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APPENDIX 

By G. C. McVittie 
University of Illinois Observatory, Urbana, Illinois 

In the foregoing paper Sandage obtains the change of redshift of a given source over a large 
finite interval of time. He confines his investigation to zero-pressure models of the universe in 
which the cosmic constant X is zero. This appendix is concerned with the instantaneous rate of 
change of redshift in any zero-pressure model of the universe with an arbitrary cosmical constant. 
A formula is also given for the instantaneous rate of change of the apparent bolometric magni- 
tude of a source of radiation. The formula ([ISA] below) supplements the entries under m in 
Bandage’s Tables 1 and 2 in which the changes of apparent magnitude over finite time intervals 
are listed for two classes of model universes. One result of this calculation is that the apparent 
brightness of a very distant source may increase with time. Corresponding properties are shown 
to hold for the flux density of a radio source. 

The instant h is the moment at which the observer at the origin r = 0 makes his observations. 
The Hubble constant Hq and the deceleration parameter are again defined to mean 

jj _Ä° _ __ (Rq/Rq) 
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(1A) 

where a dot denotes a derivative with respect to t and suffix zero means the value of the function 
at time /0. A source of radiation has, by definition, a fixed r co-ordinate and therefore by equation 
(4) a fixed value of u also. 

Consider the radiation from the source that arrives at times to and to + A¿0, having left the 
source at times t and t + A¿. The redshifts observed at r = 0 are, respectively, 

We therefore have 
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But now the constancy of u in equation (3) shows that 

A* 

A¿o Ro 

Hence, proceeding to the limit Ato—* 0 in (3A), we have, with the aid of (1A) and (2A) 

fdz\ ^ _Ro fR__Ro\ 
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Now consider zero-pressure models in which the density p and pressure p (= 0) are given by 

X, (5A) SttGp = 3 (JJ-I-3 kc2 
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where X is the cosmical constant. Write 
AirGpo 

H2 

335 

(7A) 

and use (1A) for qQ. Then at time /0, (5A) and (6A) can be solved forX and for kc2/Rl to give 

X = -(3«z0-<r0)^, 

kc‘ 

R2 
= -(?0+l-<r0)^. 

(8 A) 

It is also known that (5A) and (6A) can be combined into one equation, viz., 

3kc2 

R* -x, (9A) 

where p0 is the present average density of matter Introduce the dimensionless variables 

X = H0t, (10A> 

and then (9A) is 

Y = — 
Ro’ 

F (HJ = f <r0+ ( 5o+ 1 - <ro) F - ( 3o- |<ro) F’. (11 A) 

In this equation F = (1 + z)-1 so long as F < 1, which means that t < ta In Sandage’s models 
where X = 0, we have cro = 3g0, and so (11 A) becomes 

( 

d¥y_2qa ,, 

Also 

and therefore (4A) becomes 

= 1 + 2 qoz , 

È 

( z > 0 only). 
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(13A) 

If we take = 75 km/sec/mpc, so that ^ !3 X 109 years, and if we multiply the last 
equation by c = 3 X 105 km/sec and remember that F = (1 + z)~\ the last equation becomes, 
with the aid of (11A), 

\ dt/o 

300 X 10“( 

13 

X I [f<ro(l + 2) + ço+ 1 — 7 — 11 km/sec/yr 

(14A) 

This equation has been used to calculate the values of c(¿z/d¿)o m Table 1A, which refer to an ob- 
ject with redshift equal to 0.4. The values of X corresponding to the selected values of q0 and (70 

are also shown. The first three models are Sandage’s. The fourth model is Milne’s universe, in 
which R = d, so that the rate of change of z for all values of the redshift is zero. The last two 
models have densities that lie in the range 3 X 10-31 to 3 X 10~30 gm/cm3, which accords with 
Oort’s estimate of the average density of matter contained in the galaxies. There may, of course, 
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be matter in the universe which is not connected with any galaxy. The observational evidence 
for the amount of this intergalactic matter, if it exists, is not yet available. 

The foregoing results refer to general relativity models. In the model of the steady-state 
theory, as well as in the de Sitter universe of general relativity, we have R = B^It

1 where Z? is a 
constant and the Hubble constant H is also now independent of time. Hence 

7= (l + s)-i= e*(*-*o) , 

and therefore (4A) with #o = H, Rc = Be111* gives 

c (~s0o 
= ~ + 

= cH z , 

which is Sandage’s equation (35). 
The rate of change of the apparent bolometric magnitude of a source at the present time to 

can also be obtained for all models. Let k, mo be the present apparent bolometric luminosity and 

TABLE 1A 

Rate of Change of z for an Object with z = 0.4 

qo . 
<ro .. 
VHl. 
c(dz/dt)oXW. 

1 
3 
0 

11 

0 5 
1 5 
0 

■5 9 

0 3516 
1 0548 
0 
4 2 

0 5 
0 06 

•1 44 
•3 9 

1 15 
0 45 

-3 0 
-8 7 

magnitude, respectively, of the source and let /s, ms be the corresponding quantities of a standard 
comparison source. Then we have, by definition, 

= lo2(w-ws)o/5, 
o 

and logarithmic differentiation gives 

(ISA) 

if we assume that /«, m8 are constants. Here £ = In 10 = 2.303. Now equation (22) is equivalent 
to 

¿0 = 
L 

AwDl1 

where D0 is the luminosity distance of the source. We assume that L is constant, so that logarith- 
mic differentiation again yields 

(1 dl\ _ _ f l dD\ 
\l dtJo Z \D dtJo 

(16 A) 

But it can be proved (McVittie 1956) that 
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Thus, by (13A), 
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(17A) 

where dY/dX is given in general by (11A) and, for Sandage’s models in particular, by (12A)> 
Thus combining (15A), (16A), and (17A), we obtain 

lOtfoA 1 dY\ 
dt /o E \l 2 dXj 

(18A) 

For sources with small redshifts, Y is only slightly smaller than unity, say F = 1 — e. It then 
follows from (11 A) that dY/dX = 1 + ego. Hence (dm/dt)$ > 0, and therefore the apparent 
bolometric magnitudes increase with time, i.e., the sources appear to get fainter as time proceeds. 
But, clearly, in models where the expansion begins from F = 0, this is not true for sources of 
very large redshift. As an illustration, consider Sandage’s models. In these we have, by (12A) 
and (18A), 

/dm\ _ lOHoV. (1 + 2 qoz)1/2 

\dtJo E L 2 

Hence for any source which now shows a redshift exceeding z = 1.5/g0, the value of (dm/dt)^ is 
negative. These sources will therefore increase in brightness as time proceeds. This explains the 
nature of the run of m against z in Sandage’s Tables 1 and 2 for large z values. 

Since in the steady-state theory and in the de Sitter universe of general relativity, 

§=F=(l + Z)-1, 

equation (18A) becomes 
(dm\ _ SH /2js + 1\ 
\dt)Q E \ z + 1 )' 

and so is always positive. Moreover, (dm/dt)o tends to the finite limit 10 H/E as soon as z be- 
comes large compared with unity. 

Corresponding results can be obtained for the flux density of a radio source, an observable 
that plays the part of an apparent magnitude of optical astronomy. If S denotes the flux density 
of such a source, we have (McVittie 1961) 

5 _ / 1 + z \1+x D\ 
Ss \l+zj D2' 

where suffix s again refers to the standard comparison source and x is the spectral index which is a 
negative number probably lying in the range —0.8 to —1.2. If the quantities referring to the 
standard source are regarded as constants, we have, on differentiating the last formula with 
respect to the time and using (4A), (13A), and (17A), 

dY\ 

dX/’ 
(19A) 

The right-hand side is negative for sources with small z, as for bolometric apparent magnitudes. 
But, in general relativity models of the kind considered above, (dS/dt)o changes sign for a suf- 
ficiently large value of z. In Sandage’s models this happens when 

_ 4-2x 1 
Z ( 1 — x)2 9o' 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
 6

2A
pJ

. 
. .

13
6.

 .3
34

M
 

338 G. C. McVITTIE 

As we have seen, the coefficient of 1/go in the corresponding result for apparent bolometric 
magnitude is 1.5. It now varies from 1.32 when x = —1.2 to 1.73 when x = —0.8. This example 
shows that the details of the energy-distribution function of the spectrum of the source and the 
type of apparent magnitude that is considered will affect the precise value of the redshift at the 
turning point in formulae such as (18A) and (19A). 

In the steady-state theory, or the de Sitter universe, (19A) becomes 

Í 

and therefore the right-hand side is always negative for js > 0. Moreover, 

when z is large compared with unity. 
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