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A study is made of the acceleration of chared particles in a hyperbolic. magnétic field and uniform electric
field, these fields arising from the decay of a neutral current sheet. The acceleration process consists of
direct acceleration by the electric field in the nonadiabatic region near the zero line and betatron
acceleration in the drift region. The characteristic energy of the accelerated particles is found in the
nonrelativistic and ultrarelativistic limits. At high energies, the spectra are exponential.

PACS numbers: 92.10.4d, 92.50.+a, 52.60.+h

1, In the theory of the origin of cosmic rays, an important
place is occupied by the question of the acceleration mech-
anisms: How do the particles acquire the observed very
high energies?! In refs. 2-4, the acceleration of charged
particles is attributed to the collisionless dissipation of
magnetic field in neutral current sheets. The formation
of current sheets is considered in refs. 2-5. They arise
in a strong magnetic field in the neighborhood of points
where the magnetic field is zero but the electric field is
not, In ref. 5 the plasma flow near a current sheet was
calculated numerically; in ref. 4, this problem was solved
analytically. A very important consequence flows from
these two studies: During the development of the neutral
sheet the plasma density near the sheet decreases and
may fall to very low values. Under these conditions, the
neutral current sheet may be a plasma sheet in vacuum

- confined by a magnetic field that in its turn is generated
by the current flowing in the sheet.

Such a sheet is unstable. Of greatest interest for the
problem of acceleration of cosmic rays is the tearing-
mode instability.®™® As a result of its development, the
current sheet can decay, the magnetic field is effectively

annihilated, and an electric field appears with acceleration

of charged particles.

Strong electric fields E ~ (v/c)H (v is thedecay veloc-
ity of the sheet) can appear when the particles at the
"tear" cannot be treated as a plasma. We have in mind
the property of a plasma of screening external electric
and magnetic fields of frequency lower than the plasma
frequency.”1? This case can be realized if the external
fields are sufficiently strong, The condition of quasi-
stationarity of the magnetic fields is then not satisfied, in
contrast to the usual situation in a cosmic plasma, for
which it is satisfied with a large margin.

In ref, 11, a study was made of a simple model of
decay of a neutral current sheet. It was assumed that the
current sheet breaks up into two halves, which move in
accordance with a given law, It was assumed that the

-magnitudes of the currents as well as the velocities of
their motion remain constant, The electric and magnetic
fields were determined from the solution of the initial-
value problem for the Maxwell equations, In a certain .
sense the opposite case was considered in ref, 12, in
which it was also assumed that the sheet decays in accor-
dance with a definite law. The field outside the sheet was
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determined from the condition of its being electrostatic.
This means that it must satisfy the Laplace equation, In
contrast to ref, 11, complete screening of the field on the
surface of the neutral sheet was assumed. In both limiting
cases, similar configurations of the electric and magnetic
fields in the "tear" are obtained. There arises a hyper-
bolic zero point of the magnetic field of singular typells1?,

E=FEe,; H=h(—ye.—ze,). )

The electric field strength is E ~ (v/c)H,, Here, v is
the decay velocity, equal to a(t), where a(t) is the half-
width of the "tear" (see Fig. 1); H, is the magnetic field
outside the sheet at the initial time; h ~ Hy/a(t) is the
magnetic field gradient. Below, for the sake of simplicity,
we assume, as in ref. 11, that v = 4(t) is constant,

Below, we shall consider the acceleration of charged
particles in such fields. The motion of individual particles
in the field (1) with constant E and h was considered in
ref, 13. In ref. 14, on the basis of a numerical solution of
the equations of motion, the energy spectrum of the parti-
cles was found, and it was shown that it has the exponen-
tial form n(&)~exp(—&/&,), where & istheparticle energy.
For the characteristic energy &,, a numerical value was
given. The question of its dependénce on the parameters
characterizing the acceleration region — the electric and
magnetic fields, their gradients, etc. — was not solved,

2. Below, we attempt to obtain analytic expressions
for the energy spectrum of cosmic rays accelerated in
fields described by the expressions (1), We ignore the
interaction of the particles with one another and the sur-
rounding plasma, In other words, the spectrum is deter-
mined in the approximation of individual particles. We
are interested in energies appreciably higher than the
thermal energy of the accelerated plasma, We shall there-
fore assume that the initial velocities are low (the parti-
cles are at rest).

We shall describe the plasma by means of the dis-
tribution function f(r, p, t). Suppose that at t = 0 it is
folTo Dgs 0). The distribution function for all times can
be found if we knew the solution of its equation of motion,
Suppose we know the coordinates and momenta as func-
tions of the time:

r=r(f, To, Po), - (2)
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P=P(t1 To, Po)- (3)
We can then find the depednences ry(t, r, p) and py(t, , p). In
this case, the distribution function is

D (rlh PO) I

f(l', P, t) =.f0 (0, l‘o(t, T, p) s Po (t1 r, P) ) I D (r p)

(4)

On the right-hand side of (4), the initial function f, which
depends on t, r, and p through p, and r,, is multiplied by
the Jacobian of the transformation from the initial co-
ordinates and momenta to the final ones, and this is equal
to unity if the particles do not lose energy.

3. Let us consider the electric and magnetic fields
described by the experssions (1), In the general case, the
gradients of the magnetic field (h ~ Hy/v7) depend on the
time, In these fields, there are two distinguished regions.
Immediately next to the zero line (x* + y)¥2 = p < R) on
Fig. 1 [see Eq. (10)] the electric field is strong, and the
magnetic field can be regarded as a perturbation, Here,
the charged particles are directly accelerated by the
electric field. If the acceleration time of one particle in
this region is less than the characteristic time of varia-
tion of the field, we can assume that the electric field
strengths and the gradient of the magnetic field in Eqgs.
(11) depend on the time as on a parameter. We shall de-
note the time in this case by 7. One can show the con-
dition of slow variation of the field is equivalent to the
inequality ' ‘ '

>0 (5)

Here, wyg = eHy/me is the Larmor frequency in the field
outside the sheet at the initial time Hy,. One can also show
that during the initial period of the decay of the sheet 7 <
w the acceleration is ineffective.

The other characteristic region in the field (1) is the
region of drift motion, Here the magnetic moment y =
3ep? /2mH is conserved. In the quadrants II and IV (Fig,
1) tiie particles move in the direction of stronger magnet-
ic fields, so that, the adiabatic invariant being conserved,
the transverse momentum increases as

pf=pu (77%)‘/; pm(p&(:_)o) ) "’. (6)

Here, H(7) is the magnetic field as a function of the time
intheregion in which the given particleis found; p(7) is the
distance traversed by the particle from the zero line in

Fig. 1. Form of the electric and magnetic fields in the "tear” of the cur-
- rent sheet.
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the time 7. The acceleration in the drift region depends
on the initial energy.

Thus, this process of acceleration can be represented
as follows. The plasma flows from quadrants I and III
of Fig. 1 into quadrants 1T and IV. Only the particles that
pass through the region p < R are strongly excited. Here,
they are accelerated to certain initial energies and the
spectrum in the high~energy region is formed. Further
acceleration takes place in the drift region, For particles
whose paths do not intersect the region p < R, the accele-
ration in the drift region is ineffective since it depends on
the initial energy (6).

4, As we have already said above, we consider ener-
gies appreciably exceeding the thermal., We shall there-
fore assume that at the initial time p(t = 0) = 0 (the plasma
is at rest). In addition, we consider the approximation of
independent particles. The equations of motion are

., eh
P:— ¢ 711 (7)
. eh . : '
Py=— zy, (8)
c
po—eEt— %’c‘—[(f—x:)—(yz—y:)]. ©)

The dot denotes differentiation with respect to the time,
The subscript 0 is appended to the initial values. Equa-
tion (9) follows from conservation of the generalized
momentum, the problem being homogeneous with respect
to e;. The velocities and the momenta are related in the
usual manner: ¥ = cp(m?c? + p?)~V2

We consider separately the nonrelativistic and the
relativistic approximations.

5, In the nonrelativistic limit, the characteristic
parameters of the problem are!

mctE\ mic \ *
R=( o ) ' T—(Ee‘h) : (10)

In our case, R is the radius of the region of initial accele~
ration and T is the characteristic time during which a
particle remains in this region. Equations (8)-(10) in the
ponrelativistic limit p « me have the form!3

iz a1
- mc
eh
) Yy=—yz me 12)
h
i= 2B et~ )] 13)
m 2mce . .

The region p < R is the region in which the particles are
not magnetized. In it, the solution of the system (11)-(13) -
for zero initial velocities [p(t = 0) = 0] can be written

asl1d 15
0= L (2(H)Y). e
o= T (), e
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R [ t\?
”“’—7(7) ’ @6)
Here, I' (x) is the gamma funcuon and I(x) and J; (x) are the
modified and the ordinary gamma functlon of order16
These solutions hold as long as the second term on the
right-hand side of Eq. (13) does not exceed the first.

Only particles from quadrants I and ITI in Fig. 1 can
reach the region p < R. In it, they are accelerated along
the axis-e,. After a time t' they leave this region. Since
the acceleration is basically along e,, the energy of the
particle when it leaves the region p < R is approximately

The time t' can be determined from the condition that at
this instant the particle is at the boundary of the region

2 (¢) i (V') =R? . (18)

and from the expressions (14) and (15). The high-energy
part of the spectrum, which is what we want, corresponds
to the limit of large t'. As t — =, x(t) and y(t) behave as

follovv.s16
/sg—n/12 _2_ ) ) ’
el VTN EVEIS G
gnr (2 ,
oo ) (4 (22 ) o
The time t' isr
T(1.51n 1.36%) . 1)

The particle energy is

3 o202
&~ (3 1n136£—) CET 22)
2 o m :

It can be seen that the particles whose coordinates on the
boundary of the region p < R are near the plaie x, =0
acquire the greatest energy,

We introduce the function n(#), which is equal to the
total number of particles accelerated in the region p < R
to the energy & in unit time divided by unit energy interval
and unit length of the current sheet.

It can be found from the expressions (4), (14), (15),
and (17) for the distribution function, However, in the
approximation under consideration, this problem can be
solved more easily. Consider particles that enter the
region p < R. Small initial values x; (X, « R) correspond

to the maximal energies, For them one can assume that

the particles are distributed uniformly with respect to x,
for y, ™ R, i.e., the particle flux at the boundary, 7., de-
pends solely on the time and not on the coordinates as
well. Thenn(&) can be written as
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- n(&)dE di=7F, dz

n'lnen/ 12

=m% (’?) Cen {"%(%) %} d& dz. (23)

The values of #oand &, depend on the time as a parameter,
The characteristic energy in the spectrum &,is deter-
mined by the variables which characterize the "tear" of
the sheet: :

e E*me? h ezHozmveTz 'h
)= (22

Fok (i 7
With the course of time, &, increases as 72/3, Therefore,
with the course of time the acceleration proceeds to ever

higher energies. In this model, the particles with highest

.energy are formed in the final stage of decay of theneutral

current sheet, The dimensionless numerical factor k in
(24) arises-becaiise the relation (17) between the energy

& and the time t' is approximate. In addition, the condi-
tion (18) that p(t') = R has a formal meaning. These equa-
tions, which determine the energy & and the time t', can
pretend only to a qualitative explanation of the acceleration
process, The exact numerical value of k in (24) and also
the pre-exponential factor in the particle spectrum (23)
can be found by a more rigorous analytic solution of the
problem or numerical calculations. Bearing in mindthese
comments, we can rewrite the expression (23) as

n(&)d& dz=A

T o ( & ) " |
. -2 (= dz, .
Y exp 3\, } d& dz | (25)
where A is a numerical factor of order unity.
6. Let us now consider the ultrarelativistic case.

The characteristic temporal and spatial scales in -
this problem are

T=—, R=—,. (26)

The equat1ons of motion in this limit can be convemently
represented in the form

. 3, ch&

:c+73;x— Eg.zY A ' (27)
& ¥ .
it s v 28

The equation for the z component of the momentum can be
conveniently rewritten in 1_:he form

22 = ept— Sl (e-a)~ (). 29)
We now consider the motion of particles within the region
p < R. Here, the second term on the right-hand side of
Eq. (29) is smaller than the first, The motion along the
axis e, occurs with constant velocity of the order of that
of the velocity of light, The particle energy increases with
the time in accordance with the law ’
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&=(&*(t=0) B, (30)

In the asymptotic region t — «, &:= eEct, A solution of
Egs. (27) and (28) in this limit is given by

(1) =a;',,10 (2 (ﬁECL) '/’) :

(31)
o, (2(22)") -

Here, Jy(x) and I;(x) are the ordinary and the modified
Bessel function of zeroth order,1® As t— «, x(t) increases
exponentially and y(t) oscillates with the time,

We now find the energy spectrum of ultrarelativistic
cosmic rays at the boundary of the region p ~ R, The
particle coordinates depend on the time in accordance with
(31) and (32). In the same way as we obtained Egs. (23)-
(25), we find

D s
2(&)d& ds =27 exp (- (—‘3:) } i&ds.  (33)
ga go
Here, D is a pre-exponential factor, whose value we do
not particularize, The characteristic energy in the parti-
cle spectrum &, in the ultrarelativistic limit is

2¢eE? —q 2eH vt

=g == —

(34

where ¢, a numerical factor, is analogous to k in (24).

As in the nonrelativistic limit, the characteristic energy
in the cosmic-ray spectrum increases with the time, The
maximal energies are reached during the last stage of
decay of the sheet.

7. We now calculate the particle flux on the boundary
of the region p = R as a function of the time. We assume
that far from the "tear" in the current sheet the magnetic
field and the plasma density n; are constant. If p £ v,
the influence of the nonstationarity of the magnetic field
on the motion of the particles can be ignored. For this
case, the plasma density was found as a function of the
coordinates and the time in the field (1) in refs. 4 and 8.
Using these results, we find that

Ut ) =7z ’ (35)

70 (1.') =D, (R—(T)—-

where R is determined by the expression (10) if &, &,
« mc?, and by (26) if &,&, > mc?,

Substituting (85) into (25) and (33), we can o’btain the
cosmic-ray spectrum as a function of the time on the
boundary of the region p =~ R,

In addition, the energy spectrum is further changed
by the motion of the particles in the drift region,

8. We now consider the acceleration of the particles
in the drift region. This corresponds to values p > R.
The general nature of the motion of the particles in this
region was discussed in ref, 13, If the particles move
in quadrants IT and IV in Fig. 1, there is an additional
acceleration in accordance with Eq. (6). The initial energy

4617 Sov, Astron,, Vol. 19, No, 4

is equal to the energy of the particle at the boundaryp ~ R
of the region., The initial value p(T = 0) = R is the con-
dition that for 7 = 0 the particle is on the boundary of the
drift region. At long times, the particle is at the point

p = v7, where v is the decay velocity of the current sheet.
The motion in the drift region in the field (1) occurs in
such a way that in the limit 7 — « the charge particle
"catches up" with the current sheet, As follows from
Egs. (6), the energy of the particle increases, This means
that the spectrum is "stretched" along the energy axis by
the factor (wy7)/? in the nonrelativistic limit and by
(c/v)¥? in the ultrarelativistic case.

9., We now write down the final expressions for the
time-integrated energy spectrum of the cosmic rays. If
&,8ry <« mc? then

Bcezn,

NE&)=————
eH,(out)"*?

exp{—1.1 (go )/ (‘;ﬂ) o

}. ~ (36)
If & &, > mc? then

-ﬁ-’. . ‘.
v (2) T af-(2)(5)7) -

T

Here, N(&)= jn(é’, 1)dt is the time—integfated cosmic-

ray spectrum per unit length of the current sheet; B and F
are numerical factors of order unity. For the expressions
for &, in Eqgs. (36) and (37) see (24) and (34), respectively,
The characteristic energies in the spectra (36)-(37) of the
accelerated particles are as follows: for &, &,

. mvleH,t\ * et
Fo—k (__ZC_) sk, (38)
and for &,&,
- vy
&o=2q (7) eHwr. (39)

10. Let us compare our results with numerical so-
lutions of the equations of motion of the charged particles.
In ref, 13, a computer was used to solve Eqgs. (11)-(13).
Figure 2 shows the logarithm of the particle density as a
function of the energy plotted on the basis of a numerical
calculation, It confirms the exponential spectrum of the
accelerated particles (see also ref. 14), From the slope
of InN(¥) as a function of the energy & the value of k in
(24) and (38) can be determined. The numerical value,
to within the accuracy of the numerical calculation, is
k=1,

Let us make some estimates. Let us consider the
parameters typical of polar flares. We take magnetic
field strength H; = 300 G, "tear" region 10® cm across,
and decay velocity of the order of the Alfvén velocity in
the corona: vA ~ 3+10% cm/sec. The relativistic ap-
proximation holds for both the protons and the electrons.
Their maximal energies are approximately 9 BeV. The
nonrelativistic approximation holds for protons for weaker
flares. Energy is accumulated over a distance of about
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t.nf)

Fig, 2. Logarithm of the particle den-
sity as a function of the particle energy
on the basis of the numerical calcula=
tions of ref, 13.

-8
10" em, The particles traverse about a tenth of this dis-
tance in the region p <R.

This maximal cosmic-ray energy, 9 BeV, is charac-
teristic for intermediate flare parameters. If the maxi-
mal allowed magnetic field strengths, size of the accele-
ration region, ete., are taken, one can obtain energies up
to a few hundred BeV. This is in qualitative agreement
with the conclusions of ref, 17,

We now estimate the number of accelerated particles
and their total energy in this range of energies., We as-
sume that in the neighborhood of the current sheet the
plasma density at the initial time is ny = 3-10°. From
the condition of validity of the vacuum approximation in
the acceleration region and the expression (35) we can
obtain the bound n < Ho(c/v) /4mea. The total number of
particles accelerated to energies &>&,, is Niot= Hyal/4me.,
Here, L is the length of the current sheet (~2+10% cm).

In our case, Ntot =10%", The ratio of the energy of the
cosmic rays, Wep (&>&,)~N.,-&; to the energy of the
ﬂarse Wg = Hoaf /8, is of order Weop/Wy ~ (v/c)¥2 ~
107°,

In the general case, additional restrictions on the
acceleration mechanism (energies of the particles, their
number, spectrum, etc,) can appear when one takes into
account the possibility of plasma instabilities developing
in the acceleration region. As this is outside out present
scope, we restrict ourselves to some comments. In the
region p < R, in which the particles are not magnetized,
the electrons and ions are accelerated by the electric
field, and there is a directed motion of the electrons rel- -
ative to the ions, Here, there may be a Buneman insta-
bility. However, in the situation under consideration in.
the relativistic approximation and under conditions of
applicability of the vacuum approximation it is hard for
it (and the other two-stream instabilities) to develop. This
is because the characteristic length R,.q] in our case is
shorter than the Debye radius, which is the characteristic
length over which the instability develops.

Let us now consider the energies for pulsars. The
magnetic field is Hy = 10'? G, the velocity v is of the order
of the rotation velocity at the pulsar radius r ~ 10% em,
i.e., v~ 3-10% cm, Then for the maximal energies we
obtain the estimate &, ~2.10!7 eV and if v ~ ¢ then &=
3:1020eV (ref. 18).

11, In conclusion, let us summarize the main features
of the acceleration processes. Cosmic rays are accele-
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rated in nonstationary and inhomogeneous electromagnetic
fields. These fields can arise when a neutral current
sheet in a plasma decays. A line of zero magnetic field
is then formed with electric field along this line, The
plasma surrounding the current sheet flows into the neigh-
borhood of the zero line. The acceleration process can
“be split into two stages. Initially, the cosmic rays are
accelerated to certain initial energies near the zero line,
where the particles are not magnetized, Further accele-
ration takes place in the drift region. Here, the energy
of the cosmic rays is increased in proportion to their
initial energy. The resulting spectra are exponential,

These dependences refer to the most energetic section
of the spectrum. It is obvious that the exponential de-
pendence cannot be continued into the region of lower
energies, It is known, for example, that in this region
solar cosmic rays have a power spectrum with exponent
y =~ 3-5, )

This dependence can be obtained most probably if
allowance is made for diffusion in the momentum space
resulting from scattering by turbulent pulsations.!® The
power spectrum in the less energetic, &<&,, region is
formed during the initial stages of decay of the neutral
sheet, when the vacuum approximation with the fields (1)
is not yet satisfied. During this stage, various instabil-
ities leading to turbulence of the plasma of the current
sheet can develop. For this case, the value v ~ 3-5 was
obtained for the power spectrum in ref, 20,
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