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ABSTRACT 

Surface densities in the tail of Comet Arend-Roland 1956h are calculated using the theory of Paper I. 
The distributions of surface density are compared with measured distributions of light intensity from 
which the dust and head-gas emission rates as functions of time, the distribution of dust-particle sizes, 
and the emission velocity from the inner head region as a function of particle size and time are deter- 
mined essentially for the first time Dust-particle diameters on the order of 1 are found, consistent 
with previous estimates. The deduced particle-size distribution is qualitatively similar to those found 
for the interplanetary dust particles from studies of the zodiacal light and to one suggested from an 
analysis of the continuous spectra from the heads of Comets Arend-Roland and Mrkos. For Comet 
Arend-Roland, near its perihehon, dust emission rates ^7 5 X 107 g sec-1 and gas emission rates 
^1 5 X 1030 molecules sec-1 are found, confirming previous estimates An outburst in the dust emission 
is deduced to have occurred in Comet Arend-Roland on April 2, 1957, about 6 days before perihelion, 
and the “forward spike” of this comet is found to consist of particles emitted between February 6 and 
March 1, 1957. 

As a general property of dust-rich comets, it is suggested that they emit larger amounts of dust during 
their approach to the Sun than during recession. 

I. INTRODUCTION 

In the first part of this work (Finson and Probstein 1968; hereinafter referred to as 
“Paper I”) equations were presented for the calculation of modified distributions of 
surface density in the tails of dust comets. These results were derived from a model in 
which dust particles having a wide distribution of sizes are released from the comet 
nucleus in an essentially continuous manner in time during the period of distinctive 
cometary phenomena as a result of solar heating. The dust particles were taken to be 
accelerated radially outward from the nucleus by drag forces due to the expanding head 
gas. This interaction was found to take place only in a small inner head region where 
the gas may be described as a continuum. In the tail region the only significant forces 
which were assumed to act on the dust particles were solar gravity and pressure of solar 
radiation. The motion of the dust particles in the tail was treated as a “hypersonic,” 
collision-free flow in a smaller “effective” gravity field. 

The expressions obtained for the surface density (modified so as to be proportional 
to the light intensity) involved three unknown functional parameters: È— m)> 
and Vi{l — V, T'i tc)- The first two functions are, respectively, the emission rate of the 
dust from the comet nucleus and a distribution function which can be related to the 
particle-size distribution. The third function is the initial velocity of the dust particles 
corresponding to the terminal velocity which the dust particles reach in the neighbor- 
hood of the nucleus as a result of being accelerated outward from the nucleus by the 
expanding head gas. One of the two independent variables is the time of emission t, which 
is taken to be zero at perihelion. Here t = tc — t, where tc is the time of observation 
(considered to be fixed and thus a known parameter of the problem), with emission oc- 
curring r units of time earlier. The other independent variable is 1 — /q defined as the 
ratio of the force due to radiation to that of gravity acting on a dust particle. It was 
shown in Paper I that we may write 

1 — /x = C(pdd) 1 , 
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where C — 1.19 X 10-4 ÇPr g cm~2, with Çpr the scattering efficiency for radiation pres- 
sure, taken constant for all particle sizes, and d the diameter of a spherical particle of 
mass density p^. 

We shall now discuss the manner in which the equations derived in Paper I may be 
used to calculate density distributions for the comet dust tail. The specific case of Comet 
Arend-Roland 1956h will be considered, and calculations performed for that comet will 
be compared with measured distributions of light intensity. In the calculation we shall 
assume that the three parametric functions involved are given or have been selected, 
rather than the reverse procedure of the determination of these functions from given 
(i.e., measured) density distributions. While the latter process is of greater interest, the 
results given in Paper I cannot conveniently be expressed in such a form as to allow this 
to be done directly. Therefore, we shall first present calculated density distributions 
for Comet Arend-Roland based on assumed functional forms for /(I — p), Ñdip), and 
Vi(l — p, /), which have been selected for optimal agreement between the calculated 
and measured distributions. In what follows we will then discuss the manner of selection 
of these functions and their uniqueness. 

TABLE 1 

Orbit Characteristics for Comet Arend-Roland 

Date (1957 U T.) /CX10-6 (sec) fc (a u.) A (a u ) 

April 27 8 
April 29 9 
May 1 9 
May 2 9 

1 71 
1 89 
2 06 
2.15 

0 64 
68 

.72 
0 74 

0 66 
71 

.76 
0 79 

II. TAIL SURFACE DENSITY AND COMPARISON WITH OBSERVATIONS 

Table 1 gives the dates of principal interest in the calculations of density distributions 
for Comet Arend-Roland, along with the times of observation tc, the Sun-comet dis- 
tances rc, and the Earth-comet distances A. For this comet, perihelion occurred on April 
8, 1957, when / ^ 0, and the perihelion distance was 0.316 a.u. Most of the detailed ob- 
servations of this comet were made during the period represented by the dates given 
in Table 1, when the comet was most favorably situated for observation. Figure 1, a-d, 
shows syndyne (1 — p = const.) and synchrone (r = const.) loci for Comet Arend- 
Roland for the four dates listed in Table 1, as projected onto the photographic plane. 
The photographic plane is defined as that plane which contains the comet nucleus and 
is normal to the line joining the nucleus and the Earth. The syndyne and synchrone loci 
in this plane may be expressed by the functional relations 

Mcm. — Mcm(1 — M>t;/c) , IVcm = A7cm(1 — . (2) 

We recall that the M coordinate is the apparent radial direction with the N coordinate 
perpendicular to M and directed opposite to the comet’s motion along its orbit. The 
calculation of these syndynes and synchrones has been carried out as described in Ap- 
pendices A and B of Paper I. The extent of these curves and the ranges of 1 — p and r 
shown are roughly consistent with the extent of the observed dust tail of the comet. 
Exceptions are the synchrones for very high r’s or very early emissions, which have 
been included for the first two dates for later use in connection with the observed “for- 
ward spike” of this comet. The change in behavior with time of the synchrones and syn- 
dynes is due partly to the actual development of the tail with progressing time and part- 
ly to the changing position of the Earth with respect to the comet. 
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(a) APR 278 (b) APR 29 9 

(c) MAY 19 (d) MAY 2 9 

N * I0"6, km N * icr6, km 

Fig. 1.—Syndyne and synchrone loci in photographie plane for Cornet Arend-Roland 
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In Figure 1 it is apparent that the synchrones have a much less complicated shape 
than do the syndynes. The synchrones “fan out” from the nucleus at increasing angles 
to the radial direction (the if-axis) with increasing values of r, and, except for the 
larger r values shown on the first two dates, these loci are nearly straight lines, with the 
distance from the nucleus along a given synchrone nearly proportional to 1 —■ /*. Ac- 
cordingly, for, say, r < 2 X 106 sec on April 27.8, for r < 3 X 106 sec on April 29.9, 
and for all the r’s shown on the later two dates, the synchrone curves can be well repre- 
sented by expressions of the form 

if cm (1 — = Ci(t 7tc) • (1 “ m) + “ m)2 > 
0) 

^Vcm(1 — = c3(t,/c)'(1 — ju) + c^(Tytc)*(l — fx)2 , 

in which the quadratic terms are generally small. For each synchrone ci — C4 can be de- 
termined from an exact calculation at two different values of 1 — /x. A similar expres- 
sion for this comet, and probably for other comets, could be applied to synchrone loci 
in the comet orbit plane. 

In contrast to the synchrones, the syndynes attain a maximum value of if, which 
occurs at a value of r corresponding to the perihelion passage or somewhat earlier. These 
curves cannot be represented by, or approximated by, a simple function of r over the 
ranges of t’s shown. Taylor-series expansions were originally derived by Bredichin for 
the syndyne loci in the comet orbit plane (see, e.g., Wurm 1963). However, such expres- 
sions, being expansions in r about r = 0, are useful principally in the inner tail and head 
regions, for much smaller values of r than those considered here. It should be noted that 
the strong curvature of the syndyne curves is not unique to the comet being considered, 
although the effect is accentuated in the case of Comet Arend-Roland because of the 
proximity of the Earth to the comet orbit plane. 

Two approaches were used in Paper I in deriving the modified surface density. In 
one the tail density was found by integrating over different synchrone tails, each of 
which is made up of particles emitted at one time; in the other the density was obtained 
by integrating over different syndyne tails, each of which is made up of particles of one 
size. In carrying out the integrations, a “hypersonic” approximation was introduced. 
This approximation was satisfied in the synchrone approach if 

dx = ( r difcM T , r dNcu T|1/2 VjT 

d(l — ju) ( Ld(l — /x)J Ld(l — /x)J ) 1 ~ M 
(4a; 

and in the syndyne approach if 

dx 

dr 
(4b) 

Let us now evaluate the validity of the hypersonic approximations. For the synchrone 
case equations (3) permit the derivatives in equation (4a) to be simply approximated. 
Neglecting the quadratic terms in equations (3) and taking into account the fact that 
most synchrones make a small angle with the if-axis, we have at a given value of M 

dx _ M 
d{\ - M) ~ 1^7 ’ K ) 

so that inequality (4a) may be rewritten as 

T? « 1,‘ M 
(6) 
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The quantity Vít/M is the relative width of a synchrone tail. Table 2 presents values 
of this quantity for the first and last dates of observation mentioned above, for values 
of M and r encompassing the range of interest. Typically Vi is about 0.3 km sec-1 or 
less, although the actual values of Vi given by the function — /q r; ¿c), to be dis- 
cussed below, were used for the estimates made. For r = 2.25 X 106 sec on April 27.8, 
when the approximation of equations (3) becomes poor, the more accurate values taken 
directly from the orbit-mechanical calculations were used. From Paper I, the relative 
error incurred in the hypersonic approximation is of the order of (vít/M)2, so that from 
Table 2 the synchrone approach is seen to be accurate to within 10 per cent, except for 
M < 106 km, and for r > 2 X 106 sec on April 27.8. 

The hypersonic approximation given by equation (4b) for the syndyne approach is 
not as well satisfied. The “velocity” of the motion along an individual syndyne, dx/dr, 
varies considerably with r, in contrast to the near-constancy of dx/d(l — ix) along a 

TABLE 2 

Values of vít/M for Comet Arend-Roland 

APRIL 27 8 

If XI0-6 (km) 106 sec 

0 20 
115 

0 066 

r = 2 X106 sec 

0 40 
25 

0 16 

■2 25X106 sec 

0 45 
31 

0 23 

MAY 2 9 

X10-6 (km) t= 10® sec r = 2 X106 sec r = 2 6X106 sec r = 3 X106 sec 

0 25 
10 

0 05 

0 27 
16 

0 08 

0 26 
17 

0 09 

0 17 
11 

0 06 

synchrone. Starting from a value of zero at the nucleus, dx/dr increases with increas- 
ing r along the “ascending” portion of a given syndyne. However, near the maximum 
of the curves, dx/dr decreases to a local minimum and increases considerably with 
further increase in r on the “descending” portion of the loci. The low value of dx/dr for 
small r precludes a hypersonic approximation within, say, 106 km of the nucleus, as was 
also the case with the synchrones. Near the relative maxima of the syndyne curves, the 
hypersonic condition is also not well satisfied. 

Table 3 gives the minimum value of dx/dr at the relative maxima of the various syn- 
dyne curves on April 27.8 and May 2.9, as well as the quantity Vi/(dx/dr)min. The values 
of {dx/dr)min given were obtained directly from the orbit-mechanical calculations. From 
Table 3 it is evident that, in the vicinity of the maxima of the syndyne curves, the hyper- 
sonic condition of equation (4b) is not well satisfied. However, for values of r > 2 X 106 

sec on April 27.8, where we have seen that the synchrone curves tend to degenerate and 
become less hypersonic, the hypersonic syndyne approach becomes valid. In this range 
we are concerned with positions on the syndynes well past the maxima. For a typical 
value such as 1 — /¿ = 0.10 and r = 2.3 X 106 sec on April 27.8, dx/dr — 5.4 km sec-1, 
so that Vi/{dx/dr) « 0.05. Thus the only region of interest where the hypersonic syn- 
chrone approach might not be valid or convenient is well handled by the hypersonic 
syndyne approach. The calculations for Comet Arend-Roland to be presented employed 
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358 MICHAEL L. PINSON AND RONALD F. PROBSTEIN Vol. 154 

the synchrone approach entirely for April 29.9, May 1.9, and May 2.9 and for r < 2 X 
106 sec on April 27.8. For r > 2 X 106 sec on the latter date the syndyne approach was 
used, since the synchrone hypersonic condition was not well satisfied and the curved 
shape of the synchrone axes made the calculations inconvenient. Here the complete 
range of r integration was split into two ranges, with the individual integrals handled 
differently. 

It should be noted that because of the projection effects connected with Arend-Roland, 
this comet probably represents a rather severe case in comparison with other comets 
with respect to the satisfaction of the hypersonic approximations. This follows from the 
fact that the actual tail length is some 4-5 times the apparent tail length. For more 
typical projection effects, where the appearance in the photographic plane would be 
similar to that in the orbit plane, the values of dx/dr and dx/d(\ — ¡x) would be 4-5 times 

TABLE 3 

Values of {dx/dT)min and vi/(dx/dT)m-m for Comet Arend-Roland 

1-m 

0 025. 
.050. 
.100. 
.150. 

.0250. 
0375. 
0500. 

0 0750 

■^fmaxXlO 8 (km) (dtf/</r)min (km sec“1) vi/(dx/dT)min 

April 27 8 (rmax^1 8X106 sec) 

May 2 9 (rInax~2 5X108 sec) 

those quoted above, and the respective hypersonic conditions would be that much more 
easily met. 

We now turn to the integrations necessary to determine the modified surface density 
at a given point. With the synchrone approach, the density at a given point of interest 
Mo,iVo was shown in Paper I to be given by 

D = - ^)[2^T dr . (7) 

Here the integrand represents the surface density for a differential synchrone tail. The 
synchrone locus for the particular value of r serves as the axis of such a differential tail. 
The surface density is constant along a normal to this axis for distances less than Vít 
from the axis and is zero for distances greater than Vít from the axis. In evaluating this 
integral, one must simultaneously solve the equation for the normal containing the 
point 

_ dNcu/d(l — m) _ Mo — Mcm /o\ 

dMcu/d{\ — m) N, — -Vcm , 
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to obtain 1 — ju as a function of M0,No and r, with the functions Mcm,^Vcm given by 
the appropriate orbit mechanics. The limits on the integral are the limiting values of r 
for which the point of interest lies within the individual synchrone tails. 

The most straightforward, and probably the most efficient, method of integrating 
equation (7) is simply to add together the contributions for a large number of r’s. This 
amounts to a superposition of a large number of differential synchrone tails. To do this, 
we may enumerate five distinct steps in the process: 

1. First, the orbit mechanics must be used to determine Mcm,ÍVcm for a particular r 
value and for all values of 1 — fx. For Comet Arend-Roland it is possible to express 
the results of these calculations in the approximate, analytic form of equations (3). 

2. For each grid point of interest, M0,No, the value of 1 — /x for the normal line 
containing the point Mo,No must be found by solving equation (8). Combining equa- 
tions (3) with equation (8) produces a cubic equation in 1 — /x which can be solved 
analytically but is more efficiently solved by numerical iteration. When it is not possible 
to use the analytic approximation for Mcm^cm, then equation (8) must be solved 
numerically using the more complicated equations of Appendices A and B of Paper I. 
Alternatively, equation (8) can be solved approximately by graphical means with rela- 
tive ease. This is carried out simply by laying out the synchrone axis, along with the 
normals to the axis at various points with known values of 1 — /x. From this, the value 
of 1 — /x for that normal containing a given grid point can be determined by interpola- 
tion. 

3. Next, one must determine which grid points are actually within the differential 
synchrone tail, which has a width 2vít. If the normal distance from the synchrone axis 
to a grid point is greater than Vít, there is no contribution to the density at this grid 
point for this differential synchrone tail. Thus, for all grid points for which 

(Mo — McuY + (No — Acm)2 ^ — fji,r;tc)T2 , (9) 

there is a contribution to the density. Here the values of 1 — /x for each MoyNo which 
were determined in step 2 must be used in calculating the values of Mem,Neu and fl». 
This step can also be carried out approximately by graphical methods. Along each of 
the normal lines drawn in the previous step, each having a known value of 1 — /x, the 
distances fl»(l — jjl, r; Qr can be laid out in both directions from the axis and the re- 
sulting points on either side of the axis on different normal lines connected by a line 
giving the “edge” of the tail. Those grid points lying within the differential tail can then 
be determined by inspection. 

4. The integrand of equation (7) may now be evaluated for each of the grid points 
found in step 3. At each grid point, the value oí 1 — ¡x found in step 2 may be used to 
evaluate/(I — /x) and dx/d(l — /x). To determine dx/d(l — /x), which was defined in 
equation (4a), one must combine equations (3) and (4a) or use the more exact orbit- 
mechanical relations. The emission rate Nd(t) is evaluated at the value of r under con- 
sideration, using t — tc — T. The value of the integrand is then multiplied by the step 
size Ar. 

5. Steps 1-4 may then be repeated for successive values of r, adding together the 
contributions for each grid point. In such a procedure, the accuracy involved at a given 
grid point is of the order of the reciprocal of the number of tails (or r values) that actu- 
ally contribute to the density at that point. 

The procedure for the syndyne approach for the calculation of surface density, which 
was used for r > 2 X 106 sec on April 27.8 for Comet Arend-Roland, is similar to that 
just described. Essentially the roles of 1 — ¿x and r are reversed, and the modified sur- 
face density is given by 

. r "i—i 
J Ad/(l-/x) hfl^rJ-^l-M,« d(\-ix), (10) 

(i_M) l dr J 
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where dx/dr is defined by equation (4b). Analogously to equation (8), the equation for 
the normal containing the point Mo,No is 

_ dNçM./dr _ Mq — Mcu /^\ 

dMcu/dr No — Ncm 

As mentioned above, no convenient approximate analytic expression in r, valid over a 
large range of r values, is available for For the calculations to be presented, 
the manner in which the r integration has been split up requires that no contributions 
to the density for r < 2 X 106 sec be included in the syndyne calculations, to avoid 
double counting with the synchrone calculations used for that range. 

The functional parameters determined by comparison with observations of Comet 
Arend-Roland are shown in Figures 2-4. Consideration of the manner of selection of 

these functions, their uniqueness, and the dependence of the calculated density distri- 
butions upon them will be deferred to the next section. It was pointed out in Paper I that 
the determination of the absolute level of Ñd{i) involves certain assumptions regarding 
dust-particle properties, such as mass density and albedo. We therefore first give Ñd(t) 
on a relative basis, denoted by (Ñd)reh where this quantity is dimensionless. The esti- 
mation of the dimensional constant by which the values of (iV^rei shown in Figure 2 
must be multiplied to yield the actual production rates in dust particles per second will 
be taken up in § IV. The discontinuous, or step, changes in (iV^rei were taken purely 
for calculational convenience. The actual distribution will, of course, be smooth except 
for the large outburst shown at ¿ = —0.5 X 106 sec, which will be discussed below. 

The particle-size distribution function /(I — ¿i), shown in Figure 3, gives the fraction 
of particles weighted by their light-scattering ability in a differential 1 — m range and 
is normalized to unity. The dashed line shown there represents a somewhat different 
size-distribution function, which was used for the particles emitted during the outburst. 
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No. 1, 1968 THEORY OF DUST COMETS 361 

This permitted a slightly better comparison of the calculated and measured density 
distributions. 

The function giving the initial particle velocity, ^¿(1 — /z, /)> was taken for conven- 
ience to be the product of two functions—one the function of 1 — /z shown in Figure 4, a, 
and the other the time function shown in Figure 4, b. The particle-velocity function 
will be discussed in detail in § IV, when the emission velocity is related to head-gas 
flow rates. 

Fig 3 —Particle-size distribution function /(I — 
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Figures 5-8 give the calculated modified surface-density distributions and observed 
light-intensity distributions for Comet Arend-Roland for the four dates listed in Table L 
In the integrations, 100-200 steps were used, and the densities were obtained at about 
300 grid points for each date. The measured light-intensity distributions, shown by the 
dashed lines, were obtained by Ceplecha (1958) from a microdensitometer analysis of 
negatives exposed through an orange filter that excludes the blue CO+ emission bands. 
Thus, while a certain amount of CO+ has been observed to be present in the tail of this 
comet, the measured light intensities used here result solely from the dust component. 

Fig. 5.—Calculated and measured (Ceplecha 1958) isophotes for Comet Arend-Roland on April 27.8, 
1957. 

Fig. 6.—Calculated and measured (Ceplecha 1958) isophotes for Comet Arend-Roland on April 29.9, 
1957. 

A second set of measurements on April 27, which were taken only about an hour be- 
fore those of Figure 5 and which are similar to those of Figure 5, is not shown here. A 
set of isophotes for April 29.1 was also obtained by Ceplecha, but the measurements are 
of much shorter extent, since on that night it apparently was not possible to take a suffi- 
ciently long exposure for the far tail region. The measured tail extended only to about 
2 X 106 km from the nucleus, and these results are not reproduced here. 

The measured isophotes are lines of constant light intensity, and the numbers indi- 
cated for the individual isophote curves may be related to the light intensity I by 

I oc 10° 01$ - 1 , (12) 

where the © values shown in Figures 5-8 are taken directly from Ceplecha^ results. 
Here 3) represents the percentage difference between the value of logio I at the measured 
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point on the photographic plate and that of the background region of the plate. The con- 
stant of proportionality in equation (12), which is different for the various dates of ob- 
servation, depending on the exposure time, will be discussed later when the absolute 
level of is taken up. A © = 0 level, also given by Ceplecha, is not reproduced in 
Figures 5-8, as it represents only the limit of detectability against the background fog- 
ging of the photographic plate. In addition, some curves for other values of © on April 
29.9, when a relatively long exposure was made, have been omitted here, for the sake 
of clarity. The “forward spike” of the comet is evident in the isophotes on April 27.8 

Fig 7 Fig 8 

Fig. 7.—Calculated and measured (Ceplecha 1958) isophotes for Comet Arend-Roland on May 1.9, 
1957. 

Fig. 8.—Calculated and measured (Ceplecha 1958) isophotes for Comet Arend-Roland on May 2.9, 
1957. 

and 29.9, and the isophotes for these regions have been included here. No such features 
are evident in Ceplecha’s figures for May 1.9 and May 2.9, and in general the isophotes 
very near the nucleus have not been reproduced in Figures 5-8, again for the sake of 
clarity. 

Information given by Ceplecha relating the angular coordinates of positions in the 
sky to positions on the isophote plots has been used to fix the M,N coordinates on the 
figures. The length scale in the (M,iV)-plane is simply the Earth-comet distance, A, 
times the given angular scales, since the field of the figures is only a few degrees. The 
apparent radial direction, the if-axis, was oriented by determining the angular position 
of the Sun in the sky on the various dates and using straightforward spherical trigonom- 
etry. In this regard, an apparent discrepancy for the last date of observation, May 2.9, 
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should be mentioned. Using the information given by Ceplecha, we deduce the ikf-axis 
to be inclined at an angle of 140-15° to the apparent tail axis, which is a much larger 
angle than those for the three earlier dates. While this apparent angle may be expected 
to increase during the period of Ceplecha’s observations, as the Earth becomes more 
distant from the comet orbit plane, this tail orientation appears to be far out of line 
with the first three values and cannot possibly be explained in a manner consistent with 
the data on the earlier dates. Two other isophote diagrams by Ceplecha at the same time, 
one for a blue filter and one for integral light, give this same angle of 140-15°. However, 
the apparent tail angle on this date has been quoted by Brandt and Belton (1966), based 
on the observations of Beyer and Maffei, to be no more than 10°. Also, an angle of 10° 
for the same date has been deduced from integral light isophotes, similar to those of 
Ceplecha but for the near tail region of this comet, by Rúáicková and Plavec (1958). For 
these reasons, it is concluded that an error exists in the information quoted by Ceplecha 
for this date. The measured isophotes shown in Figure 8 have therefore been rotated 
«5° clockwise, toward the M-axis, to correct this discrepancy. 

A minor concern connected with the use of Ceplecha’s data is that the axis of Ceple- 
cha’s instrument was directed to a point somewhere in the middle of the tail and not at 
the nucleus of the comet. Strictly speaking, the (if,iV)-plane should be tangent to the 
celestial sphere at this point in the tail rather than at the nucleus, as is the case here. 
However, since the angular difference involved is only 20-3°, the errors involved are 
small. 

Since we are here concerned only with relative values of Ñd, the level of the calculated 
densities has been arbitrarily adjusted in Figures 5-8 for optimum agreement. That is, 
the calculated densities have been set equal to the measured values at a point in the 
middle region of each of Figures 5-8. This has been done separately for each of the four 
figures, although strictly speaking it should have been done on only one figure, with the 
calculated density levels on the other three dates related to those of the first date. How- 
ever, this would have involved considerations of the constant of proportionality in equa- 
tion (12), through which a large uncertainty is introduced in the process of calibrating 
the absolute level of the measured light intensity. This question will be discussed in 
§ IV, where it will be shown that no inconsistency results from fixing the levels of the 
calculated values separately for each of the four dates. 

In the isophote diagram of Figure 5, one cannot help noticing the prominent “bulge” 
on the left side of the measured isophotes. This feature is also apparent on the measure- 
ment, not reproduced here, taken by Ceplecha about an hour earlier on the same 
night. By comparing the synchrone curves of Figure 1, a, with the position of this 
feature, it is noted that there is a close correspondence with the synchrone for r = 2.25 X 
106 sec. This value of r corresponds to t = —0.54 X 106 sec, which would be April 2, 
about 6 days before perihelion. This comparison is the basis for the “outburst” of emis- 
sion shown in Figure 2. Comparison of Figure 1, 6, with the measured isophotes of Fig- 
ure 6 for April 29.9, where the appropriate r value is now 2.43 X 106 sec, again suggests 
this outburst, although less strongly. Since the improving projection effects ou the last 
two dates (the outburst corresponds to r = 2,60 X 106 sec on May 1.9 and r = 2.69 X 106 

sec on May 2.9) cause the synchrones for the various r values near that of the outburst to 
be less spread out, the effects of the outburst are not so plainly evident. This outburst is 
not to be confused with the emission giving rise to the forward spike of this comet, which 
we will show below to have occurred at very much earlier times. 

It is not possible to resolve the exact variation of (iV'd)rei during the outburst, and 
only the total emission involved in the outburst (i.e., the area under the (iV^rei curve 
for the outburst) is well determined. For numerical convenience, the duration of the out- 
burst was taken to be 0.8 X 105 sec (almost 1 day) but could have been significantly 
less. It could not, however, have extended over a much longer period of time, since no 
effects of the outburst are evident in Figure 5 at the locations corresponding to those 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
68

A
pJ

. 
. .

15
4.

 .
35

3F
 

No. 1, 1968 THEORY OF DUST COMETS 365 

of the synchrones for r = 2.15 X 106 sec (t = —0.44 X 106 sec) or r = 2.35 X 106 sec 
(t = —0.64 X 106 sec) in Figure 1, a. Also, with regard to the discontinuous rise of 
í>¿(0.08,¿) at ¿ = — 0.58 X 106 sec in Figure 4, 6, it can only be said that the emission veloc- 
ity of the particles emitted during the outburst appears to be the higher value, while the 
particles emitted at earlier times were deduced to have the lower velocities. It is not 
possible, however, to resolve the exact nature of the change, which one might suspect 
to be due to greatly increased head-gas emission concurrent with the outburst of dust. 
We would note here that the discontinuities in (Ñd)xe\ connected with the outburst vio- 
late the assumption of Paper I that Ád be reasonably smooth, as required for use of the 
syndyne approach. However, sample calculations by the synchrone approach, which 
avoids this difficulty, were compared with the syndyne calculations used for April 27.8, 
and it was found that the effects of the discontinuities were small. 

As has already been pointed out, a slightly different particle-size distribution func- 
tion was used for the particles emitted during the outburst. This is shown by the dashed 
line in Figure 3. The line is terminated at 1 — /x — 0.23, since particles with larger 
values of 1 — ¡jl (i.e., smaller particles) had already been removed from the observed 
tail regions at the above times of observation. The use of such a function permitted a 
slight improvement in the comparison of the calculations and the measurements in certain 
respects, such as the density variation along the tail axis on the last two dates. 

In the isophotes of Ceplecha for April 27.8, a ^forward spike” pointing nearly in the 
— M direction is evident. Remnants are also apparent on April 29.9, although not so 
spectacularly. The measured isophotes for May 1.9 and 2.9 in the region of the nucleus, 
which are not reproduced here, show no definite traces of this feature. It has been pointed 
out (see, e.g., Öpik 1958) that this forward spike consists of particles emitted at exceed- 
ingly low velocities early in the passage of the comet past the Sun. These particles are 
located almost entirely in the comet orbit plane and because of the Earth’s position close 
to this plane appear as a forward spike. 

We may compare the measured isophotes of the forward spike in Figure 5 with the 
synchrones of Figure 1, a, for very large values of r. The comparison suggests that the 
emission of the dust particles in the spike occurred for r values in the range 5-7 X 106 

sec. On April 29.9 the corresponding r range is 5.2-7.2 X 106 sec, which again may be 
seen to agree well with the position of the measured traces of the spike. The correspond- 
ing range of emission times would be ¿ = —3.3 to —5.3 X 106 sec which, since peri- 
helion was on April 8, 1957, corresponds to the range of March 1, 1957, to February 6, 
1957. On March 1 the heliocentric distance was rc ^ 1.02 a.u., and on February 6 it was 
rc ^ 1.45 a.u. 

In Paper I it was shown that in the limit > 0, equation (7) or equation (10) re- 
duces to the simple form 

D = Ä5/(l - ju)[ I 
dMcu dAcM dMcu dNcu 

d(l — ¡i) dr dr d(l — ju) 
7cm I 1 1 

— ju) I J 
(13) 

This expression could be used for the calculation of the density distribution in the re- 
gion of the forward spike. However, the extreme crowding of the synchrones, coupled 
with the rather small scale, results in insufficient resolution to permit a meaningful calcu- 
lation of detailed isophotes in this region. 

Sample calculations have been carried out for one point in the forward spike for the 
dates April 27.8 and 29.9. The maximum extension of the isophotes in the spike region 
would appear to be oriented most nearly with a synchrone for t = —4.3 X 106 sec, 
which is in the middle of the range t = —3.3 to —5.3 X 106 sec quoted above. On April 
27.8, at the position of maximum distance from the nucleus of the © = 5 line in the 
spike region, the value of 1 — ¿a is about 0.017, and the Jacobian in equation (13) has 
a value of 0.277 X 107 km2 sec1. The calculated surface density at this point has the 
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same value as that of the calculated S) = 5 line in the normal tail on this same date if 
(Ntdreif = 0.076. Similarly, on April 29.9, again for t — —4.3 X 106 sec, at the “tip” 
of the ® = 10 line in the forward spike, it was found that 1 — ¿i = 0.015, and the 
Jacobian was found to be 0.49 X 107 km2 sec“1. Matching tfiis to the calculated value 
of the® = 10 level in the normal tail on this date gives (jVcz)rei/ = 0.073, which is re- 
markably consistent with the value for April 27.8. If we assume that the same particle- 
size distribution function holds for the particles in the forward spike as for those par- 
ticles in the normal tail, so that the solid line in Figure 3 may be used for /(I — /¿), we 
then get 

(Nd)rei « 0.03 at / = -4.3 X 106 sec (14) 

on the scale of Figure 2. This value is to be taken to be the maximum rate of emission 
for the particles of the forward spike, and the emission of these particles extends in time 
at least 106 sec before and after the above time at diminished rates. 

The reader may form his own conclusions regarding the quality of the comparison 
between the calculated and observed isophotes of Figures 5-8. It is noted, however, that 
not only the basic features of the observations are reproduced by the calculations, but 
also a great many of the smaller details such as certain of the “wiggles.” Nowhere in 
these tails is the difference between the measured and calculated densities greater than 
10-20 per cent, which is probably less than the uncertainties inherently associated with 
microdensitometer measurements of photographic plates in astronomical applications. 

HI. DEPENDENCE OP SURFACE DENSITY ON FUNCTIONAL PARAMETERS 

In this section we consider the manner in which the modified surface-density distribu- 
tions depend on the comet functional parameters /(I — /x), Ñd(t), and Vi{l — /x, ¿). In 
so doing, the choice of the functions presented in the previous section will be justified. 
The questions of the uniqueness of the selection of the functions and the sensitivity of 
isophote forms to changes in the functions will also be considered. The procedure by 
which the comet functional parameters may be deduced from observational data in 
general (i.e., for comets other than Comet Arend-Roland) may be inferred from the 
present discussion. 

Certain very general features of the dependence of surface-density distributions on 
the functional parameters may be deduced by inspection of the syndyne-synchrone loci 
of Figure 1. We would first note that for the velocity function Vi(l — /x, Í) shown in 
Figure 4, Vi ~ 0.3 km sec“1, so that the widths of the differential syndyne or synchrone 
tails, 2vít, are of the order of 106 km. When this distance is compared with the distances 
between the various syndynes or synchrones of Figure 1, a certain, but limited, amount 
of overlap between the various differential tails is evident. Since this overlap is not too 
large, it can be said that the density at points near the Jkf-axis is due to particles emitted 
at late times (i.e., small r values), while the density at large distances from the if-axis 
results from early emissions. From this it can be concluded that the non-radiality of the 
tail would increase if the relative amount of emission at early times were increased. 
Similarly, since 1 — /x increases monotonically along any particular synchrone, it would 
appear that the particle-size distribution function /(I — /x) has a large effect on the 
variation of the density in the axial direction. Increasing the value of/(I — /x) at larger 
values of 1 — M would tend to increase the relative density in the far tail region, while 
a relative increase of/(I — ¿x) at small values of 1 — /x would increase the density in the 
near tail region. 

In order to define in a more precise manner the nature of the various dependences, a 
number of modified surface-density distributions have been calculated for Comet Arend- 
Roland on the four dates considered above, for functional forms of/(I — /x), Ñd(t), and 
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Vi(l — ju, t) other than those given in § II. The resulting surface-density distributions 
may be approximately characterized by four quantities: 

a) The apparent tail angle, i.e., the angle between the tail axis in the (if,Y)-plane 
and the if-axis, which serves as a measure of the tail orientation. 

b) The half-width of the tail, taken in the middle region of the tail, which serves as a 
measure of the cross-sectional shape. 

c) The relative density in the far tail region, expressed by the ratio of the density on the 
tail axis at an appropriately defined location in the far tail to the density on the tail 
axis in the middle tail region. 

d) The relative density in the near tail region, measured in a manner analogous to that 
for the far tail. 

The behavior of the above four quantities with changes in the three functional param- 
eters has been studied by successively varying each function with the remaining two 
functions held fixed at their “optimal” form. The optimal functions denoted by /(0), 
Yd

(0), and ü¿(0) are the functions shown in Figures 2-4, upon which the calculated iso- 
photes of Figures 5-8 are based. 

Six functional forms were investigated for the particle-size distribution /(I — ju). 
These functions are denoted by/(1) to/(6) and are shown in Figure 9, where for compari- 
son the optimal function /(0) is also shown. Similarly, Figure 10 shows the six functions 
Yd(1) to Yd(6) considered for the relative dust-particle emission rate, where the subscript 
“rel” has been omitted for clarity. The outburst discussed in § II was considered a suffi- 
ciently well-established feature that it was included in each of the six functions. In con- 
sidering the variations of the density distributions with vfl — y,, t), changes in the 
dependence of Vi on 1 — /x were not investigated, since this dependence was assumed to 
be determined from the inner-head-flow solution discussed in Paper I. Figure 11 shows 
the five forms of the time dependence of Vi which were investigated, along with the op- 
timal form. 

In order to characterize the functions given, appropriate moments or averages were 
used. The particle-size functions were characterized by two quantities, one measuring 
the fraction of particles in the relatively high 1 — /x range (0.1 < 1 — /x < 0.3) and the 
other the fraction of particles in the low 1 — /x range (0 < 1 — /x < 0.03). The dust 
emission rate was characterized by the average time of emission over the time range 
shown in Figure 10. The behavior of the emission velocity with time was described by 
two quantities. One quantity was the time-averaged value of Vi over the same time 
range used for Ñ d- The other quantity, the ratio of the average value of Vi in the last 
half of this time range to that in the first half, measures the asymmetry of the time de- 
pendence of Vi. 

The behavior of the four parameters characterizing the isophotes has been investi- 
gated as a function of the above averages calculated for the different functional forms 
shown in Figures 9-11. The details of this study may be found in Finson and Probstein 
(1967). We here summarize the essential results: 

a) The tail orientation is a strong function of/(I — /x), Ñd(t), and Vi(l — y,t). The 
tail angle increases for functions/(l — y) which have a greater concentration of particles 
at low values of 1 — /x (i.e., large particles), for forms of Yd which have greater emissions 
at early times, for a general increase in the level of Vi, and for asymmetrical time varia- 
tions of Vi which have lower velocities at early emission times and higher velocities at 
late times. 

b) The width of the tail is primarily dependent on Vi, being greater for higher levels 
of Vi and, to a somewhat lesser extent, being decreased for asymmetrical time variations 
of Vi. 

c) The variation of the density along the tail axis is almost solely a function of 
/(I — y). The rate of decrease of the density in the axial direction increases with a more 
rapid decrease of / with 1 — y. 
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On the basis of these conclusions, the question of the uniqueness of the selection of 
the functional parameters given in the previous section can at least be answered empiri- 
cally. It should be clear at this point that no substantial change of any one of the three 
functional parameters can be made without radically altering at least one important 
feature of the calculated isophotes. Such a change would, of course, preclude the quality 
of agreement between the measured and calculated isophotes which was obtained. We 
may, however, ask what the result would be of a simultaneous change in any two or even 
in all three of the functions. Referring to the above conclusions, we note that any sub- 
stantial change in/(I — ¿i) would give rise to changes in the axial variation of the den- 
sity, which could be offset only by extremely large changes of one or both of the other two 
functions. But, since the tail orientation is a strong function of all three functions, it 

 f (0) 

  f(j) 
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would be very drastically altered in such a procedure. Similarly, the emission velocity 
may be considered to be well determined from considerations of the cross-sectional 
shapes. Once/(I — /¿) and have been so determined, only ]Vd(t) may be varied, and 
this must be done so as to provide the correct tail orientation. 

It is to be noted that the above discussion applies only to those ranges of the independ- 
ent variables, 1 — ¿i and /, which have an effect on the isophote distributions. Exclud- 
ing the forward spike, for the calculations described for Comet Arend-Roland, particles 
emitted before t ^ —1.0 X 106 sec had essentially been blown out of the observed 
regions of the tail at the time of observation, and particles emitted after t ^ +1.5 X 106 

sec had yet to reach the observed tail regions. Thus Ñd and Vi have been given only for 
—1.0 X 106 < ¿ < +1.5 X 106 sec. Similarly, particles with 1 — jlc < 0.03 or 1 — ¿i > 
0.30 do not play an important role within the observed tail region, so that/(I — 
should be considered to be reliably determined only in the range 0.03 < 1 — /¿ < 0.30. 

Ñd
(0) 

Ñd(j) 

J ,  i I ►. J .  ‘ 1— 
-| O O 10 -10 O 10 

t X IO-6, sec t X IO-6, sec 

Fig. 10.—Relative dust-particle emission rates 
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For the calculated isophotes shown in Figures 5-8, a high level of agreement with the 
measured isophotes was desired. To achieve this, it was necessary to take into account 
finer details not considered above, which have a 10 to 20 per cent effect on the depend- 
ence of the density distributions on the functional parameters. We shall not discuss these 
considerations at any length, since they are of less general interest than the basic de- 
scription given above. However, it may be noted, for example, that the exact functional 
forms of the time variation oí ]Vd and V{ were deduced from considerations of cross-sec- 
tional variations of the density. The “tail” of the particle-size distribution was also de- 
duced from similar considerations. A more extended “tail,” as shown in Figure 9 for 

—i 1  1 1— 
-I O 0 10 

t x I0-6, sec 

Fig. 11.—Time-dependent portions of initial-particle-velocity functions £>»•(>) 

/(6), gives rise to a somewhat detrimental effect on the relative spacing of the various 
isophotes on the leading (small N) side of the tail, while the opposite change shown 
by /(5) causes a slightly lower density level in the far tail region on April 27.8. 

IV. DERIVED RESULTS 

Following the procedure outlined in Paper I, the determination of the three comet 
functional parameters discussed in the preceding two sections constitutes the “first 
stage” of the calculations. We again emphasize here that this first stage required no as- 
sumptions regarding the exact nature of the dust particles, the details of the light scat- 
tering from the dust particles (other than the validity of eq. [1]), or the precise state 
of the comet nucleus. In accordance with what was termed the “second stage” in Paper I, 
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these functional parameters can now be used to determine other information on dust 
comets of more direct physical significance by introducing assumptions regarding the 
light scattering and dust-particle density. We first relate 1 — /z to the product pad by 
means of equation (1). In so doing, it is necessary to assume a value for the scattering 
efficiency Qpr involved in the constant C. As noted in Paper I, Qvr has a range of about 
1-2 for metallic particles and is somewhat less than unity for a dielectric medium. We 
shall here take Çpr = 1, where this value is understood to be uncertain to within a fac- 
tor of 2. For this value of Çpr the constant C in equation (1) is equal to 1.19 X 10~4 

g cm-2. 

Fig. 12.—Dust-particle-size distribution function g(pdd) (QPr = 1) 

Knowing C, we can now determine the actual particle-size distribution function g(pdd) 
introduced in Paper I. This function is related to/(I — p) by 

g(Pdd) = ¿ (1 - m)4/(1 - m)/ /(I - m)2/(1 - uMl - m) , (15) 

where 

fg{Pid)d{Pid) = 1 . (16) 
0 

The factor (pad)2, introduced into the modified particle-size distribution function 
/(I — /z) to take into account the particle cross-sectional area, has been removed 
from g(pdd).  

The particle-size distribution function g(pdd) calculated from equation (15), using 
/(I -- /z) given by the solid line in Figure 3, is shown in Figure 12. It should be noted 
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that g{pdd) goes sharply to zero at pad = 2.16 X 10-4 g cm-2 as a result of the fact that 
/(I — p) was taken to be zero for 1 — /¿ > 0.55. As pointed out in the preceding sec- 
tion, the behavior of /(I — /x) for 1 — ¿i > 0.30 does not strongly influence the calcu- 
lated density distributions, and the “tail” of the distribution function /(I — pi) cannot 
be considered to be well determined. Hence the corresponding portion of Figure 12 is 
denoted by the dashed curve, and no great significance should be attached to this limiting 
minimum value of pdd. What is considered to be reliably determined, however, is the 
behavior of g{pdd) for pdd values in the range 4-40 X 10-4 g cm-2. 

An important value optically of pdd is the root-mean-square value ((pdd)2)112, where 

CO 

<W)2> = f{pddYg{pdd)d{Pid) . (17) 
0 

The root-mean-square value is found to be equal to 5.6 X 10~4 g cm-2 and is not strong- 
ly dependent on the behavior of g{pdd) at the smaller pdd values. Assuming a constant 
value of pd over all particles, the optically important particle diameter is then 5.6 ¿x 
for pd = 1, 1.9 /x for pd = 3, and 0.8 /x for pd = 7 g cm-3. 

Next we may determine the absolute level of the dust emission rate Ñ d- In so doing, 
it is necessary to consider the amount of light scattered by an individual dust particle 
in the direction of the Earth. Considerable uncertainty is introduced here. The albedo, 
the ratio of scattering to extinction, is not well known for the dust particles and may 
have a value between 0.5 and 0.05. Also, the phase-angle function, giving the amount 
of light scattered in various directions, is only poorly known. (The phase angle a is the 
angle between the Sun-comet and Earth-comet lines and was ^90° for Comet Arend- 
Roland on the dates considered.) We shall define the phase-angle function 0(a) as the 
ratio of the light scattered in the direction a to that which would result from isotropic 
scattering. Then, if A is the albedo and 7o the solar light intensity at 1 a.u. from the 
Sun, and if we assume that the cross-section for extinction is the geometrical cross-sec- 
tion, the light received by an observer on the Earth from an individual dust particle 
of diameter d is 

Ipird2/4 
47rA2 (18) 

Theoretical calculations of 0(a), based on the Mie theory, are difficult even for such 
simple shapes as spheres and have not been carried out for irregularly shaped particles 
Of more interest are laboratory measurements by Richter (1959) of the light scattering 
from both metallic and dielectric particles of l-/x diameter. The scattering was found to 
be nearly isotropic for dielectric particles, while for metallic particles 0(a) was only 
about 0.2 near a = 90°. On the basis of these results and of the range given for the al- 
bedo, we shall consider the probable range of the product ^40(a) to be 0.01 < ^40(a) < 
0.50. Since the phase angle changed by no more than 20° during the period of Ceplecha’s 
observation of Comet Arend-Roland, ^40(a) will be assumed constant for the four dates. 

In the calculated modified surface densities presented in Figures 5-8 the actual num- 
ber of particles in the comet tail is multiplied by the factor {pdd)2/{(pdd)2 ), so as to be 
proportional to the light intensity. Since the light intensity would be given correctly 
if the number of particles had been multiplied by the factor of equation (18), the calcu- 
lated light intensity per unit area in the (ilfjiV)-plane is related to the modified surface 
density D by the relation 

= hA<t>{a) /1 a.u.y {{pdd)2) Nd D 

16 A2 \ rc J pd2 {Nd)vei 
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Here h is in, say, lumens per square meter, while D in this relation is calculated with 
the dimensionless (jy^rei in place of the dimensional JVd so that ÑdD/(Ñd)Téi is in par- 
ticles per square kilometer. The ratio Ñ d/ {Ñd)™\ is the constant required to transform the 
relative emission rate of Figure 2 into the actual emission rate and is in particles per 
second. 

Information given by Ceplecha relating the 2) levels of the measured isophotes to 
the magnitude scale, together with the manner in which the calculated D levels were 
matched to the ® levels for the isophote figures, may be used to determine Ñd/{Ñd)re\- 
As pointed out in § II, this matching was done separately for each of the four dates of 
observation. It is found, for fixed values of A(j>(a) and pd, that the value of Ñd/(Â^rei is 
about half as much on the first and last dates as on the middle two. This discrepancy is 
attributed to the calibration of the level of the measured light, a difficult task for low- 
intensity light from a diffuse source such as a comet tail. In fact, it may be noted that 
the light-intensity levels of the two measurements of Ceplecha, which were performed 
about an hour apart on the night of April 27, differ by a factor of about 2.5, i.e., by about 
one magnitude. It is difficult to conceive of such a change as being real. 

If we use the average of the values for the four dates considered, we find that 

—^ Nd = 4.0 X 1016 cm6 g“2 sec“1, (20) 
Pd (Ad)rel 

where pd is in grams per cubic centimeter. It is apparent that the value of Ñd/(Ñd)vei 
can vary considerably, depending on the values assumed for ^4 0(a) and p/. For a prob- 
able lower limit we take p<¿ = 1 g cm-3 and A0(a) = 0.50, giving Ñd/{Ñd)ve\ — 
8.0 X 1016 particles sec-1, while for a probable upper limit we take pd = 7 g cm-3 and 
^40(a) = 0.01, giving ^/(ÁtOrei = 2.0 X 1020 particles sec-1. Using the values A0(a) = 
0.08 and pd = 3 g cm-3, corresponding approximately to the middle of the ranges, we 
have 

Ñd/{Ñd)Te\ = 4.5 X 1018 particles sec-1 . (21) 

Using this value, from Figure 2 we find the rate of dust production to be 2.7 X 1018 par- 
ticles sec-1 at ¿ = 0 (perihelion) and 4.5 X 1017 particles sec-1 at / = 106 sec. The total 
number of particles emitted in the outburst at ¿ « --0.5 X 106 sec is 9 X 1023. 

The mass production rate of dust ñid is given by the product of the number produc- 
tion rate and the average particle mass over the size distribution g(pdd). The latter is 
given by 7r((pdd)3)/6p/, where ((pddy) is evaluated in a manner completely analogous 
to {(pdd)2), defined in equation (17). Note that, since Ñd 01 Pd2, the pd

2 factors cancel, 
and since {{pdd)2) and ((pdd)z) are simply moments of the distribution function g{pdd), 
they are constants and no dependence on pd remains. Thus, to evaluate rhd, we need 
only assume a value for ^40(a), so that rhd is determined with much less uncertainty than 
is Ñd- The value of {(pdd)z) turns out to be 4.78 X 10-10 g3 cm-6. With .40(a) = 0.01, 
0.08, and 0.50, the respective values of rhd at perihelion are 6 X 108, 7.5 X 107, and 1.2 X 
107 g sec-1. At late times, say, t> 0.75 X 106 sec, the values would be lower by a fac- 
tor of 6. The respective values for the total mass emitted during the outburst are 2 X 1014, 
2.5 X 1013, and 4 X 10i2 g.. 

We now turn to the uthird stage” outlined in Paper I and determine the production 
rate of the comet head gas from the dust mass flow rates and the dust-particle emission 
velocities Vi given in Figure 4. To do this, we use the results of Probstein (1968) for the 
emission velocity of the dust particles from the inner head region. These results are 
summarized in Figure 13, where 

Sft = rhd/rhg ß = ^-Trpddro(cpTgoy
f2/mg . (22) 
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Here mg is the mass flow rate of the neutral head gas, ro the nucleus radius, Tg(i the tem- 
perature of the head gas at the nucleus, and cp the specific heat of this gas. While riig(t) 
can in principle be determined at all times from the time variation of Vi and m^, the 
process is sufficiently complicated that we shall here determine mg only at a few selected 
times. 

The evaluation of mg will be carried out for particles with 1 — /x = 0.08 or (with 
(?pr = 1) pad — 14.9 X 10-4 g cm“2. At this value the 1 — /¿ part of the initial-particle- 
velocity function Vi has a value of 1. This part of Vi was chosen to have nearly the same 
slope as the curves in the region of interest in Figure 13, so that approximately the same 
values of rhg would result if other values of pad were used. A nucleus radius of ro = 5 km 

Fig. 13.—Emission speed of dust particles from inner head region (Probstein 1968) 

will be assumed, and a nucleus temperature TQq = 200° K. With the head-gas specific 
heat cv taken as that of a perfect gas with 5 degrees of freedom and a molecular weight 
of 25, (cvTgQ)

112 « 0.49 km sec“1. From these values we have 

ßmg = 6.1 X 108 g sec-1 . (23) 

As a specific example, let us find mg at the time of perihelion, when ^¿(0.08,/) had its 
maximum value of 0.33 km sec“1, so that Vi/(cpTgo)

112 « 0.67. With the mass production 
rate of dust at perihelion given above for A<l>(a) = 0.08, 

Wbiig = 7.5 X 107 g sec“1 . (24) 

Thus in this case ß ~ 8®?. From Figure 13 along the line Vi/(cpTgo)
112 = 0.67, we see 

that ß « 85DÎ at ß « 10. Thus, from equation (23), « 6 X 107 g sec“1 at perihelion. 
This procedure has been carried out for A<f)(a) = 0.01, 0.08, and 0.50 and at the 

times t = —0.8 X 106, t = —0.54 X 106 (during the outburst), t = 0, and ¿ = +1.0 X 
106 sec. The resulting values of mg are given in Table 4. TgQ = 200° K and ro = 5 km 
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were used in all cases. It is apparent from Table 4 that rhg is not particularly sensitive 
to the mass production rate of dust rhd. A change of ^4 0(a), and hence also by a fac- 
tor of 50 results in a much smaller change in mg. This may be attributed to the relative 
closeness of the lines SOi = constant in the vicinity of 911 = 1, so that at a given value 
of Vi a small range of possible ß values results. Since Vi was determined directly from 
comparisons with measured isophote distributions, the only significant uncertainty re- 
maining is in connection with the nucleus radius ro, to which rhg is essentially propor- 
tional. The uncertainty in the initial gas temperature Tgti is much less important, since 
it is known to within a factor of 2 and, furthermore, only the square root of this quantity 
enters in applying the results of Figure 13. 

V. COMPARISON OP RESULTS WITH PREVIOUS ESTIMATES 

Let us now compare the results obtained with those of other investigators. Most of 
the more detailed results, such as the isophote figures of § II and the various functional 
parameters, are obtained here for the first time. As a result, many of the comparisons 
must necessarily be in terms of less detailed, order-of-magnitude considerations. 

TABLE 4 

Values of ma in Grams per Second 

0.08 0 50 

8X106 

5 5X107 

6 0X107 

1 2X107 

6X106 

2 7X107 

4 6X107 

1 0X107 

ÍX10-6 (sec) 

-0.80. 
-0 54. 

0... . 
+1 00. 

o 01 

2X107 

1 5X108 

1 5X108 

1 7X107 

The only aspect of the above isophote calculations which may be compared with a 
previous study is the forward spike of Comet Arend-Roland. Öpik (1958) analyzed this 
feature from observations made on April 25, 1957, the very date on which the Earth 
passed through the comet orbit plane, when the spike appeared to be very thin and to 
point directly toward the Sun. From the observed narrowness of the spike, he concluded 
that the particles in the spike were emitted from the nucleus (in terms of the present 
model, from the inner head region) at very small velocities and that it was doubtful 
that any forces other than solar gravity and radiation pressure acted on the particles. 
Analyzing the motion of these particles after their emission, he showed that emission 
would have to have occurred no later than April 2, 1957, or else the spike would not 
have been projected in the forward direction. These conclusions are all consistent with 
the results of the present study. However, he then assumed that the emission did not 
take place very much earlier than April 2, between March 29 (t « —0.8 X 106 sec) and 
April 2 (t ^ —0.5 X 106 sec), a period very different from that of February 6-March 1 
deduced in § II. With reference to the synchrones of Figure 1, a, b, and the measured 
isophotes of Figures 5 and 6, we would note that the emission dates deduced by Öpik 
are inconsistent with the observed positions of the spike on dates other than April 25. 

No previous direct estimates are available for the comet functional parameters Nd(t), 
rhg(t)j and /(I — /¿) or g(pdd)y except that functions similar to our g(pdd)9 but expressed 
in terms of d alone, were suggested by Remy-Battiau (1964) and Öpik (1958). If pd is 
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constant for all particles, this difference is immaterial, and we shall call such a function 
g(d). Size distributions of the form 

g{d) œ d~k (25) 

were investigated. The study of Remy-Battiau (1964) of the continuous spectrum from 
the heads of Comets Arend-Roland and Mrkos indicated a likely value of 4 for Æ, with 
a lower limit for the particle size of d = 10“6 cm. This distribution is seen to be quali- 
tatively similar to the behavior of g(pdd) shown in Figure 12, in the range 4 X 10“4 ^ 
Pdd < 40 X 10“4 grams cm“2, where g(pdd) is considered most reliably determined. How- 
ever, for values of pd = 1-7 g cm“3, the particle diameters resulting from g{pdd) are one 
or two orders of magnitude larger than those deduced by Remy-Battiau. This discrep- 
ancy is not considered significant, however, since sample calculations by Remy-Battiau 
for a lower limit of 10“5 cm show that only slight changes result in her calculated light 
intensities and polarizations. Also, as she has noted, the limited number of available 
observational data and the not completely satisfactory agreement between her calcula- 
tions and the observations preclude a more accurate determination than the one given. 

The study by Öpik of the forward spike of Comet Arend-Roland included the determi- 
nation of a function g(d) from the observed variation of the brightness along the spike. 
Assuming the form of equation (25), a value oik = 3.35 was found, which is again quali- 
tatively similar to the g(pdd) of Figure 12. The justification for an accurate determina- 
tion of a size distribution from the brightness variation is open to question, however, in 
light of the above criticism of the study concerning the time of emission of the forward 
spike. One direct result of the much later emission times used by Öpik is that the 
particles which he found to make up the spike were also of a much smaller size (1 — m 
^ 1) than those we have found to make up either the spike or the normal tail of Comet 
Arend-Roland. 

The determination of such a function g(d) has also been made for the interplanetary 
dust particles which are responsible for the zodiacal light and the solar F corona. These 
particles are thought to be of similar size and composition to those in comet dust tails, 
and Whipple (1955) has even suggested that they may be of cometary origin. One im- 
portant difference in these studies, though, is that particles for which 1 — p> 1 would 
not be expected to be present in the interplanetary dust cloud, since they would be 
blown out of the solar system in relatively short times. Thus a minimum particle size is 
imposed on the size-distribution function. 

Assuming the form of equation (25), the exponent k has been determined for the in- 
terplanetary dust particles by comparison with observed sürface-density distributions 
and polarizations of the zodiacal light. Giese (1963) and Elsässer (1963) have obtained 
good agreement for k = 2.5, and Ingham (1963) found Æ = 4. The differences in these 
results can be traced to different assumptions regarding the light scattering and the spa- 
tial variation of the dust-particle density. 

Size-distribution functions of the form of equation (25) have also been used in con- 
nection with meteoric particles. Of course, it should be noted that these particles have 
d > 10“2 cm, which is much larger than comet dust particles. From observations of 
visual meteors, Watson (1937) has found & = 5, and from radio-echo studies, Kaiser 
(1954) obtained Æ = 4. 

Considering that these studies assumed the form of equation (25) with a constant 
value of &, the function g{pdd) of Figure 12 would certainly appear to be a reasonable one. 
We would emphasize again that our results should be considered well determined only 
in the range 4 X 10“4 < pdd < 40 X 10“4 grams cm“2. 

It should also be noted that the optically most important dust-particle diameters 
quoted above are seen to be consistent with the many previous estimates oî d~ l p. 
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Most significant is the comparison with the results of Liller (1960), which are based 
purely on a study of the character of the light scattered by the dust particles in the tail 
of Comet Arend-Roland. He concluded that the particles were probably composed of 
iron (for which ~ 7 g cm-3) and had a mean diameter of 0.6 p, while the optically 
most important diameter quoted above for Pd = 7 g cm“3 is 0.8 p. 

The level of the rates of dust production rates given above may be compared with 
the estimates of Liller (1960) for Comet Arend-Roland. Since Liller observed the tail 
during the period considered above, and since the most typical emission time for the 
particles comprising the tail on these dates corresponded roughly to perihelion, Liller’s 
rates may be most appropriately compared with our values at the time of perihelion. 
It should also be pointed out that in Liller’s estimates the repulsive force on the dust 
particles was taken to be some 6-7 times that which he calculated for the radiation pres- 
sure. This was done to account for other forces, suspected at that time, and since one of 
the primary conclusions of the present study is that such forces do not exist, a more 
appropriate comparison is achieved if this factor is removed from his findings. Accord- 
ingly, Tiller’s values become 

Ñd ~ 1.5 X 1019 particles sec-1 , riid ~ 1.2 X 107 g sec-1 . (26) 

From equation (20) with (Âd)rei = 0.6 and = 7 g cm“3, this value of Àd is obtained 
if ^40(a) = 0.08, the most reasonable of the three values considered above. With this 
value of A(j>(a)9 the value of rhd at perihelion given previously was 

riid « 7.5 X 107 g sec-1 , (27) 

some 6 times as high as Tiller’s estimate. This difference is ascribable mainly to the 
manner in which the particle masses are determined—the average particle mass for the 
size-distribution function g(pdd) is about 3 times the mass which would be obtained 
from the use of the optically most important diameter. 

There is apparently no available information with which the time variation of Ñd(t) 
may be compared, although some brief comments will be made in the next section on 
this matter in connection with a general suggested property of dust comets. Nor are 
there any observations of the outburst which is held to have occurred on April 2, 1957. 
Such outbursts have, of course, been observed on many occasions in other comets. This 
is not surprising, however, since Comet Arend-Roland was not at all well observed on 
April 2 or on the immediately preceding dates. Also, since the emission rates changed 
by only a factor of 3 or 4 at the outburst, the brightness should not have increased by 
more than one or two magnitudes, a change which would probably not have been de- 
tectable without detailed observation. 

As with the dust production rates, there is not a large body of information with which 
our gas production rates may be compared. We would point out that the mass flow rate 
of the head gas given in Table 4 at perihelion for ^40(a) = 0.08, = 6 X 107 g sec“1, 
corresponds to « 1.5 X 1030 molecules sec“1 for a molecular weight of 25. This compares 
well with the estimate of 1030-1031 molecules sec“1 by Biermann and Trefftz (1964), an 
estimate which includes the invisible components of the head gas and one which was 
deduced from considerations entirely different from those of this paper. The fact that 
this relatively high estimate of the head-gas production rate is confirmed may be con- 
sidered one of the most significant results of the present study. 

VI. A SUGGESTED PROPERTY OF DUST COMETS 

Before summarizing our conclusions, we shall cite the results of some additional cal- 
culations which tend to further verify the validity of the model and which suggest an 
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interesting property of dust comets. The detailed density distributions presented above 
for Comet Arend-Roland cover the relatively short period of 5 days in’ the time of ob- 
servation. While the observed tail angles in the comet orbit plane in this period (^50°- 
60° from the radial direction) were well explained, the only bases for an explanation of 
the tail orientation of this comet at other thnes were the qualitative considerations 
given in Paper I in connection with the variation in appearance of the syndyne curves 
for fixed 1 — ju on different dates of observation. 

One possible difficulty in explaining the observed tail orientation of this comet on 
other dates is obvious: the relatively large amount of dust material emitted before 
perihelion (including the outburst) will be located at increasing angles to the radial di- 
rection on subsequent dates, so that calculated tail orientations would then be much 
too large. Some rather brief calculations have been performed for Comet Arend-Roland 
on June 5, 1957 (/ « +5.0 X 106 sec), about a month after the dates considered in the 
detailed calculations presented above. Surface densities were calculated, based on the 
above functional parameters, except that Nd(t) and *>¿(1 — /¿, t) had to be extended to 
later times. The time function of ^¿(1 — /¿, /) was taken to be 0.275 km sec1 for t > 
1.1 X 106 sec, a direct extrapolation of Figure 4, b. If (iV’d)rei was taken as 0.10 for all 
/ > 0.75 X 106 sec, the tail angle in the comet orbit plane was found to be € « 15° on 
June 5. If (ÁTd)rei was taken to be 0.05 for / > 1.5 X 106 sec, a tail angle of e « 20° was 
obtained. No significant traces of the outburst of emission could be detected—the early 
emission had effectively been blown out of the tail by June 5. These values for the tail 
angle e compare quite favorably with the observed angles of 10o-30° (Brandt and Bel- 
ton 1966; see also Fig. 2, Paper I), and there would appear to be no difficulty in explain- 
ing the tail orientation of Comet Arend-Roland at times other than those originally con- 
sidered above. 

We have also considered the tail-angle orientation for Comet Van Gent 1941d, which 
has a rather different time behavior from that of Comet Arend-Roland (see Fig. 3, 
Paper I). The larger tail angles (€^90°) for this comet may be explained by dust 
emissions concentrated even more strongly at early times than was the case for Comet 
Arend-Roland, and the fact that the tail angle decreases little, if any, after perihelion 
requires that there be almost no emission after perihelion. The orientations of the syn- 
chrones for emission dates between January 1 and July 1, 1941 (perihelion was on Sep- 
tember 3, 1941), are all within 20° of the observed tail orientations during the entire 
period of observation (July 28-December 13, 1941). Sample calculations were per- 
formed for the tail angle on two selected dates, August 1 and November 1, 1941, as- 
suming that the dust emission occurred uniformly during the period January 1-July 1, 
with no emission at other times. It was found that the observed tail orientations on these 
dates could easily be explained, and no difficulty would be expected for other dates of 
observation. In particular, on August 1 the observed tail orientation corresponds to 
emission in the period January 1-April 1, and the particles emitted on later dates have 
not yet had time to be swept into the tail. On November 1 the particles emitted between 
May 1 and July 1 give the proper orientation, and the particles emitted earlier have 
effectively been blown out of the tail. 

The dust emission rate presented above for Comet Arend-Roland is seen to be some- 
what higher for times before perihelion than after perihelion. We have just suggested 
that the dust emission of Comet Van Gent occurred almost entirely before the perihelion 
passage. This may be compared with the fact that comets with a strong dust component 
are generally new comets, i.e., those approaching the Sun for the first time (Oort and 
Schmidt 1951). Since this implies that comets emit more dust during their first perihelion 
passage than in succeeding ones, we would suggest as a logical extension that new com- 
ets generally emit more dust material during their approach to the Sun than during their 
recession from the Sun. 
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VII. CONCLUSIONS 

We may summarize the major results of the present study for dust comets in the fol- 
lowing conclusions. 

1. The comet nucleus serves as the source of the particles which go to form the dust 
tail. Dust particles having a wide distribution of particle sizes are released in an essen- 
tially continuous manner in time during the period of distinctive cometary phenomena. 

2. The dust particles are accelerated outward from the nucleus by drag forces due to 
the expanding gas in the comet head. This interaction occurs only in a small inner head 
region, where the gas densities are high and where the gas may be described as a con- 
tinuum. The terminal velocity imparted to the dust particles in this inner head region 
is mainly a function of the gas production rate, the dust production rate, and the dust- 
particle size. 

3. After departure from the inner head region, the only significant forces acting on the 
dust particles are solar gravity and pressure of solar radiation. The latter force repels 
the dust particles into the dust tail. 

4. A hypersonic approximation may be made for the motion of the particles in comet 
tails. With this approximation, relatively simple expressions for the surface density in 
comet dust tails may be derived. 

5. Observed non-radial dust-tail orientations and the variation of the tail angle with 
time are explainable by the model described. 

6. By comparing calculated surface-density distributions with observed light-inten- 
sity distributions, the distribution of dust-particle sizes (essentially constant with time), 
the dust emission rate as a function of time, the head-gas emission rate as a function of 
time, and the emission velocities from the inner head region as a function of particle size 
and time may be determined. 

7. For Comet Arend-Roland, dust-particle diameters of the order of 1 /z are found, 
consistent with previous estimates. Particle-size distributions are found which are quali- 
tatively similar to those found in studies of the interplanetary dust particles which give 
rise to the zodiacal light and to one suggested by Remy-Battiau (1964) from an analysis 
of the continuous spectra from the heads of Comets Arend-Roland and Mrkos. 

8. The emission rate of dust for Comet Arend-Roland in the neighborhood of periheli- 
on is found to be ^7.5 X 107 g sec“1, a value similar to a previous estimate of Liller 
(196°). 

9. The gas flow rates for Comet Arend-Roland in the neighborhood of perihelion, 
^1.5 X 1030 molecules sec“1, are found to confirm the relatively high estimates of Bier- 
mann and Trefftz (1964). 

10. An outburst of dust emission is deduced to have occurred in Comet Arend-Roland 
on April 2, 1957, about 6 days before the comet’s perihelion. 

11. The forward spike of Comet Arend-Roland was made up of particles emitted be- 
tween February 6 and March 1, 1957, 

12. A general property of dust-rich comets may be that they emit larger amounts 
of dust in their approach to the Sun than they do during recession. 

This work has been sponsored by the Advanced Research Projects Agency (Ballistic 
Missile Defense Office) and technically administered by the Fluid Dynamics Branch of 
the Office of Naval Research under contract Nonr-1841(93). 
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