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ABSTRACT
Surface photometry shows that most spiral and SO galaxies have two main components: a spheroidal
component, and an exponential disk component with radial surface-brightness distribution I (R) —
The exponential disk is the subject of this paper. First, for the exponential disk in centrifugal
equilibrium with surface density p(R) = voé~aR, we derive the circular-velocity field and the massangular momentum distribution
%R(h) is the total mass with angular momentum per unit mass
less than h. Wl(h) for the exponential disk is almost identical with Wl(h) for a family of rigidly rotating
spheres of uniform density. We then collect photometric data for the disks of thirty-six spiral and SO
galaxies, and find the following: (i) Twenty-eight of the thirty-six galaxies have approximately the same
intensity scale /0 (21.65 B-mag per square second of arc), with a standard deviation of only 0.30 mag per
square second of arc, despite a range of nearly 5 mag in absolute magnitude. This constancy of /0 produces the correlation between apparent magnitude1 and angular diameter found by Hubble, (ii) S0-Sbc
systems have any value of the disk length scale a“ between 1 and 5 kpc, while later-type systems have
predominantly low values of a“1 (<2 kpc). (hi) The relative brightness and size of the spheroidal and
disk components are only weakly correlated with morphological type.
If conclusion (i) implies that /¿o is approximately constant, then the disk’s total mass 90? and angular
momentum £ satisfy § œ 90?7/4. If m(h) is invariant as a protogalaxy collapses to form a galaxy, then
all protogalaxies destined to be SO or spiral galaxies have a similar 90?(A) (in dimensionless variables), at
least for the range of h corresponding to the disk. If 90? (Â) is not invariant, then there exists a very efficient mechanism which establishes the characteristic 90? (Â) for these systems as they form.
The exponential nature of the disk is not defined by 9tf?(Â) alone; its cause remains uncertain.
I. INTRODUCTION
Figure 1 shows the radial distribution of the surface brightness I{R) in M83 (SAB(s)c
[Sersic 1969]) and NGC 4459 (SA(r)O [Liller I960]). These are typical light distributions
for the whole family of disklike galaxies, which includes the Magellanic-type irregulars
and the spiral and lenticular (SO) systems (Sandage, Freeman, and Stokes 1970). De
Vaucouleurs (1959a) has pointed out that the I{R) distributions for these galaxies show
two main components: an inner spheroidal component which follows fairly closely his law
log I cc £i/4

(1)

and an outer exponential component (disk), with
I(R) = he-*R ,

(2)

which contributes a large part of the total light and angular momentum. For example,
in M31, which has a fairly prominent spheroidal component, more than 75 percent of
the blue light (de Vaucouleurs 1958) and probably more than 95 percent of the total
angular momentum (Takase 1967) come from this exponential disk. The spheroidal
component may be prominent as in M31, or very weak as in M33 (de Vaucouleurs 1959&).
The two-component nature of /(£) for disk systems distinguishes them from the
normal elliptical galaxies. The ellipticals have a single-component luminosity distribution which follows closely the £1/4 law of equation (1) (de Vaucouleurs 1959a). Note that
this £1/4 distribution itself appears approximately exponential for large £, so the /(£)
law in the outer parts of ellipticals is qualitatively similar to that shown in Figure 1 for
811
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the SO system NGC 4459. However, the important difference between the I(R) distributions for elliptical and disk galaxies is that, because the ellipticals are really one-component systems conforming to the RllA law, the apparently exponential and nonexponential parts of their I(R) profiles are not independent. For example, the fraction of
the total light emitted within the nonexponential part of the I(R) distribution is approximately the same for all ellipticals; this is certainly not true for disk galaxies (see
§ HI).
Almost every disklike galaxy with measured I(R) shows an exponential disk (see de
Vaucouleurs 1959a and the references for Table 1). This disk is probably the most general property of these galaxies, and its origin is certainly a significant cosmogonic problem. It seems surprising that this problem has been almost ignored so far, whereas there
is an extensive literature on the I(R) distribution for elliptical galaxies. The problem
of the exponential disk is the subject of this paper.

Fig. 1.—Radial luminosity distributions for NGC 4459 and M83. I is the surface brightness. Ordinates are log I and I in 5-mag per square second of arc. R is distance from the nucleus along the major
axis; the dimensionless radius aR is also shown. 70,50 are the surface-brightness scale for the exponential
disk, uncorrected for inclination ànd galactic absorption. R\, Kt, and Rsph are defined in § III. Filled
circlesy observed points.
Before we can understand the exponential disks, it is necessary to gather dynamical
and observational information about them. In § II we show that it is reasonable to
assume that I{R) = he~aR implies a surface-density distribution
ß(R) = wT‘Ä

(3)

in the disk. Then dynamical functions such as the circular-velocity field and the massangular momentum distribution are derived for the exponential disk of equation (3) in
centrifugal equilibrium. The main results of this paper are in § III, where we collect data
for thirty-six disklike systems with well-defined exponential components. The implications of these results are discussed in § IV.
II. DYNAMICAL PROPERTIES OF THE DISK
First we need to know whether I(R) = he~aR implies a surface-density distribution
/¿(R) =noeraR. Only a few galaxies have two-color surface photometry extending into
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the disk; from the approximate radial uniformity of 5 — F in the disks of M33, M31,
NGC 1332, and the LMC (see references for Table 1), we infer that the mass/luminosity
ratio is approximately uniform, at least within the disk of any one galaxy (cf. Schwarzschild 1954), and that the exponential surface-density distribution of equation (3) holds
for the disks.
Now we compute some dynamical quantities for the exponential disk of equation
(3) in centrifugal equilibrium. They include (a) the circular-velocity field, (ô) the total
angular momentum, (c) the Lindblad-resonance frequencies, and (d) the mass-angular
momentum distribution. Some of these quantities will be useful for the discussion of the
observational data presented in § III.
a) The Rotation Curve
We first compute the rotation curve for the zero-thickness exponential disk in centrifugal equilibrium. Toomre’s (1963) method is ideal for this disk. He writes the surface
density ß{R) as the Bessel integral
m(£)

= fJz(kR)kS(k)dk ,

(4)

S(k) = fj0(kR)un(u)du .
o

(5)

where

It then follows from Poisson’s equation that the radial gradient of the gravitational potential $ in the plane of the disk is
- (11)
= 2ttG yVi (Rk)kS(k) dk .
\oK/z=o
o

(6)

From the centrifugal-equilibrium condition
V2(R)
R

=

/d4>\
KdRjz^,

(7)

where F(R) is the circular velocity at radius R} it follows that

R

= 2irGfji(Rk)kfMku)up(u)dudk
o
o
CO
CO
= IttGixq S Jx{Rk)k J%ue~auJo(ku)dudk
o
o

(8)

(9)

for the exponential disk, where G is the gravitational constant.
From equation (6) of Watson (1944, p. 386) and formula (6.552) of Gradshteyn and
Ryzhik (1965), it is possible to show that
= wGßoaRihKo - /Æ) ,

(10)

where / and K are modified Bessel functions (see Watson 1944, p. 77) and are evaluated
at %aR.
The total mass of the exponential disk is
9JÎ = 27r/xo/a2.

(11)
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The rotation curve of equation (10) can be written in dimensionless form: let R = aR
and V = V/\/(G$Jla). Then equation (10) becomes
Hr) = mi«(hR)Ko(hR) - himmR)].

(u)

This rotation curve is shown in Figure 2. The dimensionless Keplerian curve is included
for comparison; note how slowly the curve of equation (12) approaches the asymptotic
Keplerian velocity law (cf. Toomre 1963).
We can compare the rotation curve shown in Figure 2 with those observed in the few
systems with available rotation curves and surface photometry, and with weak spheroidal components, so that the gravitational field is dominated by the disk over most of
the galaxy. This comparison is made in Appendix A.

Fig. 2 (top).—Dimensionless rotation curve for the exponential disk. V and R are defined in § lia.
Broken line shows the corresponding Keplerian curve.
Fig. 3 {bottom).—Dimensionless angular velocity, epicyclic frequency, and Lindblad-resonance frequencies for the exponential disk (see § He).
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b) The Total Angular Momentum
The total angular momentum for the exponential disk is
§ = f2irRn(R) V(R)RdR
o

(13)

= (GoBî3/a)1/2 j*ŸR2 exp (-R)dR
o
where V(R) is given in equation (12). Numerical integration then gives
£ = 1.109(G9W3/a)1/2.

(14)

There is only one exponential disk with a given total mass 9JÎ and total angular momentum
c) Lindblad-Resonance Frequencies
Lin and Shu (1966) show that a density-wave pattern of a two-armed spiral can propagate with uniform angular velocity üp through a disk of gas and stars provided
G - ifc < O* < Û

(15)

locally, where G(R) is the circular angular velocity and k(R) is the epicyclic frequency
R_d&\
20 dR/

K2 = 4G2

(16)

at radius R in the disk. Given the pattern speed Op, equation (15) defines the interval
of R in which the density-wave pattern can exist
Figure 3 shows the dimensionless functions 0(jR), k{R) and the resonance frequencies
0 ± iff, where 0 = 0/(G9J?a3)1/2, k = /c/(G3fta3)1/2, for the exponential disk. For pattern speeds Op > 0.09, there is no inner Lindblad resonance (Op = O — |k).
For the Schmidt (1965) model of the Galaxy, Lin, Yuan, and Shu (1969) find the
likely radius for inner Lindblad resonance to be about 4 kpc; they tentatively associate
this with the “3-kpc arm.” If this association is correct, then features like the 3-kpc arm
should be found only in those systems with relatively slow pattern speeds (Op < 0.09),
or for which the surface-density distribution in the inner parts is far from exponential
(i.e., galaxies with prominent spheroidal components or massive nuclei).
d) The Mass-Angular Momentum Distribution
Mestel (1963) has suggested that the angular momentum of each mass element is
conserved as a primeval gas cloud contracts to a galactic disk in centrifugal equilibrium.
Define the function 90?(¿) as the total mass with angular momentum per unit mass less
than h. $R(h) is then invariant during the contraction, and knowledge of this function
could provide a useful constraint on understanding how protogalaxies acquired their
angular momentum. We now compute this function 9K(Â) for the exponential disk with
total mass 3)?.
The total mass inside radius R is
= 3W[1 - exp (-R) - R exp (-£)] ,

(17)

and the angular momentum per unit mass h is
h = RV

or

h = RV,

(18)
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where h = h/{GSSl/a)ll<i and V is given in equation (12); £ is a monotonically increasing
function of R. From equations (17) and (18), the total mass 9M(A) with angular momentum per unit mass less than h can be computed; it is shown by the full curve in Figure 4.
In § IV we discuss the relevance of the angular-momentum properties of the exponential disk to the formation of galaxies.
III. PHOTOMETRIC PROPERTIES OF THE DISK
The purpose of this section is to derive photometric parameters, such as /o and a
(see eq. [2]), for as many disk galaxies as possible, to see whether these parameters show

Fig. 4.—The full curve: 9D?(£)/99? for the exponential disk (§ ILZ). 3)? is the total disk mass. Rjji) for
the2 disk is also shown. The points are
for the uniformly rotating uniform sphere with h{ä) =
fió = 2.80.
any systematic behavior with morphological type. To derive these parameters, we need
galaxies with luminosity profiles that have {a) a well-defined exponential component and
(6) a well-defined zero point for the magnitude scale. These two requirements exclude
much of the early surface photometry which is often without a zero point, and also exclude the large number of photometric observations which do not go sufficiently faint to
define the exponential component unambiguously. It is also necessary to exclude galaxies
which are highly inclined to the line of sight (see eq. [20] below).
We find in the literature only thirty-six disk galaxies with luminosity profiles that
satisfy the requirements above. The identifications for these galaxies and their classifications in the Reference Catalogue (de Vaucouleurs 1964) are given in columns (1) and (2)
of Table 1. For most of these galaxies there is only blue-light photometry, so the quantities derived here refer to ^-magnitudes: the transformation B =
+ 0.1 is used
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TABLE 1
DATA FOR 36 GALAXIES, AND ESTIMATES FOR THE GALAXY

Sources:
de Vaucouleurs (1958)
Liller (i960)
de Vaucouleurs (l970)
Liller (1966)
O:
de Vaucouleurs and Page (1962)
de Vaucouleurs (1961)
Sersic
(1969)
Bertola (196?)
de Vaucouleurs (1959b)
de Vaucouleurs (1963c)
de Vaucouleurs private communication)
Abies (1968)
de Vaucouleurs 1963a)
de Vaucouleurs (I960)
Hodge and Webb 1964)
Sandage (1962)
de Vaucouleurs 1963b)
Appendix II
H denotes distance derived from Hubble law with H = 100 km sec-1 Mpc”1
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where necessary. Apart from this transformation, the zero points used are those given
by the observer.
First we distinguish two types of luminosity* profile; clear examples of each type are
given in Figure 1. Type I (like NGC 4459) has the surface brightness/(R) > he-** for
all observable R. Type II (like NGC 5236) has I(R) < 10e~aR in an interval Ri < R < R2
not far from the center of the system. The Type II profile is almost certainly not an internal-absorption effect; eight of the seventeen SO galaxies in our sample are of Type II,
and for SO systems the internal absorption is probably very small (Holmberg 1958).
Column (3) of Table 1 gives the source of the luminosity profile, and column (4) gives
the profile4ype. For some systems with weak spheroidal components, like M33 (Type I)
and NGC 4417 and NGC 4442 (Type II), it is difficult to decide whether the profiles are
of Type I or Type II. However, none of the conclusions of this paper depends on the
assignment of profile type to these marginal examples.
From equation (2), the luminosity distribution I(R) in the exponential disk is defined
by two scales: an intensity scale /0 and a length scale a-1. The observed IÇR) distribution
is usually given in ^-magnitudes per square second of arc; B(R) is then linear for the exponential disk and is independent of the distance to the galaxy. By extrapolating the
exponential component to R = 0, the apparent intensity scale
B(0) = —2.5 log /o + const.

(19)

is easily derived. Because we include only those galaxies with well-defined exponential
components, the estimated probable error in B(0) is in all cases less than 0.2 mag.
To obtain the intrinsic intensity scale for the disk, B(0) must be corrected for the
inclination of the galaxy to the line of sight (the optical path through the galaxy increases with inclination) and for galactic absorption. The corrected quantity
B(0)c = £(0) + 2.5 log 91 - 0.2 cosec \bu\

(20)

is then the intensity scale of the face-on absorption-free luminosity distribution for the
exponential disk; it is given in column (5) of Table 1. 9î is the ratio of major to minor
diameter for the disk, and is derived from isophotes of the galaxy. The quantity b11 is
new galactic latitude; the coefficient of the cosecant term comes from de Vaucouleurs
and Malik (1969). None of the galaxies has log 9t > 0.6 or |6n| < 19°. No correction
has been made for internal absorption.
Figure 5 shows B(0)c against morphological type. This figure contains the main result
of this section :/tfr twenty-eight of the thirty-six galaxies, B{0)c is nearly constant at B(0)c =
21.65 ± 0.30(0-) mag per square second of arc along the entire type sequence from SO to
Im, despite a range in absolute magnitude of nearly 5 mag. (The standard deviation is of
the same order as the error in B(0)c due to uncertainties in deriving B(0).) Seven of the
remaining eight systems have B(0)c more than 1.5 mag brighter than this mean; they
include galaxies of early and late types, and their luminosity profiles are drawn from
three independent sources. The eighth system is the dwarf irregular of low surface
brightness, IC 1613. Before discussing the remarkable result shown in Figure 5, it is
necessary to derive the gradient a of the exponential component for these galaxies.
The gradient a in the direction of the major axis can be obtained easily, in angular
units, from the slope of the exponential component of the luminosity profile B(R); for
nearly all the systems in Table 1, the estimated probable error in a is less than 5 percent.
The distance A of the galaxy is needed to convert a to linear units. Columns (6) and (7)
of Table 1 give A and its source; most of the distances are group distances (de Vaucouleurs 1970). Column (8) gives the derived length scale a-1 (kpc) for the exponential disk.
Figure 6 shows a-1 against morphological type. This figure has two important
features: (i) the earlier-type systems (SO to about Sbc) have any value of a“1 between
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about 1 and 5 kpc, while the late-type systems have predominantly low a-1 (<2kpc);
(ii) five of the seven systems of high surface brightness that are defined in Figure 5
are among the galaxies with the lowest values of a-1 (<1 kpc).
We should expect a strong correlation between the absolute magnitude Mb and the
length scale a-1 because (i) the disk usually provides most of the blue light in spiral and
SO systems (see below; also see de Vaucouleurs 1958), (ii) the total disk luminosity is
L = IttIq/ol*

(21)

Fig. 5.—Intrinsic distance-independent blue-light luminosity scale 5(0) c for the exponential disks
of thirty-six galaxies against their morphological type. Broken line at 5(0)c = 21.65 is the mean for
twenty-eight galaxies. NGC numbers are shown for the other eight. G denotes an estimate for the Galaxy.
Filled circles, Type I luminosity profile; open circles, Type II luminosity profile (see Fig. 1).

Fig. 6.—Length scale a-1 (kpc) for the exponential disks of thirty-six galaxies against their type.
NGC numbers are shown for systems defined in Figure 5. Filled circles, Type I luminosity profile; open
circles, Type II luminosity profile (see Fig. 1). Broken line, apparent upper envelope. G denotes an estimate for the Galaxy.
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and (iii) the intensity scale B(0)c is nearly constant for most spiral systems. In particular, the absolute magnitude for an exponential disk with £(0)c = 21.65 mag per square
second of arc (the mean value of B(0)c given above) is
-Mdisk = 16.93 + 5 log (1/a) .

(22)

Columns (9) and (10) of Table 1 give the absolute magnitude corresponding to the distance A and the galactic absorption used in equation (20), and the source of the total

Fig. 7.—Absolute magnitude MB against the logarithm of the length scale a“1 (kpc). Straight line
represents [MBf log (a_1)]-relation for exponential disks with B(0)c — 21.65 mag per square second of
arc; see eq. (22). Coding is same as for Fig. 6.
22
21
-mb
20
19
18
17
16
15
14

So + Sa

Sb

Sc

Sd

Sm

Im

Type

Fig. 8.—Absolute magnitude MB against morphological type. Coding is same as for Fig. 6.
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integrated apparent magnitude used to derive Mb. Figures 7 and 8 show Mb against
log (1/a) and morphological type; the expected correlation oi Mb with log (1/a) is
obviously present. Similar correlations (of absolute or apparent magnitude with linear
or angular diameter) have been found by several authors; see Hubble (1926), de Vaucouleurs (1959c), and Heidmann (1967). These correlations are equivalent to Figure 7
if the diameters are measured consistently at the same surface brightness, because B(0)c
is nearly the same for most spiral systems; diameters are then a measure of the length
scale a“1.
We now discuss briefly the relative importance of the spheroidal and exponential
components as a function of galaxy type. The straight line representing equations (22)
is shown in Figure 7. Because the spheroidal component contributes to the absolute
magnitude MB, most of the points lie above this line, even though B(0)c = 21.65 is the
mean value of B(0)c for all but the labeled points. The deviation AM (see Fig. 7) from
this line contains information about the contribution of the spheroidal component to
the total luminosity; it also depends on the difference [£(0)c — 21.65]. Note that AM
1-5
VO
K
0>5

-0-5
-VO
Fig. 9.—The ratio k in magnitudes of the disk luminosity to the total luminosity for systems with
Type I luminosity profiles against morphological type.
does not depend on the adopted distance A, because a change in A moves the point
parallel to the straight line of equation (22). We can show that the quantity
k = AM + [£(0)c - 21.65]
(23)
= -Mb - 5 log (1/a) + £(0)c - 38.60
is the distance-independent ratio (in magnitudes) of the disk luminosity L = 2irh/a2
(calculated from the observed B(0)c and a) to the total luminosity of the galaxy (disk +
spheroidal component). The ratio k is given in column (11) of Table 1; the error in k,
which comes from uncertainties in the total apparent magnitude, a, and -B(0)c, is un~
likely to exceed 0.3 mag.
Figure 9 shows k against morphological class for the galaxies with Type I luminosity
profiles. Type II systems are not shown in Figure 9, because in these the exponential
disk obviously does not extend to the center of the system, so k is not a meaningful
measure of the spheroidal component luminosity. Figure 9 shows that k is only weakly
correlated with morphological type. This correlation is in the usual sense (increasing
importance of the spheroidal component for earlier types). In particular, there are earlytype galaxies in which the spheroidal component contributes only a few percent of the
total luminosity.
NGC 7424 (SAB(rs)cd) has k = —0.4, which is unphysical. Apart from IC 1613,
NGC 7424 is the system in Table 1 with the lowest surface brightness. Because of this,

© American Astronomical Society • Provided by the NASA Astrophysics Data System

197 OApJ. . .160. .811F

822

K. C. FREEMAN

Vol. 160

the photometry does not extend beyond aR — 2.7. The most likely reason for the negative value of k is then an incorrect value for the integrated apparent magnitude.
The relative importance of the spheroidal component in Type I systems can also be
estimated by the ratio of the apparent radius jRSph (defined in Fig. 1) of the spheroidal
component to the radius of the disk at some consistent surface brightness. Column (12)
of Table 1 gives the ratio i?sph/2?26.5> where Ru.b is the radius of the disk at B
26.5 mag
per square second of arc (corrected for the inclination of the galaxy). Figure 10 shows
that this ratio is only weakly correlated with morphological type. The ratio Rsph/Rn^
increases from late to early type; its lowest values are for spirals like M33 and NGC 300.
Figure 10 also shows that in the range defined by the Sa-Sm spirals, the SO galaxies can
have any but the lowest values of R^/Rn.*,. This feature is probably important for understanding the evolution of spiral systems, and it is discussed at length by Sandage et al.
(1970).

Fig. 10.—The ratio R„JRu.i of apparent radius of the spheroidal component (see Fig. 1) to the
disk radius dXB — 26.5 mag per square second of arc (face-on), for galaxies with Type I luminosity profiles. Straight lines represent the apparent envelope for Sa-Im systems.
To summarize this section, we find the following:
i) Twenty-eight of the thirty-six galaxies have approximately the same value of the
disk luminosity scale -B(0)c = 21.65 ± 0.30 (cr) mag per square second of arc (Fig. 5).
This explains the observed correlation between apparent magnitude and diameter for
spiral systems.
u * i
j
ii) SO to Sbc systems have any value of the disk length scale a 1 between about 1 and
5 kpc, while the later-type systems have predominantly low values of a 1 ( < 2 kpc).
hi) The relative brightness and size of the spheroidal and disk components are only
weakly correlated with morphological type. In particular, there exist SO systems with
dominant and with weak spheroidal components.
IV. DISCUSSION
a) The Uniformity of B(0)c
In § I we inferred that the disk luminosity distribution I = I$6 aR implies a surface
density distribution ¡i = juo£~aÄ. This followed from the assumption that a radially uni-
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form B — V color in the disk means a radially uniform mass/luminosity ratio. The main
results of § III is that I0 is approximately constant for twenty-eight of the thirty-six
galaxies. Can we infer from this result that the surface-density scale Me for these galaxies
is also approximately constant?
_
i
i
The sample of galaxies with /!(0)r ~ 21.65 includes systems with integrated colors in
the range 0.5 < R — F < LO. For the few galaxies with detailed color distributions, B — V
in the disk is similar to the integrated B — V (e.g., M33 [B — V = 0.5]; M31 [B~ F =
0.9]; NGC 1332 [B - V = 1.0]). This color range for the disks makes it difficult to
establish properly whether uo is as uniform as is B(0)c, because there is almost no direct
information about the dependence of the disk’s mass/luminosity ratio on color (or type;
see Holmberg 1958). However, Roberts (1969) has shown that, contrary to previous
belief, the mean ratio of total mass to blue light for spiral galaxies of a given type is approximately the same for all types, although the scatter in SDÎ/L at a given type is fairly
large. Because the disk color and the integrated color appear to be similar, and because
the disk provides a substantial fraction of the integrated blue light, we tentatively infer
that the ratio of mass to blue light for the disk is approximately the same (at least within
a factor of about 2) from galaxy to galaxy. The surface-density scale mo is then also the
same from galaxy to galaxy, within a similar factor, although the masses of the galaxies
in the sample of twenty-eight have a range of about 5 mag (or a factor of 100). We
emphasize that this conclusion is rather weak, mainly because the mass/luminosity
ratios in the disk are difficult to determine directly.
If it is correct that /¿o is approximately constant, then there is an important consequence. The mass of the exponential disk is SOÍd = 27t/xo/a2, aud the total angular
momentum for the disk in centrifugal equilibrium (§ 116) is $)d = 1.109 (GSDîp3/0)12*
It then follows that
* $0^/4.
(24)
Because most of the angular momentum of spiral and SO systems lies in the disk, and
because the mass of the disk is probably a large fraction of the total mass, we should
expect the total mass SDîr and angular momentum Ipr for most of these systems to follow
fairly closely the law
« W/4.
(25)
This result would hold on dimensional grounds for any surface-density distribution /x =
ß(R; mo, -£), where L is a single length scale, if mo is constant from system to system. Conversely, because S&t and 5Dîr are probably endowed properties of a protogalaxy which are
conserved as it collapses to form a galaxy, the apparent constancy of mo for most spirals
would be explained if we understood why the galactic disks have only one length scale
and if we knew that the distribution of masses and angular momenta in protoclouds
followed the law ¿p <x
Ä/cm\
Unfortunately, there is an essential difficulty in deriving observationally the
law for disk galaxies. For example, Takase and Kinoshita (1967) looked for a relation
& œ ïïfl6 in a sample of sixteen spiral systems with known rotation curves. They fitted
Brandt functions (Brandt and Belton 1962)
V = ^i^/(l + BnRn)mn

(26)

to the observed rotation curves V(R). The total mass and angular momentum of the
disks associated with these velocity laws are
m = (A*/B*)cly

(27)

$ = (A*/BS)c2i

(28)
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where c1; c2, are slowly varying functions of n. From the values of A and B that thev
derived, and from equations (27) and (28), Takase and Kinoshita showed that spiral
H
1
systems appear to follow very closely the law
log § = const. + J log 2)7

(29)

which is exactly the law of equation (25) derived photometrically for the exponential
disks.
This result is not the striking kinematical verification of the photometrically predicted mass-angular momentum relation that it appears to be. The photometric prediction of equation (25) follows from the rotation curve of equation (10); this rotation
curve has two parameters,
and a, and equation (25) is a consequence of the apparent
constancy of fio for most galaxies. 2)7 and § then depend on only one parameter, a. On the
other hand, from equations (27) and (28), 217 and § for the Brandt-function disks are
ftw-parameter (A and B) quantities. The law ô <x 2)'77/4 then implies A2 <x B; however
even though Takase and Kinoshita find log
= const. + | log 2)7, it is clear from their
Table 2 that A2 is not proportional to B. This apparent inconsistency comes about because, from equations (27) and (28),
log £ - 0 log 2)7 = (3 - 20) log A + (30- 5) log B + c3,

(30)

where 0 is a number and c:i is a slowly varying function of n. For the sixteen galaxies in the
sample, 0 < ¡ág A < 1.2 and -0.4 <'log B < 0.8. In the vicinity of 0 = J the coefficients (3 — 20) and (30 — 5) in equation (30) are both small and are of opposite
sign; log P — log 2)7 then appears to be approximately constant from galaxy to galaxy,
whether or not A2 <* B. As this result holds for any rotation curve with one length scale
and one time (or mass) scale, the search for a law log § = 0 log 2)7 + const, by fitting
two-parameter rotation curves to observed rotation curves will always yield 6 ~ i,
whether or not § oc 2)77/4 is really true (see also Brosche 1963). Because of this difficulty^
the mass-angular momentum relation for spiral galaxies remains uncertain.
’
It is worth comparing our inference that mo is approximately constant for most disk
galaxies with Fish’s (1964) results for ellipticals.1 He finds that the observed masses 2)7
and potential energies^ follow a law'F œ 2I71, where the exponent * lies between 1.3 and
1.8 and is probably about 1.5. Because^ oc W/R, where 77 is a length scale, it follows
froin'k oc 2)7*5 that 2)7 œ R2, so the mean surface density is approximately constant from
galaxy to galaxy. Although these two results are similar in that the surface-density scales
appear to be uniform both for ellipticals and for disk galaxies, the physical reasons for
these two results are probably quite different. For the ellipticals, Fish shows that the
4' œ 2J71-5 law would follow if the collapse of protoellipticals were halted when their
optical depth to free-electron scattering became sufficiently high; i.e., the4- œ 2)71-5 law
is established late in the collapse phase. For the disk systems, we show that the constancy of mo would result from the law § œ 2)77/4; because § and 2)7 are presumably
conserved quantities, it seems likely that this law is established very early in the history
of the protogalaxies.
b) The Mass-Angular Momentum Distribution
In § lid we derived the mass-angular momentum distribution 9){(Ä) for the exponential disk in centrifugal equilibrium; it is shown by the full curve in Figure 4. Mestel
(1963) has suggested that Sft^is invariant during the collapse of a protocloud to form
a galaxy. If this is correct, then because the exponential disk is such a general property
of the disk galaxies, it follows that all protoclouds destined to be SO or spiral galaxies
have a similar 9D?(ä) (in a dimensionless sense), at least for the higher values of h cor1

1 am grateful to Dr. Alar Toomre for suggesting this comparison.
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responding to the exponential disk. Mechanisms for the acquisition of angular momentum by protogalaxies should then predict this
Alternatively, if (¡Síl(ti) is not invariant during the collapse, then there must exist a very efficient mechanism which
establishes the characteristic
for the disk systems as they form.
Crampin and Hoyle (1964) show that the angular-momentum distribution in the
outer parts of several spiral systems is very similar to the distribution for a uniformly
rotating uniform spheroid. We now compare 3W(/?) for the exponential disk of gradient a
and total mass 9ft with the 9ft (Ä) for the disk D of surface density
ß(R)

= mo(1 - R2/a?)w ,

R<a,

= 0,

R> a ,

(31)
uniform angular velocity 0, and the same total mass 9ft as the exponential disk. This
disk D has exactly the same 9ft (A) as a uniformly rotating uniform sphere with the same
9ft, ß, and radius a; it has
9ft(A)/9ft = 1 - [1 - (A/fe2)]3'2,

(32)

where, again, A = A/((j9ft/a)1/2 and ä = aa. (We are using the same length scale a“1 to
write 9ft (A) in dimensionless form for both the exponential disk and the disk D.) It turns
out that for Üä2 « 2.80, 9ft(A) for the disk D is almost identical with the 9ft(A) for the
exponential disk with the same mass 9ft. Only for the outer part of the exponential disk
(Æ > 6), which contains less than 0.2 of the total mass and 0.05 of the total angular
momentum, do the two functions 9ft(A) differ significantly (see Fig. 4).
This means that to each exponential disk in centrifugal equilibrium with mass 9ft and
gradient athere corresponds a family of uniformly rotating disks D with the same mass 9ft
and with ßö2 = h{a) « 2.80, such that 9ft(A) for the exponential disk and for the disks D
are almost identical. In particular, one member of each such family of disks D is also in
centrifugal equilibrium; it satisfies
ß2ä3 = 37t/4 ,

(33)

and so has ä = 3.33 and ß = 0.253 (cf. Fig. 3).
It may be worth emphasizing here that not all zero-thickness disks in centrifugal equilibrium have 9ft(A) similar to that for the sphere. For example, for the sequence of
Brandt-function disks (eq. [26]) with integral n, it is easy to show that 9ft(A) is clearly
different from the uniform sphere 9ft(A) for all n.
Almost all spirals show central mass concentration above that of the exponential disk.
Because A increases monotonically with R, this corresponds to an excess of low-A matter
in the protogalaxy (if MestePs hypothesis is correct) above the requirements of the disk.
The amount of this excess low-A matter presumably determines the mass of the low-A
spheroidal component (Sandage et al. 1970).
c) The Two Types of Luminosity Profile
Figure 1 shows the two types of luminosity profile; they are defined in § III. The Type
I profile appears to be the sum of the exponential disk I(R) and the much steeper I(R)
corresponding to the spheroidal component; there is no reason to believe that the exponential disk does not extend in to Æ = 0. However, for galaxies with Type II profiles,
the exponential disk obviously does not extend to the center.
As we pointed out in § III, it is unlikely that the Type II profile is the result of internal absorption. It probably corresponds to a real deficiency, compared with the exponential disk, of luminous matter with angular momentum per unit mass in the range
ACRO < A < h(R2).
There appears to be a subgroup of the Type II galaxies which have very bright disk
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luminosity scales J5(0)c and rather small length scales a-1. Their luminosity profiles are
all very clear examples of the Type II profile. B(0)c is shown in Figure 5; if Innanen’s
(1966) model gives a good representation of the outer parts (R > 10 kpc) of our Galaxy,
then it belongs to this subgroup (see Appendix B). Of the seven galaxies with B(0)c much
brighter than the mean value B(0)c ~ 21.65, six are Type II; the remaining one is NGC
6753, which is probably an extremely luminous spiral (Mb ~ —22). For five of these
six systems, Figure 6 shows that the length scale a“1 for the disk is less than about
1 kpc, which is of the same order as a“1 for the dwarf irregular IC 1613. The high B(0)c
and low a“1 for this subgroup combine to give normal absolute magnitudes and normal
apparent diameters. We note, however, that eight of the fourteen Type II galaxies in
Table 1 have normal B(0)c («21.65 ± 0.30) and normal a-1 for their absolute magnitudes.
It is worth pointing out that for the three true spiral (rather than SO) galaxies in
which the Type II characteristic is most prominent (M31, M83, and NGC 7793), the
exponential disk begins outside the main region of spiral-arm activity. For example, in
M83 (see Sandage 1961), the really bright spiral structures lies between R\ and R2 (see
Fig. 1); the disk is present and is very well defined for R > R2. We note that M83 and
the Galaxy may have fairly similar photometric properties: (Mb> B(0)c, a-1) =
(—20.5,17.7,1.1 kpc) for M83 and (—20,17.8,1.6 kpc) for the Galaxy (according to the
estimates made in Appendix B).
Because the formation of the exponential disk is not understood, we can only speculate on the origin of the Type II phenomenon. If WtQi) is strictly invariant throughout
the collapse phase, then the deficiency of matter with h(R^) < h < h(R¿) for Type II
galaxies is inherent in the protocloud. If ÜDîîâ) is not invariant, then only the total mass
SDi and angular momentum § are conserved during the collapse. Assume that all the
angular momentum goes into the disk. Then because the disk mass 9Wz> = const. X
§4/7 for most spirals, the mass of the spheroidal component is 9Jls =
— const. X $4/7.
It seems plausible that a Type I galaxy forms if SDîs > 0. Now say
< 0. This means
that the protogalaxy has more angular momentum than its mass 9DÎ can accommodate in
an exponential disk. It is again plausible that the disk adjusts to minimize the amount
of matter with low angular momentum, and so forms a Type II configuration. In particular, we could expect most of the galaxies with very bright B(0)c and low a“1 to be of
Type II; because § oc (ifflDs/a)1/2 (§ IIÔ), a protocloud which forms a disk of lower a“1
will have more difficulty in accommodating its angular momentum in a purely exponential
disk.
d) The Dwarf Irregulars
There is one dwarf irregular, IC 1613, among the thirty-six galaxies of Table 1. Its
value of B(0)c is 23.7, about 2 mag fainter than the mean value for the sequence of
galaxies with <B(0)C> = 21.65 in Figure 5. Its length scale or1 is of the same order as a“1
for the Magellanic Clouds, giving an absolute magnitude MB = —14.4. While the SMC
(Mb = —16.0) appears to be a faint member of the <B(0)C> = 21.65 sequence, the disk
of IC 1613 obviously does not belong to this sequence. Photometry of faint Magellanic
systems and dwarf irregulars could determine whether there is a minimum absolute
magnitude for the formation of disks belonging to the <B(0)C> = 21.65 sequence. This
would be of some interest for the theory of galaxy formation. We note, however, that
the very small irregular galaxy GR 8 (Hodge 1967) has a roughly exponential luminosity
profile with B(0)c « 21.7. The absolute magnitude of this system is uncertain; it is almost certainly fainter than Mb = —13, and may be as faint as Mb = —8.
e) Why an Exponential Disk?
According to Eggen, Lynden-Bell, and Sandage (1962), the galactic disk formed from
matter which had remained gaseous during the rapid-collapse phase. This matter lost
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its random kinetic energy through inelastic encounters of gas clouds and, conserving its
angular momentum, settled to a disk, approximately in centrifugal equilibrium. Because the disk is so flat, and because it is difficult to dissipate the energy of random
stellar motions perpendicular to the galactic plane, it seems very likely that the settling
to the disk was virtually complete before the main burst of star formation in the disk
began; this burst presumably formed the old disk population (stars as old as or older
than NGC 188). Why is the disk, which results from this process, exponential? We cannot
yet answer this; all we can do is to make the following points.
i) The exponential disk is not just an old disk property. It seems to involve the complete stellar content. For example, in M33 (de Vaucouleurs 1959Z>), which is an almost
pure exponential disk, the ultraviolet luminosity distribution U(R) is exponential with
the same gradient a as B{R) and the visual V(R). Since the young Population I presumably contributes significantly to U(R), this population is also exponentially distributed.
The gas associated with the young Population I is probably the remains of gas left over
after the old disk population formed (see Sandage et al. 1970). This suggests that the
exponential disk was defined during the settling phase of the disk, before significant star
formation in the disk began.
ii) Figures 8 and 9 show that for most morphological types there is a considerable
range in the relative brightness and size of the spheroidal and disk components. This
suggests that the process leading to the exponential disk does not depend much on the
mass of the spheroidal component, which presumably fragmented and relaxed before
and during the time in which the disk was settling.
iii) The mass-angular momentum distribution 9Jc(/z) does not alone define the exponential disk. In § IV6 we pointed out that to each exponential disk there corresponds
a disk D with almost identical 3)í(Á), derivable from a uniform, uniformly rotating sphere
(eq. [31]), and which is also in centrifugal equilibrium. However, given the invariance
of 9W(Ä) during the collapse phase, it is unlikely that the disk D should be the end
product; Hunter (1963) has shown that this disk, in centrifugal equilibrium, is unstable.
Nevertheless, there may be other centrifugal-equilibrium states, all with nearly the
same 9W(Z0, between the exponential disk and the disk of equation (31), and some of
these may be stable. In particular, it is important to find out whether the exponential
disk itself is the most stable of these states.
Toomre (1964) points out that a differentially rotating disk of stars is unstable to
axisymmetric disturbances, unless the radial component <jr of the velocity dispersion
exceeds some critical value. He suggests that the action of these instabilities may be to
increase <tr preferentially over <jz (the component perpendicular to the galactic plane)
until the disk is stabilized; this would explain the observed anisotropic velocity dispersion for most stars in the solar neighborhood. These instabilities could be important
as a process capable of defining the exponential nature of the disk after most of the disk
stars had formed.
/) Conclusion
The main problems pointed out in this paper are: (i) Why are the disks of spiral and
SO systems exponential? (ii) Why is the surface-brightness scale for these disks approximately the same for about three-quarters of the sample, despite the great range in absolute magnitude?
I am very grateful to Dr. A. Sandage for discussion of this problem and for reading
the manuscript, and to Dr. G. de Vaucouleurs for his advice. I am also most grateful to
Dr. Alar Toomre for much constructive criticism on the presentation and content of this
paper.
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APPENDIX A
COMPARISON OF OBSERVED AND PREDICTED ROTATION CURVES
There are a few galaxies (only the LMC, SMC, M33, and NGC 300) which have measured
rotation curves and surface photometry, and which have weak spheroidal components; the
gravitational field is then dominated by the exponential disk over most of the galaxy, so the
rotation curve of equation (12) should be appropriate.
From equation (12), the rotational velocity has its maximum aX R = Rt = 2.151/a, where
a is the photometrically determined gradient. Here we compare the observed and photometrically
predicted values of Rt for these four galaxies. The maximum rotational velocity from equation
(12) is V(Rt) = 0.623(G9fta)1/2; its value cannot be predicted from the photometry because the
mass is not known independently.
a) Large Magellanic Cloud
Carrick and Freeman (1970) have derived the velocity field for the LMC from 21-cm data
given by McGee and Milton (1966). The rotation curve of equation (12), with a = 0.010 per
minute of arc (de Vaucouleurs 1960) and Fmax = 80 km sec“1, fits the observed rotation curve
within the observational errors.
b) Small Magellanic Cloud
Hindman (1967) finds that the H i rotation curve has VmKX at R « 2° (along the major axis).
For a = 0.023 per minute of arc (de Vaucouleurs 1960), the theoretical Rt = 1?6, which is
within the observational uncertainty.
c) NGC 300
Shobbrook and Robinson (1967) find the H i linear dimensions of this system to be about
twice the optical photometric dimensions. The theoretical Rt for a = 0.35 per minute of arc
(de Vaucouleurs and Page 1962) is 6'. The H i rotation curve has Vm6X at R « 15', which also
happens to be the photometric outer edge of the system. If the H i rotation curve is correct, then
there must be undetected matter beyond the optical extent of NGC 300; its mass must be at
least of the same order as the mass of the detected galaxy. There is no optical rotation data for
NGC 300.
d) M33
For a = 0.13 per minute of arc (de Vaucouleurs 19596), the theoretical Rt = 17'. Optical
velocity data by Carranza et al. (1968) show a complex velocity field and do not define a unique
rotation curve. The rotation curve derived by Mayall and AUer (1942) from velocities of H n
regions has Rt at 17'. Brandt’s (1965) optical velocities combined with low-resolution 21-cm
velocities have Rt « 25'; this is consistent with the 21-cm data given by Burke, Turner, and
Tuve (1963). As in NGC 3Ö0, the value of Rt is of the same order as the optical semimajor axis
a « 35' (de Vaucouleurs 19596).
For two of four systems with weak spheroidal components, the LMC and the SMC, the
turnover radii of the rotation curves predicted from the photometrically derived gradients a
appear to be consistent with those observed. For NGC 300 and M33, the 21-cm data give turnover points near the photometric outer edges of these systems. These data have relatively low
spatial resolution; if they are correct, then there must be in these galaxies additional matter
which is undetected, either optically or at 21 cm. Its mass must be at least as large as the mass
of the detected galaxy, and its distribution must be quite different from the exponential distribution which holds for the optical galaxy.
APPENDIX B
PHOTOMETRIC PARAMETERS FOR OUR GALAXY
Several authors have constructed mass-distribution models for the Galaxy: these models reproduce the galactic rotation curve, the observed local total density, and some features of the
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stellar-density distribution in the Galaxy. From the surface-density distribution for these
models, we can make rough estimates of photometric parameters (B(Ö)c, a-1, Mb) for the galactic
disk. These estimates are rough because the mass/luminosity ratio is uncertain and because the
outer part of the disk determines the intensity scale 5(0) c and the length scale or1; the models are
necessarily unreliable in this outer part (R > 10 kpc) because there is little direct information
about the circular-velocity field or the stellar-density distribution for R > 10 kpc.
Figure 11 shows the surface-density distribution
for Innanen’s (1966) model; ¡jl is in
solar masses per square parsec. According to this model the Galaxy has a Type II profile, with

Fig. 11.—Surface-density distribution ß(R) for the Galaxy, according to Innanen (1966), where // is
in units of SW© pc-2. Broken line shows the estimated slope of the exponential disk, and mo is the estimated surface-density scale for the disk.
n(R) approximately exponential for R > 10 kpc. The length scale a-1 « 1.6 kpc, and the surfacedensity scale fio has log mo = 4.7. The mass/luminosity ratio 9DÎ/L is not known; we adopt
5DÎ/L = 10 as a reasonable value (cf. M31, de Vaucouleurs 1959Ô). Log mo = 4.7 then corresponds
to B(0)c = 17.8 mag. As a check, Scares (1920) estimates F = 23 mag per square second of arc
for the surface brightness at the Sun, which corresponds to 5 « 24 mag per square second of arc
if 5 — F has the same value (« 1.0) as in M31. The model gives the surface brightness at the
Sun (R = 10 kpc) as 5 = 24.5 mag per square second of arc, which is in reasonable agreement.
Innanen (1966) gives the total galactic mass as 1.3 X 10119Jt0; for the adopted 9DÎ/L = 10,
the absolute magnitude of the Galaxy is —19.9. As pointed out in § IVc, the Galaxy and NGC
5236 may have rather similar photometric properties. (The morphological type for NGC 5236,
from Table 1, is SAB(s)c; according to de Vaucouleurs [1969], the Galaxy has type SAB(rs)bc.)
However, we must emphasize again the uncertainty of the photometric parameters derived
above for the Galaxy.
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