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' ABSTRACT 

A catalogue is prepared of 2712 rich clusters of galaxies found on the National Geographic Society- 
Palomar Observatory Sky Survey. From the catalogue, 1682 clusters are selected which meet specific 
criteria for inclusion in a homogeneous statistical sample. An investigation of the sample leads to the 
following conclusions: (1) the distribution function of clusters according to richness, N(n), increases 
rapidly as n decreases; (2) the data allow no significant decision that the spatial density of cluster centers 
varies with distance; (3) galactic obscuration of the order of a few tenths of a magnitude (photored) exists 
at high northern galactic latitudes around galactic longitude 300°; (4) there is a highly significant non- 
random surface distribution of clusters, both when clusters at all distances and when clusters at various 
distances are considered. An analysis of the distribution yields evidence that suggests the existence of 
second-order clusters, that is, clusters of clusters of galaxies. A statistical test reveals no incompatibilities 
between the observed distribution and one of complete second-order clustering of galaxies. 

I. INTRODUCTION 

Numerous attempts have been made to investigate the large-scale distribution of 
matter in the universe oy analyzing counts of galaxies to various limiting magnitudes 
(Hubble 1936; Limber 1953, 1954; Neyman and Scott 1952; Neyman, Scott, and Shane 
1953, 1954; Scott, Shane, and Swanson 1954). Although the approach has been interest- 
ing and undoubtedly fruitful, an obvious limitation is the uncertainty of galaxian dis- 
tances. Of course, distances of galaxies are correlated with their apparent magnitudes; 
however, the uncertainty of the luminosity function of galaxies complicates and weakens 
the statistical treatment. 

Clusters of galaxies, on the other hand, provide an independent approach to the 
problem of the over-all distribution of matter. Since there is a possibility of determining 
at least relative distances to individual clusters, their spatial distribution is directly ob- 
tainable. Results of work by Zwicky on the distribution of clusters over some regions of 
the sky have already been published (1938, 1942, 1952, 1953, 1956). 

To obtain the distance to a cluster, some suitable characteristic of the lumi- 
nosity function for a given cluster (for example, the magnitude of its wth brightest 
member) must be assumed known. At the present time, even the bright end of the 
luminosity function for galaxies in clusters is not accurately known, nor is it known how 
the function might depend upon the richness, distance, or compactness of a cluster. 
However, there is some observational evidence (Humason, Mayall, and Sandage 1956) 
that the dispersion among the absolute magnitudes of the third, fifth, and tenth bright- 
est galaxies of rich clusters is not over 0.35 mag. 

The principal statistical limitation of clusters of galaxies for distribution studies has 
been their small numbers. Prior to 1949, only a few dozen clusters were known. Twenty- 
five of these had been listed by Shapley (1933). In recent years, however, two inde- 
pendent photographic programs have indicated that clusters of galaxies are far more 
numerous than was formerly thought and that, indeed, they may be fundamental 
condensations of matter in the universe. These are the proper-motion survey made with 
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212 GEORGE O. ABELL 

the 20-inch Carnegie astrograph of the Lick Observatory and the National Geographic 
Society-Palomar Observatory Sky Survey. 

On the Palomar survey, which is by far the more extensive in space of the two, tens 
of thousands of aggregates of galaxies can be identified. Nearly two thousand of these 
clusters are sufficiently rich to provide a homogeneous sample that is suitable for a pro- 
visional statistical investigation. Such an investigation is the purpose of the present 
program. 

The study is in two parts. The first part consists of the compilation of a catalogue of 
2712 rich clusters of galaxies discovered on the sky survey. The catalogue is intended as 
a finding list which is expected to be useful for the investigation of problems related to 
clusters. 

In the second part, a homogeneous sample of 1682 clusters is selected from the cata- 
logue for statistical study. The three problems considered are the uniformity of the 
distribution of clusters with depth in space, the isotropy of the distribution of clusters, 
and the evidence available for second-order clustering, that is, for the existence of clus- 
ters of clusters of galaxies. 

II. A CATALOGUE OF RICH CLUSTERS OF GALAXIES 

a) Observational Material 

The observational material used for this study is the National Geographic Society- 
Palomar Observatory Sky Survey. The survey covers the sky from the north celestial 
pole down to declination —27° on 879 pairs of photographs taken with the 48-inch 
Schmidt telescope of the Palomar Observatory. Details of the sky survey have been 
given elsewhere (Wilson 1952; California Institute of Technology 1954). However, a few 
features are particularly pertinent to the present program and should be mentioned. 

Each of the 14 X 14-inch photographic plates employed covers a field 6?6 square; the 
image scale is thus 67.1 seconds of arc per millimeter. The smallest stellar images have 
a diameter of about 30 /z, about the limit of resolution of the Eastman 103a emulsions 
used. The non-vignetted field is 5?4 in diameter. The computed loss in limiting magni- 
tude because of vignetting at the extreme corners of a plate is less than 0.2 mag. 

The fields for the sky survey were selected to allow for an overlap of at least 0? 6 along 
adjacent edges. Each field was photographed twice, once on an Eastman type O emul- 
sion and once on a type E emulsion through a red Plexiglass filter. All exposures were 
made on photometrically clear nights in the absence of moonlight and when the seeing 
disk of a stellar image was not more than 3 seconds of arc in diameter. 

The exposure times were chosen to reach the faintest stars that can be recorded by 
the instrument under average observing conditions. They ranged from 10 to 15 minutes 
for the blue exposures and from 40 to 60 minutes for the red. All plates were developed 
in standard formula D-19 developer for 5 minutes; the resulting contrasts are between 
1.5 and 2.0. The original plates (which were used for the study of clusters) are of sub- 
stantially lower contrast than the photographic reproductions, which have been dis- 
tributed in the Sky Atlas, and are thus more satisfactory for the identification of faint 
galaxies. 

The red and blue limiting magnitudes have been determined by the writer from six 
pairs of red and blue plates which contained Selected Area 57. The standards used were 
the photoelectric measures of stars in SA 57 by W. Baum, which were communicated to 
the writer prior to publication. The limiting photographic magnitude for the blue plates 
is 21.1, and the limiting photored magnitude for the red plates is 20.0. The red magni- 
tudes are approximately on the same system as those of Kron and Smith (1951). Here by 
^limiting magnitude,, is meant the faintest magnitude for which every star produces a 
recognizable image. 

The intrinsic international color indexes of nearby elliptical and early-type spiral 
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THE DISTRIBUTION OF RICH CLUSTERS OF GALAXIES 213 

galaxies range between +0.8 and +0.9, while the later-type spirals are somewhat bluer 
(Baade 1951). Owing to the red shift of distant galaxies, the maxima of their spectral 
energy-curves are shifted to the red. The largest red shifts so far measured (Humason 
et al. 1956) are about d\/\ = 0.2. A galaxy with an intrinsic effective wave length of 
X 5000 would thus appear to have an effective wave length of X 6000. Therefore, all but 
the nearest galaxies are more conspicuous on the red survey plates than on the blue. A 
cluster of galaxies with a red shift of d\/\ = 0.2, although plainly visible on the red 
plate, is so inconspicuous on the blue plate as to be scarcely recognizable as a cluster. 

Because of the advantages of the red plates for revealing distant clusters of galaxies, 
only the red survey photographs were used in the present study. The red plate-filter 
combination has a wave-length range of X 6200 (filter cut off) to X 6700, with an effec- 
tive wave length near X 6500. 

b) Definition of a Cluster 

A statistical investigation described in a recent series of papers by Neyman and 
Scott (1952), Neyman, Scott, and Shane (1953), Neyman, Scott, and Shane (1954), and 
Scott, Shane, and Swanson (1954) has indicated that clusters of galaxies may be funda- 
mental units of matter. Indeed, the observed galaxian distribution on plates taken for 
the Lick survey was shown to be compatible with a statistical distribution model in 
which complete clustering of galaxies was assumed. It was further found that it was not 
possible to identify a particular cluster center to which each galaxy belonged. In a syn- 
thetic distribution obtained from the statistical model of complete clustering, galaxies 
in apparent clumps or associations were invariably found to be contributed from two or 
more different cluster centers. Thus, even though the distribution of galaxies on the 20- 
inch plates is compatible with the assumption that all galaxies are in clusters, it is not 
possible (at least on those plates) to identify the clusters to which individual galaxies 
belong. 

The results of the Lick investigation imply that one must exercise considerable cau- 
tion in deciding what a cluster is. It would appear that many apparent clusters are only 
projection effects, not physical associations of galaxies. Furthermore, the many clusters 
projected on each other on a photograph create the impression of a general field of 
galaxies, individual clusters often being “washed out” and indistinguishable from the 
field. Whereas no attempt has as yet been made to determine whether the distribution 
of galaxy images on the 48-inch plates is also compatible with the theory of complete 
clustering, the possibility must be considered that the same difficulties in the identifica- 
tion of clusters on the Palomar survey plates may be encountered as in the case of 
the Lick survey. 

On the other hand, there are some well-known rich clusters of galaxies which are un- 
questionably real physical associations. Consider, for example, the famous clusters in 
Virgo and Coma Berenices, both of which have been well studied (Shapley 1934; Smith 
1936; Zwicky 1942, 1951, 1952; Tuberg 1943; Baade and Spitzer 1951). 

For the purpose of the present study, we shall consider the following picture of the 
distribution of galaxies: There is a general field of galaxies, the surface numerical 
density of which varies from point to point in the sky. Whether this field is composed of 
isolated individual galaxies, of clusters of galaxies overlapping in projection, or both, is 
considered immaterial. In any case, superposed upon the general field there are occasion- 
al very rich clusters of galaxies which stand out conspicuously and which we shall assume 
to be physical associations. There will generally be a few galaxies belonging to the general 
field which will be indistinguishable from the bona fide cluster members. However, their 
number will be relatively small if we consider only the very richest aggregates. In the 
present investigation, criteria have been set up which are intended to exclude those 
associations which have a non-negligible chance of being optical only or which are 
insufficiently rich to insure identification. 
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214 GEORGE 0. ABELL 

To be useful for statistical analysis, it is essential that those clusters that meet the 
adopted criteria be identified completely. As each sky survey plate was taken, it was 
carefully inspected, either by Dr. A. G. Wilson or by the writer (the principal observers 
for the sky survey). A card file was kept of interesting objects, including clusters of 
galaxies, noted on the photographs. Since nearly half of the survey fields had to be 
photographed more than once to obtain plates which met the standards set for the sky 
survey, duplicate inspections were made of a large part of the sky. As the data were 
collected for the catalogue of clusters, the acceptable red plate of each survey field was 
again carefully inspected by the writer. The list of clusters found on each plate was then 
compared with the earlier records of the original inspections of that plate and all dupli- 
cate plates of the same field. The criteria for the definition of a cluster of galaxies were so 
set that no more than about 2 per cent of the clusters identified on one of the original 
inspections, and which meet the criteria, were missed on the final inspection. The 
adopted criteria are described in the following paragraphs. 

Richness criterion.—A cluster must contain at least fifty members that are not more 
than 2 mag. fainter than the third brightest member. The third rather than the first 
brightest member was chosen as the reference point, to reduce possible errors in the 
counts caused by confusion of the brightest members of clusters with field galaxies. 

Compactness criterion.—A cluster must be sufficiently compact that its fifty or more 
members are within a given radial distance, r, of its center. The actual length of r is 
arbitrary so long as it is the same for all clusters. In determining whether a cluster meets 
this criterion, it was assumed that the red shifts of clusters are proportional to their 
distances. An estimate of the red shift was made by a technique described in Section le. 
Then the counts of galaxies in the cluster were extended to a distance on the plate 
4.6 X 105/afA/\ mm from the center of the cluster {c in kilometers per second). For an 
assumed value of the Hubble constant of 17 = 180 km/sec X 106 pc (Humason et al. 
1956), this corresponds to a distance in space of 8.3 X 105 pc. It should be pointed out 
that the counts are not particularly sensitive to the estimate of the red shift or to the 
linearity of the red-shift law. In practice, it was found that the circle on the plate to 
which the counts were made was always considerably larger than the main concentration 
of the cluster, and counting to a radius 30 per cent larger or smaller would not sub- 
stantially affect the counts (after correction for the general field). 

Distance criterion.—A cluster must be sufficiently distant that counts of its members 
do not extend over more than one plate or, at most, part of an adjacent plate. The Virgo 
cluster, for example, spreads over several survey fields and would be very difficult to 
catalogue in a manner comparable to the more distant clusters. The adopted lower limit 
of distance is the distance corresponding to a red shift of 6000 km/sec. The Coma cluster 
(cd\/\ = 6600 km/sec) would thus be among the nearest clusters included in the 
catalogue.1 

The upper limit on distance is set by the requirement that 2-mag. intervals beyond 
the third brightest member of a cluster be visible. Since it is not desirable to extend 
counts to within less than \ mag. of the plate limit (20.0), it was decided to set, as an 
upper limit on distance, clusters whose third brightest members average about magnitude 
17.5. The corresponding red shift for such clusters is 60000 km/sec. The range in space 
included within these distance limits (corresponding to 77 = 180 km/sec X 106 pc) is 
3.3 X 107-33 X 107 pc. 

Galactic-latitude criterion.—In fields at moderately low galactic latitudes the density 
of stars is high enough that clusters may not be completely identified. As each plate was 
inspected, it was noted whether or not it was thought that visible clusters were being 
completely identified. Those areas of the sky in the neighborhood of the Milky Way, 
where the star fields are moderately dense, were excluded for the purpose of a statistical 

1 It is No. 1656 in the catalogue (Table 6). 
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Fig. 1.—Three rich clusters of galaxies that are included in the present catalogue. Upper left: cluster 
No. 1525, representative of those clusters near the upper limit of distance of the statistical sample (scale: 
1 mm = 29"); upper right: cluster No. 665, for which the highest count of member galaxies was obtained 
(scale: 1 mm = 32"); bottom: cluster No. 1367, a rich cluster near the lower limit of distance of the sample 
(scale: 1 mm = 50"). The first two clusters may not show well in the reproductions. 
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THE DISTRIBUTION OF RICH CLUSTERS OF GALAXIES 215 

analysis. Interstellar obscuration, of course, also prevents complete identification of 
clusters. The magnitudes of partially obscured clusters and consequently their distances 
are overestimated. Distant clusters are reduced in brightness so as either to be invisible 
or to appear beyond the range of distances considered in the study. However, at the 
latitudes down to which the catalogue is actually extended, the effect of a moderately 
rich star field in camouflaging visible clusters is of importance comparable to the effect 
of interstellar obscuration in actually hiding clusters. How galactic absorption actually 
affects the results of the investigation will be discussed in Section Hid. 

The precise galactic latitudes at which the catalogue is considered incomplete vary 
with longitude and are based on the judgments made of the star densities at the times 
when the various plates were inspected. In Table 1 are tabulated the galactic latitudes 
above which (in the northern galactic hemisphere) or below which (in the southern 
galactic hemisphere) the identification of clusters is considered complete for the purposes 
of the statistical investigation of Section HI. 

TABLE 1 

Region of Complete Identification 

South Galactic Hemisphere 

Longitude Latitude 

0°- 80c 

80 -160 
160 -200 
200 -340 
340 -360 

-35° 
-30 
-25 

* 
-35 

North Galactic Hemisphere 

Longitude 

0°- 10° 
10- 60 
60 -150 

150 -210 
210 -360 

Latitude 

+40c 

+35 
+25 
+30 
+40 

* Area of the celestial sphere not covered by the Palomar 
sky survey. 

In the preparation of the catalogue, all survey fields, including those in the Milky 
Way, were inspected. All clusters which looked as if they might satisfy the completeness 
criteria were examined. Many clusters which, for one reason or another, did not fulfil the 
various requirements to be included in the statistical study were nevertheless included 
in the catalogue to enhance its value as a finding list. All such entries, which are not 
suitable for the statistical sample, are so noted in the catalogue. In particular, the cata- 
logue contains many clusters which do not meet the richness or the galactic-latitude 
requirements. 

Portions of 48-inch Schmidt plates showing three clusters are reproduced in Figure 1. 
Included are a comparatively nearby cluster, a typical cluster near the limit of the 
statistical sample, and the richest cluster catalogued. 

c) Magnitude Estimates 

Magnitudes of galaxies in clusters were estimated by comparing them with calibrated 
galaxy images on 4 X 5-inch sheets of cut film. The films are negative reproductions of 
arbitrary galaxy fields on survey plates. The film copies were made with a very low- 
density sky background and with the same scale as the originals. The procedure was to 
superpose the appropriate film on a survey plate and, by looking through both the film 
and the plate, to match up the image of the unknown galaxy on thç plate with one of the 
calibrated images on the film. Six- to ten-power magnifying lenses were used for optical 
aid. 
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216 GEORGE 0. ABELL 

The galaxian images on the films were calibrated by the similar technique of super- 
posing the films on survey plates containing images of galaxies of known magnitudes. A 
total of sixty galaxian images on three sheets of film were so calibrated. The images on 
the films thus served as “step scales” to compare images of galaxies of unknown with 
those of known magnitudes. The tacit assumption in this procedure is that all survey 
plates are identical with each other (as regards image quality) and with the plates from 
which the calibration was made. Fortunately, the acceptable survey plates were taken 
under fairly well-standardized conditions, and only in a very few cases does the quality 
of plates vary sufficiently to affect the magnitudes so determined by more than a few 
tenths. Quantitative estimates of the consistency of the magnitudes were later made and 
are described in Section Ilg. 

Unfortunately, there were not available photored magnitudes of standard galaxies 
covering a sufficient magnitude range. Magnitudes of a number of galaxies, therefore, 
had to be determined before calibration of the images on the films was possible. For this 
purpose, forty-seven galaxies of various apparent magnitudes were chosen arbitrarily in 
the field near SA 57. 

It was not important for this program whether or not the standard magnitudes had 
a zero-point error. There were two purposes for which magnitude estimates were re- 
quired. First, an estimate of the magnitude of the tenth brightest member of each 
cluster was to be used as a distance criterion. The procedure assumes a certain constancy 
of the bright end of the luminosity function in clusters. No attempt was actually made 
to interpret distances directly from magnitudes. Rather, since the catalogue includes 
most of the clusters for which measured red shifts are available, it was possible to scale 
the magnitudes of the tenth brightest cluster members to approximate red shifts (see 
Sec. He). Thus, if the pertinent part of the luminosity function of clusters is constant 
and if the magnitude determinations are self-consistent, there will exist a one-to-one 
relation between the magnitudes of the tenth brightest members of clusters and their 
red shifts (as well as their distances if a specific red shift-distance relation is assumed). 
The relation is independent of any zero-point error in the magnitude standards or even of 
any scale error. 

The second purpose for which magnitudes were needed was to determine in each 
cluster a 2-mag. interval beyond the third brightest member for the purpose of making a 
count of the population of the cluster which is independent of its distance. For this pur- 
pose also a zero-point error is immaterial, although a scale error would obviously intro- 
duce a systematic bias in the counts between near and distant clusters. 

The determination of galaxian magnitudes by photographic techniques is difficult and 
involved. The aperture effect introduced by the contribution of light from the outer un- 
observed parts of a galaxy is particularly troublesome (Humason et al. 1956). However, 
since the aperture effect appears largely as a shift in the zero point and since high pre- 
cision was not required, the following photographic technique was deemed satisfactory 
and was employed to find magnitudes for the standard galaxies. 

Four red plates of the field containing SA 57 and the forty-seven standard galaxies 
were taken with the 48-inch telescope. The plate-filter combinations, sky transparency, 
exposure times, and development were all matched to those of the red survey plates. 
One of the four plates was taken in focus, and the other three were, respectively, 0.75, 
1.75, and 5.0 mm out of focus. The faintest galaxies appeared so nearly stellar on the 
Schmidt plates that they could be compared directly with standard stars in SA 57 on 
the in-focus plate. Magnitudes of all but the faintest galaxies were determined by com- 
paring their extra-focal images with those of stars in SA 57. 

The principal source of error in this technique is that the outer extremities of the 
galaxies will not be included in the extra-focal images. The effect is minimized if the 
extra-focal images are large compared with the angular extent of the galaxies. Measures 
for most of the galaxies could be made on two or three of the plates. Especially for the 
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THE DISTRIBUTION OF RICH CLUSTERS OF GALAXIES 217 

nearer and brighter galaxies, the measured magnitudes were systematically larger for 
smaller extra-focal image sizes. However, in the cases of most of the galaxies, magnitude 
determinations on at least two of the plates would be in fair agreement. The plan 
adopted was to average the two results obtained from the in-focus plate and the plate 
0.75 mm out of focus for galaxies fainter than the sixteenth magnitude; from the plates 
0.75 mm and 1.75 mm out of focus for galaxies between the fifteenth and sixteenth 
magnitudes; and from the plates 1.75 and 5.0 mm out of focus for galaxies brighter than 
15.0 mag. The results are considered least reliable for galaxies brighter than about the 
fourteenth magnitude; the images of these galaxies are so large that the magnitudes ob- 
tained also are probably numerically too large. 

The results are given in Table 2. The second and third columns, headed x and y, are 
the plate co-ordinates of the galaxian images, measured, respectively, horizontally and 
vertically in centimeters from the northeast corner of the exposed part of the plate. 
The field has the same center as sky survey plate No. 1393 (1855: a = 13h0m, ô = +30°). 
The center of SA 57 on this field is x = 15.3 and y = 16.3. The next four columns list 
the magnitudes which were used in the final averages as determined from the plates, 
respectively, 5.0, 1.75, and 0.75 mm out of focus and in focus. The last column gives the 
adopted magnitudes for the standard galaxies. 

The standard error of the adopted magnitudes, computed from those cases where two 
values were averaged, is 0.21 mag. This describes the internal consistency of the results 
but not, of course, any systematic error of the magnitudes. Photoelectric magnitudes and 
colors for three of the measured galaxies, Nos. 1, 2, and 7, are given by Pettit (1954). 
While Pettit does not give photoelectric minus photored colors, these can be estimated 
by assuming the color equation, 

(P-iO = 1.6 (P - V); (i) 

where P, U, and P are photographic, photovisual, and photored magnitudes, respective- 
ly. The red magnitudes so determined from Pettit’s measures of the three galaxies in 
common average about 1.0 mag. brighter than the values given in Table 2. The result 
was expected for such bright galaxies because of the comparatively large aperture ef- 
fect. It will be described in Section Ilg how the entire range of magnitudes was roughly 
checked against magnitudes measured by Sandage. The systematic error noted for 
bright galaxies is much smaller or absent for galaxies fainter than the fifteenth magni- 
tude. Consequently, counts of galaxies in the nearest clusters may have been extended 
over a range of less than 2 mag. beyond the third brightest member. This source of error, 
which is discussed in Section Ilg, applies to very few clusters and does not affect the 
results of the investigation of Section III in a significant way. Other than at the bright 
end, the sequence of magnitude standards is considered satisfactory. 

At the time that the calibration of the step-scale images on the films was made, it 
happened that four pairs of survey plates of this same field containing the 47 standard 
galaxies were available. These were plates which had not met the standards set for the 
sky survey and had thus been rejected for the final survey collection. In none of the four 
cases, however, was the cause for rejection one which affected the quality of images on 
the red plates. Therefore, the images of the standard galaxies on each of the four plates 
were used for the calibration. Furthermore, each of the sixty step-scale images on the 
films was calibrated by interpolation between three pairs of standard galaxies on each of 
the four survey plates. The final calibration of each step-scale image is thus the average 
of twelve independent estimates and is considered accurate (except for a zero-point 
error) to within 0.1 mag. Actual estimates of magnitudes made from the calibrated 
images may, of course, have considerably greater errors; indeed, the survey plates are 
not all homogeneous to within 0.1 mag. 
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TABLE 2 

Photored Magnitudes of 47 Standard Galaxies near 
Selected Area 57 

Out or Focus 

No. x 
(cm) 

y 
(cm) In Focus Adopted 

5.0 mm 1.75 mm 0.75 mm 

1 
2 
3 
4 
5 

25.2 
25.8 
19.5 
20.8 
28.4 

23.8 
23.8 
17.6 
22.7 
26.2 

12.0 
12.8 
12.8 
13.0 
13.1 

12.4 
12.7 
12.7 
12.8 
13.2 

12.2 
12.8 
12.8 
12.9 
13.2 

6. 
7. 
8. 
9. 

10. 

25.0 
24.2 
23.0 
23.6 
13.8 

22.5 
24.7 
23.6 
24.3 
18.7 

13.5 
13.5 
13.7 
13.5 
13.5 

13.2 
13.5 
13.6 
13.7 
13.7 

13.4 
13.5 
13.6 
13.6 
13.6 

11 
12 
13 
14 
15 

27.6 
25.7 
17.2 
18.3 
24.5 

22.2 
18.6 
20.7 
16.8 
18.1 

13.9 
13.6 
13.7 
13.8 
14.0 

13.7 
13.9 
13.9 
14.3 
14.1 

13.8 
13.8 
13.8 
14.0 
14.0 

16 
17 
18 
19 
20 

27.9 
27.9 
24.6 
12.7 
26.7 

24.2 
24.4 
23.3 
14.4 
23.1 

14.0 
14.4 

14.7 
14.9 
14.9 
14.7 
15.1 

15.0 
15.3 
15.4 

14.4 
14.6 
15.0 
15.0 
15.2 

21 
22 
23 
24 
25 

28.0 
12.1 
9.5 

10.0 
14.9 

24.8 
13.9 
12.6 
14.6 
18.0 

15.1 
15.2 
15.4 

15.6 
15.5 
15.3 
15.5 
15.5 

15.4 
15.4 
15.4 
15.5 
15.5 

26 
27 
28 
29 
30 

25.7 
12.8 
25.7 
8.9 

22.4 

23.8 
20.2 
17.6 
16.0 
17.1 

15.4 
15.4 
15.8 

15.6 
15.7 
16.0 
16.1 
16.7 16.1 

15.5 
15.6 
15.9 
16.1 
16.4 

31 
32 
33 
34 
35 

27.2 
18.4 
13.6 
7.9 

14.8 

22.8 
15.0 
19.2 
19.6 
25.7 

16.7 
16.7 
16.6 
16.9 
16.9 

16.0 

16.9 
16.8 
16.9 

16.4 
16.7 
16.8 
16.8 
16.9 

36 
37 
38 
39 
40 

15.2 
25.5 
14.4 
13.6 
14.6 

23.6 
17.6 
22.5 
15.7 
26.8 

17.3 
17.6 
17.5 
17.2 
17.7 

16.9 
17.8 
18.0 
18.3 
18.4 

17.1 
17.7 
17.8 
17.8 
18.0 

41 
42 
43 
44 
45 

17.5 
12.0 
18.2 
18.7 
17.6 

24.5 
16.2 
22.9 
26.9 
25.4 

18.0 
17.8 
17.9 
18.0 

18.0 
18.1 
18.4 
18.6 
18.4 

18.0 
18.0 
18.2 
18.3 
18.4 

46 
47 

18.0 23.1 
14.8 26.4 

18.6 18.6 
18.6 18.6 
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d) The Luminosity Function of Galaxies in Clusters 

In two respects the results of the investigation depend upon the bright end of the 
luminosity function of galaxies in clusters: (1) the magnitude of the tenth brightest 
member of a cluster is used as a distance criterion for the cluster; (2) the number of 
galaxies not more than 2 mag. fainter than the third brightest member of the cluster is 
used as a richness criterion for the cluster. 

The validity of criterion 1 requires that the tenth brightest member of each rich 
cluster have the same absolute magnitude. The requirement will be fulfilled if there 
exists an intrinsic upper limit to the luminosities of galaxies and if the brightest galaxies 
in all the clusters considered reach this limit. The low dispersion observed by Humason, 
Mayall, and Sandage (1956) in the luminosities of the third, fifth, and tenth brightest 
members of clusters with measured red shifts is the only observational evidence that 
such an upper limit to luminosities of galaxies in clusters does exist. Unfortunately, the 
red-shift list does not include clusters as rich as the richest ones entered in the present 
catalogue. The validity of criterion 1, therefore, cannot be completely verified until 
more comprehensive data are available on the luminosity function of galaxies in clusters. 

The validity of criterion 2 depends on the form of the bright end of the cluster luminos- 
ity function. If, for example, the numbers of galaxies of various magnitudes in each 
cluster increase linearly with increasing magnitude, clusters of all richnesses would have 
the same number of members in the magnitude interval counted. If, on the other hand, 
there exists an upper limit to luminosities of galaxies, differences in populations of dif- 
ferent clusters can be expected to be reflected in the counts through the interval of the 
brightest 2 mag. 

To check whether the counts of the brightest galaxies in clusters do indeed indicate 
the total richnesses of the clusters, five clusters were selected for which counts of mem- 
bers not more than 2 mag. fainter than their third brightest members range from 34 to 
140. The bright ends of the apparent luminosity functions for these clusters were deter- 
mined approximately with the step scale of calibrated galaxy images. The results are 
shown in Figure 2. The ordinates are the integrated luminosity functions, that is, the 
numbers of galaxies brighter than m; and the abscissae are the magnitudes, all adjusted 
to the same scale by subtracting the magnitude of the third brightest member for each 
cluster. The interval through which counts were made for the catalogue is that indicated 
by the vertical line. 

It is seen in Figure 2 that the curves for richer clusters have steeper slopes both in and 
beyond the magnitude range to be counted. It can therefore be concluded that counts 
of galaxies in the 2-mag. intervals beyond the third brightest members do actually 
indicate differences between clusters of different richnesses. However, it cannot be as- 
sumed that there exists a proportionality between the counts in the adopted magnitude 
range and the true total population of the cluster. The relation between the bright end 
of the luminosity function and the total population of a cluster is not known at present. 

The curves in Figure 2 have been arbitrarily shifted to the same magnitude for the 
third brightest cluster members. This in no way assures that the third brightest mem- 
bers of all the clusters have the same absolute magnitudes. Figure 2 indicates only that 
richer clusters will yield larger counts in their brighter magnitude intervals. 

It should be noted from the figure that it is not possible that both the third brightest 
and the tenth brightest galaxies have exactly the same absolute magnitudes in different 
clusters. However, when the integrated luminosity functions are shifted so that they 
match for the third brightest cluster members, the points on the curves corresponding to 
the tenth brightest members lie within 0.4 mag. of each other. Thus these approximate 
data on the luminosity functions for five clusters do not invalidate the use of the tenth 
brightest members as distance indicators. 
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220 GEORGE 0. ABELL 

e) Relation between Magnitudes and Red Shifts 

Although the magnitude of the tenth brightest member of a cluster is used here as a 
distance criterion, the results of the investigation do not depend in any critical way upon 
a knowledge of the actual distance to a cluster. It is sufficient that clusters can be ordered 
in distance with the assumption that an approximate one-to-one relation exists between 
the distance of a cluster and the magnitude of its tenth brightest member. 

As it happens, however, it is possible to use a red-shift-magnitude relation, deter- 
mined for the clusters for which Humason (Humason et al. 1956) has measured red shifts, 

m 

/fsKm) dm 

Fig. 2.—Integrated luminosity functions of five clusters in the catalogue. Abscissae are magnitudes 
compared to that of the third brightest galaxy of each cluster. 
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THE DISTRIBUTION OF RICH CLUSTERS OF GALAXIES 221 

to estimate the red shifts of the catalogued clusters from the magnitudes of their tenth 
brightest members. When the Hubble constant is finally determined, or if one assumes the 
provisional value of the Hubble constant that was determined by Sandage, the red 
shifts can be translated into distances. 

In the preparation of the catalogue it was necessary that relative distances be ap- 
proximately known for clusters, so that counts of their memberships could be extended 
to the same radius in space. For this purpose, a provisional red-shift estimate was made 
for each cluster at the time the inspection of the plate for the cluster catalogue was made, 
and the counts of that cluster were extended to a distance on the plate 4.6 X 105/a£\/X 
mm from the cluster center (Sec. lib). An accurate knowledge of the red shift for this 
purpose is not necessary. 

Eighteen rich clusters with measured red shifts were available. On the Schmidt plates 
the tenth brightest members of these clusters were measured with the calibrated step 

Fig. 3.—Ordinates: log cd\/\ for clusters of measured red shift included in the catalogue; abscissae: 
photored magnitudes of tenth brightest cluster members estimated with step scale of galaxian images 
prior to actual compilation of catalogue. 

scales. The velocity-magnitude relation for these data (given in Table 3) was plotted 
(Fig. 3) and was used to estimate red shifts for the other clusters. The two discrepant 
points at log cd\/\ = 4.365, m = 16.6, and log cd\/\ = 4.410, m — 17.5, are discussed 
in Section Ilg. 

The curvature of the log cdX/X-magnitude relation of Figure 3 reflects the systematic 
errors in the magnitude scale determined by the photographic extra-focal technique 
(Sec. He). 

f) Inspection of Plates 

The red plate for each sky survey field was inspected and searched for clusters of 
galaxies with a 3.5 X magnifying lens. All rich clusters that were recognized and that 
appeared as possible candidates for inclusion in the statistical sample were noted. Next 
the records were consulted of earlier routine inspections of the same plate or of other 
plates of the same field made by either the writer or A. G. Wilson. All but 1 or 2 per 
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cent of those clusters which finally met the criteria for the statistical sample and which 
were found on one of the earlier inspections were also found in the final cluster search. 

After the identification of each cluster, its center was estimated by eye and noted with 
an ink dot on the cover glass of the plate. No attempt was made to locate a cluster center 
quantitatively; the centroid of the collection of galaxy images was determined solely by 
judgment. 

The following pertinent information was noted for each cluster: 
1. The right ascension and declination for the equinox 1855, entered to a tenth of a 

minute of time (for right ascension) and 1 minute of arc (for declination). The position 
was determined by locating the cluster center on the appropriate BD chart with a pencil 
mark and then measuring the position of the mark on the chart with a scale. (For the 
clusters south of ô = — 23°, the CD charts were used, and the equinox of the positions 
was 1875 rather than 1855). The writer’s previous experience with this method of de- 
termining positions indicates that positions so obtained are usually accurate to within a 
minute of arc. A larger source of error arises in locating the center of the cluster. A check 
is available on the positions obtained and is discussed below. 

2. The photored magnitude of the tenth brightest member, estimated with the step- 
scale technique described in Section lie. 

3. The number of members in the cluster which are not more than 2 mag. fainter than 
the third brightest member. With the step scale, a galaxy was identified which was, as 
nearly as could be estimated, exactly 2 mag. fainter than the third brightest galaxy in 
the cluster. From the magnitude of the tenth brightest member, the red shift of the 
cluster was estimated (Fig. 3 and Sec. He), and then the galaxies in the cluster were 
counted which were as bright as, or brighter than, the one identified as 2 mag. beyond 
the third brightest and which were within 4.6 X 105/cd\/\ mm from the cluster center on 
the plate. A sheet of transparent celluloid upon which concentric circles of various sizes 
were scratched was superposed over the cluster center to facilitate extending the counts 
over the proper area of the plate. In each case, galaxies in a region of the plate apparent- 
ly “free” of clusters were counted in a comparable area down to the same limiting mag- 
nitude. The “field” count was then subtracted from the direct count over the cluster to 
obtain the corrected “true” population of the cluster. The corrections for the “field” 
galaxies ranged up to about 30 per cent of the total uncorrected counts, the larger cor- 
rections occurring for the more distant clusters in which the counts were extended to 
fainter magnitudes. 

4. A judgment as to whether or not interstellar absorption is apparent on the plate 
and whether the star density in that field is so dense that complete identification of 
visible clusters is in question. These judgments were later used to determine the limits of 
galactic latitude at which the sample is considered complete. 

The number of clusters identified and catalogued on each plate ranged from none to 
over thirty and averaged around five or six for fields far from the Milky Way. 

g) Accuracy 

In the course of the inspection, nearly three thousand clusters were catalogued. How- 
ever, since adjacent plates overlap on all edges, a number of clusters occurring in the 
overlap regions of the plates were catalogued separately during the inspection on two 
different plates. These dupheations are of great value in determining the internal con- 
sistency of the measuring and counting techniques. 

The cluster data were first sorted so that duplications could be located and removed. 
One hundred and twenty pairs of duplicate data for clusters were found, including one 
case where a cluster occurring near the corner of a field was measured on three different 
plates. The number of duplicates is smaller than might at first be expected from the rela- 
tive areas of the overlapping and non-overlapping parts of the plates; many clusters 
whose centers lie in the plate overlaps were measured only once because large fractions of 
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their memberships lie outside the overlapping region. The lip of the plateholder pre- 
vented exposure of a J-inch strip along the edge of each 14 X 14-inch plate. A cluster 
whose center is within 0.35 inch of the edge of the exposed portion of a plate would not, 
in most cases, be counted on that plate. Thus the actual usable portion of a plate is about 
12.8 inches square. The eight hundred and seventy-nine 12.8 X 12.8-inch fields cover 
about 32100 square degrees. On the other hand, the actual area of the sky surveyed is 
30206 square degrees. Thus, about 1900 square degrees, or 6 per cent of the sky, is dupli- 
cated. Out of the 2712 clusters catalogued, one would expect about 160 duplications. Of 
the 1682 clusters which meet the requirements for the statistical sample, there should be 
about 100 duplicates. Actually, 90 of the 120 duplicated clusters are in the statistical 
sample. 

For each pair of overlap duplicates, the corresponding determinations of positions, 
magnitudes, and counts were averaged and the results entered as revised data for each 
cluster. The values obtained in the two inspections of each cluster were then used to 
estimate the accuracy of the positions, magnitudes, and counts of the general catalogue 
clusters. The error estimates made are probably upper limits, for the largest measuring 
and counting uncertainties occur for clusters near the edges of plates. 

Accuracy of positions.—The writer has found from experience that the position of an 
object can be located on the BD charts to an accuracy of about 1 minute of arc. In the 
case of a cluster of galaxies, however, a considerable uncertainty arises in locating the 
center of a cluster, and positions of a cluster determined on two different plates can be 
expected to differ from each other appreciably, owing to varying judgments of the loca- 
tion of the centroid of the cluster on the two plates. The effect is particularly important 
near the edge of a plate where part of a cluster may be out of the field. For the 120 “over- 
lap” clusters, the standard deviation of the individual positions from the mean positions 
was computed to be 1.9 minutes of arc. Thus a position determined from the BD charts 
with the technique described will, in general, be within a few minutes of arc of the center 
of the cluster and always somewhere within the main concentration of the cluster. The 
greatest deviations occur for the comparatively nearby clusters which occupy a larger 
area in the sky, but for these clusters the positions are less critical. 

Accuracy of magnitudes.—The internal consistency of magnitude estimates can also be 
checked from the overlap duplicates. Again, the error estimates obtained are upper 
limits. Not only were the plates of the two adjacent fields often taken years apart under 
varying observing conditions and with different emulsion shipments, but the quality of 
photographic images is generally poorest near the edges of a plate. For the hundred and 
twenty pairs of magnitude estimates in overlap clusters, the standard deviation of an 
individual estimate from the mean was computed to be 0.19 mag. 

Accuracy of counts.—Counts of galaxies in clusters in the overlap regions are subject 
to the same uncertainties as are the magnitude estimates, in addition to the handicap 
that some of the members of an overlap cluster may lie off the field of the plate. For the 
hundred and twenty pairs of counts of overlap clusters, the standard deviation of an 
individual count from the mean is 16.9 per cent. 

Before the plate inspection began, those clusters for which measured red shifts were 
availaole were separately inspected (see Sec. lie). Later, during the routine inspection, 
these clusters were treated on the same basis as all the new clusters. Thus positions, 
magnitudes, and counts were obtained for the calibration clusters, along with all other 
catalogue clusters. The magnitude estimates obtained the second time could then be 
compared with those made before the main cataloguing began. Thus another check is 
available on the magnitude estimates, as well as on the red-shift-magnitude relation de- 
scribed in Section He. 

Sandage (Humason et al. 1956) has also measured the magnitudes of the tenth bright- 
est members of the calibration clusters. Sandage gives photographic and photovisual 
magnitudes which are not directly comparable to photored magnitudes. However, ap- 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
58

A
pJ

S
...

.3
..2

1I
A

 

224 GEORGE 0. ABELL 

proximate photored magnitudes can be obtained from Sandage’s values with the color 
equation given in Section lie (eq. [1]). The use of a linear color equation may not be 
accurate for galaxies, especially ones of large red shift, owing to the unknown ultraviolet 
radiation. Nevertheless, photored magnitudes so obtained are sufficiently good for a 
rough check between magnitudes estimated here with a step-scale technique and those 
measured by Sandage on plates taken with a jiggle-camera at the 200-inch telescope. 

Table 3 gives for each of the calibration clusters the original magnitude estimate 
(Abell Est. 1), the final magnitude estimate (Abell Est. 2), and the approximate photo- 
red magnitudes obtained from Sandage’s measures with equation (1). The catalogue 
number, the Mount Wilson-Palomar designation, log (cd\/\), and the richness designa- 
tion (see Sec. Ilh) are also given. Figure 4 is a plot of log (cd\/\) versus magnitude from 
the final (Abell Est. 2) data. The corresponding curve in Figure 3 is shown as a dashed 

TABLE 3 

Photored Magnitudes of the Tenth Brightest Cluster Members 

Catalog 
No. 

1656. 
151. 

1020. 
2065. 

568. 

465. 
2048, 
1930. 
1132, 
1413. 

2100 
31 

234 
1689 
1677 

801 
1643 
732 

Sandage-Humason 
Designation 

1257+2812 
0106-1536 
1024+1039 
1520+2754 
0705+3506 

0348 +0613 
1513+0433 
1431+3146 
1055+5702 
2253+2341 

1534+3749 
0025+2223 
0138+1840 
1309 - 0105 
1304+3110 

0925+2044 
1253+4422 
0855+0321 

log 
c (dX/X) 

3.816 
4.196 
4.290 
4.333 
4.365 

4.410 
4.450 
4.594 
4.608 
4.632 

4.662 
4.680 
4.714 
4.720 
4.740 

4.761 
4.764 
4.785 

Richness Abell 
Est. 1 

13.6 
15.0 
15.0 
15.7 
16.6 

17.5 
15.7 
16.8 
16.6 
16.9 

16.9 
17.5 
17.8 
17.2 
17.8 

17.8 
17.5 
17.8 

Abell 
Est. 2 

13.5 
15.0 
16.0 
15.6 
15.4 

17.7 
16.0 
17.0 
17.0 
17.1 

17.0 
17.7 
17.9 
17.6 
17.7 

17.7 
17.7 
17.7 

Sandage 
(From Eq. [1]) 

13.0 
15.6 

17.1 
17.1 

17.0 
17.5 

17.3 

17.6 

line in Figure 4. Magnitudes derived from the measures of Sandage are shown as open 
circles. 

Comparison of the second and third to last columns of Table 3 indicates that the mag- 
nitude estimates are fairly consistent with one another except for the two clusters, cata- 
logue Nos. 1020 and 568. In each case, one of the estimates was apparently a poor one, 
and the other one satisfactory, to judge from the scatter of the respective points in 
Figures 3 and 4. 

Comparison of the last three columns of Table 3 indicates that, whereas the magnitude 
estimates made with the step-scale scatter about those derived from measures by Sandage 
(or perhaps are systematically slightly fainter), there is no gross inconsistency and, for 
magnitudes fainter than about 15.0, no significant systematic difference. Perfect agree- 
ment is not to be expected for reasons given above. The approximate agreement with the 
Sandage magnitudes and the fairly good internal consistency of the step-scale estimates 
furnish confidence that magnitudes obtained for the catalogue are satisfactory for the 
purpose for which they are used. 
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\. 

Investigation of the scatter about the smooth curve in Figure 3 indicates the standard 
error in red shift obtained from the red-shift-magnitude relation to be 26 per cent. The 
standard error would be much lower except for one point (catalogue cluster No. 465). 
Magnitude estimates for this cluster are consistently too high for the observed red shift. 
However, Humason (Humason et al. 1956) has measured only one galaxy in the cluster, 
and he states that its cluster membership is in doubt. The smooth curves in Figures 3 
and 4 were therefore drawn without regard to that one point. 

The effect of a scale error among the bright magnitudes (13.0-15.0) must finally be 
considered. As was discussed in Section lie, magnitudes determined by Pettit indicate a 
zero-point error at magnitude 13.0 of about 1 mag. Although it is not definitely estab- 
lished that the zero-point error is less for fainter magnitudes, it seems very likely that it 

Fig. 4.—Ordinates: log cd\/\ for clusters of measured red shift included in the catalogue; abscissae: 
photored magnitudes of tenth brightest cluster members. The black dots are magnitude estimates made 
with the step scale of galaxian images during the compilation of the catalogue. The open circles are mag- 
nitudes derived from those of Sandage with equation (1). The dotted line is the solid curve in Fig. 3. 

could be so in view of the general agreement with the Sandage magnitudes. If a zero- 
point error decreasing with increasing magnitude is present, it is equivalent to a scale 
error and will result in the counts of nearby clusters being extended over too small a 
magnitude range. There is a possibility, therefore, that some nearby clusters sufficiently 
rich to meet the requirements for inclusion in a statistical sample may be omitted. How- 
ever, the number of clusters whose tenth brightest members are brighter than 15.0 is 
very small compared with the more distant ones; increasing their number by a factor 
of 2 would not affect in any substantial way the results of Section III of this paper. 

h) Reduction of Data 

To facilitate the reduction and processing of the material, the data for each cluster 
were entered on an IBM punch card. The calculations and miscellaneous processing in- 
volved in the reduction work were carried out by the writer with the IBM Model 604 
Digital Calculating Punch and IBM card-sorting and duplicating equipment of the 
Department of Engineering of the California Institute of Technology, with the excep- 
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tion of the computation of galactic co-ordinates, which was done with the Datatron 
Digital Computer Model 204 of the ElectroData Corporation of Pasadena. 

Equinox of positions.—The positions for the clusters were for the equinox 1855, except 
for the clusters south of ô = —23°, which were for the equinox 1875, the equinox of the 
Cordoba Durchmusterung. To reduce all the positions to the same equinox, positions for 
the southern clusters were precessed from 1875 back to 1855. 

Extinction.—The magnitudes of the tenth brightest members of all clusters were cor- 
rected for the effect of atmospheric extinction. It is important that extinction be taken 
into account because the south galactic pole lies near the southern limit of the sky sur- 
vey, while the north galactic pole passes nearly through the Palomar zenith. The adopted 
procedure was to reduce all magnitudes to their value at the Palomar zenith, but not 
outside the atmosphere. The extinction, in magnitudes, is given by 

Aw = — 2.5 log T (X, z) = Æ sec z , (2) 

where T{\ z) is the transmission of the atmosphere at wave length X and zenith dis- 
tance z, and Æ is a constant. The atmospheric transmission at the Palomar zenith was 
assumed to be the same as that at the Mount Wilson zenith, for which (Pettit 1940) 

T(X= 6500 A, 0°) = 0.925 . (3) 
It follows that 

Aw = 0.085 sec z . (4) 

Because practically all red survey plates, especially those taken far south, were centered 
within an hour of the meridian, it was assumed that the hour angle for all exposures was 
+ 30 minutes. This simplification introduces little error, for the magnitudes were to be 
corrected only to the nearest tenth, and the corrections were as great as —0.1 mag. only 
for clusters north of +84° or south of —18° declination. 

Galactic co-ordinates.—Galactic co-ordinates were computed for each cluster referred 
to the galactic pole (1900) a = 12h44m0, Ô = +27°30' or (1855) a = 12h41m8, b = 
+27°45' (van Tulder 1942). 

Galactic obscuration.—Corrections to magnitudes for the effect of general galactic 
obscuration were made, following Hubble (1936), on the assumption of a uniform plane- 
parallel distribution of the absorbing material. In particular, it was assumed that the 
absorption relative to that at the galactic poles, in magnitudes, is a linear function of 
the cosecant of the galactic latitude, that is, 

Am (b) = Constant ( | esc 6 | — 1) . (5) 

Hubble, from an analysis of galaxy counts, had derived the photographic absorption, 
AP(¿>), to be 

AP (b) = 0.2 5 I esc 6 I. (6) 

From the selective absorption data of Whitford (1948), it is found that 

AP(b) = 2.20 [P(b) — P (¿0 ] ex , AP(6) = 1.20 [P (b) -PWU, (7) 

where AR(b) is the photored absorption, [P(b) — R(b)]eyi is the photographic minus 
photored color excess, and where X 4050 and X 6440 are assumed for the blue and red 
effective wave lengths, respectively. From equations (5), (6), and (7), we get 

AP (b) =0.136 ( I esc I — 1) . (8) 

All magnitudes were corrected to the galactic pole by subtracting AR(b) as calculated 
from equation (8). 

Precession constants.—Ten-year precession rates were computed for all the cluster 
positions from the standard formulae (e.g., Smart 1949) for the equinox of 1900. 
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Richness classifications.—The counts of the membership of the clusters, intended as 
richness criteria, are approximate only. It was desirable, therefore, to group the clusters 
into categories according to their richness in such a manner that a negligible number of 
clusters would be misclassified by more than one group interval. The standard error of 
an individual count was estimated (Sec. llg) at about 17 per cent. It was decided to 
extend a group interval about three and a half times this standard error, or about 60 
per cent, beyond the lower limit of the group. Then, if the counting errors are normally 
distributed, even a value at the upper or lower limit of a group interval would have only 
one chance in five thousand of being in error far enough to belong in a group more than 
one interval removed. 

The richness groups are defined in Table 4. “Counts” refer to the number of galaxies 
counted in a cluster that are not more than 2 mag. fainter than the third brightest mem- 
ber. The group intervals are not exactly 60 per cent of their lower limits but are rounded 
off, for convenience in classifying, to even numbers. 

TABLE 4 

Richness-Group Intervals 

Richness 
Group Counts 

30-49 
50-79 

Richness 
Group Counts 

80-129 
130-199 

Richness 
Group Counts 

200-299 
300 or over 

TABLE 5 

Distance-Group Intervals 

Distance 
Group 

Magnitude 
Range 

13.3-14.0 
14.1-14.8 
14.9-15.6 

Distance 
Group 

Magnitude 
Range 

15.7-16.4 
16.5-17.2 

Distance 
Group 

Magnitude 
Range 

17.3-18.0 
Over 18.0 

Distance classification.—As in the richness classification, the clusters were grouped 
into distance classifications according to the magnitudes of their tenth brightest mem- 
bers. The standard statistical error in magnitude estimates was estimated (Sec. Hg) at 
0.19 mag. Analogous to the case for richness classification, the magnitude interval in a 
distance group was chosen to be approximately 3.5 times the standard error in magnitude 
estimate, or about 0.7 mag. Table 5 defines the magnitude intervals corresponding to 
various distance groups. Magnitudes refer to tenth brightest cluster members. 

i) Explanation of Catalogue 

Table 6 contains the completed catalogue of 2712 rich clusters of galaxies. The clusters 
are listed in order of right ascension. Table 6 was printed directly from the IBM cards 
with an IBM Model 407 Accounting Machine. Plus signs are not available on IBM 
tabulators; hence in Table 6 a positive quantity is indicated by the absence of a minus 
sign. 

The first column contains the catalogue number for each cluster, running consecutive- 
ly from 1 to 2712. An asterisk (*) following the number indicates that the cluster does 
not meet the requirements for inclusion in the statistical sample. These non-sample 
clusters are included in Table 6 to enhance the value of the catalogue as a finding list. 
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cor^h-<i-vOr-ioom<t<M ocM-d-^HO<}-m<|-r-io 
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COOCMn-CM»£>CO^O'<J- CMOCMmcOCO<fCOCMr-l 
<j-cocomincoo'r~-0'0' CM O CM tD O O O CM CM III III 
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'OCDO'rHCMmcO-iJ-OOCM r^-MDn-cDoommvO'Ooo I I I l I I I 1 1 I 
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i—I i—I r—l f\J • »-1 rH O ÍNJ rH rHOOOC\Jf\J(\Jcnf\JCO l(\)r-IOi—tr'J'-H r-JOOJrH r-J Í-H »-H O r-t O 
>j-io«jn'Oinif\'OinvOtn iAv0<f<j-N0%0'0'0v0\0 •vOvO’vO^'O'Ocntnom cn in vû cn vO m m m 
OrHnjmnjvor-ococNj oor-o^or-mminmin r^omovovooovjinvo o c\j vo »o m ch O' o m r~ 
vor^r-n-r-vor^' r^r^-n- n-r-mvor^r^-r^-n-r^r-- r^-ooi^-r^n-i^-mi^-r-'O m n- m r-'O'Oini^-m 

a'Oc\j'Or~or^f^coo <}-chocnmoo(MooLn<}- ooovOi^r-ir-mmcn\0 ^or-<fo r^cn<fcoo«-H 
O'aor-oaDr^minrvjcn vocor^c'j<j-r-cor-r^-'0 I I I t I 1 I I I I 

r'-m<í-ir»<f-r'-r-cr>iom r-cnooNOoomm^HOJoD I I I I I 1 I 1 I I 
m^HvOcMinmoLno'O' oONncnaovor^^or-r-i<f 
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r-oor^m o \o m r^- r- <1- m <t co cm r— 'd- r— <}' I I I I I 1 I I i I 
r-ioocnC'Cr. r-r-i<J-chac cor~om<}-(M(\join<j- coocoommMDr-r^-m r-mmcn «-icncfir-cocn 

<fcnr-icor-<r<l-cncno OC'fMCT'CNJOvO'OCh'd- 

cncncncnmcncncncncn cocntnccicncncncnccico cocncnmcocncncncnco cncocncn cncncncncncn 

mr^O'vo<i-ooo'OcMi-H ocDO'inc\JO'Cooo*-H in<i-<j-inin<i-<fmmin 
f^-ooooo'n-r^-ojr-ii^- ChcnoNOoocncnvomoo <l-m<i-in<i-mmtnin<f 

mnjchoa'OcnoovOin cot-Hcncr'OOt-iOvO(M <finin<fininm<}-inin 
m vo n- i-< corHino<fCh ch cm «-H cn oo m o en o c\i <j- m m m <i- m <j- m -d- m 
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r-h-r-vommvom^or- r>r~»or>~i^-r>-r-»oh-r^ r^-r^-r-mr-m'O'Oinr- 
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0<M«—•«—«»-«OOOCOO <MOrH*-«r rHCncn^Hi—Ir-Hr-HOi-tCVl O rHf-trH r-tr-(Oi-ÍC\] O 
ir\«om«o«o«oir\io>o%o it', m \o»ooir\ir»vomso vO'Ovom<rsD'OvomvO vo vomvo vominvOsOc^ 

rHccomomoj^ooDin c\jc\ir^mir\(\jooo(\itn r-*o«oo0''0r-'0»o^ o^vocxio iricMvOLnvOvo 
r^r^r-r-mi^i^-r-vor^ r-r-i^-r-r-r-»oi^r^in 
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r-i t—I •—I r—I r-t «—1 r-l «—I »—I «—1 
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O' i—)«-HOomo' vomcn cno'0'0<f0'cn0'00' rHir>aD^Hfn(\JrHCnc\JCO mO'0<fcoo'r-<r^-0'(M m <j- in m 
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fnmcocnin>ocOrHao<i- incominin^-.i<|-r^r~- cncoooo«-HOOOOrHcn %o oor-ccMcnmocMcn 

(MCMcncncncncn<l-<i-<j- cncnmcncncncncncnm 
r-i r-ifi-i tH ^4 «—4 r“i r-4 r-4 rH *-H rH tH *H iH rH *H *H tH rH rH tH •—I «H tH «H iH rH i—1 i—I i—I «H rH »H iH rH rH «—t i—I i—Î OOOOOOOOOO oooooooooo ooooooo ooo oooooooooo 
* * * * * »HCMrnvi-in'Or'-coO'O OOOOOOOOOrH <M<MCMCMCMCMCMCSI<MCM 

rH<Mcn<tmM)r-cx)0'0 rHr-Hr-t«—IrHr—ICM CMCMCMCMCMCMCMCMCMCM 
r-!CMcn>i-tnM5r-cx30'0 CM CM CM CM CM CM CM CM CM C<> CMCMCMCMCMCMCMCMCMCM 

r-icMcn^-invor-oooo cicncncocncncntncn^ CM CMCMCMCMCMCMCMCMCM 

O rrt CM o t-• CM »HO 
-4-if>M)'OM)<f'Ocninm 

0»h*h0CM»h»h«h O O 
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rH O O •—I rH *H CM rH c—I O 
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sOMD^rHc^MDinsOsom 

•4-«oinM>tncnin>r r^o 0'0s-4'C0O'0m«Hcno cMvomoo r-ncMincMr-cM toMDOO'cninrHooinrH 
o m> m> r^-r-o r-m m> m> 
5 «HrHrHrH^HrHrHrHrHrH 

r-r-sor-r-r-r^r^mr- r^r-socninr-r-r-n-t^- 

CnmO'OrHCOCMrH »o^- cMor^ootncooocno'O \0 in C3 rH vO M3 .—11 cm o cn-cj-cn.HO'O'Ocncnco 
mO'f^-'Oor-cDCMrHO' CMiocnsOcni^cnM) cm <i- I 1 I I I I I I I I 

oO'cn»or-cr'OcMCMa> ^■jncMCM^-»oco^'d-cn 1^11(11111 
rH CO rH O' O rH O' CM O rH 'O'OcD'4" co r— r— n- vO 1 t I 1 i I I I I I 

rHi^cncn cMO'r^'Oi^- vO <i-Lninvo<l-cnr-r~-r^<l- I I 4 I 1 I 1 I I I 
  mmcMsOcncMinos^-tH mmrHO'co<j-r'-cn-4-o 'J-co>oino'rHinn-cnrH 0'<|-0'^rHCM>i-cor^-'0 

r^cMr-cMinr-vOor-h- OrHHj-O'írHCnCMOrH 

%o %o so sO sO sO'Oinm<j->d-<f<f->a-<f 
cococncococncoco cnco cncocncncncncncocncn cncnmcncncncncnmcn cnmcncncncncncnmcn 

Si a) O Um 
OHl'rHt^-CMCMrHi-HOO'O »OrH^-OtnOs^-rHsOCs^ in«nininm<j-inininin 

ommoo'rHvj-n-'om COrHMS^CMOCOcncnrH ininmininin^j-ininin 
cm cm cm co cn co vO in cn co i—lOCOCMCOOCOOi—iO inm<i-in<i-<}-<j-<j-in-4- 

O'n-cMO'r-cosooO'OCM cniHCMomni-cocooocn inininininm<t<}-<j-Ln 
oooooooooo oooooooooo oooooooooo oooooooooo 

* rH 1^- en o < j o cn rH cm o ■ I I I 
in 
3 > o o >o f~- < 

> r~ r- r- r- c > o o o o o < 

mcMcom-4-corHO'oocM <HOCncnrHOCM»HrHO I I 
rHinmr-O'coooo-d- 

on-cMCMCMrHO'cnoo O O CM«—ICM<—li—I.—IO<—I III lili I 
mo'0'0<i-intnvOcMin 
Hj-<j-<i-inininininxOvO 

ocnh-CMcocMcor~oo<j- CMOOOi—ICMi—l<—IrHrH I III 
sOcomcM.rHcnr-OrHCM 

¿ 

OOOOOOOOGO 
* rH CM CO - M) M> M> ' 

* * i O' o > m> r- 

OOOOOOOOOO 
* * ^ * * rH<Mco<i-inM>r-co o o r^-oo 

OOOOOOOOOO OOOOOOOOOO 
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O OOr-(r-l«—<f\JOr-lr-IO 
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ó> oco^mojc\j('omioir» 

OOfNJr-í^r-((Mr-(rHr-« «—(r-4r-íOrHr-(r-tO«-Hr-( Ot-<t-lfM<\JOi-<«-<l-tt-( 

vomvONûmvOvOiPivOvû ovDLnvOvüvO'O^vO'O tn^ONOvo^tovoiosoo 

coinc^vovovoinrvjtor^ oO'vO'Ocooou^cmoD'O 
r-vor-r-'Or-r-t^r^r- cnr^-'Oi^-r^r'-r^r^f^-r-' 

miTivD'OmcMvC’OvOi^ 
vor-r-r^r-r-r-vOi^-r- 

vt^-coomootní^i^-oo r^NOir»i-Hr-<j-vOcvicvjm iJ^-O-ícocNJOOO^rn <l-l--min'úco<ra'Lnco 
^»ÚC^iQO^O'i't-HCOOO vDvOr^LnvO'-nvO'í r^-rn 1 I I I I I I I I 1 

Oxo<fcoooomir»h-t-t ir\ inir\ir»»or^>om>f 
1 1 I I I 1 I I I I 

OcvjocncOvor^C7''i-íM mr-vOm»o%0'á-irstr>ir\ 
I I I 1 I I I I i I 

O'(\j<l-xor~-v0cn<virim C^lTiU^vO iTivOvOCOvO m I I I I I < I I I I 
>á-r^0'0í\jcor-i-iv£)0' oc?'ií>ic\icvj<í-r-i0'0^- mo'C\jmo»-<'00'irvví' »o-ífcvi(\JrHví-oocoir\aj 

tx)rjc>j«-«h-ocNQ0\04- c\j r—i f\j c\j cxi f\j r~- c\j «—< r—l f—I I-Hr-If-Hr—I«—Í 
OvOr-(Cf>0'í'0'«—IlTtCO OCOOC\JvO(\J Ojr-COCMin^-rHfOCVJCNJ r-lfMfMví- CnrH^ r-l 

c a o C\IC\1C\I(\JC\JC\IC\4C\IC\JC\! C\l<\JC\IC\JC\l(\Jt\JC\lf\lf\I t\Jf\Jf\JfMCNJf\JC\jCMCMOJ f\JÍ\JCMCVJf\JC\jrsJC\JCOCJ 

S8 OfMCT'O'í'OOvO'O CVJf-< oovOt-iooONvj-vom r'-r-ooi-toinoN<<">rHvß O «-ItMOOinOr-H-J- r^O'<t-0'rHr>-^^-r-rH OlTíOrHOOCOCnOrHCVJ ^OvOinO'mvtcosOin tnCMrHOO OCOOnOCOsO m m m <j- 
oooooooooo oooooooooo oooo o o o o o o OOOOOOOOOO 

<}-ovO>-ír~~o>3-<i-oo coir»<f<MCMrsico<t-<NJcg 
xOorsjf-H^i-csjooi'-ioo o*-H<MOOOOr-i{\jrsj 1 I I I I I I I 

co^mmh-or^fotNJo C\l O vi" <j" LO rH O C\J i—I 
CVJOO C<^<fr-IC^vOOOr- CD i 1 O O O O CM '—1 O <—I I I I I I I 

cocor^cor-or'-coovr- ro en <t o r-t <j- 
rsjm-4-mincvio<í-csi-í- ÖCMOO i-Ht-HOOOO ill II i 

c\j r-i en vo c\j r—i ví- vO r— en o «—i t—f en -j" i—ii—i vi- <j- 
o cu en r-i o m cm <f r-lOO«—I OrHOCXJr—((\J lili I 

g 

<e 

o 
Z 

oo oo i—t lt} vO .—i e\i oo Or-H cnminvo*—i«-h-4-vO cn<j- ooooo ir\rHcnf^-co & e\jr-nvO\Ofv-oovúooo' 
0'Oooo«-ícnm*3-'4- <f ír\ m m m m m m ir» -it'd- <i-<l-ininLr\inr-r~ ininiriininmmmiriiri 
oooooooooo oooooooooo 
* * * * r-H(\jcn'd-in'Or^-co O' o COCOOOCOOOCOOOOOOOO' CVJCVJCVifMCNJCsJtMfMfMCsJ 

* * ^cvjtn^-in»or>-ao O' o O'O'O'O'O'O'O'O'O'O c\JCvjrocMCM(\j(\ic\j(\jen 

i—i i—i <—i i—i *—i c\j c\j c\J c\i e\j OOOO O O O O o o 
* * «-HíMenst-m'Or^coo'O OOOOOOOOOr-l en en en en en o en en en en en en en en en en en en en en 

»—i i—i cd «—i eD •—11—i ■—i i—i i—i Oí—IrHCNJ,—IrHr-lOOi-e i—i O r—e i-i (\J O O O i—• «—i O »—i i—• en I—i O «—e C) O 

>o%oinvO'd‘-d'invO'Oo mo\0\Oir\minvOir\<l- mt—I'OvO'CmmerimvO min encnirivo 
5 
ró 
I 

vOO'O'O <i_'dO'vor-r^- evjaoO'xOCNjoO'h-tvjcD cMenœr-'OcvJvO'OcvvO vocor-en^-ienvovoo^-^ 
i^<D'Or^-o»o»or~-i^-r^ r-cnr-r^r-r^'O'Oi^-i^- aj'Or^'Oi^-xOinmr^r^ 

r-eno'O^HvO<j-0'0'en <—ir-nenm^otn^cvo i-Hi-íf-'-o O'OOOvCen enr-iO'rHeno'CDvO'Or-i 
enc\jC'C\J<}-<l enr-iOr-e 
1111111(11 

O CM O C\J ri e<~i o n- O' GG 'Ovt)<í-vOvO'0<fenNO(\j I I I I I I I I I I 
r-tmenmmcMooO'CM.-H \£) C\J f\J e— vO vO er\ eT\ vO \ß I I 1 I I I I I I I 

r-r^ -3~<fmo'<±aor^o mcMI^-vOvfr—''OCNJlTlvß I I I I I 1 i I I I 
»_ en O' O en <t- O' r-i ovjoocovovoen^or-t^- f^or^'OroencM<j-0'<t ^-*en<í-0'r-i<í-0'enoir1 

vOvO'OLniAen<t'<j-'d'cn oooooooooo 
enenenenenenenenenen enenenenenenenenenen enenenenenfMc\jCsJc\Je\j f\JC\jrsJC^C'Jf\jcMr\4CvJCvi 

e — L."-' 
inaoinr-er-toof^-un^- coaDO'v}-(MCNj<j-o<j-4- O'vO'OtTíCO-d-^l-CNJO^Í- O'o-d-oooenmo'r- >d-mir»ir\ir»ir»mir>-d"Ln 

r- (NjvOcnO'^enO'envO oooopso o o r-i o o o m en m m m m en lo 
<J-oor-on-0'OD<fencx) ^n-vDOeno'O'n-r-io inm<j-ininm<i-ininin 

oooooooooo oooooooooo oooooooooo o ooooooooo 

& 

vomor-inmxoeno'ao .—i .—I .—i i—i O O i—i O *—i i—i 111 I 
coenO'<i-c\j<frenc\ic\J{M 00i-i000r-ic\j^-ien II III I 

c\jmvOvor--^Or-Hinen oenencvjoooooo I III III 
rHen^i-r-enocDr-iocvj OennjOr-i<toenoo Il I I 

NOOcnenmcvj^j-mcOr-« c^enO'CT'oennJOr-em ^H<j-00rHCNjen<j-oc\jm v00'<i-mo«d-'00'0'(\j 

w—t i—* »—» ■—■ «—» «—i *—* »—i «—i t—i r-f t—i r-i i—i i—i «—» f—» r-i r-i f-t f—i «—i i—i t—i f—■ i—i i oooooooooo oooooooooo oooooooooo 
* * rHC\jen<fmson-coo'o 

t\JCMCVJfVJCVJCsJ(\JtMC\JnJ fMCMCMCVievjfVJCsitVJÍVJfVJ 
de de de de de »-»(Mcn^-m'Or-œo'O vO vO vO vO vO vO vO *o o CVJfMCVJCMCVjnjCVJCVJCMfVJ 

oooooooooo 
de d= de de de f-ievjen-d-m'Oi^ooO'O r-r-r-r-r-r-r^r-i^oo r\jc\jc\jc'jc\j(\je\jc\jc\]c\j 
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o fNJCXJOt—ir-H 0f-»0 
■*1 vo>omir)«ovOiD\ONO\0 
Q 
d> 
I 

vO r- r-ii-i>tominooco 

1—( O I—I CNI O O r-< I—I «—I «-1 OJr-HOOr-HOOOCVlCOO 
m^vOvOvomvOxOvom vo mvOxO »oinvOvO<}-'ú 

or-r-ooco^tr-xOvOON %ooj<ooo'cnJ'0'000 
r-inr-r^-r^*r»r^r-r-'0 r-r-coh-i^-t^-r^mao 

c-«0*-HrHt\J00f-«i-lrH 
vÚvOlO'O'OlTícnxOr^rH 

ví>-4-<-<a0'O»o«-<00\OO' 
h-r-r^r^r^omf-mc^ 

cMor^-ooor^tMoor^rsi (ncomtnmm^'^-'Ocvj mr^r-icatn^inxOínoo ■4'Of^-'d‘r-Hc0O'íC0'0 
f—i mvOr^*0>l‘i^'d'CO mm <t<j-ur>ir>vOxOinir\ Il I I I I I I I I 

ONvOcoaDr-ooocncc-t 
I I I I I I I I I I 

rHr-cfiCvjogoi'-cvjcviao m vj-iriLOxOvOCMinxom I I I I I I I I I I 
*-*'0<OCO<O»ni^ODO''4- 
I I I I I I I I I I 

m<nO'4->4--4-«norHO' <fr-xor^coir>cot>jr-iO' xO f^ir»r-ixOO'ir\comif\ aDrHrHCMxûCNjmtnOO' 
«i-«Hoomoo-4-o4-r*~'>|- »-H'Cm.i-in'OO'OCNjco mr~t.-<COr-lrHrH>4-CnCO ^-cn^-J-r-xCCNJ-^-CD'O 

c Q o 
oooxoo'Cor-r-xC'O 

(NJCvJrvJCMOJCViCxJfMCVJCxJ C\Jf\J(\JCMCMf\JC\lfMfM<N COf\JÍ\JC\JC\JCxirgCVJCNJCvl C\JC\IC\JC\J(\J<MC\JÍ\1C\JCM 

r- Ch coi—tf— coc^ r\)c\ii^- r-i a» cn<no0'v0«4'00 iri<i-ininLn<f<j-<fLnir\ 
co-4-^«-iootn'4'cooxo OOCOQOCViflOr-tQOO«-«^ ^otnmtnxOirkinm^ 

O' fHCVJincnxOOOrHCMrH o fsjoo m »o «5 o r- <j-cor-»rxjcnrxjcnooir»xo ocNJcar-tt>x#inxom-rxi mtnKN^'d-xOmxTiAin 
oo oooooooo ooooooooo o oooooooooo o ooooooooo 

CM m COCOCMxOOf^-'d'fM O O OOOOCMCMOO I lililí O O O O CM f-H CM O CM rH I lili III 
co«4-cntno^HmxocMtn OOOr-(*-(4-«-)r-lrHO I II I 

O'd-O'^-foino'O'í-m rH<j-0'0'cnoomi^oo xomooo'r-icriO'c^O'O' CMtv-eoo«r»<MO'^-oo 
00 O' O O rH <t> co m »x<)x«r-r~«)floo'Oo 

4( 3)c 3fe fHCvi cn^tmNor^oao^o sQ ^3 o o ^0 ^0 <<\ CO COC^Í'Of^COCOCOt^ 
* * * * ^ «-cfxjcn^-mxor^ooo'O r-r-r^r-r-r-r^r-r-oo CfïCOCr*C»'»C<'tCïÏCOCOfO<r' 

« 4c * * r-t cm en tn x© ao o' o OOOOCOOOflOIÜOOaOOBO' cncocncn c<^ co <n co co m 
rMCMcnsMn'Ot^cDO'O QKO'O'6r'0'l^9'9'Q'O ■<*><,ncoco<|o<'%ccí<^cn>4’ 

ü f—í O I—I r—I i—I <3 O Ot-IO «-Hx-ICMr-CrHOr-iT-lr-tO 0»-«OCM*-l»HOrMr-»rH O«-« «H «-«OCMOOCMCM 
xoxoxoxoxomxoxomtn mxo-xoxoxomxooxoxo o x©xOxo xom r-cxOxO xo mxo xo xOxOxotr\cn«Oxo 

Q . xOxommo'OO'cocMCM r-ixOxoinx©cM*í)xoooxo oor^r^'í-trco'coocom O'»o xoooocoxoooo 

rHoxm^r-^r-cMinvOcM c^cocf'rHí^-inxOO'xt xo co .-icr'r-'Ot-i'OOCM xo cor- rH cococooxo^-o 
x£> O' 00 f- f-Hr—I«—)»—COxf^ in<í-ininr-vor^votn<f I I I I I I I III 

xoir>»-«0'-4-r~ocncM-4' <j-xo<fir\vom<fxOxúxo i l I I I I I I 1 I 
xO «r^OOxO COCMI^-r-fCM T-t xOlOxOcns|-C^«HxOCMxO I I I I I I I I I I 

om cmcmoc^cmi-íoo vom xo toxom^xotn^* I I I I I I I I I I 
  LOxOinT-íinr-coooorH ^j-r-cMCMrxioocMr-txo o moocor-tf'-r^inor'-c^ t^-cx) O' ooocMCMr-^i^- 

O'COVnCMO'O'CMOOxOCM CMCMcocnr^cnoococncM 

« CMCMCMCM CMCMCM CMCMCM CMCMCMCMCMCMCMCMCMCM CMCMCMCMCMCMCMCMCMCM CMCMCMCMCMCMCMCMCMCM 

ï| u2l    >- 
°-< 

CMxOir»OOiT>xOCOr^-r-ICM «-icMOomO'ino'Oca irunir)Ln<}-<}-<j-<í-inin 
xd-CMxOCMirixOOOl^-rHCO c^co>4-oooo>foo0'00 vfr^CMCO Or-ICMCM'd’ O' r- rHxom -4- r- cm O' o co 4-»n>4-ur\cr»tf\xo4-x£)<f 

rHxO 00 4-COrHrHOr^h- OxO m rH 00 CM -4 CO rH CM ■4 en -4 co >4 if\ en -4 cf* tn 
oooooooooo oooooooooo oooooooooo oo o o o o o o o o 

OxococMinr-xor^-mo' OOOOCMOCMOOO I I I I I I I I 
O 4 xO 4 CM CM XO r-H O' CO i—I «—I ■—I O f • O «—I 1-H O r-< I III III 

O' 4 CM CM vO 4 CO x£) i—H O' (MOC04l04r-«rHrHCM 
r-CMCMOCMinrHO'xOO r-H O CM CM r-H CM 4 O CO rH Il II 

O'CMCMOCMCOCMCOCMxO OO CM O r-t O r-t O O III I I 
0'0'co44criinr-4'0 oomr-Ot-HcoO'mx04 r-HC04xO'OCMOOCOlOO 

CM CM CM CO CO 4 x£) xO r^- 00 
CM 00 00 «—f CM lO xO CM 4 

. * )tc ÿ * 4: J¡¿ ^ cm co4ir>xor-coo'0 Z. CMCMCMCMCMCMCMCMCMCO COCOCOCOCOCOCOCOCOCO 
* * f-C CM CO 4 ITI xO r- 00 O' o co cococococo*ococo4 COCOCOCOCOCOCOCOCOCO 

4e $ 4e ÿ ^tcM<o4inxor-coo'0 4444 44444»« COCOCOCOCOCOCOCOCOCO 
* * * * «—ICMCO 4 m xO f'- CO O' o in in m m m m m in in >o CO CO CO CO CO CO CO CO CO CO 
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y rHr-I^HOr-»0CM(M^»O OOí\J.-lrHr-l.-lt\|.-lrH f\JC\JO<M^H^-«OOOJO «-»ÍNJOt-ír-lt-lrHfVJOO 
4J vO vO vO vO 'O vo vO vO '4_ 'í" vO vO vO 'O vO v0 vO m vO vO sO sO O 'O vQ 'O >0 >0 iT\ «O >0 >0 tO «O 'O vO \0 «O 'O W) 
Q . v£)vO oix*inu\r'- vOcm-^* if\oo^iAO'ma»t\jis-»n »omr~-r-i(y'»oiri^-m'0 
g>        •••••••••• ° r^r-i^r-r-r*r^r~-'0'0 i^r-r*'^r^r~rv-f^»^r*‘ 

CO CX) CM r~ CO O' CNJ r—I c 0'r~c«Air\vO<t'-*cMrHin r-r-coirlcO'Or-coco<i- i^t-ioor^o«no''Ot-i 
*00''00'COCM'4‘f^-'0<t' <i- <f CO rH CM 
I I I I I I I I I 

•—ICOO'vÛ'd'O'O'OO'vO >í-co^-<t-(o^í-^-m-4-'4' I i I i I I I I I I 
or--cor'->t-r-«co<icx)0 ÎM-4-'4-<l-COCM<J-CM'd--4- I I I I J I I 1 I I 

co>r-4-coo'Oinr--inco <f<f4-<J-co<i-cocMcoco I I I I I I I I I I 
00 lO i—I ^4" CMCOOvOt^-^ OOr-«r-OcOOOOCMcOCM n-i00<4‘rH'Oc-(«Or-<>O'O OO'lOO'fMÎ-incO^-O 

C Q 
r-C ^-C O »£) -4- <J- CM rHr-IO r-Hr-IrHOOOOOOO 
CMCMCMCMCMCMCMCMCMCM r-4rHrHr-irHrH^-(r-Hr-li-C 

« 8 o O' O'T-l<MrHCMCOtn'O>4-00 aor'-o-'CMOoO'r-'Oco -4- <f <f ia m m -4* <± ^ in 
COvO<lO''O(M<tCOC0\0 0'-^'4''OrO^-^-rsJ'4sO <f(MC0i-trHr-incOinir» ointomtoo'cnoocoo' '0'4“'4‘'4'iAiA«4'iO'4'>4‘ 

Lr\cMOcoo'CM4-r-0'vf vOiAmiAr^r^O'4,jO'rH -4''4'4‘<í'«4‘'4'iAiA-4‘iA 
OOOOOOOOrHO OOOOOOOOOO OOOOOOOOOO OOOOOOOOOO 

coinmO'CMm'OvO'4-íM CMCM<t-4-CMLACOc04-0 
-77 r-coocMcorsimr-c^cn « o«hooooo «—cr^-tM O III lili 

^^tor-mcMvOinvoON lAfHcOCMCMr-CC^^-^-O 
cM^iocnr-rHO-4-o<f OOCMt—tOCMCMCMCMr-H 
I II I I I I I 

xOCOCMCOtn^-CMOCMiA CM r-CCVIi—iOCMCMCMCMO III I II 
>trv-r-r~a't-icMOcoo rH»Hr-lrH0«-«0*-C00 I I I I I I I I 

-4-m<tcocMa'oo(X)fOrH oofOcO'4-coocM'Or-O' ^ir^ooo'CM'OOco^-o corHa'cooiAcO'4-rH'O 

* Jf: * * rMCMCOsfcA'Or- 00 O' o 

cococococororoc^r^cn OOOOOOOOOO 
4c 4: r-CCMfO-4'lAOr-COO'O intAintAinmiAinin'O >4-<l*4-'4--4--4-'4-^--4'*4- 

O r-<CM<MfOcO>t'4'lA 00 

* * * * * * r-íCMCO-4-lA'Or^-OOO'O >0 vO xO xO xO xl} vO xO xO <|-'4-4‘'4,'4''4-<f-^'4-'4- 

cOOO-4'-4--4-'4''4'<Í''4‘ OOOOOOOOOO 
* * * 4c r-ccMtn<r»Ax0r-(DOxo r-r^r^h-t^-r^r-r^r^ao 

Û 
Ô) 

i 

CM O CM O <H O O tH f-C rH 

(OxOxDin «O 'O (M xO M> IA 

«ooxmaoinr^r^<4-cDOx 

c-tOtHOr-Cr-COtHO«-« r-(c-l(Mr-««-4CMr-*OCMO r-«CM i~* r-< *-400r^0«-l 

'0x0x0'0'4'x0M>x0'4' CA m'OiA'O'OOxOïAxOxO xOxO xO xO xO cA (A IA cA tA 
xOlAlAlACOt^OOOOf'“ 00 fHxOxûiAOOlAr^lAr^r^ xîf 00 00 xO O0 rH IA CVJ O CM 
r^f^r*-t^xor-Kr-«A' 

xO'd- CMr-ICO^-CôxÛxOCM OtAOI^^^lAOxx^xO f^CMlAOCACArH^Oh- CMiA O' <A O^r^r^CMOx 
«ooxomœoxOxcxixOïA C0x04-»Hr-HAr-irxl^-«4- I í I 1 I I I I I I 

r-h-lAlA^xOCA^-OOCT» '4‘'4’'4’lAiAiA»AiAiA»A t I 1 I I I I I I I 
a* en (A 00 cm <n O' ia r- cm CAlAlA-4-lA»-<»-ClArHiA » I I t I t I I I I 

cnr- r- o r-t^mooiAcx) «Asf co -4^ -4- CM <f I I I I I I I I » I 
  001A oooxoooocHiArx- r-iAOx^-c^cAoxf^c^xo r^fHQvr^cAi^ooxOxOxo -4- o cm o o «H -4- cm 

r-«r^Ox#-xOCACOO<A^I •A K xt*4r-tr‘'-'*4CM<4‘St ■xOCAlArH^iA^-»-«»-« ’^x^xOxOxOxOxCCOxO r-r-ICMOCAr-r-l^‘00' «AxOxOlA<xOr-«CMroCMM> «Hf- co*-i r^cMx^tno^ I^IA lAxO IA -4 lA O CA %0 

C Q lAiAiAtAiA<#<4-CA«-<0 x#x4-4.^-4-4*4-4-4-4. 
•“ CMCMCMCMCMCMCMCMCMCM CMCMCMCMCMCMCMCMCMCM CMCMCMCMCMCMCMCMCMCM CM CM CM CM CM CM CM CM CM CM 
®8 o O' f'-OxOfAI'-xOOr^xOr-H 4-x4 CM< CM IA CM O r-l CM 

lAx4-lAxâx£<4xOM)tAlA 
OOexxOcAr^^CMcAcAlA cAt^r^oKiArgiAcAxO rH4- o CM -4- 00 CM r-l O 00 xûcK ox ao Of* ca o co o r^- iAtAiA4-4--4-4--4--4-4- iA4-4“iA^x0'0'4'04- <r4>'4‘4’<4>tAiAxj|-iAx4> 

OOOOOOOOOO OOOOOOOOOO OOOOOOOOOO 0000 000000 

fACMCMOr-OiAfHr-lcA •H CM O ^4 CACMIA CA o O I I 

r>lACMCMr^CDC0C0fAlA CM^x^OCArHOrHfHO 
OOfHlACMr^-lA4-x4-CM O O O r-i r-4 »-H r—I f“H CM r—I I I I I I I I I 

xûxOocMr-axinoxr- cm iaocT'?* oxoiA«-Hcoh~ fHCA4-^-lrHlAlACAr-llA OCM r-llA OCArHCMrHO 
OxtHCMCACMOCACxxOlA OrHf-COiH-jfcAiHCAr-l lili I I 

f'-'OC'-O' xO 00 «A O >4 tH t-«OOOOOOt-ICM^H 1 1 I I I II 1 
iO 00 O rH r- CO 00 CM r- COCOCA rHO* r-HCMOlAr-^r-l^ OOcA^OOx-CCM^-lACO C7xO''4-OOOC7'lAxOO'CA ,p~*. •••••••••• ••••«••«•• 

CMCMCMCMCMCMCMCMCMCM OOOOOOOOOO 
« ***** «HCMCA^-lAxOf-OOOxO OOOOOOOOOrH x*x* x*4> * 

r'-COO'<7*0*OOr-ICMCM »AlAiAiAiAOOOOO 
CMCMCMCMCMCACACACACA OOOOOOOOOO 

* * * * ^cM<A^*iAxör-ooaxo r*t rHrH**4r-lf-<*—It—IfHCM 4,'44‘'4*4-4-4-*4-'4- 

CMCAx*'* CxOxChOxOx* OOOOOOOOrHrH 
CACA<A<ACA<ACACA<ACA OOOOOOOOOO 

***** •HCMfAxtf-tAxer^ceoxo CM CM CM CM CM CM fxj CM CM <A x# x** x* x* * ^ 4> 

x4xÄA-00 00 00 a* r*< r-C CM rHrHr-l«H cH «-< cH CM CM CM 
CACACACA CACA<A<A<ACA OOOOOOOOOO 

* * * «-•CM <A* »A >o 00 O' o CACA <A<A<A<A<A<AcA4h x4*x4-^^^^-^-^^.4. 
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rH^HCMr-IOrHOOCNJCVJ r-IOOr-KHCVJOJrHt-lrH OJ^^CNJ^J-rHCMfHOCsJ ^«»-•OO^OOCNJOr-» 
^mioiniri<i->f'Oinr' mv0<j-ir\y0ir\'0'0fNJO «oio^fiiooinrH^oiiv voot^ m >ommm<í-<o 

v00i^-r~rj-4-h-tr»ocM oiAcoo<i'om<l-<J-'0 mmo'ir. mcocoO'd-r^-oooo<o 
r~r-vO'Or-'Otnr-r-co r^r-or--r-r-r^-tnr^-'0 r-r^-m r- r-'Oi^r-»nr- 

r-«'úr-oc7'c^c<><i-r~-'i" «r\»H^imr^vOcO'OCsioo vOcx)r~-oorH(^c\it\icn<i- h-oo<nC''Or^mr-i>tco 
or^-omO'rHOQOO<i- CO CM r—i CO <—• CVJ I—I t\l CNJ C\1 1 I I I I I lit 

mf-cncr'cnvoor-r'-oo C\i .—I CO i—I C\i C\l C\J C\J i—I C\] III II III 
vOvDvOr~(\iCO(\J>l-Or-t <—I i—I CM C\l f\l «—I C\J f\J i—I C\J III II I 

O' m rH (NJ ro m <J- <f rH CM i-l CM rH CM CM CM (M CM I I 
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262 GEORGE 0. ABELL 

The second and third columns give the right ascension and declination. The equatorial 
co-ordinates are given for the equinox of 1855, the epoch of the Bonner Durchmusterung. 
It was decided to list 1855 positions because, then, clusters can be immediately located 
on the BD charts, from which, in turn, they can be identified easily on the National Geo- 
graphic Society-Palomar Observatory Sky Atlas prints, or on other photographic sky 
atlases. It should be noted, however, that clusters south of ô = —23° must be located 
on the Cordoha Durchmusterung charts, which are for the equinox of 1875. It was not 
feasible to tabulate positions for two equinoxes; therefore, before the southern clusters 
can be located on the CD charts, their positions must be precessed from 1855 to 1875. 

Columns four and five contain ten-year precession rates computed for the equinox 
1900. The precessions in right ascension and declination are, respectively, given in 
minutes of time and minutes of arc, and to sufficient accuracy that one-hundred-year 
precessions can be rounded off accurately to yV minute of time and 1 minute of arc. 

Columns six and seven give the galactic co-ordinates computed for the galactic pole 
(1900) a = 12h44m0, and Ô = +27°30'. 

The eighth column gives the magnitude of the tenth brightest cluster member, esti- 
mated by the step-scale technique and corrected for the effects of atmospheric extinction 
and general galactic obscuration. Some numbers in the last place occur more frequently 
than others, owing to step-scale “rounding-off” errors. 

The last two columns list, respectively for each cluster, the distance and richness 
classifications, which are defined in Section llh. 

III. THE DISTRIBUTION OF THE CLUSTERS 

a) Selection of Statistical Sample 

From the catalogue of rich clusters (Table 6) those clusters were selected that meet 
the criteria for inclusion in a statistical sample as outlined in detail in Section lib. To 
summarize, these criteria are as follows: 

1. The cluster must contain at least fifty members, not more than 2 mag. fainter than 
the third brightest member. 

2. These fifty members must be included within a radius on the plate of 4.6 X 105/ 
cd\/\ mm from the center of the cluster {c in km/sec). 

3. The cluster must have a red shift (as estimated from the magnitude of its tenth 
brightest member) in the range from 6000 to 60000 km/sec. 

4. The cluster must not be near the galactic equator; specifically, its galactic latitude 
must be in the range indicated in Table 1. 

A total of 1682 clusters was found in Table 6 which meet the foregoing criteria, and 
these clusters were used in the statistical analysis described below. 

b) Distribution of Clusters A ccording to Richness 

The distribution of the 1682 clusters according to their richness classifications is tabu- 
lated in Table 7. The data indicate that the number, N{n), of clusters of n members each 
(not more than 2 mag. fainter than the third brightest member) increases rapidly as n 
decreases, log N(n) being approximately inversely proportional to n. Furthermore, dur- 
ing the course of the plate inspections, many thousands of clusters and groups of galaxies 
were recognized which were not catalogued because they obviously were not sufficiently 
rich to insure their essentially complete identification. Thus neither the statistical 
sample of clusters nor a subjective impression indicates a maximum in the N(n) versus 
n relation. 

c) Distribution of Clusters According to Distance 

The distribution of clusters in depth can be assumed here to be equivalent to the 
distribution of clusters according to the magnitudes of their tenth brightest members, 
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THE DISTRIBUTION OF RICH CLUSTERS OF GALAXIES 263 

n(m). Since, because of step-scale errors, magnitude estimates are not significant to a 
tenth, the magnitudes are classified for the purpose of this investigation. Thus n(m) is 
meant to indicate the number of clusters whose tenth brightest members lie in a magni- 
tude class m. In Table 8 the distribution of clusters with magnitude class is given, if the 
magnitude classes are taken as the distance groups defined in Table 5. Also given in 
Table 8 is the computed mean magnitude of the clusters within each distance group and 
the value oí z = d\/\ corresponding to each mean magnitude, as determined from the 
curve in Figure 4. 

The logarithm of the integrated distribution function N{m) versus m is illustrated in 
the histogram in Figure 5. The dashed line has the slope 0.6, which would be the slope 

TABLE 7 

Distribution According to Richness Classification 

Ricliness.-Gioup No 

Total 

Logarithm of Number 
log N(n) 

3.088 
2.583 
1.832 
0.778 
0.000 

3.226 

TABLE 8 

Distribution of Clusters with Distance Group 

Distance 
Group 

No. of 
Clusters 

n{m) 

Integrated 
Distribution 

Function 
N{m) 

log N{m) 

Computed 
Mean 

Magnitude 3 = d\/\ 

1.. . 
2... 
3.. . 
4.. . 
5.. . 
6.. . 
1-4. 

9 
2 

33 
60 

657 
921 
104 

9 
11 
44 

104 
761 

1682 

0.954 
1.0414 
1.6435 
2.0170 
2.8814 
3.2258 
2.0170 

13.76 
14.40 
15.36 
15.96 
17.02 
17.64 
15.54 

0.027 
.038 
.067 
.090 
.140 
.180 

0.072 

of log N{m) versus m if the cluster distribution were uniform in depth, if the tenth bright- 
est members of all clusters were of the same absolute magnitude, and if there were no red 
shift (Hubble 1937). The crosses superimposed on the histogram in Figure 5 indicate the 
computed mean magnitudes for the clusters within each distance group. 

Because of red-shift and recession effects, a departure of the observed distribution 
from the log ^(w) = 0.6w relation is to be expected, even if there were no systematic 
errors in counts or magnitudes. The exact interpretation of the departure depends upon 
the particular cosmological model assumed (Bondi 1952; Robertson 1955). Thus the 
cosmological significance of the log N(m) versus m relation justifies its detailed investiga- 
tion. 

Unfortunately, there is a possibility of a systematic magnitude scale error that would 
bias the N(m) versus m relation. It should be noted, however, that there is a one-to-one 
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264 GEORGE O. ABELL 

correlation between estimated magnitude and red shift, given by Figure 4 (and Table 8), 
from which red shifts can be interpolated from estimated magnitudes. Therefore, the 
scale of magnitudes used here serves only as a step scale between clusters of known and 
unknown red shift, and the red-shift estimates obtained for the catalogue clusters are 
free from systematic errors, although, of course, statistical scatter will be present. The 
N(m) versus m relation is thus converted (with Table 8) to a relation between N(z) and s. 
Log N(z) versus z is plotted in Figure 6. 

It is of interest to investigate the N(z) versus z relation predicted by various cosmo- 
logical models. At an instant of “cosmic time,” t, the “cosmic distance,” r(¿), between 
two points in space (say, a distant cluster and the observer) is given by 

r (t) =R (t) u , (9) 

Fig. 5.—The number of clusters, N(m), brighter than magnitude m. The magnitudes are classified 
according to Table 5. The cross on each step of the histogram indicates the mean magnitude of the 
clusters within the corresponding class. 

where w is a dimensionless parameter distance between two points in space which is con- 
stant for all values of t (for example, u expands with the co-moving space co-ordinates of 
an expanding universe) and i?(/) is a factor which gives the “scale” of the universe at 
time t. Owing to the finite velocity of light, r(t) is not observable, for a galaxy observed 
at the present time, /0, is seen by light which left it at a former time, t. If the co-ordinates 
of the galaxy in w-space are constant, the relation between the observed and emitted 
wave lengths of light is given by (Robertson 1955) 

l+z = 
R(tQ) 

R{t) * 
(10) 

Let A — to — t. Upon expanding R(t) in a Taylor series, one obtains 

R(t) =i?0(l-A|5+|A2|î+ . . .), (ID 
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THE DISTRIBUTION OF RICH CLUSTERS OF GALAXIES 265 

from which the following familiar expression is obtained : 

s = Atfo+ (Atf0)
2(l + -§9o) +0 (A3) , (12) 

where Hq = Ro/Ro is Hubble’s constant, and q = —RoRo/Rl, and the subcript denotes 
the time to. 

The parameter distance to the galaxy is given by 

u = 
A dx 

R (¿0 — oc) 
(13) 

Fig. 6.—The number of clusters, A(s), with red shift less than z. The curves A, B, and C are the 
theoretical relations predicted by three different cosmological models. The points are the observations 
of the cluster investigation. 

Upon expanding and integrating, equation (13) becomes 

**= ci?0-i[A + ii70A
2+|(l + ^0)(^0

2A3) +0 (A4) ] . 

The volume of space to a distance u is 

V = 4:Tr f or2 (u) du , 

(14) 

(15) 
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266 GEORGE 0. ABELL 

where <j(u) — sin u, u, or sinh w, depending upon whether the Riemannian curvature of 
space, is 1, 0, or — 1. The number of clusters, N(u), included in this volume is evidently 

N {u) = Air f n (/) o-2 (u) du , (16) 
*'o 

where n(t) is the numerical density of clusters in ¿¿-space. The cosmological principle, 
implicitly assumed in the models considered here, requires that n(t) be independent of u. 

In the evolving or “exploding” cosmologies for the cosmological constant A = 0, the 
field equations of general relativity demand a relation between <7o, and jR0, viz. (Hoyle 
and Sandage 1956), 

(17> 
0 

If the clusters are permanent objects, dn(t) = 0, and, from equations (14), (16), and 
(17), we obtain 

4 7T 'Vh 
X(A) =-^AMl+f(ff0A) + (Jff0A)M§! + 13ü<70)l. 

(18) 

On the other hand, in the steady-state cosmology, & = 0 and qo — (Hoyle and 
Sandage 1956) ; then 

r A 

N (A) = At n (to — x) u2 (/0 — x) du (t0 — x) . 
J ù 

The steady state requires that R(t) be of the form 

R (/) = Constant X eHt 

and that the numerical space density of matter be constant. Thus 

n {t0 — x) R3 (/o — x) -ZHnx 
1 (tfo*) 

{to) R* (to) 

Substituting equations (14) and (21) in equation (19) and integrating yields 

^ (A) = ^ ^ w (« A3 [ 1 — f ffoA + ^ (ffoA) 2‘ 

(19) 

(20) 

(21) 

(22) 

With equations (12), (18), and (22), we now consider three cases: 
Case A.—Exploding model, & = +1, g = 2.5, value adopted by Sandage (Humason 

et al. 1956) : 

.Y (A) = Constant A3 [ 1 +f (Atf0) + (Atfo)2] 

s(A) = A/7o + 2.2 5 (A.fío)2 . 

Case B.—Einstein-de Sitter model, k = 0, q = J: 

(23,4) 

A' (A) = Constant A3 [ 1 + | {AHo) + 2 (Ai2o)2] , 
(235) 

2(A) = AHo +f (A#o)2 • 
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THE DISTRIBUTION OF RICH CLUSTERS OF GALAXIES 267 

Case C.—Steady-state model, ¿ = 0, <7 = — 1 : 

N (A) = Constant A3 [ 1 “f (AH0) (A#o)2] , (23C) 

2(A) =AH0 + è(Atfo)2. 

Log N{z) versus z for each of the three cases A, B, and C has been computed from the 
three sets of parametric equations (23), and the three derived relations are shown in 
Figure 6. 

The use of the N(z) versus z relation as a test for cosmological models has tfie ad- 
vantage over various other theoretical relations (e.g., N[m] versus w, and z versus m) 
that both N and z can be determined in a manner free from the systematic errors that 
plague determinations of magnitudes. It is unfortunate, however, that highly sensitive 
observations are required to distinguish between the various models. 

It is seen that the present observations are not sufficiently sensitive to distinguish 
between the three cases. The effects of galactic obscuration and possible second-order 
clustering (see Secs. Hid and e) would further reduce one’s confidence in the significance 
of the results, even if a particular model were indicated. 

What can be concluded from the analysis is that, to the precision of the present data, 
no significant departure from a uniform cluster distribution in depth is indicated by the 
counts of clusters of various red shifts. 

d) Effect of Galactic Obscuration 

The surface distribution of all clusters in the catalogue (Table 6) that belong in 
distance groups 1-6 inclusive and richness groups 1-5 inclusive is displayed in Figure 7. 
A dotted line irregularly outlining the Milky Way indicates the region of the sky in 
which clusters are not included in the statistical sample. The solid line indicates the 
circle of declination 5 = —27°, below which the Palomar sky survey does not reach. 

The effects of galactic obscuration are apparent in Figure 7. The gradual thinning of 
clusters as lower galactic latitudes are approached is the expected result of general 
galactic obscuration. In addition, the significant shortage of clusters in the north galactic 
hemisphere around galactic longitude 300° may indicate the presence of considerable 
galactic obscuration up to latitude 60°. In the same region Shane and Wirtanen (1954) 
have obtained low galaxy counts, and various radio surveys (Pawsey and Bracewell 
1955) have revealed relatively high background radio brightness. Both observations 
suggest the presence of interstellar material. An investigation by Poveda (1956) of the 
correlation between the distributions of stars and galaxies on the Lick plates suggests 
that any such obscuration is probably relatively uniform. 

The variation of the areal density of cluster centers with galactic latitude is displayed 
in Table 9. The logarithms of the numbers of cluster centers per square degree are 
entered in the table. The effect of galactic obscuration is to hide distant clusters to an 
increasing degree as the line of sight approaches the galactic equator. In no field north 
of 6 = +40° or south of 6 = —40° was the obscuration apparent from the appearance 
of the survey plate. 

If appropriate magnitude corrections have been made for the effect of galactic 
obscuration, only the clusters belonging to distance group 6 will show thinning out at 
lower latitudes, because the corrections applied (to clusters in the statistical sample) 
were never greater than 0.7 mag. and hence only group 6 would be dimmed beyond the 
limiting magnitude of the sample. If the numbers of clusters per square degree in other 
distance groups should exhibit a latitude effect, the indication would be that the magni- 
tude corrections (based on Hubble’s galaxy counts) were not satisfactory. In Table 10 
is shown the variation of the number of clusters per square degree belonging to distance 
groups 1-5 with galactic latitude, both galactic hemispheres being combined. No sig- 
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THE DISTRIBUTION OF RICH CLUSTERS OF GALAXIES 269 

nificant systematic latitude effect is evident; hence it is concluded that, within the 
accuracy of the present data, the correction for obscuration (eq. [8]) was satisfactory in 
the mean for the whole sky. 

To investigate quantitatively the variation of the surface density of cluster centers of 
different groups with galactic longitude, counts were made of the numbers of cluster 
centers of distance groups 5 and 6 north oîb = +40° and south of ¿> = —40° and in strips 
of galactic longitude 20° wide. The results are illustrated in Figure 8. The effect of 
obscuration on faint clusters in the region around longitude 300° is very apparent. 

TABLE 9 

Density of Cluster Centers versus Galactic Latitude 
and Distance Group 

(Logarithm of Number per Square Degree) 

Distance Group 

1 and 2 

+80° to +90° 
+ 70 +80. 
+60 +70. 
+50 +60. 
+40 +50. 

40° to -50° 
50 -60. 
60 -70. 
70 -80. 
80 -90. 

-2.50 
-2.67 
-2.88 
  CO 
-2.71 

-3.11 
  GO 
  CO 

2.67 
2.48 
2.36 
2.93 

2.80 
3.01 
2.40 
2.67 
2.20 

2.13 
2.34 
2.08 
2.50 

2.33 
2.41 
2.28 
2.37 

1.38 
1.21 
1.15 
1.27 
1.46 

1.42 
1.50 
1.09 
1.22 
1.24 

0.87 
1.15 
1.13 
1.26 
1.28 

1.20 
1.15 
1.17 
0.90 
1.12 

TABLE 10 

Numbers of Clusters per Square Degree Belonging 
to Distance Groups 1-5 

±80°-±90c 

±70 -±80 
±60 -±70 

No. per 
Square 
Degree 

0.1087 
.1399 

0.1704 

log No. per 
Square 
Degree 

0.964 
■ .854 
0.768 

±50°-±60° 
±40 -±50 . 

No. per 
Square 
Degree 

0.1029 
0.081 

log No. per 
Square 
Degree 

-0.988 
-1.006- 

. To obtain an estimate of the amount of apparent obscuration in the longitude zone 
around 300° as compared with the less obscured areas of the sky, the distribution func- 
tion n(m) was determined separately for clusters in the longitude ranges 100°-180° and 
260o-340° and, in both cases, north oí b = +409. Log n(m) versus m (m bçing the mean 
magnitude of a distance group, given in Table 8) is plotted for both longitude zones in 
Figure 9. The solid and dotted lines are the least-squares fits of the lines log n(m) = 
Constant + 0.6m to the sets of plotted points corresponding to longitude 100°-180c and 
to longitudes 260o-340°, respectively. The two lines are displaced with respect to each 
other by about 0.6 mag. Although the numbers involved are too small to place much 
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statistical significance in this value, the data do suggest galactic obscuration around 
longitude 300° and extending well north of latitude +40° of the order of a few tenths 
of a magnitude (in the photored) more than in comparable latitudes in the opposite 
hemisphere. 

e) Surface Distribution of Clusters 

Figure 7 shows the surface distribution of cluster centers of all groups used in the 
statistical sample. The plot is in galactic co-ordinates on an Aitoff equal-area projection 
of the sphere. It is noted that there are certain areas of the sky comparatively sparse in 
clusters, an effect that may, in general, be attributed to galactic obscuration. In addi- 

ct 50 
cr 
Ld 
cñ 40 

^0 

20 
• o o 

i r 
NORTH SOUTH 

• GROUP 5 O 
A GROUP 6 A 

“ 10 
ZD 

* i 

0 
60‘ 300‘ 360( 120° 180° 240° 

LONGITUDE 

Fig. 8.—Counts of clusters in 20° strips of galactic longitude with | ¿> | > 40c 

Fig. 9.—The effect of galactic obscuration around longitude 300° north of latitude 40°. Plotted are 
the logarithms of counts of clusters in each distance class for two regions of galactic longitude. Also shown 
is the least-squares fit of the line of slope 0.6 to each set of plotted points. 
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tion, however, there appears to be a relatively small-scale dumpiness in the distribution 
of clusters, which suggests that the clusters themselves may be clustered. 

Shane and Wirtanen (1954) have indicated several clouds of clusters of galaxies that 
appear to be second-order clusters on the Lick plates. On the other hand, Zwicky, who 
has investigated the distribution of clusters in certain areas in the sky, has also discussed 
the possibility of second-order clustering of galaxies. His conclusions have been stated 
(1957): 

Restricting our analysis to those fields which do not contain any large nearby clusters of 
galaxies, we find that the centers of the distant clusters are distributed entirely at random. There 
istheretore no evidence whatsoever for any systematic clustering of clusters. . . . There exist of course 
accumulations of clusters of galaxies such as that in Pisces^Perseus or the grouping of half a 
dozen clusters near the cluster m Corona Borealis and its close companion. The frequency of such 
condensations is, however, of the order of magnitude to be expected for accidental condensations 
in a random field of non-interacting objects. 

It is appropriate, therefore, to investigate the actual distribution of clusters in the 
present sample. The procedure adopted was to superpose a rectangular grid over the 
Aitoff plot (Fig. 7) and to count the number of cluster centers in square grid cells in order 
to determine the frequency distribution N(t) of cells containing t clusters each. 

A possible source of error in the technique warrants discussion. Owing to the nature 
of the Aitoff projection, the area of the sky included in each grid cell is the same. How- 
ever, although areas are preserved in the projection, linear dimensions are not. A cell 
near the center of the chart will cover a more or less square area in the sky, but near the 
edge of the chart a square cell covers an elongated area of the sky. In the extreme cases, 
the elongation is a factor of approximately 2. If the distribution of cluster centers were 
strictly random, the shape of the cells would make no difference in the counted frequency 
distribution. On the other hand, Neyman, Scott, and Shane (1954) have investigated the 
matter with galaxy counts on the 20-inch astrographic plates made at the Lick Observa- 
tory and have found that the details of a non-random distribution do depend upon the 
shape of the cells. 

In the present investigation, however, the shape of the cells will not affect the results 
in a substantial way. The elongation of the cells is appreciable only in a relatively small 
fraction of the sky, and in the worst cases it reaches a factor of only 2. Neyman, Scott, 
and Shane find that the frequency distribution of galaxies on the Lick plates is not 
seriously affected by this moderate amount of cell elongation and that, furthermore, the 
frequency distribution is changed in the sense of appearing more random with elongated 
cells. One can understand the result for the case where the “clumps” of galaxies appear 
to have circular symmetry on the plates. Then elongated cells would tend to include 
galaxies from a larger number of such clumps, and the non-uniformities in the distribu- 
tion would be slightly smoothed out. In the case under consideration, of clusters of 
galaxies, if the distribution is completely random, the cell shapes do not matter; if the 
distribution is non-random, the non-randomness will be underestimated by the inclusion 
of some elongated cells. Thus any estimate of the degree of non-randomness will be a 
conservative one. 

The Aitoff charts used were projected from a sphere 10 cm in radius. The cell size 
used for the counts on Figure 7 was J-inch squared, which corresponds to 13.2 square 
degrees in the sky. The counted frequency distribution is given in Table 11. Also given is 
the Poisson distribution, 

= (24) 

which would be expected for a random distribution of non-interacting objects. Here the 
mean number, w, of clusters per cell was computed from the sample. The middle entries 
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in Table 11 give the frequency distribution of clusters over the entire part of the sky 
covered by the statistical sample, that is, where the cluster identification was considered 
complete. However, owing to the obvious presence of obscuration up to at least b = 
+60°, the cluster distribution was also determined for the part of the sky north of lati- 
tude +60° and south of —60°. The corresponding observed and Poisson frequency dis- 
tributions are also given in Table 11. 

It is now necessary to compute the probability that cluster centers are really random- 
ly distributed, that is, the probability that the observed frequencies would be obtained 
in a random sampling from a population with the specified theoretical frequencies of a 
Poisson distribution. 

The statistic x2 (chi-squared), defined by 

X 2 — (25) 

TABLE 11 

Observed and Poisson Frequency Distributions 

n (t) 

Entire Sample Area 

Observed Poisson 

IM>60° 

Observed Poisson 

0  
1  
2  
3   
4   
5   
6   
7   

>7  
No. cells (»)  
No. clusters (TV)  
Mean No. clusters per cell (w) 

415 
301 
209 
111 
65 
27 
17 
11 

5 
1161 
1680 

1.446 

273 
395 
286 
138 
50 
14 
3 
1 
1 

90 
97 
65 
41 
30 
14 
6 
6 
5 

354 
672 

1.898 

53 
101 
96 
61 
29 
11 
3 
0 
0 

is widely used for testing the compatibility of k pairs of observed and theoretical fre- 
quencies, where Oi and are the observed and theoretical frequencies, and 

^2 Oi = ^ ei = n , 
i i 

the total population. If the Oi are always obtained from a random sampling from a 
population with specified theoretical frequencies, it can be shown (e.g., Hoel 1947) 
that, for large samples, a close approximation to the distribution function x2 is given by 

f (y2) = 1  (y2) (v-2)/2 e-X2/2 (26) J VX J 2v/2v (y 2) J C K 

where v is the number of degrees of freedom; v is equal to the number of pairs, k, of fre- 
quencies to be compared, diminished by the number of independent linear restrictions 
placed upon the observed frequencies Oi. In the present problem there are ^—2 degrees 
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THE DISTRIBUTION OF RICH CLUSTERS OF GALAXIES 273 

of freedom.2 Theoretical investigations (Gumbel 1943) indicate that equation (26) is a 
satisfactory approximation to the distribution function of x2 when k and ah of the ei are 
equal to or greater than 5. If & is less than 5, should be somewhat larger. 

The probability that the observed distribution of clusters is random is approximately 
the probability that a value of x2 equal to, or larger than, the value computed from equa- 
tion (25) will be obtained from a random sampling from a population with a Poisson 
distribution, that is, 

P(x2) = fœHx)dx. JX2 
(27) 

The results of the test for randomness are summarized in Table 12. They indicate that, 
whether one considers the entire area of the sample or just the galactic polar caps, the 
observed distribution of cluster centers is highly significantly non-random. 

From the definition of x2 (eq. [25]) it is seen that, for a particular frequency distribu- 
tion, x2 is approximately proportional to the number of cells counted. Thus the value of 
P(x2) obtained for the entire sample area (ICU61) is more significant than that obtained 

TABLE 12 

Probability that Observed Cluster Distribution Is Random 

Area of Sky 
x2 Degrees of 

Freedom TCx2) 

Entire area. 
|0|>60°. . . 

295.7 
63.2 

10"61 

IO"12 

for the galactic polar caps (10-12) only because of the larger sample size and not neces- 
sarily because of any difference between the natures of the distributions in the two 
sample areas. 

The nature of the frequency distribution of cluster centers may depend strongly upon 
the size of the cells in which clusters are counted. For example, if the cells are made suf- 
ficiently small (and therefore numerous), the observed distribution can always be made 
to approach a random one. In the limiting case, there would be just 1682 cells containing 
one cluster center each, and an infinite number of cells containing no clusters. This would 
be exactly the Poisson frequency distribution for the case n = 1682, with m approaching 
zero. On the other hand, as the size of the cells is increased until they are large compared 
with the scale of the “dumpiness” of the distribution, the irregularities tend to become 
smoothed out, and again the frequency distribution begins to appear random. If there 
exists a preferred size of the “clumps” of clusters, one would expect a maximum de- 
parture from randomness to occur for a cell size in some way related to the mean size 
of the clumps. 

To determine whether such a mean size for the clumps exists, it was desirable to repeat 
the counts, using various cell sizes. However, in the event that the dumpiness in the 
observed distribution of clusters is a consequence of a physical parameter in the distribu- 
tion, such a parameter might be expected to impose a preferred linear dimension on the 
cluster clumps. In particular, such a linear dimension might be related to the mean 
diameter of second-order clusters of galaxies, if they exist. Therefore, in subsequent in- 
vestigations of the cluster distribution, the clusters were sorted into distance groups, and 
each distance group was studied separately. Figures 10, 11, and 12 exhibit, respectively, 
the distributions of clusters in groups 1-4, 5, and 6. The original plots are on Aitoff 

2 The first restriction is that only Æ — 1 of the pairs of frequencies are independent. The second is that 
the mean of the Poisson distribution is estimated from the sample. 
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THE DISTRIBUTION OF RICH CLUSTERS OF GALAXIES 277 

charts similar to Figure 7, and counts were made in square grid cells of various sizes 
superimposed on the charts, as in the previous case. 
I As before, the probability was computed that each observed distribution could be a 
random sampling from a population distributed with a Poisson law with the integrated 
X2 distribution function (eq. [27]). For distance groups 5 and 6 the distribution was in- 
vestigated over the whole area of the sample and also over the regions | & | > 60°. The 
group 1-4 combination, however, contained too small a sample to obtain a meaningful 
distribution function in the galactic polar caps alone. The results are summarized in 
Tables 13 and 14, and frequency distributions for representative cell sizes are exhibited 
in the histograms in Figures 13-17. 

The validity of equation (26) for values of x2 that imply probabilities as small as those 
in Table 13 may be questioned. Nevertheless, these values of x2 are unquestionably sig- 

TABLE 13 

log P (x2) for the Entire Area of the Sample 

Cell Size 

Group 0.500 Cm 0.635 Cm 1.000 Cm 1.270 Cm 1.500 Cm 1.905 Cm 2.000 Cm 2.500 Cm 

8.2 Sq. Deg. 13.2 Sq. Deg. 32.8Sq. Deg 52.8Sq. Deg. 73.8 Sq. Deg. 119 Sq. Deg. 131 Sq. Deg. 205 Sq. Deg. 

6. . . . 
5. . . . 
1-4... 

-32.0 
-17.8 

-37.1 
-28.3 

-38.7 
-20.5 
- 1.15 

-34.2 
-23.6 

-27.8 
-27.4 
- 1.30 

-13.6 
-11.7 

-10.1 
-10.4 
- 0.672 0.347 

TABLE 14 

LOG P (x2) FOR THE AREAS | ô| >60c 

Group 

Cell Size 

0.500 Cm 

8.2 Sq. Deg. 

0.635 Cm 

13.2 Sq. Deg. 

1.000 Cm 

32.8 Sq. Deg 

1.270 Cm 

52.8 Sq. Deg. 

1.500 Cm 

73.8 Sq. Deg. 

1.905 Cm 

119 Sq. Deg. 

2.000 Cm 

131 Sq. Deg. 

-8.2 
-4.7 

-15.0 
- 6.8 

-8.7 
-6.3 

-2.4 
-8.4 

-2.4 
-4.1 

-2.2 
-0.4 

-2.1 
-2.1 

nificant, and, for a given number of degrees of freedom, the larger values of x2 certainly 
indicate a poorer fit to a Poisson distribution, that is, a larger deviation from random- 
ness. Thus the ^(x2)^ computed from equation (27) are measures of the differences 
between the observed distributions and random ones, whether or not values of P(x2) of 
10~30-10-40 are accurate probabilities. 

The data in Tables 13 and 14 are plotted in Figures 18 and 19. It is seen that there is a 
minimum probability of randomness for a certain cell size for each distance group. The 
minimum is especially well defined for group 6 and also for the combined groups 1-4, 
although, because of the small sample size, the non-randomness in the distribution of 
the nearer groups is only slightly significant (about at the 5 per cent level). If the minima 
are interpreted as corresponding to values of a parameter that describes the angular 
scale of the dumpiness, the scale of the dumpiness is seen to vary with distance group. 
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278 GEORGE 0. ABELL 

In Table 15 are listed the cell sizes corresponding to the minima indicated in Figures 18 
and 19 and also the red shift corresponding to each distance group (from Table 8). 

The reciprocals of the cell sizes corresponding to maximum non-randomness for each 
group can be compared to the red shift for that group. Except for the point correspond- 
ing to groups 1-4, which is the least reliable because of the smaller sample size, it is ap- 
parent that the cell sizes for maximum non-randomness are approximately inversely 
proportional to the distances of the groups. The result is the expected one if it is assumed 
that the clumps of clusters tend to have more or less the same size everywhere in space. 
In other words, the linear diameter of the cells for maximum non-randomness at the 
mean distance of clusters of group 5 is the same as the corresponding diameter for group 
6 and (for H = 180 km/sec X 106 pc) is about 24 X 106 pc. The result suggests the 
possibility of second-order clustering, that is, clusters of clusters of galaxies. A visual 

Fig. 13.—Observed {solid lines) and Poisson {dotted lines) frequency distributions for various cell sizes 
of clusters in distance groups 1-4 over entire sample area. 

inspection of Figures 7, 10, 11, and 12 leads, less objectively, to the same conclusion. 
The observed non-random distribution of clusters cannot be accounted for by the as- 

sumption of either galactic or intergalactic obscuration. Of course, galactic obscuration 
contributes to the lack of randomness in the apparent cluster distribution. In the galactic 
polar caps ( |¿>| > 60°) the effect of such obscuration would be expected to be small. 
However, even in the region outside the polar caps, the deviation from randomness in 
the distribution is not of the nature to be expected from the effects of obscuration. If, for 
example, the apparent clumps of clusters of group 5 were really portions of a random 
distribution of clusters seen through holes in either galactic or intergalactic absorbing 
material, one would also expect to find clusters of group 6 appearing through those same 
holes, but certainly not between them. However, inspection of Figure 7 shows many ap- 
parent groupings of clusters, in group 6 in regions comparatively sparse in group 5 
clusters, and conversely. If transparent regions in an absorbing medium permitted the 
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Fig. 14.—Observed {solid lines) and Poisson {dotted lines) frequency distributions for various cell sizes 
of clusters in distance group 5 over entire sample area. 
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Fig. 16.—Observed {solid lines) and Poisson {dotted lines) frequency distributions for various cell 
izes of clusters in distance group 5 in galactic polar caps. 

0 1 2 3 4 5 6 7 8 9 10 II >11 
t 

0 I 2 3 4 5 6 7 8 9 10 II 12 >12 
t 

Fig. 17.—Observed {solid lines) and Poisson {dotted lines) frequency distributions for various cell sizes 
of clusters in distance group 6 in galactic polar caps. 
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observation of distant clusters but nearer clusters were absent, again a clumpy distribu- 
tion of nearer clusters would be implied. Furthermore, the nearly linear dependence of 
the cell sizes giving the most non-random frequency distribution upon the distance of 
clusters may probably be considered significant evidence for a physical dumpiness in 
the cluster distribution. 

CELL SIZE (SQ. DEG.) 

Fig. 18.—Probabilities that the observed frequency distributions of clusters among cells of various 
sizes would be obtained in random samplings from populations distributed with a Poisson law (entire 
sample area). 

The foregoing argument is not intended as disproof of the existence of intergalactic 
obscuration. Such obscuration may well be present, particularly, as Zwicky suggests 
(1953), within certain rich clusters. The conclusion here is simply that the assumption of 
dark material in intergalactic space is not sufficient to account for the observed non- 
random distribution of cluster centers and, therefore, that the observed dumpiness may 
indicate a real tendency toward second-order clustering of galaxies. 

It is of interest to compare either Figure 7 or Figure 10 with Figures 12-16 in Shane 
and Wirtanen’s paper (1954), in which they identify six clouds of galaxies that, they 
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suspect to be second-order clusters. In three of the cases the Shane-Wirtanen clouds 
(Nos. 4, 5, and 6) correspond to apparent groupings of two or more clusters in the present 
catalogue. Two of their other examples (Nos. 2 and 3) correspond to a single cluster in 
this catalogue. The other Shane-Wirtanen clusters in the six clouds apparently are not 
rich enough for inclusion in the statistical sample of this paper. 

It is of further interest to note that, according to Mills and Slee (1957), the CiSydney 
Preliminary Survey of 3.5 Meter Cosmic Radio Sources” indicates a clustering tendency 
ofjradio sources. Although not definitely established, the authors consider it probable that 

20 

CELL SIZE (SQ. DEG.) 

Fig. 19.—Probabilities that the observed frequency distributions of clusters among cells of various 
sizes would be obtained in random samplings from populations distributed with a Poisson law (galactic 
polar caps). 
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THE DISTRIBUTION OF RICH CLUSTERS OF GALAXIES 283 

most of their sources are extragalactic. If colliding galaxies (such as the Cygnus A source) 
are the principal origins of extragalactic radio sources, the sources must indicate clusters 
of galaxies, for only within clusters would collisions occur frequently. The apparent 
clustering of radio sources on the Sydney survey is too loose to be caused by numerous 
collisions in individual clusters. Hence, if future research confirms the extragalactic 
nature of the sources and if the clustering tendency is'real, it may be supporting evidence 
for second-order clustering of galaxies. 

A further test was made, namely, whether the mean surface density of cluster centers 
differs between the northern and southern galactic hemispheres. Clusters in each distance 
group were counted both over the entire area of the sample and within only 30° of the 
galactic poles. The assumption that the mean areal density of clusters is the same in 
both hemispheres was then' checked with a %2 test. Table 16 gives the computed prob- 

TABLE 15 

Cell Sizes Corresponding to Minima of log P (x2) 

Group cd\/\ 
XI0-3 

Cell Area 
(Square Degrees) 

Entire Area |0[>60° 

Cell Diameter 
(Degrees) 

Entire Area 1& I > 60° 

1/Diameter 
(Mean) 
(Deg-1) 

6. . 
5. . 
1-4. 

51 
39 
20.5 

24.3 
40 
60 

20 
36 

4.93 
6.33 
7.75 

4.47 
6.00 

0.213 
.162 

0.129 

TABLE 16 

Probability that Mean Surface Density of Cluster Centers Is Same 
in Northern and Southern Galactic Hemispheres 

1-4 

Groups 
All 

Groups 

Entire sample. 
|0|>60°  

0.2 0.1 
0.6 

0.6 
0.4 

0.1 
0.9 

ability for each case that the assumption is correct. In no case is the probability less 
than 10 per cent; with a 5 per cent significance level, it is concluded that there is no 
significant difference in the density of cluster centers in the two galactic hemispheres. 
Thus there is no reason to assume that there are more clusters on one side of the galactic 
plane than on the other. 

/) The Index of dumpiness 

Zwicky (1953) has studied the empirical quantity &(z, w), defined by 

k (z, n) = (28) 

where Sj is the sample variance of the observed distribution of n galaxies in a given solid 
angle divided into z equal parts or cells and Sq is the variance to be expected if the w 
galaxies are distributed uniformly and independently among the z cells. 
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Neyman, Scott, and Shane (1954) have investigated an analogous quantity, which 
they call the “index of clunlpiness,,, K, defined as 

where al is the true variance of a theoretical distribution of n galaxies among z cells, 
computed on the assumption of no intervening interstellar or intergalactic absorbing 
clouds and on the assumption that all galaxies are clustered and that al is the variance 
of the same n galaxies distributed singly, independently from one another, and with 
statistical uniformity. As the authors point out, K differs from Zwicky’s k (z, n) in that 
^ is a random variable and hence k (z, n) is subject to random fluctuations; k (z, n) 
would be obtained in a random sampling from a population with a true index of dump- 
iness, K. More specifically, .if and So are conputed for many different but equal 
solid angles 0 in randomly selected directions, always with the same substantial number z 
of parts, then the average values of the Sf and SI so obtained will be approximately equal 
of af and o-§.” 

In an earlier paper by Neyman and Scott (1952), a probability-generating function is 
derived for the assumption that all galaxies are clustered and that the cluster centers are 
distributed according to a Poisson law. In the paper under discussion by Neyman, Scott, 
and Shane (1954), the probability-generating function is used to derive an expression 
for K. The authors also derive the following two theorems (numbered from their paper) : 

Theorem 3.—If the probability density . . . governing the internal structure of clusters is 
continuous, then, whenever the solid angle co[ = fl/z] in which galaxies are counted tends to 
zero, the index of dumpiness, K, converges to unity. 

Theorem 4.—The square of the index of dumpiness, K2(s), corresponding to a rectangular 
solid angle 2ai X 2sa2 is a nondecreasing function of s. . . . 

The authors show that, if both dimensions of the solid angle are increased, K2 will also 
grow. 

These theorems, which are quite general, imply that, if all galaxies are clustered and 
if there is no obscuring interstellar or intergalactic matter, k2(z, n) will statistically be a 
non-decreasing function of the area of the cells in which galaxies are counted. Counts of 
galaxies made both by Shane and Wirtanen (Neyman, Scott, and Shane 1954) at Lick 
and by Zwicky (1953) give values of k2(z, n) which increase with increasing cell size, a 
result compatible with the assumption of complete clustering.3 

The foregoing discussion refers to the distribution of individual galaxies. However, 
exactly the same theory applies to the analogous distribution of clusters of galaxies. 
Thus, if one considers the hypothesis that all clusters of galaxies are members of second- 
order clusters and that the second-order clusters are distributed according to a Poisson 
law, the square of the index of dumpiness, defined analogously to equation (29), will 
be a non-decreasing function of the area of the cells in which clusters are counted. 

The statistic k{z, n) defined analogously to equation (28), with the variance of the 
Poisson distribution Sq (equal to the mean of the Poisson distribution) estimated as the 
mean of the sample, whs computed for distance groups 5 and 6, both for the whole area of 
the sample and for the galactic polar caps and for the combined groups 1-4 for the whole 
sample area. The resulting values of k2{z, n) are given in Tables 17 and 18. The plots of 
k2(z, n) versus cell size are in Figures 20 and 21. 

Although there is considerable scatter about a smooth curve, as expected for a sample 
of this size, there is no evidence of a maximum of k2(z, n) in any of the cases. Thus, on the 
basis of this test, the observed distribution of cluster centers is compatible with the 

3 Zwicky (1953) originally considered the increase in ¿(s, n) with cell size to be evidence of intergalactic 
obscuration. The argument of Neyman, Scott, and Shane, however, showed that there was no necessity 
for the hypothesis of absorbing clouds. 
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THE DISTRIBUTION OF RICH CLUSTERS OF GALAXIES 285 

assumption of total clustering of clusters of galaxies. This is only a statement of com- 
patibility and does not constitute a proof of complete second-order clustering. 

IV. SUMMARY 

The results of the investigation of the distribution of rich clusters of galaxies can be 
summarized briefly as follows : 

1. The distribution function of clusters according to richness, N(n), decreases rapidly 
as n increases. The present data indicate no maximum in N(n), that is, a mean number 
of galaxies is not indicated for clusters with fifty members or more within 2 mag. of the 
third brightest cluster members. 

2. The data allow no significant conclusion that the spatial density of cluster centers 
varies with distance. 

TABLE 17 

Square Empirical Index of Clumpiness for Clusters, k2(z, w)—Entire Sample Area 

Cell Size 
(Sq. Deg.) 

8.2. 
13.2. 
32.8, 
52.8, 

Groups 1-4 

1.38 

Group 5 

1.51 
1.45 
2.54 
2.41 

Group 6 

1.73 
1.78 
2.64 
2.10 

Cell Size 
(Sq. Deg.) 

73.8, 
119. . 
131.. 
205.. 

Groups 1-4 

1.50 

1.39 
1.47 

Group 5 

3.08 
2.21 
3.87 

Group 6 

3.00 
2.89 
3.28 

TABLE 18 

Square Empirical Index of Clumpiness for Clusters 16| >60° 

Cell Size 
(Sq. Deg.) 

8.2, 
13.2 
32.8 
52.8 

Group 5 

1.71 
1.82 
3.18 
2.46 

Group 6 

1.65 
1.83 
2.36 
2.03 

Cell Size 
(Sq. Deg.) 

73.8. 
119.. , 
131.. . 

Group 5 

2.95 
2.01 
3.27 

Group 6 

2.56 
2.27 
2.84 

3. Galactic obscuration certainly plays a role in the observed distribution of clusters 
of galaxies. In particular, in addition to the strong obscuration centered on the galactic 
plane, there exists around galactic longitude 300° and extending in the northern galactic 
hemisphere to at least latitude +60° apparent galactic absorption of the order of several 
tenths of a magnitude (photored) greater than at corresponding latitudes around longi- 
tude 100°. 

4. There is a highly significant non-random surface distribution of cluster centers. 
The angular scale of the dumpiness of the distribution varies roughly inversely pro- 
portionally with distance. The non-randomness cannot be accounted for by either inter- 
stellar or intergalactic obscuration, although the existence of intergalactic obscuration 
is not specifically disproved. The data suggest the existence of second-order clustering 
or clusters of clusters of galaxies. 

5. There is no significant difference in the mean surface density of cluster centers 
between the northern and southern galactic hemispheres. 
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Fig. 20.—Empirical index of dumpiness, k2(z,n) as a function of cell area for dusters over thejentire 
sample area. 
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GROUP 6 

Fig. 21.—Empirical index of dumpiness, k2(z,n), as a function of cell area for clusters in the galactic 
polar caps. 
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6. The square of the index of dumpiness, defined as the ratio of the variances of the 
observed distribution to a purely random one, is approximately a non-decreasing func- 
tion of the size of the cells in which clusters are counted, a result compatible with, al- 
though not confirming, the hypothesis that all clusters belong to second-order clusters. 
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son, Rudolph Minkowski, Guido Münch, and Paul Hoel for numerous helpful discus- 
sions and suggestions. He is indebted further to Dr. Robert Nathan, of the California 
Institute of Technology, for assistance in programming the computation of galactic co- 
ordinates for the Datatron, and to Mr. Max Bills, of ElectroData Corporation, and to 
the Department of Astronomy at the University of California, Los Angeles, for provid- 
ing listings of the cluster catalogue. Finally, the writer wishes to thank Mr. Paul Roques, 
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