exponential in the Saha formula, as well as
differences in the recombination dynamics due to the rel~
ative overabundance of electrons. The helium lines will
therefore be shifted relative to the hydrogen lines. They
will be about 30 times weaker than the hydrogen lines be-
cause, in the first place, helium is about 12 times less
abundant than hydrogen by number of particles, while inthe
second place, strongly broadening (Av/v~ 0.3)is produced by
electron scattering, since the elapsed time from the re-
combination of helium to the disappearance of the free
electrons is very long,

Recombination of the second electron will be inef-
fective for the same reason, Certain more delicate mech~
anisms for generating spectral distortions associated with
helium will be considered in a future paper.

The authors wish to thank Ya. B. Zel'dovich, R. A.
Syunyaev, and I. L. Beigman for valuable discussions.

APPENDIX 1

In order to calculate the values we need for the ef-
ficiency Mij with which a particular photon is released, we
must model the motion of an electron with respect to
levels. This motion is deseribed by the matrix of tran-
sitions r between levels and transitions e caused by col-
lisions with electrons are possible. Hence the probability
Agj of a transition from the i-th to the j-th level will be
given! by

(r) (0 !
i>j,

A=Ay +44,
where
O R T A A
— b —
Ay = 4o Vif = (i=—j=)=(1+M’)’
() ey 85 N
. by 17
ij = ex -
Nij [ ip o7 ]

Since the ratio of A?-e) to Ai(?) is proportional to if, we

can establish a limit (i = 65{ above which there are only
collisional transitions, and below, only radiative transi-
tions. Including stimulated processes, the recombination
coefficient o = A, j is given by

Awi=0ai =0 j

¥y

du %

u(ev—1) :

T
Correspondingly, the ionization coefficient g; = Aj « is

§t=ﬁo{Tizj

]

du
u(e*—1)- :

For direct calculation it is desirable to take as many
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more levels into account as possible, up to a limit at the
continuous spectrum. We have considered a system of 500
levels, but we have made the following simplifications.

As already mentioned, beginning at the 60th level the pre-
dominant role is played by collisional transitions, which
have a strong dependence on i = j and higher probabilities
with respect to the ionization probability, Accordingly,

an electron will diffuse for a fairly long time in the neigh-
borhood of these levels, producing nearly an equilibrium
distribution of populations. All levels above the 70th

have therefore been combined into one by averaging the
transition probabilities from those levels to lower ones
(below the 70th) and back with Boltzmann populations.
Check calculations show that the overall result depends
little on the details of averaging and the limits. We note
that all these calculations have been performed for tran-
sition probabilities averaged over the orbital momentum.
However, analysis of the manner in which the splitting of
the levels with respect to momentum affects the Ajj in-
dicates that to a first approximation it may be neglected.

Since the calculation is carried out in steps corre-
sponding to a transition to some particular level rather
than in real time, we use the matrix Wj; of relative tran-
sition probabilities:

Ayj

e

)

W= i=2,3,...,0; Wyu=0.

APPENDIX 2

Mathematically, the efficiency has formally been cal-
culated by the following procedure. We have a transition
matrix Wij» wherei, j=2,3,..., 71, « (71 represents
a unified level, embracing electrons from levels 71 to
500, while the "level" « corresponds to the continuum),
We introduce a vector nj (i=2, 3, ..., «) for the dis-
tribution of population with respect to levels. At step 0
we take ni(o) = W, j. Ateach successive step the elec-
trons are redistributed according to

7
(R) (k—1)
n; = ny Wi,

=3

j=3,4,...,74;

"

(r) (r—1) (k—1)
nR; =n; + E ni W”,

=3

j=2, .
We now compute the number of photons released in the line
i—1]:

(a—1)
Wi —n;

(k) (r—1)

Pi; =ng Wi, i,j=3,...,T4, .

The calculation terminates at step k, when n,& + n (>
*)
0.99. Afterward we calculate the quantities Pij = Py
.3

and set %5 = ij/nz- We also compute the transmission
coefficient ¥; o = ny(k).

Similar calculations have been performed in the case
where the initial population vector 1" has the form ngo) =0 for
i=m, nno1 =1; in other words, we consider the fate of the elec~
trons that originally arrived onthe m~th level. The efficiency
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Mi-(m) has been evaluated for such electrons as well as the
transmission coefficient v, m. These data have been used

. to check the calculations; in addition, they are of inde~

pendent interest for the asymptotic recombination prob-
lem,

A further check has been a calculation of the num-
ber of photons in the line i — j released by electrons that
subsequently reach the level . The purpose of this cal-
culation was to verify that the loops make a zero contribu-
tion at the machine level, so to speak. If the matrix Ajj
was correctly specified, the effect, as anticipated, was
found to be zero,

The solution was checked for stabilities against varia-
tion of the various parameters. The limit of averaging
was varied (instead of the 70th level, the 50th or 90th
was taken), and the electron density in the expression for
Aij(e) (Appendix 1) was changed by an order of magnitude
in either direction. It was found that although the trans-
mission coefficient ¥, « variesbya factor of 1.3-1.5, the
efficiency remains constant to better than 1%.,

Calculations have also been performed to correct for
the splitting of the second level (since two-photon decay
takes place from the 2S but not the 2P level). This split-
ting also does not influence the results

APPENDIX 3

There is an alternative method for calculating the
efficiency ij» based on a consideration of the balance
equation. The balance equations have the form
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i>2,

leAi,-= ZYIJA:H for

where n; denotes the population of the i~thlevel and J rep-
resents a small loss from the second level due to ir-
reversible recombinations.

For a specified loss J, we can determine from these
equations the deviation An; of the populations nj from their
equilibrium values; we then find nij from the expression
J_i(AniAij - AnjAji).

This method of calculation can be shown to be for-
mally equivalent to the method described in Appendix 2.
A numerical computation we have made leads to the same
results,
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