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THE CLASSIFICATION OF CLOSE BINARY SYSTE.MS

Zdenék KopaL
(Department of Astronomy, University of Manchester.)

ABSTRACT. — An analysis of the observational data pertaining to two-spectra close binary systems

which happen to be eclipsing variables reveals that all such systems possessing at least one (the
primary) component on the Main Sequence can be divided naturally into three principal groups
of the following characteristics :

I. Main-Sequence (detached) Systems : Both components do not deviate appreciably from
the Main Sequence, and obey statistically a mass-luminosity relation L ~ m®, where o = 2.8 for
massive stars (m > 2 ©), and 4.7 form < 2 ©. In addition, they appear to obey quite closely
a statistical relation between mass and (mean) radius R of the form m ~ RB, where B = 1.5 for
m > 2 O, and 1.0 for small masses. The break in direction of the mass-luminosity and mass-
radius relations turns out to take place approximately in the region where also the Main Sequence
alters its slope in the H. R. — diagram. The primary (more massive) component is the larger of
the two and of earlier spectral type (which may place the star anywhere along the Main Sequence) ;
if the system happens to be an eclipsing variable, the primary (deeper) minima are, therefore, due
to eclipses of transit type. The orbital periods are as a rule constant.

The values of the total potential over free surfaces of both components are sensibly equal
— an spite of the fact that the absolute values of such potentials vary by a factor of more than ten
from system to system.

The volumes of both components are smaller than those of the largest closed equipotential
capable of containing the masses of the two stars (hereafter called the Roche limit) for a given value
of their mass-ratio.

1I. Semi-detached Systems (Algol type) : The secondary component lies above the Main
Sequence ; and while the primary (Main-Sequence) stars of such pairs continue to obey the same
statistical mass-luminosity and mass-radius relations as stars of Group I, the secondary (subgiant)
components possess masses which are as a rule too small for their observed luminosities. The
primary (more massive) component s as @ rule the smaller of the two, and of earlier spectral type.
The primary (deeper) minima of such eclipsing systems are, therefore, due to occultation eclipses.

The values of the potential over surfaces of the primary components appear to be normal for
stars of their spectra, but the potentials of the secondaries are abnormally low. Moreover, in the
majority of known cases, the secondary components appear to fill exactly the largest closed equipo-
tentials capable of containing the whole mass of the respective star.

A complementary type of semi-detached systems, with primary components at thezr Roche
lymits and secondaries well below it, seems conspicuous by its absence.
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IIT. Contact Systems : — perhaps the most numerous type of close binaries in the stellar
population. Both components lie (though not very closely) on the Main Sequence — their spectral
types exhibiting a marked concentration from late A’s to early K’s (W UMa-type stars). These
show, however, — individually or statistically — no vestige of any relation between mass and
luminosity.

The primary (more massive) component is usually the larger of the two, but as a rule of later
spectral type than that of its mate, and quite frequently also of lesser luminosity. The primary
(deeper) minima in eclipsing systems of this type are, therefore, likely to be due to occultations.

The potentials over free surfaces of the two components appear to be sensibly equal, with each
component just about filling completely the respective branch of their Roche limits. Both compo-
nents are, therefore, probably in contact at the inner Lagrangian point L., and may actually
exchange mass through the conical end of the critical equipotential at Li,.

In addition, contact systems are encountered also among certain early-type and very massive
binaries, which are as rare, per unit volume of space, as dwarf contact binaries are frequent and
which may be appropriately called ,, stars of the B Lyrae lype ”, although  Lyr itself, as a super-
grant, deviates significantly from the Main Sequence.

In conirast to the behaviour of detached systems of Group I, the orbital periods of semi-
detached and contact systems do often — though not always — wndergo abrupt changes.

The bearing of the above characteristics of different groups on evolutionary trends of close
binary systems is then briefly discussed. It is pointed out that the equality of potentials over free
surfaces of the components of systems Group I and LIl may be indicative of the way of their
formation : of current theories, only the fission hypothesis would seem to be able to account logically
for this particular fact.

With regard to systems of Group 11, the observed statistical clustering of the secondaries of
their Roche limits indicates that these stars are secularly expanding and represent, possibly, an
evolutionary stage subsequent to the Main Sequence. The relative scarcity of intermediate cases
(¢.e., of subgiant components occupying volumes smaller than their Roche limat) indicates, moreover,
that this secular expanmsion may proceed at a relatively rapid rate. Once the maximum distension
permissible on dynamical grounds has been attained, a continuing tendency to expand would
bring about a secular loss of mass through the conical and of the critical equipotential. It is
suggested that the observed abnormally small masses of the secondary components (leading to
abnormally large mass-ratios m, [m,) in systems of Group II are probably due to this fact.

Pesiome. — KAACCUOPURAIUA TECHBIX JBOUHBIX CHCTEM. — 3xerex KOIIAJD,

PasGop HaOmOjgeHM# HAJ TECHHIMH [BOHHHIMH 3Be3JaMHA, HMEMWMH JBORHO# CIEKTD,
KOTOpHE B TO-7He BpeMsd ABIANTCA 3aTMEHHBEIMH IlepeMeHHEIMU, IIOKa3LIBaET, UTO BCE TaKHe
CHUCTEMH, MMeIIHe N0 Kpa#HeH Mepe ofHy (mepByl0) KOMIIOHEHTY Ha TJaBHOH mociexo-
BATeJbHOCTH, ECTECTBCHHO DpAa3feadioTcd HA TPH OCHOBHEIX TPYHOOBL €O CJIEXYIOIITHMH
cBOHCTBaMH :

1) PasdexvHrie cucmems: 2aa6H0% NOCLEO08AMETLHOCU.

Hu opma, Em gpyraa W3 JABYX KOMIOOHEHT He OTKIOHAETCA 3HAUWTEIBHO OT IJaBHOH
mOCIe0BATEIbHOCTH, B 006 CTATHCTHYECKH IOJUMHAITCA OTHOIIEHWI Macca-CBETHMOCTDH :
L ~ me, rre « = 2.8 114 TAXKeNBX 3Be3T (m > 2 (D)) ® 5.7 ecim m < < 2 (). CBepx TOTO, OHA
TMOBHANMOMY TOMUHHAITCA HOBOJBHO TOYHO CTATHCTHUECKOMY COOTHOIIEHHIO MEHKIY Maccoit
H (cpenrmM) paxmycoM R, mMeromuM Qopmy m ~ RE, mpruem § = 1.6 111 m > 2 (), ¥ 1.0 fu4
3Be3[ MeHbMHX Macc. OKaspBaeTcd, YTO OTKJIOHEHHEe B HANDABICHHH JAMArpaMM Macca-
CBETHMOCTh H Macca-pajiEyC cOBepmIaeTcs NPHOJHUSHTENBHO B TOM e MecTe, Ife IJaBHAA
OCJIE0BATEIBbHOCTh W3THOaeTcd B AHarpaMMaX ApPKOCTh-cleKTp. IlepBad (Ooxee Taxedad)
KOMIOOHEHTa ABJAeTcA 0ojgee KpynHOH ¥ (0Jiee paHHEro0 CIEKTPAaJBHOIO THIA (3Ta 3Be3ja
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MOsKeT OHITh H300paskeHa JIO00H TOYKOH IJIaBHOM NOCJIEZOBATEILHOCTH) ; B CIy4ae, ecdu
cHUCcTeMa ABJIAETCI 3aTMEHHOH IepeMeHHOH — TO riaBHBe (6ojee Tay00KHME) MAHUMYMBL
ABJAIOTCA Pe3YJIbTaTaMH IIPOXOMKICHUN.

Hak mpaBuWio, mepuogbl 0OpPaMIeHAA OCTAIOTCA MOCTOSHHBIMH.

TloTernyarsl Ha CBOGOJHBIX TOBEPXHOCTAX 000MX KOMHOHEHT GoJiee HIU MeHee paBHEHL,
HECMOTPH Ha TO, 4TO afCOMIOTHAS WX BeIHUYAHA H3MeHseTca (aKTOPOM BHINE AeCATH OT OfHOH
CHCTeMH Ji0 JIpyroi.

Tlo o0beMy 0066 KOMIIOHEHTH MeHBINE, yeM 00beM CaMOTO KPYIHOTO B3aMEHYTOTO HEBHIIO-
TeHNIHEAJa, MOTYLIETO BMECTHTh MacCy 00euX 3Be3]] IPH JAHHOM OTHOIIEHHH Macc (mpemel
Poma).

2) Lonypasdervnsie cucmemv, (mun Areoas).

Bropas KOMIOOHeHTa H300pamaeTcad #aod TIABHOH II0CIET0BATEIbHOCTHI0. B TO BpeMda, Kak
nepBhle (TIAaBHOR ITOCHEN0BATENBHOCTH) 3BE3MH TAKUX Map IPOXOEKAKT MOJUYMHATHCA TeM
JKe CTATHCTHUYECKHM OTHOUIEHWAM Macca-CBeTHMOCTH W MAacca-pajuyc, KaK W 3Be3Jbl IepBOi
TPYUIE, BTOPHE KOMIOHEHTH (CyOTHTAHTH) HMEIT MACCH, KOTOPHE O0OHKHOBEHHO CIHOIKOM
MaIxH AJdA HaOdoJgaeMHX y BHuX cBetmMocTeR. IlepBad (caMasd Tsskenad) KOMIOHEHTa OOBIK-
HOBEHHO SABJAETCA Menvuiedi M 00JIee PAHHETO CIEKTPAJIbHOTO THHA. I'aBuHe (6oaee IIyOOKHe)
MUHEMYMHl TaKAX B3aTMEHHBIX CHCTeM TakAM 00pa3oM SABIAIOTCA PE3YIABTaTOM TOJTHBEIX
sarMenuii. I[oTeRMuaJbl Ha TOBEPXHOCTAX MEPBHX KOMIOOHEHT SABJIAITCI HOPMAJbHEIMA
0 CPaBHEHHUIO C 3Be3JaMM TeX-iKe CIeKTPOB, HO MOTEHIHWAJH BTOPHX KOMIOHEHT HEHOP-
MaJpHO HHU3KH. HpoMe TOro, B OOJBIIMHCTBE H3BECTHHIX CIYyYaeB BTOPHE KOMIOHEHTEHL,
HOBHJAEMOMY, TOUHO [HANOJIHAIT HamOOJLIMIHA BaMKHYTHE HSKBHOOTEHIWAJN, MOTYIIWH
COIePIKATH BCI0O MacCy HaHHOR 3Be3[IH.

O6paTHEEIf THO MTOJYPa3[eIbHBX CHCTEM ¢ IJABHHIMH KOMIIOHEHTAMH, JOCTHIAIOIMIAMA
npemen Poma m co BTOPHIMH, He XOCTHTAIONIEMH HTOTO Tpejfela, KaiKeTcd, He CYIIECTBYeT.

3) Kowmoxmusie cucmemot.

KoHTaKkTHAA CHCTeMa, BepPOATHO, CAMBEI# MHOTOUUCIEHHHH THNM TEeCHBIX JBOAHHIX 3Be3f.
O0e KOMIIOHEHTH HAXOZATCA HEJAIeKO OT TIJIaBHOK IOCIeX0OBATENbHOCTH, — HX CHERTPH

. BaMETHO COCPeNOTAaYMBAIOTCA Mewny mo3gHuMA A u papamMz K (3Besgel tmma W.U.Ma).

Cpenu HHX He 3aMeuaeTcd HH HHAHBHUJAYAJbHO, HH CTATHCTUUECKH HUKAKO20 OMMHOULEHUA
MeDICOY Maccoll U CBEMUMOCTDIO.

Ilepsaa (6oiee Tamenan) KOMIOHEHTA ABJIAETCA 00IbIIel, HO 0OBIKHOBEHHO §0Jiee MO3THETO
CIIEKTPAJIBHOTO THIA, UeM ee CIYTHHK, W AOBOJBHO 9acTo 00JajaeT MeHbOIel CBETHMOCTBIO.
I'maBunie (6oiaee Tay0OKWE) MHHEMYMBI B 3aTMEHHBIX CHCTeMaxX 3TOT0 THIA II09TOMY MOTYT
ABIATHCA pe3yJabTaTaMH IOKPHITHA.

IloTennuaJdsl Ha CBOOOZHEIX MIOBEPXHOCTAX JBYX KOMIOHEHT, NOBHIUMOMY, ABISIOTCH
PaBHBIMHE, U KamJad KOMIOHeHTa NPROIABHTENHHO HANOJIHAET TAaHHYIO YacTh mpefeia Poma.
TakmMm 00pa30M 00e KOMIIOHEHTH BEPOATHO COTPHKACAITCA BO BHYTpeHHeH Touke Jlarparxa L,
H MOTYT 0GMEHHBATH MaTEPHI0 Uepe3 KOHWYECKUH KOHeN KPHTHYECKOI'0 HKBHOOTeHIHANA L.

CBepx TOTr0, KOHTAKTHBIE CHCTEMHl BCTPEUAIOTCA TaKKe MeETy HeKOTODHIMU [IBORHEIMH
PaHHETO TUOA B GONBIIOH MaccH. ITH CHCTEMH BCTDedaloTcd TOpasfo peie, 4eM KapIUKOBHE
KOHTAKTHEIE ABOHBEIE W JJIA HEX IOAXOAAINYM HasBaHHeM OyjeT 3Be3fbl THHa « [ JIHpH »,
x0T caMa [ JIEpH, KaK CBEDXTHIaHT, 3HAUUTEILHO OTKIOHAETCA OT IJNABHOH IOCIEN0Ba-
TeJIbHOCTH. )

B oramume oT pasfeNbHHX CHCTeM HepBO#l TPYIIBI, NEPHOAL BpalleHHA HOJYOTAEIbHBIX
B KOHTAKTHBIX CHCTEM YacTO, XOTA HE Bcerja, IIOJBePraloTcA Pe3KHM IlepeMeHaM.

ABTOp paccMaTpuBaeT BJIHMIHUE BHEIIE-YIOMAHYTHIX XapaKTEPHCTHE DAa3HBIX TPYII HA HBO-
JIONMUI0 TECHEIX ABOMHEIX cucTeM. OH YKa3HBAET, YTO PaBEHCTBO IMOTEHIIHAJOB HA CBOOOIHBIX
MOBEDXHOCTAX KOMMOHEHT — IEePBOH H TpeTheil IPymI — MOMKeT CIYKHATh YKa3aHHEM Ha
0o0pa3 HX IPOHCXOKIECHHA : U3 CYIECTBYIOIUX TEODHHE TOJBKO THUOTe3a PasfgelieHHs MOIJIa
0B, IOBHAAMOMY, JOTHUECKH OOBACHATDH 3TOT (AKT.

OTHOCHTEIHHO CHCTEeM BTOPO#l IPYyNIH 3aMeUeHHAA CTATHCTHUECKAS IPYIIHEPOBKA BTOPHIX
3Be3[ B WX Ipeferax Polma yKashBaeT, 9TO 9TH 3BE3IE GecnpepuleHo pacuwupaomes U Ipes-
CTaBJAIT, [MOKeT OHTH, YBOJONHOHHYI0 CTAAMIO, CIACAYIOMYI 33 TJIABHOH HOCIefoBATENb-
HOCTHIO.
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K ToMy ke, OTHOCHTeNIbHAH PEJKOCTH NPOMERYTOYHEIX THIOB (RHalpEMep, CYGTHTaHTCKHEX
KOMIOHEHT, 3aHHMI0IMEX O0LeMH MeHblle 0o0BeMa Hpefela Poma) IOKassBaer, 4TO ITO
pacoIEpeHWe MOMKeT IOPOUCXOJHTH CPAaBHUTEJIBHO OplcTpo. llociie TOr0 Kak MaKCHMaJIbHBIR
00bEM BO3SMOMHBIA ¢ JUHAMHUECKOH TOUKH SPEHHA AOCTHTHYT, [ajbHedmad TeHACHIWA K
PACIIHPEHNI0 BHI3BajJa OB OC3IPEPEIBHYI0 TTOTEPI0 MacCH 4epe3 KOHHYCCKHH KOHEI KPHTH-
YeCKOTO HKBHNOTeHIMaIa. I[o MHEHHIO aBTopa, 9TO ABJICHHE MOMKET CIYMHTD 00BACHEHHEM
3aMEUCHHEIX, HEHOPMAJbHO MAJICHBEMX MAaCC BTOPHIX KOMIIOHEHT B CHCTEMaX BTOPOH IPYNIIEI
(BEI3HBAIOMAX HEOOBIKHOBEHHO GOJBINNE OTHONICHHA MACC 1M,/Mg).

I. INTRODUCTION.

Close double stars which manifest themselves as spectroscopic or eclipsing
binaries represent a very common phenomenon among the stellar population of
our galactic system. For example, PLASkETT and PEARCE in their Catalogue of
the Radial Velocities of O and B Type Stars [1] state that, of the 1 010 objects
listed,.... *“ there are 319 stars which are definitely assigned as having variable
velocity ” ; and while in some few of these (such as short-periodic stars of the B CMa
type) the velocity variation may not be due to orbital motion, it seems certain
that at least 30 per cent of stars on the upper part of the Main Sequence are close
doubles. For stars of more advanced spectral type this percentage seems to
drop (*), but climb to new heights among late F and G stars. Close binary systems
are encountered in almost all populated portions of the HErTzsPRUNG-RUSSELL
diagram ;and of all possible combinations of their components only pairs consisting
of two white dwarfs are so far unknown. The percentage of such systems which,
by accident of the orientation of their orbits in space, happen also to exhibit
eclipses is rather difficult to estimate with any degree of accuracy. There are at
least seven such systems within thirty parsecs from the Sun (2) ; and since this
volume is known to contain some 3 000 stars, eclipsing variables would seem to
form about 0.2 per cent of the total population. Despite the evident scarcity of
data, this order of magnitude is probably close to the truth, and throws some light
on the relative frequency of eclipsing variables in the Universe around us. If a
similar ratio extends over the whole galactic system, the total number of close or
eclipsing binaries in it is enormous and quite beyond the hopes of discovery.

Up to the present time, a few thousand individual stars have been recognized
as close binaries by virtue of their variation of light and (or) radial velocity. For

(') Harper in his catalogue of radial velocities of stars of spectral class A (Publ. D. A. 0.,7,1937, 1),
states that among 917 such stars, there are 23 recognized spectroscopic binaries, and 55 additional ‘objects
suspected of duplicity (about a half of which are likely to prove binary systems). Hence, it would appear
that only 2 — 5 9 of A-type stars are close binaries — in marked contrast to the much higher percentage
encountered among earlier spectral classes. This disparity cannot, moreover, b¢ explained away by obser-
vational selection (unless the masses of the companions of A stars as a class bear a much smaller ratio to
those of their primaries than is the case for O and B stars).

(3) These objects are : 3 Aur, i Boo, RS CVn, R CMa, VW Cep, « CrB, and YY Gem,
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over five hundred of them available, spectrographic observations proved sufficient
for the derivation of orbits of one (or both) component(s) [2], while KukARkIN and
PAreNAGO’s Catalogue of Variable Stars [3] with its supplements lists over
2 000 eclipsing variables with known orbital elements and light curves are available
for many hundreds of them. This material — no doubt a very tiny fraction of the
total galactic supply — has served as a basis for numerous statistical studies of
close binary systems and, in particular, for setting up an appropriate system for
their classification. The immediate objective of classification may be segregation
of those stars with certain common characteristics. In order for such a classi-
fication to possess deeper meaning, the characteristics on which it is based must
not only be unambiguous, and be concerned with no mere superficial qualities, but
rather with properties sufficiently fundamental to render each group a definite
physical association. In point of fact, while the immediate aim of a classification
may be a purely practical one, its ultimate aim should be to throw light on the
origin and generic relation of the individual groups of close binary systems, and
to identify their proper place within the general framework of stellar evolution.

Let us examine, from this point of view, the systems of classification suggested
so far for close binary systems ; and in doing so, we shall be led almost from the
outset to confine our attention to eclipsing variables. This is not only because the
binaries which reveal their nature by light variation outnumber those for which
radial velocity alone is known to vary at least four-to-one ; but also because an
inspection of the light curve (or its appropriate analysis) reveals as a rule many
more details concerning each particular system than its radial-velocity curve. It
goes, however, without saying that both these kinds of binaries constitute the same
physical group, and differ in their observable manifestations only by accident of
orientation of their orbits.

It has been customary, for many years, to divide the eclipsing variables into
three principal groups — with Algol, 8 Lyrae, and W Ursae Maioris as their respec-
tive prototypes. It is, however, easy to show that any such classification — still
- current in most catalogues today — lacks proper physical basis and can be justified,
if at all, only on historical grounds. Its principal characteristic, — the presence or
absence of the photometric ellipticity effect between minima — is the natural
resultant of a combination of the fractional dimensions, masses, and relative lumi-
nosities of the two components, and can be predicted from them in terms of a
reliable theory. Statistical investigations reveal, however, no apparent break in
the frequency distribution of fractional radii, or mass and luminosity ratios in
eclipsing binary systems. As a result, with increasing separation of the compo-
nents, stars of the § Lyrae type merge gradually with the Algol systems : any
dividing line between the two being essentially a matter of observational precision
with which the amount of photometric ellipticity can be ascertained.:
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This fact renders, however, any such classification not only inexact, but
ambiguous as well ; for the dependence of the mean photometric ellipticity of a
system on the relative luminosities of the constituent components, which are,
generally, of different spectral types, renders this ellipticity dependent on the
effective wave length of observation. In order to illustrate this point consider,
for instance, the well-known eclipsing systems of Algol and u Herculis. The
former, the prototype of its group, exhibits a light-curve which, in visible light,
1s virtually free from any ellipticity effect ; while that of u Herculis is conspicuously
convex between minima —- thus rendering the system one of the B Lyrae type
according to the conventional classification. Geometrically, however, both these
systems are very similar, and so are their mass-ratios : in both, the primary com-
ponent of the earlier spectral type, is several times as massive as its mate, and 1ts
form departs relatively little from a sphere. In each system the secondary com-
ponent is slightly larger than the primary (the ratios & of their radii being equal to
0.95 4 0.02 and 0.99 + 0.04 for Algol and u Herculis, respectively), and the
inequality of their masses renders the less massive star conspicuously distorted —
so much, in fact, as to effectively fill the largest closed equipotential capable of
containing its whole mass. The principal difference between the two systems
reduces, indeed, to a difference in the ratio of the surface brightnesses of their
primary and secondary components : whereas, in photoelectric light (A 4 500 A),
the ratio J,/J, of the surface brightnesses of the components of Algols is equal
to 18.0 + 1.5, in u Herculis the same ratio happens to be 2.50 4- 0.02. Since
the ratios of the radii & in both systems are very nearly equal, the disparity in the
values of J,/J, reveals, therefore, a corresponding disparity in the luminosities of
the two components. The secondary components in both systems are known to
be highly distorded ; but owing to its low fractional luminosity, the secondary of
Algol can influence the combined light of the system very much less than does the
secondary of u Herculis in ordinary frequencies ; hence a conspicuous difference in
the appearance of their light curves.

A disparity between the surface brightnesses of the two stars of dissimilar
spectral types i1s, however, known to diminish with the increasing wave length of
observation. A recourse of Pranck’s law discloses that the value of J,/J, = 18
for Algol at A 4 500 A is expected to decrease to 2.5 at about » = 2.7y — i.e., at
an effective wave length accessible to modern infrared detectors. 1In point of fact,
there is every reason to expect that an infrared light curve of Algol, obtained with
the aid of a lead-sulphide or lead-telluride cell through the atmospheric ¢ window ”’
between 2.0-2.5 p would markedly resemble that of u Herculis, and thus earn for
Algol a claim to be included in the 8 Lyrae group. Moreover, a generalization of
this point makes it clear that whereas eclipsing systems which consist of components
of similar spectral types will exhibit (more or less) similar light curves when
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observed in light of any frequency, those consisting of dissimilar components may
exhibit very different light curves at different effective wave lengths if their com-
ponents are also different in form. These facts show that a simple division of
eclipsing systems into Algol and B Lyrae-type stars is not only iraccurate for lack
of a suitable dividing line between the two types, but also ambiguous ; for it may
refer at best only to observations carried out in a certain frequency range.

It has been pointed out by previous investigators (4) that a simple classification
of eclipsing binaries in two or three groups is insufficient to reveal any physical
or evolutionary connection, and more complex systems have been elaborated from
time to time. Thus KrAT [5] proposed a classification of eclipsing variables into
eight groups (A, A,, B, C, ... G) according to their spectral type, the form of the
light curve, and the orbital period ; while more recently Struve [6] has worked
out a different classification, consisting of five groups (I, II, ... V), for systems.
whose primary components were of spectrum earlier than FO. In so far as KrAT's
classification is based on the form of the light curve, it suffers from the same
limitations as the simple two-group classification criticised above ; and a closer
scrutiny [7] reveals that there are indeed continuous transitions between KrAT’s
groups — thus rendering his classification again essentially an arbitrary one. On
the other hand, STRUVE’s criteria are based largely on spectroscopic phenomena
which are, so far, known only for a limited number of systems, and pertain to the
motions of gas streams between the two components rather than to the properties
of the constituent stars themselves.

Quite recently, PLauT pointed out on the basis of a statistical study of eclipsing
variables brighter than 8.5 apparent photographic magnitude at maximum [7]
that most such binaries can be divided into the following three groups :

(1) Systems with both components on the Main Sequence (excluding the
W UMa-type stars) ;

(2) Systems with one component outside the Main Sequence ; and

(3) Systems of the W Ursae Maioris type.

Pravut noticed, moreover, that almost all well-observed systems of group (2)
show spectral peculiarities ; that variable periods occur more frequently in group (2)
than in group (1) ; and that * all W UMa-type systems probably will show variable
periods, variable light curves, and peculiar spectra, if observed accurately ”.

The aim of the present investigation will be to open up the problem of classi-
fication of close binary systems de novo, in order to ascertain whether or not a
suitable system of classification can be devised which may enable us to discern at
least some evolutionary trends among eclipsing variables, which might possibly
throw some light on the origin of such systems. In doing so, we shall consider all
fundamental aspects of the photometric as well as spectroscopic evidence, and
shall pay particular attention to such elements as are likely to remain invariant

= 385 =

C.N.R.S. ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1955AnAp...18..379K

IBI JI7RR!

Do LR

A

o

[1o55A

8 ZDENEK KOPAL [ANNALES D’ASTROPHYSIQUF

over astronomically long intervals of time. The material at our disposal, and our
method of analysis, will be set forth in subsequent sections following this intro-
duction. Our conclusion will, on the whole, justify a classification system as
simple as PLaut’s, and a closer scrutiny will reveal that the systems within each
group have several and so far unnoticed properties in common — some of which
may indeed be indicative of evolutionary trends. The main results of this investi-
gation have already been summarised in the abstract ; so that, in what follows, our
task will be to substantiate them in detail.

II. OBSERVATIONAL DATA.

The observational data which will form the basis of the present investigation
are summarised in the following Tables I and II. The first one contains a list of
all eclipsing binaries, with known photometric elements, for which the ratio of the-
masses of the two components has been determined by spectroscopic observations.
The list is believed to include all such systems known at the time of writing, though
for some of them (marked so in the References column of Table I) the observational
data are uncertain or incomplete.

The headings of the individual columns of Table I are self-explanatory. The
letters A, B in column (1) refer to the more massive and less massive component,
respectively ; though the former need not necessarily be the more luminous of the
two. Themasses mandradii R as given in columns (2) and (3) have been expressed
in solar units. The spectra of column (4) adopted for the secondary components
are in harmony with the observed ratios of surface brightnesses of the two com-
ponents. Whenever direct reliable spectroscopic determination was not available
(or was difficult to obtain in the disparity in luminosities of the two stars was too
large) a determination or the secondary’s spectral type from its relative surface
brightness by a recourse to Pranck’s formula has been preferred. All spectra
determined in this way have been placed in brackets.

The logarithms log,, T of the effective temperatures (in degrees K) of both

‘components of each system, as given in the next column (5), have been adopted for

spectral types of column (4) in accordance with the following procedure : for spectra
later than AO the corresponding temperatures can nowadays be regarded as well-
established, and a temperature scale (essentially KuipeR’s) as quoted by KEENAN
and MorcGAN in HYNEK’S Astrophysics [8] has been adopted ; the only correction
required being an increase of temperature at the extreme end of the spectral
sequence. For spectral types earlier than A0, however, several lines of observa-
tional evidence based on eclipsing variables indicate that Kuiper’s 1938 tempe-
ratures tend to be too high. The present writer has already discussed this evidence
in an earlier investigation [9], but certain supplementary data may be added here.
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There exist three early-type eclipsing systems for which a determination of
the effective temperatures of their principal components can be wholly based on
empirical data (1) : namely B Aur, B Per, and p! Sco ; and the pertinent quantities
are summarised in the following tabulation :

B Aur A 8 PEr A p! Sco A
Spectrum ....... A0 BS§ B3
Parallax ........ 07037 - 07004 07042 4 07002 070053 -+ 070004
Abs. vis. magn.... -+ 0.6 0.2 + 0.3 4 0.1 —1.7 0.2
Bol. Corr. ....... — 0.7 —1.0 —1.7
Radius .......... 2.5 + 0.1 2.7 4 0.2 4.8 + 0.2
Temperature .... 107000 4- 5000 12 2000 - 500° 16 600° - 7000

The parallax of B Aur was taken from JENKINS' General Catalogue of Trigono-
metric Stellar Parallaxes (No. 1373), while that of £ Persei is due to vAN DE Kawmp,
Smrth and TrHoMAs [10].  The absolute radius of Algol A is taken from KoparL [11].
The star p! Sco A should be adjoined to the preceding two on the strength of
BrAaAuw’s recent group parallax [12] deduced from the membership of this system
in the Scorpio-Cenaturus stream (2). In view of the relatively high precision of
the effective temperatures of the three early-type stars as determined from the
foregoing data, it seems reasonable to adopt a temperature scale which coincides,
at the respective spectra, with those determinations : namely,

SpectruM  Log T

08 (4.35)
BO (4.30)
B2 4.95
B3 4.22
B5 4.17
BS 4.09
A0 4.03

These temperatures are somewhat higher than those proposed earlier by the
writer, but still significantly lower than KuIpER’s.

The only other correction to KuipER’s scale, the need of which is indicated by
new observational data, concerns the M stars. The effective temperature scale at
the extreme lower end of the Main Sequence has been based by KuipEr largely on

(1) The spectra of the secondary components in these systems have so far not been accurately classified.
(2) According to BLAaaUw (Groningen Publ., 1946, No. 52), 1! Scois to be regarded as ‘ certain member
of the cluster ” (op. cit., p. 119).
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the data furnished by the dwarf eclipsing system YY Gem. Since 1938, however,
these data were superseded by the results of a more recent careful photoelectric
study of the system by Krown (*) at the Lick Observatory. The parallax of
YY Gem (which is a physical member of the Castor system) is known to
be 07073 £ 07002 (ALLEGHENY, 1938 (2)), leading to an absolute visual magnitude
of either component of M, = 9.14 4 0.06 (*). On the other hand, their absolute
radii are 0.62 £ 0.02 ©. 1, therefore, AC stands for the bolometric correction
appropriate for stars of spectral class dM1, an application of Steran’s law leads
to the following relation

log T = 3.42 — 0.1AC,
+ .02
between T and AC, which, in turn, furnishes the results summarized in the following
tabulation :

Loa T AC M,

3.53 — 1.1 8.0

3.56 —1.4 7.7
3.59 —1.7 7.4

Should we adopt, with KeenAN and MoraGaN, log T for dM1 stars to be 3.53,
the corresponding bolometric correction of — 1.1 comes out positively too small.
On the other hand should we adopt, with Kviper, AC = — 1.7 for dM1 stars, the
corresponding effective temperature results much too high (in comparison with the
data based on BETEIGEUZE and other more indirect evidence). For the purpose of
the present study we have, therefore, adopted the pair of intermediate values
of log T = 3.56 and AC = — 1.4, corresponding to an absolute bolometric
magnitude M, of each component of YY Gem of + 7.7 + 0.2.

With the aid of a temperature scale thus established the absolute bolometric
magnitudes M of the individual components of systems included in Table I have
been evaluated (by a recourse to STeran’s Law) as

(1) M = 4.7 —5log R — 10 log (T/5 7309),

where 4 4.7 stands for the adopted bolometric absolute magnitude of the Sun,
and 5 730° (corresponding to log Ty = 3.76 + 0.01) for its effective temperature.
Such values of M are listed in the penultimate column (6) of Table I, while the
ultimate column (7) contains references to the basic observational data. Of the
pairs of such references given in each case, the first pertains always to the source of
photometric elements ; and the second to that of the spectrographic data.

(Y) 4p. J., 115, 1951, 301.
(3 4. J., 53, 1948, 137.
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TABLE I
STAr m R Sp Loa T M
RT And A 1.5 0.76 GO 3.78 5.1
RT And B 1.0 1.36 K1 3.65 5.1
AB And A 1.7 0.9 G5 3.74 5.1
AB And B 1.1 0.9 G4 3.75 5.0
S Ant A 0.76 1.4 A8 3.90 2.6
S Ant B 0.42 1.1 A3 3.96 2.5
V 599 Agl A 12 7.8 B4 4.20 —4.2
V 599 Aql B 6.4 4.4 BS 4.09  —1.8
cAql A 6.8 4.2 B8 4.09 — 1.7
cAqlB 5.4 3.3 B9 4.06 —0.9
SX Aur A 10.5 4.8 B3.5 4.21° —3.2
SX Aur B 5.6 4.3 B6 4.15 —2.4
TT Aur A 6.7 3.3 B3 4.22 — 2.5
TT Aur B 5.3 3.2 B7 4.12° —1.4
WW Aur A 1.82 1.9 A7 3.91 1.8
WW Aur B 1.75 1.9 A8 3.90 1.9
AR Aur A 2.6 1.8 B9 4.06 0.4
AR Aur B 2.3 1.8 A0 4.03 0.7
TABLE 1 (Continuation)
STAR REFERENCES
RT And PAYNE-GAPOSCHKIN, Ap. J., 103, 1946, 291.
AB And : GAPOSCHKIN, Berlin Bab. Veriff., 9, 1932, Heft 5.
STRUVE and others, Ap. J., 111, 1950, 658.
S Ant - Hoaa and Bows, M. N., 110, 1950, 373.
Joy, Ap. J., 64, 1926, 287.
V 599 Aql - : : GAPosCHRIN, Harv. Bull., 1943, No. 917.
* PraArcE, Publ. D. A. 0., 4, 1927, 75.
6 Aqgl WryLIE, 4p. J., 56, 1922, 232.
LuyTEN, STRUVE, MORGAN, Yerkes Publ., VII, 1939, pt. 4.
SX Aur OOSTERHOFF, B. 4. N., 7, 1933, 107.
** POPPER, Ap. J., 97, 1943, 394.
TT Aur Joy and SiTTERLY, Ap. J., 73, 1931, 77.
WW Aur Hurrer and Korar, 4p. J., 114, 1951, 297.
* SLocvm, Lick Bull., 19, 1942, 147.
HurrER and EGGEN, 4p. J., 106, 1947, 106.

AR Aur

* HArPER, Publ. D. A. 0., 6, 1937, 311.

=== 380 —

C.N.R.S. * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1955AnAp...18..379K

IBI JI7RR!

.p;'_

12

ZDENEK KOPAL

[ANNALES

D’ASTROPHVSIQUE

A

TABLE 1 (Continued)

[1o55A

STar m R Sp Loag T M
EO Aur A 27 13 B3 4.22 — 5.5
EO Aur B 27 16 B8 4.08 — 4.5
B Aur A 2.4 2.49 A0 4.03 0.0
B Aur B 2.3 2.28 A0 4.03 0.2
i Boo A 1.07 0.66 dG2 3.76 5.6
i Boo B 0.54 0.64 dG1 3.77 5.6
SZ Cam A 21 9.8 09.5 4.31 — 5.8
SZ Cam B 6.1 4.3 (B2) 4.25 -— 3.4
TX Cnc A 1.5 0.74 FS8 3.79 5.0
TX Cnec B 0.8 0.78 F7 3.80 4.8
RSCVn A 1.9 1.8 F4 3.83 2.7
RS CVn B 1.7 5.1 gK4 3.60 2.8
TV Cas A 1.7 2.6 A0 4.03 — 0.1
TV Cas B . 1.0 2.4 (gFQf‘) 3.77 2.7
AOQ Cas A 30 14 08.5 4.33 — 6.7
AO Cas B 28 10 09 4.32 — 5.9
CC Cas A 21 9.3 08 4.35 — 6.0
CC Cas B 10 4.5 BO 4,30 —4.0
TABLE I (Continuation)
STAR REFERENCES

EO Aur : GaroscHEKIN, P. 4. 8. P., 55, 1943, 193.

* PEARCE, Jowrn. R. A. S. C., 40, 1946, 139,
B Aur ProTrowskI, 4p. J., 108, 1948, 510.

* SmriTH, Ap. J., 108, 1948, 504,
i Boo EcGEN, Ap. J., 108, 1948, 15.

** POPPER, Ap. J., 97, 1943, 394.
SZ Cam WESSELINK, Leiden Ann., 17, 1941, pt. 3 (rediscussed by KoraL).
TX Cnec HAFFNER, 4. N., 276, 1948, 233.

PorpER, Ap. J., 108, 1948, 490.
RS CVn KeLLER and LiMBER, Ap. J., 113, 1951, 637.

Joy, Ap. J., 12, 1930, 41.
TV Cas HurreR and Korar, Ap. J., 114, 1951, 297.

* PLASKETT, Publ. D. A. 0., 2, 1922 *** 14].
AQ Cas Woobn, Ap. J., 108, 1948, 28 ; HILTNER, Ap. J., 110, 1949, 443.

' * PrarcE, Publ. D. 4. 0., 3, 1926, 283.

CC Cas : GaroscHKIN, Publ. A. A. S., 10, 1939, 12.

* PrARCE, Publ. D. A. 0., 4, 1927 ***_67.
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STAR m R Sp Loa T M
UCep A 2.9 2.4 BS 4.09 —0.5
UCep B 1.4 3.9 gG8 3.67 2.6
VW Cep A 1.1 0.97 dK1i 3.69 5.5
VW Cep B 0.35 0.58 G5 3.74 6.1
WX Cep A 1.0 2.0 A2 3.99 0.9
WX Cep B 1.0 2.0 A5 3.94 1.4
AH Cep B 16.5 6.1 B0 4.30 —4.6
AH Cep A 14.2 6.1 BO0.5 4.28 —4.4
CW Cep A 10.0 4.5 B3 4.22 —3.2
CW Cep B 9.8 4.0 B3.5 4.22 —2.9
RZ Com A 1.6 0.9 KO 3.71 5.4
RZ Com B 0.8 0.9 G9 3.72 5.8
UCGBA 6.4 1.9 B5 4.17 —0.8
UCBB 2.4 3.6  (gGof) 3.76 1.9
Y Cyg A 17.4 5.9 09.5 4.31 —4.6
Y Cyg B 17.2 5.9 09.5 4.31 —4.6

TABLE 1 (Continudtion)

STAR REFERENCES
U Cep Ducan, Princ. Contr., 1920, No. 5.
Harpig, 4dp. J., 112, 1950, 542,
VW Cep Hu¥rEeR, Ap. J., 108, 1946, 1.
* PorrER, Ap. J., 108, 1948, 490.
WX Cep : : SCHNELLER, Veriff. Berl. Bab., 8, 1931, Heft 6.
SaHADE and CEsco, Ag. J., 102, 1915, 128,
AH Cep Hvurrgr and Ecceex, Adp. 7., 106, 1947, 313.
* PEARCE, Jouwrn. R. 4. 8. C., 29, 1935, 411.
CW Cep : GAPOSCHKIN, Per. Zvezdy, T, 1949, 34.
* Perrig, Publ. D. 4. 0., 7, 1947, 305.
RZ Com 1 * GAPOSCHEIN, Harv. Mowno., 1946, No. 5, 70.
STRUVE and GRATTON, Agp. J., 108, 1848, 497,
U CrB : BARER, Laws Bull., 1921, No. 29.

* SAHADE and STRUVE, Adp. J., 102, 1945, 480 (cf. also Prarcs,
Publ. A. 4. 8., 8, 1935, 219).
Y Cyg Dueax, Princ. Contr., 1931, No. 12.
* Repmax, Publ. D. A. 0., 4, 1931, 341.
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Star m R Sp Lo T M
GO Cyg A 1.12 1.8 B9 4.06 0.4
GO Cyg B 0.94 1.6 A0 4.03 0.9
MR Cyg A 3.0 3.4 A0 4.03 —0.6
MR Cyg A 2.6 2.6 F7 3.80 2.2
V453CygA 17.8 7.6 B2 4.25 —4.6
V453 Cyg B 13.8 6.3 B3 4.22 —3.9
V470Cyg A 125 7 B2 4.25 —4.3
V470CygB  11.1 6 B4 420 —3.8
V477 Cyg A 2.3 1.5 A3 3.96 1.8
V477 CygB 1.6 1.2 F5 3.82 3.7
V 478 Cyg A 14 .4 7.6 BO.5 4.29 — 5.0
V478 CygB  14.2 7.6 BO0.5 429 —5.0
TW Dra A 2.2 3.5 A6 3.92 0.4
TW Dra B 0.62 5.1 K2 3.63 2.4
YY Eri A 0.97 0.89 @b 3.74 5.2
YY Eri B 0.57 0.81 G4 3.75 5.3
YY Gem A 0.64 0.62 dM1 3.56 7.8
YY Gem B 0.64 0.62 dM1 3.56 7.8
TABLE I (Continuation)
STAR REFERENCES
GO Gyg OveENDEN, M. N., 114, 1954, 569.
PErARCE, Journ. R. 4. 8. C., 27, 1933, 62.
MR Cyg KaMinsky, Per. Zvjozdy, 9, 1953, 285.
PEARrcE, Journ. R. A. S. C., 29, 1935, 411,
V 453 Cyg SMIRNOV, Per. Zvjozdy, 6, 1946, 13.
* PEARCE, Publ. 4. 4. S., 10, 1941, 233.
V 470 Cyg : GAPOSCHKIN, 4. J., 53, 1948, 112,
* PEARCE, P. 4. 8. P., 58, 1946, 247.
V 477 Cyg WarrLeNQuUist, Uppsalea Medd., 1949, No. 96.
PEARCE, A. J.. 57, 1952, 22.
V 478 Cyg : GAPoscHKIN, Harv. Bull., 1949, No. 919.
McoDoxaLp, Publ. D. A. O., 8, 1949, 135.
TW Dra Bacrow, Publ. David Dunlap Obs., 2, 1952, No. 1.
SmrrH, Ap. J., 110, 63, 1949.
YY Eri HurUBATA, DAMBARA and Kiramura, Ann. Tokyo Obs., (2), 3,
1953, 227.
STRUVE, Ap. J., 106, 1947, 92.
YY Gem Kron, Ap. J., 115, 1952, 301.

StrUVE, HERBIG and HoRraxk, Ap. J., 112, 1950, 216.
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STAR m R Sp Loa T M
Z Her A 1.5 1.8 F2 3.85 2.4
Z Her B 1.3 2.8 dG4 3.74 2.7
RX Her A 2.1 2.2 A0 4.03 0.4
RX Her B 1.9 1.8 Al 4.01 0.8
TX Her A 2.1 1.8 A5 3.94 1.6
TX Her B 1.8 1.5 A7 3.91 2.2
DI Her A 3.7 2.1 B4 4.20 — 1.3
DI Her B 3.3 2.4 B5 4.17 —1.3
u Her A 7.9 4.5 B3 4.22 — 3.2
u Her B 2.8 4.3 B7 4.12 — 2.1
VZ Hya A 1.2 1.5 F5 3.82 3.2
VZ Hya B 1.1 1.2 F6 3.81 3.8
SW Lac A 1.08 0.82 G3 3.75 5.2
SW Lac B 0.93 0.89 Gl 3.77 4.9
AR Lac A 1.32 1.54 G5 3.73 4.1
AR Lac B 1.31 2.86 KO 3.67 3.3
CM Lac A 2.0 1.8 A2 3.99 1.1
CM Lac B 1.5 1.3 F2 3.85 3.2
TABLE 1 (Continuation)
STAR REFERENCES

Z Her Bacrow, Publ. David Dunlap Obs., 2, 1952, No. 1.

* Apams and Joy, 4p. J., 49, 1919, 192.
RX Her Woob, 4p. J., 110, 1949, 465.

* SANFORD, Ap. J., 68, 1928, 51.
TX Her Pravur, Groningen Publ., 1953, No. 55.

* PLASKETT, Publ. D. A. 0., 1, 1920 *** 207,
DI Her JaccHIA, Harv. Bull., 1940, No. 912.

* McKELLAR, Publ. D. 4. 0., 8, 1950, 235.
u Her KorarL and SEAPLEY (unpublished).

* SmrTH, Ap. J., 102, 1945, 500.
VZ Hya P1ercE, Princ. Contr., 1946, No. 21.

STRUVE, Ap. J., 102, 1945, 74.
SW Lac : Scamwt, B. A. N, 2, 1924, 175.

STRUVE, Ap. J., 109, 1949, 436.
AR Lac Woob, Princ. Conir., 1946, No. 21.

HAaRrPER, Journ. R. A. 8. C., 27, 1933, 146 ; SANFORD, 4p. J., 113,

1951, 299.

CM Lac : WacHMANN, 4. N., 259, 1936, 323.

* SANFORD, Ap. J., 79, 1934, 95,
— 393 —
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STAR m R Sp Loc T M
UV Leo A 1.36 1.21 GO 3.78 4.1
UV Leo B 1.25 1.22 G2 3.77 4.2
IM Mon A 9.0 3.8 B5 4.17 — 2.3
IM Mon B 6.0 2.7 BS 4.09 — 0.8
U Oph A 5.30 3.4 B5 4.17 —2.1
UOph B 4.65 3.1 B6 4.15 — 1.7
WZ Oph A 1.4 0.88 GO 3.78 4.8
WZ Oph A 1.35 0.86 GO 3.78 4.8
V 502 Oph A 1.2 1.51 G2 3.76 3.8
V 502 Oph B 0.49 1.04 FS 3.79 4.3
ER Ori A 0.58 0.72 Gl 3.77 5.3
ER Ori B 0.35 0.72 Gl 3.76 5.4
o O0ri A 26 17 Bl 4.27 — 6.5
o OriB 10 10 B2 4.25 — 5.2
U Peg A 1.25 1.18 F3 3.84 3.6
U Peg B 1.00 1.18 F2 3.85 3.4
AG Per A 5.01 3.1 B3 4.22 —2.4
AG Per B 4 .47 2.8 B4 4.20 — 1.9
TABLE I (Continuation)
STAR REFERENCES
UV Leo WELLMANYN, Zs. f. Ap., 34, 1954, 99.
GAPOSCHKIN, Ap. J., 104, 1946, 370.
IM Mon Gum, M. N., 111, 1951, 634.
* PEARCE, Publ. D. 4. 0., 6, 1932 ***_ 70,
U Oph Hurrer and Korar, Ap. J., 114, 1951, 297.
* PraskerT, Publ. D. A. 0., 1, 1919, 138.
WZ Oph GAPoOSCHEKIN, Harv. Bull., 1938, No. 907.
SANFORD, Ap. J., 86, 1937, 157.
V 502 Oph : NERRASSOVA, Astr. Circ. U. S. 8. R., Acad. Sci., 1943, No. 21.
STRUVE and GRATTON, Ap. J., 108, 1948, 497.
ER Ori : TavyLor, P. A. 8. P., 56, 1944, 112.
STRUVE, P. A. S. P., 56, 1944, 34.
o Ori : STEBBINS, Ap. J., 42, 1915, 133.
Luyren, STRUVE and MoraaN, Yerkes Publ., VII, 1939, pt. 4.
U Peg : LA Fara, Ap. J., 115, 1952, 14.
STrRUVE and others, Ap. J., 111, 1950, 658.
EgGEN (unpublished).
AG Per * Praskert, Publ. D. A. 0., 3, 1925, 184,
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TABLE I (Continued)

STAR m R Sp Loa T M

£ Pho A 2.8 2.5 B7 4.12 — 0.9
£ Pho B 2.0 1.5 B9 4.06 0.8
V Pup A 16.6 6.0 Bl 4.27 —4.3
VPup A 9.8 5.3 B3 4.22 —3.5
USge A 6.7 4.1 B9 4.06 —1.4
U Sge B 2.0 5.4 gG6é 3.70 1.6
V 356 Sgr A 12.1 4.9 B3 4.23 —3.4
V356Sgr B 4.7  12.7 A2 3.99 —3.2
@l Sco A 14.0 4.8 B3 4.22 —3.3
@l Sco B 9.2 5.3 B7 4.12 —2.5
RZ Tau A 2.2 1.4 FO 3.88 2.8
RZ Tau B 1.2 1.3 FI 3.87 3.0
W UMa A 1.29 1.1 drs 3.79 4.2
W UMa B 0.65 0.61 dF6 3.80 5.4
TX UMa A 2.9 2.16 B8 4.09 —0.3
TX UMa B 0.9 3.79 gG4 3.71 2.3
AH Vir A 1.36 1.3 dKo 3.71 4.6
AH Vir B 0.57 0.75 dG6 3.74 5.5
ZVul A 5.25 4.7 B3 4.22 — 3.3
ZVul B 2.34 4.2 A2 3.99 —0.7
TABLE I (Continuation)
STAR REFERENCES
£ Pho Hoge, M. N., 111, 1951, 315.
CoracevicH, P. 4. 8. P., 47, 1935, 84.
V Pup vAN GENT, B, 4. N., 8, 1939, 319 (rediscussed by‘KOPAL).
** POPPER, Ap. J., 97, 1943, 394.
U Sge Irwin (unpuyblished).
Joy, Ap. J., T1, 1930 *** 336.
V 356 Sgr PorpER, 4Ap. J., 121, 1955, 56.
ul Sco StieBs, M. N., 108, 1948, 398.
StrUVE, Stromgren Festschrift, Copenhagen, 1940, 258.
RZ Tau HurumATA and KiTaMUra, Publ., Astr. Soc. Japan, 5, 1953, 102,
StrRUVE and others, 4p. J., 111, 1950, 658.
W UMa Pravr, Groningen Publ., 1953, No. 55.
* STrRUVE and Horaxg, 4p. J., 112, 1950 178,
TX UMa Protrowski, Ap. J., 108, 1947, 472,
HriuTNER, Ap. J., 101, 1945, 108 (cf. also PrarcE. Publ. 4. 4. 8., 8,
1936, 251). :
AH Vir : : CHANG, Ap. J., 107, 1948, 96.
Z Vul BAxER, Laws Obs. Bull., 1916, No. 26.
* PrasgETT, Publ. D. 4. 0., 1, 1920, 251.
— 395 —
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TABLE I (Continued)

STAR m R Sp Loa T M
RS Vul A 4.6 4.2 B5 4.17  —2.5
RS Vul B 1.4 5.4  (I'4) 3.83 0.3

t Spectral type of the secondary component uncertain (cf. SAHADE and STRUVE, Ap. J., 102, 1945,
480).
TABLE 1 (Continuation)

STAR REFERENCES

RS Vul Bagrow, Publ. David Dunlap Obs., 2, 1952, No. 1.
* PrasgerT, Publ. D. A. O., 1, 1919 ***_ 14].

: The light curve on which the photometric solution is based is inadequate and should be re-observed
(: : indicates highly uncertain objects).

* The ratio of luminosities of both components has been determined spectroscopically by PETRIE
(Publ. D. A. 0., 7, 1939, 205 ; and 8, 1950, 319).

*% The ratio of luminosities of both components determined spectroscopically by PoppER (4p. J., 97,
1943, 394).

*** Spectroscopic elements re-discussed by LUyTEN (4p. J., 84, 1936, 53).

TABLE II (1)

STAR PERIOD Mg [y A Cy W,
RT And 0.629 0.65 4+ 0.03 4.2  3.979-f .004 1.18
AB And 0.332 0.62 2.80 3.974 1.94
S Ant 0.648 0.55 4+ 0.06 3.32 3.959 - .009 0.70
V 599 Aql 1.849 0.5340.02 16.4 3.953 - .005 2.22
o Agl 1.950 0.794+ 0.01 15.2  3.993 4 .001 1.60
SX Aur 1.210 0.534+0.02 12.0  3.953 - .005 1.13
TT Aur 1.333  0.80 11.7  3.994 2.05
WW Aur 2.525 0.96+0.02 11.9  4.000 -~ .000 0.600
AR Aur 4.135 0.88+-0.03 18.6  3.998 4 .001 0.527
EO Aur 4.066 1.00-+0.02 40 4.000 4+ .000 2.66
B Aur 3.960 0.97 4+ 0.01 17.5  4.000 -+ .000 0.537
i Boo 0.268 0.50 4+ 0.01 2.05 3.944 + .003 1.55
SZ Cam 2.698 0.29--0.02 24.1 3.84 -+ .02 2.17
TX Cne 0.383 0.524-0.05 2.8 3.950 - .013 1.64
RS CVn 4.798 0.93 4+ 0.02 18.3  3.999 + .001 2.9
TV Cas 1.813 0.56 4+ 0.03  8.61 3.963 4+ .007 0.621
AO Cas 3.523 0.93 4 0.02 38 3.999 + .001 3.06
CC Cas 3.369 0.49 4- 0.01 30 3.941 + .003 2.04
U Cep 2.493  0.49 12.6  3.941 0.672
VW Cep 0.278 0.3240.04 2.01 3.8 -4 .03 1.39
WX Cep 3.378 1.0 4+ 0.1 8.4  4.000 - .000 0.48
AH Cep 1.775  0.86 18.7  3.997 3.28
CW Cep 2,729 0.98 4 0.03 22.0  4.000 4+ .000 1.75
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I&: TABLE II (2)

=

o STAR PERIOD mym, A Cy W,

5 _ _ _ _ _ —

§ RZ Com 0.339 0.48+0.05 2.72 3.94 4+ .02 1.71

i U CrB 3.452  0.384+0.01 12.9  3.898 L .004 1.33

L Y Cyg 2.996 0.99 4+ 0.02 28.5  4.000 - .000 2.43
GO Cyg 0.718 0.85 4.3 3.997 0.96
MR Cyg 1.677 0.85 10.5  3.997 1.06
V 453 Cyg 3.890 0.77 4+ 0.02 32.9  3.992 L .002 1.92
V 470 Cyg 1.874  0.88 18.5  3.997 2.55
V477Cyg  2.347  0.67 11.8  3.982 0.658
V478Cyg  2.881 0.99 4+ 0.02 27.9  4.000 - .000 2.04
TW Dra 2.807  (0.28) (1) 16.7  3.830 0.323
YY Eri 0.321 0.55--0.06 2.26 3.959 | .04 1.35
YY Gem 0.814 1.00-+ 0.03  3.96 4.000 = .000 0.646
Z Her 3.993 0.87 15.1  3.997 0.371
RX Her 1.779  0.894-0.06 9.7  3.998 L .001 0.824
TX Her 2.060 0.854 0.03 10.6  3.997 - .001 0.735
DI Her 10.550  0.90 4+ 0.02 38.7  3.998 L .000 0.362
u Her 2.051 0.34 4 0.02 15.0  3.881 & .012 1.384
VZ Hya 2.904 0.8940.09 13.5 3.998 | .001 0.34
RT Lac 5.014 0.534+0.01 17.9  3.953 & .003 0.32
SW Lac 0.321 0.85-4 0.09 2.48 3.997 1L .002 1.61
AR Lac 1.983  0.994+ 0.04  9.13 4.000-L .000 0.576
CM Lac 1.606 0.75 8.8  3.991 0.795
UV Leo 0.600 0.934-0.13 4.1  3.999 -1 .001 1.22
TU Mon 5.049 0.43+0.08 16.5 3.92 -- .03  0.404
IM Mon 1.190 0.6740.02 11.6  3.982 L .003 2.57
U Oph 1.677 0.88 4 0.03 12.8  3.998 1 .000 1.56
WZ Oph 4.183 0.96 10.9  4.000 + .000 0.505
V5020ph 0.453 0.40 4 0.03  2.97 3.907 L .012 1.22
ER Ori 0.423 0.61-40.11 2.16 3.97 + .02  0.709
S Ori 5.733  0.38 - 0.01 45 3.898 1 .005 1.56
U Peg 0.375 0.80 2.93  3.994 1.54
AG Per 2.029 0.88-40.03 14.3  3.998 4 .001 1.33
£ Pho 1.670 0.70 10 3.986 0.96
V Pup 1.454 0.58 4+ 0.02 16.2  3.966 - .004 3.23
U Sge 3.381 0.30+0.02 19.4  3.8474 .014 0.683
V 356 Sgr 8.806 0.38 4 0.03 47 3.898 + .013 0.697
! Sco 1.446 0.66 4+ 0.02 15.4  3.980-- .003 3.00
-RZ Tau 0.416 0.54 2.2 2.956 3.07
W UMa 0.33¢ 0.50 4 0.02 2.52 3.944 1 .006 1.52
TX UMa 3.063 0.3040.02 13.7 3.847 1 .014 0.534
AH Vir 0.408 0.42 2.9 3.915 1.33
Z Vul 2.455 0.4540.02 15.1  3.927 4 .007 0.987
RS Vul 4.478 0.314-0.03 20.9 3.85 - .02  0.553

(*) See footnote on p. 412.
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Of the individual columns of Table 11, the headings of the first three are again
self-explanatory. The fourth lists the radius (or, for eccentric systems, semi-major
axis) A of the relative orbit of each individual system, expressed in terms of the
solar radius (i.e.,6.95 x 10'° cm) taken asunit. The last column gives the values,
in solar units (i.e., 1.905 x 10%° g cm? sec~2), of the potential

m1+m20
0

(2) Wo = A

of a particle of unit mass placed on an equipotential surface consisting of two
contact loops (i.e., over the surfaces of both components expanded so as to develop a
common point on the axis joining their centres). The values of the characteristic
constants C,, which depend solely on the mass-ratio of each individual system,
have been taken from a recent work by the writer [13] and their values are listed in
the penultimate column of Table II for further use.

I1I. CHARACTERISTIC PARAMETERS.

A discussion of the material contained in the foregoing tables reveals several
noteworthy facts of considerable significance, which have so far escaped detection.
In order to expose them, let us begin by asking ourselves the following question :
how many parameters are necessary and sufficient for a complete specification of the
form of both components in a close binary system ? This form should, in principle,
be specified by the nature of the forces acting on the surface (of centrifugal and
tidal origin) ; and provided that the free periods of nonradial oscillations of both
components are short in comparison with that of their orbit, the distortion of both
components should be governed by the equilibrium theory of tides. The level-
surfaces of constant density then coincide with those of constant potential ; and the
boundary of zero density becomes a particular case of surfaces over which the
potential arising from all forces acting upon it remains constant.

A complete theory of the form of such surfaces for stars of arbitrary structure
has not so far been developed. If, however, the density concentration in the com-
ponents of binary systems is so high that their actual gravitational potentials can
be approximated by those of central mass-points, the total potential of forces
acting at any other point can readily be expressed in a closed form in the following
manner. Suppose that the positions of the two components of a binary system
of masses m,, , separated by a distance D, are considered in relation to a rectangular
system of coordinates with origin at the centre of the more massive component
my (> m,), whose z-axis coincides with the line joining the centres of the two
stars, while the z-axis is perpendicular to the plane of the orbit. If so, the total
potential W of forces acting at an arbitrary point P(x, y, z) clearly becomes
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®) W= GR e O (e R e,

where
(4) re=fat oyt

and
(5) = {D—a) 2]

represent the distance of P from the centres of gravity of the two com-
ponents, and  denotes the angular velocity of rotation of the system about its
centre of gravity ; G being the gravitational constant. The first term on the right-
hand side of (3) stands for the potential arising from the mass of the primary
component ; the second for the disturbing potential of its mate ; and the third
represents the centrifugal potential.

In close binary systems it is reasonable to identify « with the KEPLERIAN
angular velocity

(6) ot = 6Tt

and in the case of two stars in actual contact this identification becomes inevitable,
Suppose, therefore, that we introduce (6)in (3) and adopt the combined mass of the
system m, + m, and the separation of its component as our units of mass and
length, respectively. If so, equation (3) will assume the form

(7) 14+9)C=2r1 4 29(r' 1 —2) + (1 +q) 22 + 9% + ¢*(1 + 97,

where
2DW My

(8) C= G, L) and ¢ = .
are nondimensional parameters. The surfaces generated by setting C = constant
on the left-hand side of (7) will hereafter be referred to as the Roche equipotentials,
and the C’s themselves as Roche constants. Provided only that the density concen-
tration in the interiors of the components of our binary system are sufficiently high
(as there is indeed every physical reason to expect), the Roche equipotentials
should approximate the actual shape of such bodies with a high degree of accuracy
irrespective of their proximity.

The shape of surfaces defined by equation (7) will evidently depend on the
adopted value of C. 1If C is large, the corresponding Roche equipotentials will
consist of #wo separate ovals enclosing each one of the two mass-points (*) and
differing but slightly from spheres — the less they do to, the greater C becomes.

() The right-hand side of equation (7) can be large only if r (or 7’) becomes small ; and if the left
hand side of (7) is to be constant, 80 must 7 or 7’ be (very nearly).
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With diminishing values of C the oval defined by (7) will become increasingly
elongated in the direction of the centre of gravity of the system until, for a certain
critical value C = C(,, characteristic of each mass-ratio ¢, both ovals will unite at a
single point on the z-axis (identical with the inner Lagrangian point L, of the
restricted problem of three bodies). This limiting equipotential will hereafter be
called the Roche Limit ; and Cy. the limiting Roche constant. Beyond this limit,
for C < C,, we have no longer any right to regard the respective configuration as a
model of a binary system (since both parts have coalesced into a single body) ;
but for each value of C = C; and ¢ equation (7) will define two detached equipo-
tentials which may be invoked to approximate to the forms of the centrally-
condensed components of a close binary system to a very high degree. It is,
furthermore, clear that given the mass-ratio, the fractional size and form of each
component will be uniquely specified characterized by a single value of C. There-
fore, the question raised at the outset of this section turns out to admit of the
following answer : the minimum number of parameters sufficient for a complete
geometrical description of both components of close binary systems is three, and
consists of the values of C;, C, and g. Each one of the values of C, , introduced
in (7) defines, to be sure, a pair of the equipotentials for a given value of ¢ — of
which only the one enveloping the centre of gravity of the respective (primary or
secondary) component is relevant. A properly determined trio of C,, (= ()
and g can be made to specify the complete geometry of a close binary system very
much more simply and accurately than could be accomplished, more artificially,
by an introduction of any number of particular semi-axes of the individual compo-
nents (1) ; moreover, the quantities C,, C, and ¢ possess the additional advantage
of a direct and simple physical meaning.

A determination of theratio ¢ from the spectroscopic data is straightforward.
On the other hand, the values of C; , are not accessible to observation and cannot
be deduced directly from an analysis of the light curves of eclipsing binary systems.
A knowledge of the coordinates of any point P(z, y, z) on the surface of a Roche
equipotential would, however, be sufficient to specify C uniquely. In actual
practice, it is expedient to confine our attention to a pair of points at the inter-
section of the -+ y-axis with the respective equipotential ; for the absolute value
of the y-coordinate of such points is essentially (2) identical with the fractional
“radil” r; , of the primary and secondary components obtainable from an analysis
of the light curves of the respective eclipsing systems by well-known methods [14].

(") Ifthe latter were in contact (or nearly so), a conventional model consisting of three-axial ellipsoids
would, in particular, constitute almost as poor an approximation to their actual shape as one consisting of
two spheres.

(3) The geometrical error of this identification if (in most cases) considerably less than the uncertainty
within which the radii », , can be deduced from the existing photometric data.
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Since, then, along the y-axis,y = r; , whilex = 0 or 1 (again within an insensible
error (1)) and z = 0, it follow from (7) that

' C,=2(1+‘“) 2y

] 32 12,

o) ARV, e R
_ m; 7 = 1,2
T e+ omy j=21

where r; , stands for the conventional radii of the two components (?).

The foregoing equations can, therefore, be used to determine the values of C,
for all eclipsing systems whose geometrical elements and mass-ratio are known.
For binary systems exhibiting circular orbits the quantities C; over each free
surface are constant at any phase. Should, however, the orbit happen to be
eccentric, the C;’s will remain constant (within the scope of the equilibrium theory
of tides) over free surfaces at any particular moment, but their values will vary with
the phase (since the radius-vector D, in terms of which the fractional radii », have
conventionally been expressed, so varies). If, in particular, we set D = A, the
values of C evaluated from (9) in terms of so normalized fractional radii will be
relevant to such phases at which the radius-vector of the relative orbit becomes
equal to its semi-major axis. We may also add that the errors 8C; within the C,’s
can be evaluated from (9) are to a first approximation, equally distributed between
the errors dr; and 8y, in the basic data and follow from the equation

9 - () + 27,

while the errors of the limiting Roche constants C, (as given in column 5 of Table II)
depend on those of the mass-ratio alone.

IV. MAIN SEQUENCE SYSTEMS.

The first result which emerges from such a discussion can be briefly stated as
follows : in systems consisting of Main-Sequence stars the potentials over free surfaces
of both components are sensibly equal. This fact is borne out by an inspection of
the following Table 111, containing all systems whose components exhibit spectra
and absolute magnitudes (as given in cols. (2) and (6) of Table I) distributing them
along the Main Sequence, as demonstrated on the accompanying Figure 1, where
the primary (more massive) components of each pair are represented by full circles ;

() For the actual amount of this error ef. the writer’s study of the Roche model in JODRELL BANK
ANNaLs, 1, 1954, 37 (Table I, cols. 4 and 6).
(3) In the case of distorded stars approximated by prolate spheroids in the course of light curve

analysis, the present radii r, , should be identified with a, ,\/1 — z, where a, , are the (customarily
given) semi-major axes of the (similar) spheroids and z = &2sin?7 (2 being the equatorial ellipticity and ¢,
the angle of orbital inclination).
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the secondaries, as open circles ; and the dashed line represents the average trend
of the Main Sequence according to KEENaN and MorGAN [8].  The headings of the
individual columns of Table I1I are again self-explanatory. Columns (2) and (3)
give the fractional radii ry, , of both components, taken from the source as listed in
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F1a. 1. — Mass-Luminosity Relat’ on for Detached Components of Close Binary Systems.

the ultimate column of Table I, column (4) the corresponding ratio of the radiir, /r; ;
column (5) the ratio J,/J, of surface brightnesses of the two components, and
columns (6) and (7) give the values of C,, together with their uncertainty as
computed with the aid of equations (9) and (10) ; while column (8) lists their
ratios C,/C,.

An inspection of this latter column reveals that, throughout the whole table,
the ratio C, /C, — or, what is the same, the ratio of the surface potentials W, /W, —
remains remarkably constant and does not deviate from unity by more than 10 /o
-— whereas the absolute values of the potential W frem system to system in
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Table 111 varies by a factor of the order of 10. This fact, which does not seem to
have been noticed before, is certainly not the result of a chance (the size of our
sample is such that the probability of it being fortuitous is vanishingly small) and
its evolutionary significance suggests itself : for how otherwise could the near-
equality of the surface potentials of the components of binaries under consideration
have come about without both surfaces having once been two loops of the same
equipotential — i.e., parts of the same body ? Of all hypotheses of the origin of
close binary systems which have so far been considered, only the fission theory
would seem to account logically for this fact ; and for this reason alone it may
merit further consideration. It is true that, in the original form as advanced by
DarwIN and JEANS several decades ago, the fission theory has become the target
of grave criticisms — discussed in recent years, particulary by LyrTLETON [15] —
and, as far as the original form of this theory is concerned, most of LYTTLETON’S
criticisms are indeed well founded. The original DArRwIN-JEANS theory involved,
however, several simplifying assumptions (the stars to consist of homogeneous
liquid, possessing no sources of internal energy generation, etc.) which were made
for the sake of mathematical tractability and which would be quite unacceptable
to-day as a basis for any physically realistic discussion of the subject. So extreme
a case of stellar hydrodynamics as a fission, under stress, of an originally single star
in two components of comparable masses has never so far been properly formulated
— let alone solved. As long as this is true, it seems impossible to rule out the
fission from the theories contesting for the explanation of the origin of close binary
systems. The purely empirical evidence adduced earlier in this section suggests
indeed that the fission theory may deserve further consideration (difficult as 1t may
prove from the mathematical point of view) ; but this is not the place to do so in
any detail.

Instead, we propose to confine ourselves, in this section, to pointing out that
the statistical near-equality of surface potentials of the components of Main
Sequence binary systems lends itself to one eminently practical use : namely, to a
statistical determination of mass ratios of single-spectrum binaries. For the (straight)
arithmetic mean of all values of the ratio C,/C; in column (6) of Table III turns
out to be 0.992 + 0.010, with the standard deviation of an individual value
of C,/C, from the mean being + 0.05. In view of the smallness of the latter,
the idea suggests itself to consider what could be obtained by setting

(1) ¢, =,
An appeal to equations (9) reveals that (11) represents, in fact, a relation
belween the fractional radii v,, and the mass-ratio m,/m, of the system ; for

inserting (9) in (11) we can solve the outcome for m,/m, to find that, for systems
obeying (11),
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F1a. 2. — Mass-Radius Relation for Detached Components of Close Binary Systems.

where the errors 3r,, and 3r, of the respective fractional radii (deducible from an
analysis of the light curve) are, of course, not mutually independent [14]. If,
moreover, we are willing to ignore in (12) the term 3r, , in comparison with 2, the
error of the mass-ratio based on (12) becomes identical with that of the ratio & of
the two fractional radii.

Column (9) of Table III lists the mass-ratio m,/m, of Main-Sequence binary
systems computed from their fractional radii with the aid of equation (12), and the
ultimate column (10) gives the respective O-C residuals obtained by subtracting the
computed m,/m,’s from their observed values as compiled in column (3) of Table II.
As the reader may early verify, the r.m.s. value of all the O-C residuals becomes
+ 0.07 —1.e., comparable with the r.m.s. value of the uncertainty of spectroscopic
determinations of the respective mass-ratios. This fact does not exclude the
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possibility that, in the case of systems considered in this section, equation (11) may
be individually true — though itis rather difficult to envisage a mechanism which
could maintain its validity long after an originally single star may be split up in
two. It 1s more likely that, as time elapses, equation (11) may tend to become
only approximately true — and to fail completely in advanced evolutionary stages,
as we shall have an opportunity to discuss in the next section.

Before doing so we wish, however, to exhibit two statistical properties of the
Main Sequence components of close binary systems : namely, the relations between
their masses and radii or luminosities. The accompanying Figure 2, on which the
absolute bolometric magnitudes M (taken from column (6), Table I) have been
plotted against the logarithms of the masses of all stars whose Roche constants C;
are significantly greater than their limiting values C,, (primary components : full
circles ; secondaries : open circles), reveals the existence of a strong statistical
correlation between M and log m which is essentially linear but characterized by
dijerent slope depending on whether (approximately) m = 2 ©. For more
massive stars (m > 2 ©), the bhroken line drawn through the observed points
satisfies the equation

(14.0) logm = 0.45 — 0.143 M ;

while the stars of small masses (m <« 2 ©) obey statistically the relation
(14.1) logm = 0.42 — 0.086 M.

The transition between the two appears to be fairly abrupt and, moreover,
to take place approximately in the region in which also the Main Sequence itself
happens to change its slope (cf. again Fig. 1). The slope of the line (14.0) is in
good agreement with the results of most previous investigations ; but line (14.1)
appears to be considerably steeper than was realized hitherto, though its present
slope appears to be fully borne out also by the outcome of a recent discussion of the
relevant visual binary data by Stranp and Harr (). The individual components
of visual binary systems with known parallaxes and mass-ratios, compiled by
STrAND and HaLrr on p. 323 of their paper just quoted, have been plotted as
crosses on Fig. 2, and are seen to be perfectly consistent with the eclipsing binary
data. The failure of previous investigations to distinguish two distinct slopes (3)
was probably due to the admixture of W UMa-type stars and subgiant components
cf Algol-type systems which, as we shall demonstrate more fully in subsequent
sections (see Fig. 5), are systematically overluminous and exhibit little or no

(M) Ap. J., 120, 1954, 322.

(%) The visual binary data compiled by STRAND and HaLL indicate that, for stars of small masses,
(late M-type objects), the slope of the mass-luminosity relation may again become less steep. As, however
th~ bolometric corrections for stars of such spectra are still uncertain within wide limits, the reality of
this second change in direction of the mass:luminosity relation is yet open to doubt:
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relation between mass and luminosity on account of their dynamical instability.

The second statistical relation we wish to exhibit is shown on Figure 3, on
which the absolute radii R (taken from column (3) of Table I) of stable (C > ()
components of close binary systems have been plotted against log m. A glance at

M

-9F

+3}

+61 .

9} .

- L — 1 ! ! 1
8 A F G K M

Fic. 3. — Hertzsprung-Russell Diagram of Detached Binary Systems.

this Figure reveals again the existence of a linear statistical relation between log m
and log R whose slope changes rather abruptly with increasing mass et about the
same place as the mass-luminosity relation : whereas, for massive stars (m > 2 ©),

the broken line drawn through the observed points satisfies the equation
(15.0) logm = 1.57log R — 0.15,

stars of smaller masses (m < 2 ) appear to obey the relation
(15.1) logm = 1.02 log R,
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which is borne out not only by the evidence based on eclipsing variables, but also by
that relating to the Sun (plotted on our Fig. 3 as ©) and other dwarf stars of
known characteristics.

It may be noted that, eliminating log m between equations (14.0) and (15.0)
or (14.1) and (15.1), and combining this eliminant with the Steran’s law (1)
employed to compute our absolute magnitudes, we find that equations (14) and (15)
jointly are tantamount to the following statistical relations
(16) log R =1.67logM —6.44, (m > 2())

=1.51log T—5.97, (m< 20)

between the radii and effective temperatures of Main Sequence stars, in which a
difference between the behaviour of the two branches has largely disappeared.

It may further be added that the statistical relations (15) between mass and
radius imply the existence of another statistical relation between the mass-ratios
and other observable properties of single-spectrum binary systems. The reader
may note that the coefficients of log R on the right-hand sides of equations (15) are
so-nearly equal to 1.5 and 1, respectively, that their differences from these round
values may be due to observational errors. On the other hand, if K, , denote the
amplitudes of the radial-velocity curves of the respective components of a close
binary system ; P the period of its orbit, and ¢ its inclination to the celestial sphere,
it is well known that (for circular orbits)

(17) Mys = [3.016 — 10] (K, + K,)2 K, , P csci (O
and
(18) Ry, = [8.296 — 10] (K, + K,) 7, P esc i ()
if the K’s are expressed in kms/sec, and P, in mean solar days. Inserting these

relations in (15.0), rounding off the latter’s coefficients, and remembering that
K,/ K, = my/m;, we find that

m . ) 7, Sin 2\ 3
19.0 14 2= [8.56]P 22—
(19.0) + 2 (3.5 ( =
for massive binary systems (when both m, and m, are in.excess of 2 and
y sy ,
My rs oy sin 2\ 2
(19.1) b+ [>-~J%<K]>

for less massive stars. In both these equations K, denotes the radial-velocity
amplitude of the brighter component, observable in single-spectrum systems. It
should, however, also be noted that a dispersion of the statistical relations (15)
affects the values of the mass-ratios m, /m, computed with the aid of equations (19)
more sensitively than the inaccuracy inherent in the use of (11) — so that, for
close binaries situated on the Main Sequence, equation (12) should generally offer a
more reliable way than (19) for statistical determination of the mass-ratio of single-
spectrum systems.
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V. THE PROBLEM OF THE SUBGIANTS.

Having surveyed some properties of close binary systems whose both compo-
nents belong to the Main Sequence, let us turn next to such systems of Table I

-5F

B A F G K

Fig. 4. — Hertzsprung-Russell Diagram of Semi-Detached Binary Systems.

whose secondary (less massive) components lie above the Main Sequence (being too
luminous for their mass). Such stars exhibit also certain common spectroscopic
characteristics and are usually classified as subgiants. The HERTZSPRUNG-
RusseLL diagram of close binary systems of known absolute properties and contai-
ning subgiant secondaries are shown on the accompanying Figure 4, on which the
primary components are plotted as full circles, and the secondaries, as open circles ;
the MoreaN-KEENAN Main Sequence being plotted — as on Figure 1 — in the
form of a dashed line.
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TABLE IV
SEMI-DETACHED BINARY SYSTEMS
STAR r ’ N c, c, C,/C,

RT And 0.18 4 0.01 0.325 L 0.004 0.55 4 0.06 6.2 7.7+ 0.5 4.1 + 0.2 0.98 - 0.05
SX Aur 0.40 0.36 1.1 1.6 4.2 3.7 1.06

U Cep 0.19 4+ 0.01 0.31 +0.01 0.61-+ 0.09 18 7.9+ 0.4 3.9+ 0.1 1.02 4 0.03
U CrB 0.15 0.28 + 0.01 0.54 14 10.3 4.0 0.98

TW Dra  0.212 - 0.001 0.306 4+ 0.001 0.70 - 0.02 19 7.9+ 0.1 3.63 (1) 1.05 (1)

u Her 0.301 4 0.003 0.287 + 0.003 1.05 4+ 0.02 2.50 5.6+ 0.2 3.9+ 0.2 1.01 4 0.05
V Pup 0.368 - 0.003 0.327 4 0.004 1.13 +0.02 1.36 4.4 4 0.1 4.0+ 0.2 1.00 4 0.04
U Sge 0.210 4- 0.002 0.278 - 0.003 0.76 4~ 0.01 14 7.9+ 0.5 3.8+ 0.3 1.01 + 0.06
V 356 Sgr 0.106 4+ 0.008 0.278 4~ 0.007 0.38 4- 0.04 4.2 14 41 4.0+ 0.2 1.03 + 0.05
u! Sco 0.313 4 0.003 0.347 4- 0.004 0.90 + 0.01 1.92 4.9+ 0.1 3.9+ 0.1 1.024 0.03
TX UMa 0.158 4~ 0.001 0.277 - 0.001 0.57 4- 0.01 29 10.3 + 0.6 3.8 0.3 1.01 - 0.06
Z Vul 0.26 0.301 4~ 0.002 0.86 10 6.2 4.1 0.96

RS Vul 0.20 4+ 0.01 0.26 4+ 0.01 0.77 4+ 0.06 18 8.2+ 0.8 4.0+ 0.5 0.98+ 0.10
RS CVn 0.097 - 0.005 0.280 4 0.005 0.35 4 0.02 25 12.1 0.7 4.7+ 0.1 0.84 1 0.02
Z Her 0.12 4+ 0.01 0.185 4+ 0.005 0.65+ 0.08 6.3 10.1+0.8 6.4 - 0.2 0.63 4 0.02
AR Lac  0.169 4 0.005 0.313 - 0.007 0.54 4 0.02 3.4 7.24+0.4 4.5+ 0.2 0.89 4 0.04

Further properties of subgiant binary systems are listed in the following
Table 1V, the headings of which are again self-explanatory. The first seven
columns contain the same data as the corresponding columns of Table II1 ; and
column (8) gives the ratios C,/C, of the Roche constants at the secondary’s
surface (C,) to its limiting value C, listed already in column (5) of Table 11I.

A glance at the data given in the sixth column of Table IV reveals an arresting
fact : namely, with a very few significant exceptions, the ratios of C,/Cs for subgiant
secondaries are sensibly equal to unity — i.e. the secondary components appear to
fill exactly (or, rather, within the limit of observational errors) the largest closed
volumes which they can possibly occupy in systems of given mass-ratios. Stars
whose Roche constants characterizing their surface are equal to C, will hereafter
be termed contact components. Subgiant secondaries in close binary systems
represent the first group of such stars which we have met so far in our survey ; and
the present section will be devoted to a closer discussion of their properties and
significance.

In order to demonstrate the degree to which subgiant secondaries cling to the
Roche limits of their respective system, let us form the arithmetic mean of the

(1) Cf. footnote on p. 412.
| — 410 —
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values of C,/C; for all systems listed in Table IV, with the exception of the last
three stars (RS CVn, Z Her, and AR Lac) whose secondaries are probably signifi-
cantly smaller than the respective critical equipotentials : we find that

Co
G

(20) — 1.008 - 0.006 (p. e.),

the standard deviation of a single value of C,/C, from the mean being + 0.02,
which is certainly within the errors of observational determination of the individual
values of C, and Cs.

TABLE V

FRACTIONAL DIMENSIONS OF SECONDARY (CONTACT) COMPONENTS IN SEMI-DETACHED BINARY SYSTEMS

STAR Sp Mg [my ("2)comp (72)ops

RT And B K1 0.654 0.03 0.333 & 0.007 0.325 + 0.004
UCep B gG8  0.49 + 0.31 + 0.31 4 0.01

UCrBB gGO0 0.38 4+ 0.01 0.290+ 0.003 0.28 -+ 0.01
u Her B B7 0.35 4+ 0.02 0.285 4 0.004 0.287 4 0.003
V Pup B B3 0.58 4+ 0.02 0.324 4 0.004 0.327 -+ 0.004
U Sge B gG6 0.30 4 0.02 0.272 + 0.005 0.278 4~ 0.003
V356 SgrB A2 0.38 1-0.03 0.292 4+ 0.007 0.28 - 0.01
u! Sco B B6 0.66 4+ 0.02 0.337 + 0.004 0.347 4- 0.004
TX UMa B gG4 0.30 4+ 0.02 0.272 4 0.004 0.277 4+ 0.001
ZVul B (A2) 0.4540.02 0.303 + 0.003 0.301 1 0.002
RS Vul B (F4) 0.31 4-0.03°  0.274 -1 0.007 0.26 4 0.01

In order to impress the reader further with the exactitude with which the
secondary components actually fill the largest closed equipotentials, attention is
invited to the data collected in the foregoing Table V : in which the observed
diametral radii (col. 5) of the secondary (subgiant) components of systems listed in
column 1 are compared with the maximum theoretical radii of closed configurations
(col. 4) corresponding to the observed mass-ratios (col. 3). An inspection of the
foregoing data reveals that the dimensions of the secondaries tend to coincide with
those of the corresponding Roche limits the more closely, the greater the
precision of the underlying observational data. This fact suggests convincingly
that this coincidence is probably ezact in these systems, and possibly in many
others as well.

As to significance of the observed clustering of subgiant values of C,/C, in
the neighbourhood of unity, its reason can scarcely be in doubt. It is certainly not
the result of a random distribution of the fractional dimensions of stars in static
equilibrium ; for the probability of so peculiar a frequency distribution in so large
a sample i1s negligibly small. Suppose, therefore, for the sake of argument that

— 411 —
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such stars are not equilibrium configurations, but are (secularly) expanding or
contracting. If they were contracting, the frequency distribution of the C,/C;’s —
if originally uniform — should tend to exhibit an increase towards large values,
which should become pronounced in the course of time. There is, in particular,
no reason why there should be any clustering of their sizes around the Roche limit.
If, however, these stars are secularly expanding, there is a compelling reason why
their size cannot exceed that of their Roche limit : for no larger closed equipotential
exists which would contain the whole mass of the respective configuration.
Therefore, the growth of a slowly expanding star is bound to be arrested at its
Roche limit ; and if this tendency is characteristics of such stars as a group, they
should indeed be expected to exhibit clustering at the Roche limit which should be
marked the more, the longer this tendency has been operative (or the more
rapidly the expansion progresses).

The observed facts pointed out above can, therefore, scarcely be accounted for
otherwise than by an assumption that the subgiant components in close binary
systems are secularly expanding. This conclusion, which was announced by the
present writer some time ago [16], was independently arrived at also by
CrawroRD [17] on the basis of a statistical study of a number of single-spectrum
systems whose mass-ratios were estimated previously by Parenaco [18] by
assuming their primary components to be average Main-Sequence stars of masses
appropriate for their spectra. In his paper referred to above, CRawFoRbD listed 18
single-spectrum binaries whose secondary components are likely to possess subgiant
characteristics and whose fractional dimensions cluster around their respective
Roche limits. Although the statistical nature of PARENAGO’s estimates of mass
ratios makes it impossible to ascertain that this coincidence is true in each
individual case (*), the statistical existence for clustering around the Roche limit
is altogether strong. It should be stressed, in this connection, that the lists of
objects at the basis of CRaAwroRrD’s discussion and ours show no overlap ; yet both
point to essentially the same conclusion — namely, a secular expansion of subgiants

(*) In particular, an excess of the size of a few secondaries on CRAWFORD’s list over their Roche limits
is no doubt the consequence of an inaccurate estimate of the mass ratio. On dynamical grounds it is
extremely unlikely that any centrally-condensed star in quasi-static equilibrium could exceed its Roche
limit ; and no single instance of such an excess has so far been established in any system whose mass-ratio
is reliably known.

An apparent exception to this rule would seem to be the case of TW Dra B, for which Bagrow (David
Dunlap Publ., 2, 1952, No. 1) established an unusually accurate value of its fractional radius
ry = 0.3064 4 0.0002, corresponding (on contact hypothesis) to a mass-ratio of my/m, = 0.43 within an
error of less than 0.01 — whereas, according to PEARCE (Publ. 4. A. 8., 9, 1937, 131), ¢ three observations
of the 10th magnitude companion during totality gave an approximate value of the mass-ratio of 0.28 .
PrARrcE did not estimate the uncertainty of his result ; but the total eclipse of TW Dra lasts only 1.8 hours,
and a determination of the slope of the secondary’s velocity-curve from three points secured within 2,7 %,
of a cycle is likely to be so uncertain as to bring the above theoretical value 0.43 of the mass-ratio within
the limits of observational errors.
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— which can probably be regarded to be as well established by existing evidence
as we can reasonably expect.

Do systems containing such contact components form a compact group, well-
separated from the Main Sequence systems discussed in the preceding section, or is
there a smooth transition between the two ? In an attempt to answer this
question we may observe that, among the stars of Group I (Main Sequence systems)
the frequency-distribution of the values of C;/C, is fairly uniform up their lower
limit. Consider, for instance, the systems of TV Cas, AH Cep, or § Ori, all listed
in Table ITI, as their components on the basis of available observational data
appear to be stable. The values of C, characterizing their secondary components
are, however, so close to their limiting values C, that a relatively small expansion
would bring such starsin contact with their Roche limits. Are these stars indeed
on their way to become subgiants, or will a parallel expansion of their primaries
transform them, in time, into contact systems of the g Lyr-type (cf. Section VII) ?
Both AH Cep and 3 Ori are massive, early-type eclipsing systems, similar in many

respects to the members of $ Lyr-group. On the other hand, the secondary

component of TV Cas, whose relative dimensions are quite accurately known,
should (for PLASKETT’S spectroscopic mass-ratio of 0.56) be significantly smaller
than its Roche limit. Its position in the H. R.-diagram (see Fig. 1) well above the
Main Sequence suggests, however, that this star may already be in contact with
its Roche limit, as it would be for a mass-ratio of 0.34. Hence, either the spectro-
scopic mass-ratio as given by PLASKETT is too large (*), or the subgiant charac-
teristics of TV Cas B may be on the way of developing before the Roche limit has
been reached — as it appears to be the case for the secondary components
of RS CVn, Z Her, or AR Lac.

The second question arising in this connection concerns the relative proportion
of semi-detached systems, whose secondary components have attained their Roche
limits, to Main-Sequence systems whose both components are significantly smaller
than this limit. Our Table III lists 30 Main-Sequence systems whose components
are (apart from two or three somewhat dubious cases) stable, in contrast with
13 semi-detached systems of Table IV. A direct comparison of these two numbers
is, however, bound to exaggerate the relative proportion of semi-detached systems
because of observational selection. As the secondary component expands and its
fractional size increases, its relative surface brightness declines in comparison with
that of its mate : hence, the primary minima become both deeper and wider ; in
addition, with increasing value of the sum r, 4 r, eclipses will take place for
diminishing values of orbital inclination. All these factors favour discovery of the
system as an eclipsing variable, and thus exaggerate the number of known systems

(1) It may be pertinent to mention, in this connection, that SAHADE and STRUVE (4p. J., 102, 1945,
480) were unable to detect the lines of the secondary component in the combined spectrum of the system.
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of this class out of proportion to their actual abundance. The appropriate
allowance for observational selection operative in this field is rather difficult to
express in quantitative terms ; but it leads us to surmise that the actual proportion
of Main-Sequence systems to semi-detached ones is likely to be not less than 10 : 1,
and possibly even greater. Eclipsing systems with secondaries at their Roche
limits are, therefore, likely to be relatively rare ; it is the high probability of their
discovery which has provided us with so many examples of this intriguing group of
close binaries among relatively bright stars.

A secular expansion of subgiant components of close binary systems implies
certain further consequence of high astrophysical interest. As was already pointed
out, the existing evidence shows a large number of such stars clinging to their
Roche limits ; but once this maximum distension permissible on dynamical grounds
has been attained, a continuing tendency to expand is bound to bring about a
secular loss of mass, streaming out of the conical end of the critical equipotential
at the inner Lagrangian double-point I, (at which this equipotential begins to
open up). The subsequent behaviour of matter thus escaping at L, represents a
separarate problem which it outside the scope of our present discussion (1) ; but
whatever it may be, the secondary component will keep losing mass and this loss
1s bound, in time, to increase the disparity in masses between the two components
of the same pair. Now close eclipsing systems possessing subgiant components
have been known for some time to exhibit abnormally large mass-ratios — a fact
discussed particularly by Struve [19, 20]— due to abnormally small masses of the
companions. All such companions in systems of known mass ratios having now
been identified to possess fractional dimensions coinciding with their Roche limits,
there remains but little room for doubt that the relative smallness of their present
masses 18 but the consequence of a secular loss caused by continued expansion.

The loss of mass in such systems leads one naturally to speculate concerning
a possible connection of this fact with the notorious period changes which are only
too well known in many eclipsing systems. This is indeed an intriguing possibility
which has already been considered by Woop [21]. In re-opening this question we
should, however, be careful not to jump (like Woon) to conclusions which, attractive
though they may appear on first sight, do not stand the light of closer secrutiny. In
point of fact, it is easy to show that all evidence available at present is very much
less conclusive than one would wish.

In order to demonstrate it, let us recall that, of 19 stars discussed by Woob in
support of his thesis, spectroscopic mass-ratios are available only for 8 of them and
for the rest (i.e., a majority of 11) the mass-ratios were estimated from the ratios
of luminosities of the two components combined with an appeal to mass-luminosity

(1) This study is being undertaken separately by the present writer, and preliminary results have
been presented at the I. A. U. Symposium on Non-stable Stars in Dublin, 1955.
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relation. Now it is well known that subgiant components of close binary systems
are as a rule overluminous, and deviate conspicuously from the statistical mass-
luminosity relation. In consequence, the ratios of luminosities of the components
in such systems offer a very shaky clue to their mass-ratios. For this reason, it
18 not known whether their secondary components of the majority of systems
discussed by Woop have actually attained their Roche limits ; and their semi-
detached nature remains so far but conjectural.

Among the 11 semi-detached systems whose secondaries have been established
to have reached their Roche limits in the present study (cf. Table V), only 4 are
known to exhibit period changes (i.e., U Cep, U CrB, U Sge, TX UMa) to a varying
extent, and 7 do not. The absence of appreciable period changes for the majority
of such systems is, moreover, an established faet, not stemming from any lack of
observational supervision. Of 18 stars which CRawrorD [17]suspects of possessing
contact secondaries, 7 exhibit fluctuating periods, and 11 are known not to do so.
Moreover, of the three known stable but subgiant-possessing systems (RS CVn,
Z Her, AR Lac), two may exhibit period fluctuations (RS CVn and AR Lac (1)),
while the period of Z Her appears to be constant. On the other hand, out of
29 stable Main Sequence systems listed in our Table 111, 25 exhibit constant orbital
periods (in fact, 28 of them if we disregard Y Cyg whose orbit is eccentric and the
period variation is caused by a revolution of the apsidal line, and MR Cyg together
with AG Per of which the same seems to be true), and only one (i.e., U Oph) has so
far been reported to exhibit appreciable period changes (though no displacement of
the secondary minimum) which cannot be safely explained (?).

Summarizing, we may conclude that whereas a proximity of the secondary
component’s surface to its Roche limit seems indeed conducive to the appearance
of period variation, it does not, by itself, represent a sufficient condition for such
variation to occur. In point of fact, while some semi-detaches systems (U Cep,
or U CrB) have for long been known to exhibit conspicuous period changes, in
others (U Sge or TX UMa) the known variations of period are altogether small ;
and the majority of semi-detached systems do not seem to exhibit any period
fluctuations at all. This might be possibly explained by an assumption that the
secular expansion of secondary component does not proceed in different eclipsing
systems at a uniform rate, but spasmodically — so that epochs of slow expansion
may alternative with others during which the expansion (and the consequent loss
of mass) may be relatively rapid. Even if such an assumption could be supported

(Y) Woop [21] included this star among the systems with variable periods without quoting any
evidence for it, though DUeAN and WRIGHT (Princ. Conir., 1939, No. 19), in their extensive work on period
variation of eclipsing binary systems, listed AR Lac among “ stars having periods probably constant .

(%) PARENAGO (Per. Zvjozdy, T, 1949, 102) conjectured that the observed period changes of U Oph
are periodic and may be due to the light equation in a triple orbit. No independent confirmation of the
existence of any third body in this system is, however, available so far:
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on independent physical grounds, however, it would still fail altogether to account
for the period fluctuations known to occur — though less frequently — also in
systems, of known mass-ratios (RS CVn, AR Lac (?), U Oph) whose both compo-
nents are considerably smaller than their Roche limits and should, therefore, be
completely stable from the dynamical point of view..

Moreover, a secular loss of mass can clearly bring about only a lengthening of
the orbital period (and only if the mass lost by the secondary component is not
intercepted by its mate and manages to escape from the systems), whereas the
observed period fluctuations in such systems as U Cep or Algol are manifestly very
much more complicated. Besides, it is also easy to show that (at least assuming a
uniform rate of expansion) the consequences of a secular loss of mass under consi-
deration would scarcely be observable. For consider, for instance, the well-known
system of U Sge (m;, = 6.7 ©, my, = 2.0 ©) and assume, for the sake of argument
that the present mas defficiency of the secondary component developed as a result
of (uniform) secular loss of mass which also escaped from the system in the course
of 10° years. As the present period of U Sge is 3.38 days, a time interval
of 10° years corresponds roughly to 10'* orbital cycles. Therefore, a total loss of
mass of 4.7 © =9 x 10® g would correspond to a loss of 9 x 1022 g per cycle.

The corresponding fractional period variation should be given by
1 dpP 1 dm, 9 x 102

(21) Pdr 7 2(my + my) dt2:2(8.7><>< pomy = 0 X 107
in accordance with KepLER’S third law. The orbital period of U Sge would thus be
increasing by about 3 x 10~° seconds per cycle, and invoke a quadratic term of
the order of 10—t K2 in the prediction of the minima. Needless to say, amounts of
these orders of manitude are as yet wholly outside of any possibility of observational
verification ; and would remain so even if we were to multiply them a hundred
times (corresponding to a period of expansion lasting only 107 years). It his,
therefore, rather dubious whether or not a secular loss of mass due to expansion of
subgiant components in close binary systems is connected in any way with their

observed period changes ; and, at any rate, the question raised by such an inquiry
admits of no simple answer (*).

() Woob [21], in order to explain both the occasional increases and decreases of periods in close
binary systems, postulated spasmodic ejection of matter from the surface of its components in the direction
of its orbital motion (or opposite to it), on grounds of an assertion that ... * Computation of the JACOBIAN
surface shows that the star is nearest instability at those portions of its surface near the ends of its shortest
equatorial axis ” (op. cit., p. 204). This assertion is, however, incorrect. In actual fact, the staris nearest
instability (i.c., the work required to remove a unit mass from its surface will be minimum) on the line
joining the centres of the two stars (which is perpendicular to the shortest equatorial semi-axis). Besides,
the loss of mass necessary to account for the observed period fluctuations in this way is of the order of 108
to 10-% (), which is inordinately large. ,, If we remember ~” commented MARTYNOV at the Dublin Sympo-
sium on non-stable stars in September, 1955, < that masses ejected by Nova outbursts exceed these values
by one order only, it seems doubtful whether an escape of masses of the order of 10~7 to 10— () from
eclipsing binary systems could pass otherwise unnoticed for frequently observed stars .
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What is the evolutionary significance of the secular expansion of subgiants ?
Is, in particular, this expansion limited to subgiant components of close binary
systems, or is it characteristic of all stars of this class irrespective of whether they
occur single or in pairs ? Is it, in fact, the expansion whose consequences endow
the subgiants with the particular characteristics ? In considering these questions,
we should keep in mind that the disturbing effects due to the proximity of a
companion scarcely exert any appreciable influence in the deep interior of a
centrally-condensed star : therefore, if the cause of the expansion is to be sought
in deep interiors, the presence or absence of a companion should be of little or no
import (*). SANDAGE and ScHWARZSCHILD [22] pointed out some time ago that the
secular expansion of a star is likely to set up in response to a diminishing hydrogen
content. The subgiant components in close binary systems accompany, however,
as a rule late B - or early A - type Main Sequence stars ; and as both components
are no doubt of equal age (and, presumably, of initially the same chemical compo-
sition), the subgiant secondaries cannot manifestly be * old ” on the same time
scale.

CrAwFORD [17] proposed recently a hypothesis according to which the present
subgiant secondaries are erstwhile primary components which have, in the course
of time, lost enough mass to reverse the balance of the mass-ratio. The (initially)
more massive primary component is, according to CRAwFoRrb, likely to run through
its evolutionary course more rapidly than its mate, and to deplete more rapidly its
hydrogen supply whose diminution may cause expansion. In the course of a
sufficiently long time the star will attain its Roche limit, start discharging mass, and
eventually lose so much of it that the original role of the two stars will be reversed :
the former primary now becoming the secondary component, and vice versa.
CRAWFORD’S suggestion is ingenious, but not convincing. Two objections arise
immediately — both of them fundamental. The first concerns a complete lack of
subgiants, at their Roche limits, whose masses are equal (or nearly so) to those of
their mates — and, on CRAWFORD’s hypothesis, such systems should be at least as
frequent as those characterised by very unequal mass-ratios. The second objection
is the existence of stars of definite subgiant characteristics (RS CVnB, Z HerB, or
AR Lac B, for example) whose dimensions (see Table IV) are still well inferior to
their Roche limits.

(1) The gravitational attraction of the primary (more massive) component distorts, of course, rather
profoundly the outer parts of a contact component. Is it possible that the distortion alone, if sufficiently
large, may bring about a loss of equilibrium which compels the star to expand ? A gravitational trigger
mechanism of this kind would be likely to operate selectively on stars above certain fractional size inducing
them to expand and become subgiants, while stars immune to it would probably remain on the Main
Sequence. This might possibly explain a co-existence of the binaries of our Groups I and II. On the
other hand, expanding subgiants would thus be limited to close binary systems, and the occurrence of
subgiants elsewhere (in visual binaries, for instance) would confront us with a separate problem.
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The actual reason of secular expansion of subgiant components in close binary
systems may well be an incipient hydrogen defficiency ; and if so, it is tempting to
surmise that the same phenomenon characterizes all subgiants — irrespective of
whether they are single or occur in binaries — be they wide ({ Her) or close. In
the former case, expansion could presumably go on unchecked for an astrono-
mically long time. The presence of the primary components in close binary systems
provides merely an intangible upper limit (i.e., the Roche limit) which the secon-
dary cannot exceed on dynamical grounds ; and if many such secondaries are found
actually to attaint this limit, their expansive tendency is thereby revealed. It is,
however, only the subgiants in close binary systems which are compelled (by the
exister ce of the Roche limit) to shed off mass in the course of continuing expansion ;
single subgiants retain all their mass, but may attain much larger dimensions.

1f we consider close binary systems, there seems but little room for doubt that
their components originated simultaneously and from the same primordial matter.
What is the reason which impels, at some stage, both components of comparable
masses to embark on different evolutionary tracks and renders one of them a
subgiant ? Needless to say, the answerisnot yet known ; and close pairs contain-
ing subgiant components are by no means the most drastic examples of such a
state of affairs. Indeed, catalogues of binary systems — close or wide — are
replete with examples defying the applicability of the RusseLL-Voat theorem to
such stars in most flagrant manner : the symbiosis of a Main Sequence star with a
white dwarf (the systems of Sirius, Procyon, etc.), or of a late-type supergiant with a
dense and sub-luminous B star (VV Cep, £ Aur, Mira Ceti, Antares, etc.) represent
much greater problems to the theory of stellar evolution than the coexistence of an
expanding subgiant with an ordinary Main Sequence star. The answer to this
latter problem will probably emerge as a part of an understanding of broader
issues, of which subgiants and their significance in the framework of stellar
evolution forms only a relatively small part.

In concluding the present discussion of the physical properties of subgiants, one
last observation should be added in this place. In 1950, PareEnaGco and
MassevicH [23] claimed to have shown on the basis of an extensive statistical
study of single-spectrum binary systems, that the quantities £ = log m/R and
n = log L/m’ are linearly correlated for subgiants components — an assertion
which was subsequently given additional publicity by STruvE [24, 25]. When, in
order to test this assertion, we evaluated the £ and » parameters for two-spectra
subgiant systems on the basis of the data compiled in Table I, a plot of £ against
failed to confirm the conclusions of the Russian investigators. The distribution
of the individual subgiants, in the (§ — %) - coordinates, revealed a scatter
diagram in place of any well-defined locus. Those data, compiled in our Table I,
which are relevant to subgiants are less numerous, but far more precise than the
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statistical material at the basis of the Russian work. As long as these accurate
individual data fail to bear out the particular features announced by MassEvicH
and PARENAGO, it would seem rather premature to speculate too much on their
physical significance.

VI. DETERMINATION OF MASS-RATIOS IN SUBGIANT ECLIPSING SYSTEMS.

In the preceding section observational evidence was adduced in support of the
view that, in close binary systems possessing subgiant secondary components, a
large majority of such subgiants happen to fill exactly their respective Roche
limits. The aim of the present section will be to point out one obvious use for
which this fact readily lends itself : namely, a determination of the mass-ratios of
single-spectrum systems of this type.

A geometry of the Roche model discloses [13] that the fractional radii r

(or, in distorded eclipsing systems, the diametrial semi-axes a1 — z) of secondary
(less massive) components are related with the mass-ratios of the respective systems
in accordance with the following tabulation :

TABLE VI
Mg m, £
1.00 0.374
0.8 0.354
0.6 0.329
0.4 0.295
0.3 0.272
0.15 0.223
0.10 0.197

Whenever the secondary component actually attains its Roche limit, the
foregoing relationship between r, and m,/m, evidently opens a way for a deter-
mination of the mass-ratios of the respective system. Moreover, unlike the method
of section IV applicable to Main-Sequence systems, the procedure suggested
herewith should not be statistical in nature, but lead to exact results.

What is the confidence with which we can assert so in any practical case ?
The answer depends primarily on the percentage of subgiants which have attained
their Roche limits. If we were to apply this method to the individual systems
listed in Table IV, all but three of them would have yielded mass-ratios agreeing
with direct spectroscopic observations within the limits of observational errors —
the probable exceptions being RS CVn, Z Her, and AR Lac, whose secondary
components being significantly smaller than their Roche limits. A relative
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scarcity of systems of this latter type in the sample under consideration leads us to
conjecture that a determination of the mass-ratios by the foregoing method is
likely to lead to correct results in about eight or nine out of ten cases — a relatively
high degree of reliability for a method of this nature.

From the theoretical point of view, a paucity of subgiant components smaller
than their Roche limits indicates that their secular expansion is likely to proceed
at a relatively rapid rate ; and the time which elapses in the course of an expansion
of such a body from its equilibrium form to the Roche limit is probably but a small
fraction of the time which the star will spend at this limit. From the practical
point of view, a noteworthy feature emerging from Table IV is the fact that
subgiant components of close binary systems do not appear to be confined to any
narrow group of spectral types. If we regard the filling of the Roche limit as a
sufficient (though not necessary) condition for a star to be classified in this group,
such stars as u* Sco B or u Her B of spectra B6-B7 can be assigned to this group as
legitimately as U Sge B (spectrum G6) or U Cep B (G8). Subgiants in this sense
are, therefore, apparently not limited to stars of advanced spectral classes ; though
their deviation from the Main Sequence may not be as conspicuous for late B-type
subgiants as among those of later spectral types.

With these features (and reservations) in mind, we may now proceed to
illustrate an application of our ¢ geometrical > method for determining the mass-
ratios of binaries with subgiant components on a few selected examples. This
‘““ geometrical ”” method should, of course, be of particular use for single-spectrum
systems where no other way may be open for such a determination. We might
easily apply it to CrawrorD’s list of 18 single-spectrum systems [17], but no
independent method would be available for checking the correctness of the results.
In what follows we shall, instead, apply the method to other single-spectrum
eclipsing systems, suspected of containing subgiants, whose velocity-curves exhibit
conspicuous rotational effect during their minima.

Asis well known, an analysis of the rotational effect can lead to a determination
of the equatorial velocity of rotation of the component undergoing eclipse ; and if
the period of axial rotation is known (being, for instance, equal to the period of
orbital revolution, or bearing other known ratio with the latter), the absolute
dimensions of the rotating star, and of the whole system, may thus be cbtained.
On the other hand, the same dimensions may alternatively be obtained from a
single-spectrum absolute orbit of the primary component if the mass-ratio were
known. Let us, in what follows, employ the first method on the assumption of a
synchronism between rotation and revolution ; the second based on the mass-ratio
deduced from the fractional dimensions of the secondary component with the aid
of Table VI ; and compare the outcome to see the extent to which the two results
are consistent with each other.
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In more specific terms, if R(6) denotes the magnitude of the rotational effect
observed at a phase 6 within eclipse, the velocity V. of axial rotation at the
equation of the primary component will be given by

(22) Vs = { R(0)/F () } esc i,

where F(0) denotes the well-known *‘ rotation factor ”” which can be computed from
the geometry of the eclipse [26, 27] and i, the inclination of the orbital plane to the
celestial sphere. On the other hand, the same value of ¥ may also be computed
(on the assumption of synchronism between rotation and revolution) with the aid
of the formula

2r m r
23 VC e 3 y 1 1 71 "
( ) P (a1 sSin 1,) < + —2> sin 4

where a, sin i denotes the projected semi-major axis of the absolute orbit of the
primary component and r,, its fractional radius ; the value of m, /m, being deduced
from Table VI in accordance with the secondary’s radius r,.

The following Table VII contains nine well-known single spectrum systems
for which such a comparison is possible. The individual columns indicate, succes-
sively, (1) the star ; (2) the orbital period P (in days) (3) and (4), the fractional
radii of the two components ; (5) the value of the mass-ratio deduced from Table VI
from the observed values of r, on the assumption that the secondary is a contact
component ; (6) the values of a, sin 7 of the single-spectrum orbit ; (7) the orbital
inclination ¢ deduced from the light curve ; (8) the equatorial velocity V,,, of the
primary component, evaluated from equation (23) on the basis of its absolute
dimensions obtained by combining the elements of the single-spectrum orbit with
the mass-ratios of column (5), and column (9) lists the values ¥V, of the equatorial
velocity deduced from the observed rotational effect with the aid of equation (22).
The last column contains the references to the spectroscopic data.

A glance at columns (8) and (9) of the foregoing table reveals that agreement
between the observed equatorial velocities and those computed on the assumption
of contact nature of the secondary components is, on the whole, satisfactory for all
systems available for comparison — with probable exception of X Tri which 1is,
however, known to be anomalous in several respects. For all other systems the
discrepances between theory and observation are likely to be within the limits of
observational errors. Since the latter are relatively large, the outcome cannot be
regarded as very conclusive test of our hypothesis. On the other hand, an
assumption that the secondary components of the eight eclipsing systems listed in
Table VII have attained their Roche limits is indeed found to be consistent with the
observed rotational effects for stars rotating with Keplerian angular velocities ;
and this 1s perhaps all that we could have expected.

In conclusion of the present section dealing with the determination of mass-
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ratios of semi-detached binary systems, we should comment briefly on the
“ problem of R CMa-type stars ”’, to which attention in the past has been called,
in particular, by Struve [19, 20]. Asis well known, this problem concerns a small
group of single-spectrum eclipsing systems whose mass-functions are so minute
that a great disparity between masses of the two components is required to render
the latter of the right order of magnitude. Whatever may have been the uncer-
tainty arising in the past in this connection, there appears now but little room for
doubt that stars like R CMa and XZ Sgr (or, to-a lesser extent, T I.Mi or S Vel)
represent extreme cases of semi-detached systems whose subgiant components have
filled their Roche limits.

Consider, for example, the case of R CMa whose elements are relatively well
known. According to the photometric solution [28], the fractional radii of the two
components are 0.26 4- 0.01 and 0.25 + 0.01 respectively ; and a secondary of
the latter fractional size will be at its limit of stability for the mass-ratio
my/ms; = 4.6. Inserting this in Struve and Swmira’s mass-function of
0.0037 © [29], we obtain m; = 0.56 © and m, = 0.12 © for the masses of the
components. Now, according to StRUVE and Swmita (op. cit.), a, sin i =
491 000 km, leading (with Ducax’s value of ¢ = 77°) to a, + a, = 4.03 O.
Therefore, the corresponding absolute radii of the two components should be
R, =1.050 and R, = 1.01 ©, respectively. The observed spectrum of the
primary component of R CMa is FO, and the secondary’s spectrum computed from
its observed surface brightness should be dK1. If we adopt, in accordance with
the current temperature scale, log 7, = 3.88 and log T, = 3.69, the absolute
bolometric magnitudes of both components follows as M, = -+ 3m5 and
M, = 4 5m4 respectively. According to these characteristics, both components
of R CMa would lie closely on the Main Sequence, but deviate conspicuously
(especially the secondary !) from the mass-radius relation (13), and even more so
from the mass-luminosity relation ; though not again from the radius-spectrum
relation obeyed statistically by Main Sequence stars.

It is of interest to note that the foregoing conclusions are consistent with the
absolute magnitude of the system as deduced from its known trigonometric parallax
According to SCHLESINGER’S General Catalogue of Stellar Parallaxes (Edition of
1935), the parallax of R CMa (No. 2317) is 07039 & 07008 which, combined with
the apparent photoelectric magnitude of 4 6.2, leads to an absolute magnitude
of + 4.1 £ 0.5 for the system. The bolometric correction for the FO primary
component (which dominates the light of the system between minima) is effectively

‘zero, and the photoelectric (A 4 500) colour index is + 0.3. Hence, the combined

absolute bolometric magnitude of the system of R CMa should be 4+ 3.8 + 0.5,
in satisfactory agreement with the value of 4+ 3.4 computed above.
The system of XZ Sgr appears to exhibit an even more extreme case of mass-
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ratio, though the observational data are as yet less well-founded : 1ts only
existing light curve has been published by Suaprey [30] twenty-four years ago,
and in the hands of Sergei GaroscukiIN [31] yielded r, = 0.20 for the fractional
radius of the secondary component. This latter value is probably quite uncertain,
as secondary minimum has not been observed (1) ; but if it is taken on its face
value, instability should set in, according to Table VI, for a mass-ratio m, /m, = 10.
That a value as large may indeed be required is indicated by the smallness of the
mass-function of this eclipsing system which 1s, according to SauapE [32], between
0.0005 © and 0.004 ©. The actual value of this function being as yet quite
uncertain, it is premature to compute specific masses and absolute dimensions of
this eclipsing system ; but they are likely to deviate from the mass-luminosity or
mass-radius relations in the same sense, but even more, than the components
of R CMa.

The significant feature which emerges from our discussion is the fact that the
smallness of the mass-functions of R CMa, YZ Sgr, and similar systems (T LMi,
S Vel) by itself demands mass-ratios which are sufficiently small to bring the
secondary components to (or near) their limit of stability ; and our belief that this
limit has actually been attained is based on abnormal smallness of the masses of the
respective stars, suggestive of long secular loss of mass in the past. The mass-ratios
deduced from the fractional dimensions of the secondaries, combined with the
respective mass-functiosns, lead — it is true — to absolute properties which render
both components quite abnormal with respect to mass and luminosity. This,
however, is probably the consequence of old age ; for the secular expansion must
have been operating a very long time to render a disparity in masses of the two
components as large as indicated by aratioof 5 : 1 (R CMa)or even 10 : 1 (YZ Sgr).
Both components of such systems as R CMa, YZ Sgr (or, to a lesser extent, T LMi
or S Vel) are, therefore, probably very old stars ; and their present characteristics
may be indicative of the direction of evolutionary trends of Main Sequence stars
of really great age. It may be added, in this connection, that a relatively high
space velocity of R CMa — namely, 67 km/sec — makes it just possible that this
system represents an ageing Population II object which made its way into our
spiral arm from the inner parts of our Galaxy. The space velocities of other objects
of this group (as far as known) do not, however, appear to be unduly large.

VII. CONTACT BINARY SYSTEMS.

In the preceding sections of this paper we have described, in turn, two distinct
groups of close binary systems, differing in the fractional sizes of their components

(*) The light curve of XZ Sgr would well repay accurate photoelectric re-observation (ampli-
tude 9m2-11m5 ; period P = 3.276 days).
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expressed in terms of those of their limiting Roche surfaces : the detached systems,
both components of which are smaller than their Roche limits ; and semi-detached
systems, whose less massive (subgiant) components fill exactly their respective
Roche limits — and are apparently in the process of secular expansion — while
their primaries are well detached from the Roche limits and apparently stable.
In order to complete our survey, it remains to cor sider a third distinet group of close
binaries whose both components appear to occupy their Roche limits and which are,
therefore, in contact at the inner Lagrangian point L,. Such systems will hereafter
be denoted as contact binaries, and seem to consist of two physically rather different
groups of stars : one consisting of Main Sequence dwarf pairs, of periods generally
less than one day, whose prototype is the system of W UMa ; and the other consis-
ting of early-type O and B-stars of high luminosity and abnormal masses, of
which B Lyr can be considered an example. Stars of W UMa group represent,
probably, the most common type of close binaries per unit volume of space in the
neighbourhood of our Sun [33], while stars of the § Liyr type are probably abnormal
and excessively rare.

In view of these facts, it is proper to discuss stars of the former group first.
The material at our disposal is, however, relatively meagre : for all stars of this type
are relatively faint, so that it was not until during the recent decade that both
photometric and spectroscopic (two-spectra) orbits have been obtained for a
sufficient number of W UMa-type systems to make their study as a group worth
while. The observational data which will serve as a basis for the present investi-
gation are summarized in the following Table VIII, whose individual cclumns
indicate, successively ; (1) the star ; (2) and (3) the fractional radii (diametral seni-
axis) of the primary and secondary components ; (4) the corresponding ratios of
the radii r,/r, ; (5) the ratios of surface brightnesses J;/J, ; (6) and (7) their corres-
ponding Roche constants C; and C, ; (8) and (9) the ratios C,/C; and C,/C, respec-
tively (the values of C, being taken from column (5) of Table II) ; and (10) the
potentials W of a particle of unit mass placed on the Roche limit of the respective
system (in solar units).

In trying to assess the accuracy of the respective data it i1s well to keep in
mind the fact that the photometric elements of all systems of this group are still
quite uncertain : we possess as yet no reliable methods for a proper analysis of the
complex photometric evidence exhibited by W UMa-type systems. In their absence,
the '* elements ” as deduced by an extrapolation of conventional analysis to
highly distorded systems must be regarded as very preliminary, and for individual
systems may be considerably in error. The dispersion of the individual values
of C,/C; as listed in columns (6) and (7) of Table VIII — some large, some smaller
than unity — is probably due to this cause. Their averages — physically more
meaningful quantities — are, however, found to be

— 425 —

C.N.R.S. * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1955AnAp...18..379K

IBI JI7RR!

Do LR

A

o

[1o55A

48 ZDENEK KOPAL ) [ANNALES D' ASTROPHYSIQUE

(24) ;

~

IO, = 0.9710.02  (p.e.)
Co/Cy = 0.992 1 0.014 (p. e)

—
i -

1.e., do not deviate significantly from unity — which encourages us to conclude that,
as a class, stars of the W UMa-type do constitute contact binary systems.

TABLE VIII

CONTACT BINARY SYSTEMS

STAR Ty 7y 717 Ji I, Cy C, C,/C; C,/Cy W
AB And 0.31 0.31 1.0 0.9 5.0 4.1 0.96 1.20 1.9
S Ant 0.38-+-0.02 0.17-+-0.02 2.2 £+ 0.3 0.58 4.02 3.97 0.98 1.00 0.70
1 Boo 0.36 0.34 1.1 0.71 4.6 3.8 0.86 1.04 1.55
TX Cnc 0.26 0.28 0.9 <1 5.7 4.3 0.7 0.9 1.6
VW Cep 0.49 4 0.02 06.29+ 0.01 1.7 J-0.1 0.48 3.8 3.78 1.00 1.02 1.39
RZ Com 0.34 0.34 1.0 <1l 4.8 3.8 0.8 1.07 1.7
GO Cyg  0.39 0.36 1.1 — 40 40 1.0 1.0 1.0
YY Eri 0.38 4+ 0.03 0.35+-0.03 1.1 0.1 1.0 4.3 3.8 0.91 1.04 1.35
SW Lac 0.36 0.33 1.1 0.73 4.2 4.2 0.95 0.95 1.61
V 502 Oph  0.51 0.35 1.46 0.71 3.7 3.6 1.07  1.08 1.22
ER Ori 0.30 +0.03 0.304+-0.03 1.0 4-0.1 1.1 5.1 4.2 0.8 0.95 0.71
U Peg 0.40 0.40 1.0 0.9 3.96 3.7 1.01 1.07 1.54
RZ Tau 0.42 + 0.03 0.40 + 0.03 1.05-+ 0.1 1.1 4.04 3.6 0.98 1.1 3.0
W UMa 0.42 0.24 1.75 0.9 4.04 4.6 0.98 0.87 1.52
AH Vir 0.44 0.26 1.7 0.67 4.0 4.2 0.97 0.93 1.33
V599 Aql  0.46 + 0.03 0.26 4 0.02 1.8 4 0.2 1.6 3.8 4.4 1.0 0.9 2.22
KO Aur 0.32 - 0.01 0.40 4+ 0.02 0.83 -+ 0.05 2.2 4.4 3.8 0.9 1.0 2.66
AO Cas 0.37 + 0.02 0.26 4 0.03 1.4 0.2 1.0 4.0 5.0 1.0 0.8 3.06
V450 Cyg 0.39 4+ 0.02 0.33-4+-0.02 1.2 4 0.1 1.8 4.0 4.2 1.0 0.94 2.55

This important property (which has long been conjectured, but for which the
present discussion has adduced the strongest photometric evidence available so far)
implies that the primary (more massive) component is the larger of the two, but as a
rule of ater spectral type and of lesser surface brightness. The primary (deeper)
minima in eclipsing systems of this type are, therefore, likely to be occultations.

In the preceding section we have pointed out that the presence of a contact
component in semi-detached binary systems opens a way for determination of the
mass-ratio of the system from fractional dimensions of the contact body.
In W UMa-type systems this should be doubly true : namely, their mass-ratios
should specify uniquely the fractional dimensions of both components, as well as
their forms in all details. A recent analysis of the geometry of Roche model by the
present writer [13] revealed, moreover, that the fractional dimensions of contact
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components are likely to be such that the sum of the fractional radit (or, more
exactly, of diametral semi-axes) of both stars is very nearly constant for a wide range
of mass-ratios encountered in practical cases ; it is the ratio r,/r, of such radii,
rather than their sum, which is a sensitive indicator of the mass ratio. The extent
to which this is true is revealed by the following tabulation, based on the geometry
of the Roche model and taken from the writer’s recent paper [13] :

TABLE;IX

mafmy T+ 7y Tolry
1 0.7484 1.000
0.9 0.7486  0.950
0.8 0.7489 0.896
0.7 0.7496 0.839
0.6 0.7510 0.778
0.5 0.7529 0.711
0.4 0.7565 0.638
0.3 0.7622 0.555

0.2 0.7722  0.457 ’
0.1 0.7935 0.331
0 1.0000  0.000

The bearing of these facts on the analysis of light curves of contact binary
systems is obvious. Once we satisfy ourselves that both components have attained
the sizes of their Roche limits, the sum r; - r, of their fractional radii can be
taken as constant and equal to 0.75 to begin with, and the strategy of light curve
analysis should concentrate on the determination of the ratio of the radii r,/r;, = k
and of orbital inclination ¢. The value of k can then be utilized to specify (within
the limits of observational errors) the mass-ratio of the respective contact binary.
The details of analytical processes which can be invoked to this end would exceed
the scope of this paper and will be given elsewhere ; but one general observation
cannot be over-emphasized : namely, that a determination of the geometrical element
of contact binary systems is inseparably connected with a determination of their mass-
ratios ; and, in particular, the fractional dimensions of both components are
specified in all details by the geometry of the Roche model as soon as this mass-
ratio is known. A knowledge of the mass-ratio inferred from the ratio of the radii &
opens, in turn, a new way for a determination of masses and absolute dimensions of
single-spectrum contact binaries, and thusis bound to augment considerably in the
future the information already obtained from the study of two-spectra systems.

With regard to the physical properties of the components of two-spectra
systems of W UMa-type collected in Table. VIII, both primary and secondary
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components cluster (though not very closely) around the Main Sequence (see Fig. 5),

and their spectral types exhibit a marked concentration between late A’s and
-10r

-4

1 i 1 |
8 A F G

x =

Fig. 5. — Hertzsprung-Russell Diagram of Contact Binary Systems.

early K’s. They show, however, no vestige of any statistical relation between mass
and luminosity. In this respect they differ, therefore, from the behaviour of
the individual components of eclipsing systems of our Class I ; but deeper signi-
ficance of this fact remains yet to be discovered.
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Is the contact nature of the systems of W UMa-type likely to be due (as for the
subgiants) to a secular expansion of their both components ? The general
inequality of their masses (although not quite as pronounced as for semi-detached
systems) is indeed suggestive of a secular mass transfer from the secondary to the
primary component. On the other hand, the components of contact systems do
not appear to deviate systematically from the Main Sequence (cf. Fig. 5) and are,
in general, not too luminous for their spectra ; though they are — like the subgiants
— systematically too luminous for their masses. Thus whereas the possibi-
lity that the components of contact binaries have filled their Roche limits by
gradual expansion cannot as yet be dismissed, the alternative possibility that such
binaries originated in their present form in relatively recent past, and thus represent
a group of very young stars, should likewise be kept in mind.

In conclusion, the existence of contact binaries among early-type eclipsing
systems will only briefly be mentioned in this place — not because such binaries
would lack points of interest (some of the most intriguing known binaries, such
as B Lyrae, are found among them), but rather because they are excessively rare
and, therefore, of rather subordinate interest for a primarily statistical investi-
gation. Apart from B Lyrae, which represents a problem for itself [34, 35, 36],
V 599 Aql, EO Aur, AO Cas or V 470 Cyg possibly belong to this group (*) which
— if any — deserves the name of variables of the g Lyrae-type (though 8 Lyrae
itself, as a supergiant system, deviates significantly to the right of the Main
Sequence). A closerdiscussion of their physical characteristics represents, however
a separate problem and must be postponed for a future investigation.

Manuscrit regu le 14 novembre 1955.
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