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ABSTRACT 
Polarization of starlight may arise from absorption and scattering by elongated dust grains that are 

at least partially aligned by a magnetic field. We assume that the grains contain mostly compounds of 
hydrogen with about 12 per cent iron by weight, presumably also in compounds. The theory of Gans is 
used to compute the scattering and absorption by a spheroidal grain small compared to the wave length, 
the component of the light with its electric vector parallel to the grain’s long axis being preferentially 
weakened. The polarization and extinction of light are then computed for a cloud of small pat tides (mean 
radius 10-5-3 X 10-6 cm) having any specified distribution of orientations. 

Our mechanism for orienting the rapidly spinning grains (angular velocities of the order of 10ö-106 

rad/sec) is the small nonconservative torque due to paramagnetic relaxation in material containing a few 
per cent of iron. The magnitude of the paramagnetic absorption is estimated from theory and experi- 
ment. This torque tends to make the short axis of the grain the axis of rotation, which is still very rapid, 
and to set this short axis along the magnetic field (orientation rate of the order of 10-:l2-10“13 rad/sec). 
Thus the maximum extinction coefficient is for light with its electric vector perpendicular to the field. 
An approximate statistical theory based on a relaxation time (of the order of 1013 sec) for the orientation 
of the grains gives the distribution of orientations to be expected when this tendency toward orientation 
is balanced by the tendency toward random alignment caused by the bombardment of the grains by the 
interstellar gas. Small prolate grains of eccentricity such that the ratio of diameters lies in the range 
1.2-1.7 will be sufficiently aligned to produce the observed ratio of polarization to color excess, p/Ei ^ 
0.18, in a magnetic field of lO'MO-5 gauss. 

The theory predicts that for uniform magnetic fields and interstellar matter of constant temperature 
and composition the polarization should be proportional to the color excess. The direction of the observed 
polarization vectors indicates that over regions of several hundred parsecs in the Milky Way the magnetic 
field is mainly parallel to the plane of the galaxy, perhaps nearly uniform along a spiral arm or perhaps 
making random whirls mainly in the plane of the galaxy. Since the interstellar grains are larger than those 
to which the Gans theory applies and since the predicted wave-length dependence of the extinction is in- 
correct, it is not surprising that the theory gives an incorrect wave-length dependence of the polarization. 
Qualitative considerations indicate that the predicted ratio p/E\\$ not too far from the correct order of 
magnitude and that present observations of the wave-length dependence do not necessarily contradict 
the rest of our theory, which can be extended when extinction coefficients are known for large grains. 

Observational data are summarized in § 1, and the nature of the grains is treated in § 4; our theory 
is given in outline in § 3, and the mathematical details are worked out in §§ 5-7. In § 8 we show that 
torques due to eddy currents or to static charges on the grain are unimportant. 

1. SUMMARY OF OBSERVATIONAL INFORMATION 

The polarization of starlight transmitted through interstellar dust and gas was re- 
cently discovered by W. A. Hiltner1, % 3 and John S. Hall.4,6’6 Their data yield three 
striking characteristics of the polarization.7 

1 Science, 109, 165, 1949. 
2^. /., 109, 471, 1949. 
*Phys. Rev., 78, 170, 1950. 
4 Science, 109, 166, 1949. 
5 Hall and Mikesell, A.J., 54, 187, 1949. 
6 Hall and Mikesell, Pub. U.S. Naval Obs., Vol. 17, Part I, 1950. 
7 We are greatly indebted to both Hall and Hiltner for permission to use their results before publica- 

tion. 
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POLARIZATION OF STARLIGHT 207 

(i) They have shown that a correlation exists between the available measurements of 
the polarization p and the photoelectric measurements by Stebbins, Huffer, and Whit- 
ford8 of the interstellar reddening Ei. Large polarization is very rare among stars of small 
reddening, and a rough upper limit seems to exist for the polarization associated with a 
given reddening. Stars of large reddening show a range of polarization from nearly zero 
to this limit. Thus it seems probable that interstellar absorption is a necessary, but not a 
sufficient, condition for the appearance of polarization. This conclusion is well docu- 
mented by Hall and MikeselPs detailed review6 of the correlations of the polarization 
with other quantities. We shall express this in numerical form, following Hall in using 
the conventional definition of the polarization, p. As discussed in § 5.3 below, p is 0.46 
times the perhaps more convenient definition used by Hiltner. In a plot of ^ as a function 
of Ei, the correlation diagram can be bounded by a straight line that gives the normal 
maximum value of p for a given Ei. This shows that, approximately, 

p ^ 0. ISEi , (i) 

where the natural uncertainties at low values are augmented by the uncertain location of 
the zero point of the Ei scale. The mean value of p/E\ is considerably lower, near 0.09. 
We do not consider in these estimates the apparently nearly unreddened stars listed by 
Hall and Mikesell6 in their Table IV. Since Ei and the interstellar absorption are very 
highly correlated, we can introduce the known ratio of the color excess to the absorption 
at the photographic effective wave length and obtain 

p ^ 0.020^4^ . (2) 

Under the most favorable conditions, which occur in the galactic plane, this is equivalent 
to a statement that the extinction coefficient of the dust varies over a range of about 5 
per cent with the plane of vibration. 

(ii) In general, the vectors representing the polarization of different stars show ap- 
proximate parallelism for small galactic latitude over a considerable range of galactic 
longitude. There is, however, only a correlation of directions, not completely uniform 
alignment. In our discussion we shall describe the polarization in terms of the plane of 
vibration, the plane in which the electric vector of the radiation has its maximum; we do 
not use the older “plane of polarization,^ which lies at right angles to this and which is 
used by Hall and Mikesell. In the region of the galactic center and in Cygnus there is 
considerable disorder, but in the Perseus region the planes lie within ± 6° of parallelism 
over an area 8° square. According to Hall and Mikesell, the plane of vibration lies ap- 
proximately in the galactic plane from galactic longitude 80° to 120° and perhaps up to 
m0. 

(iii) Hiltner3 has shown that the polarization varies more slowly with wave length 
than does the interstellar absorption. 

We may now briefly discuss the implications of these observations. 
(i) The correlation of polarization and color excess indicates that a cloud of interstellar 

particles can produce a polarization which, under favorable conditions, reaches the upper 
limit given by equation (2). The fact that the polarization is often less than the maximum 
can be explained if the mechanism producing the polarization either (1) varies from 
region to region in strength or effectiveness in producing observable results or (2) has a 
random orientation from one complex of dust to another, so that the observed net polari- 
zation arises from random composition of the polarization vectors. The first possibility 
is exemplified if the polarization is due to the alignment of dust grains, and the aligning 
mechanism is more effective in certain regions than in others. As an example of the second 
possibility, note that, if there are n regions, the average polarization will be w1/2 times 

8 Mt. W. Contr., No. 621; Ap. 91, 20, 1940. 
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that produced by one region, while the reddening is n times. Then p/Ei will be n~x/2 times 
the ratio in a single cloud. 

(ii) The rough parallelism of the planes of vibration suggests that the polarization does 
not arise in individual stars, circumstellar clouds, or any other small regions of space, 
since there seems to be no reason why such objects should have parallel axes. In fact, 
since strong interstellar absorption over the region of approximate parallelism sets in at a 
distance of 300-500 psc, we conclude that a region with an extension of at least 200 psc 
across the line of sight produces an essentially constant direction of polarization. In the 
direction of Sagittarius and Cygnus, where the direction of polarization is more erratic 
and the ratio p/E\ somewhat smaller, one might accept the random composition of the 
effects of small clouds discussed above. 

(iii) The color-dependence data imply either that the constituent of interstellar space 
responsible for polarization is not the one responsible for the main absorption or that, 
although one constituent does both, the difference in the extinction coefficients of beams 
of light having different planes of polarization shows less dependence on the wave length 
than does the sum pf the extinction coefficients. Even the former alternative does not 
imply that dust could not be responsible for the polarization; it could imply that the dust 
has a wide range of sizes, with different size ranges being dominant in each of the two 
phenomena. 

2. POSSIBLE SOURCES OF POLARIZATION 

The polarization must be due to some anisotropy in space. No obvious mechanisms 
exist that would polarize light by direct interaction with anisotropic gravitational or 
electromagnetic fields or with matter moving anisotropically. The simplest mechanism is 
an absorption that depends on the plane of vibration of the light, thus implying some 
type of alignment in the absorbers. Certain fields with which the absorbers might be 
aligned cannot be essentially uniform over large enough regions, as in the case of electric 
fields which are suppressed by the high conductivity of interstellar space. Most other 
fields produce no alignment of any kind, as in the case of gravitational fields or fields of 
light-flux. The one exception is a magnetic field, since it is made essentially permanent 
by the high conductivity and since it exerts an aligning torque on any body with a mag- 
netic moment. 

Let us consider sources of absorption which under special conditions might produce 
polarization. The Thomson scattering by electrons cannot be a source of polarization be- 
cause of the large mass of ionized material required to produce appreciable absorption. 
It also does not seem probable that electron spins can be aligned in a magnetic field B 
unless Bp ^ kT, where ^> = 9 X 10-21 erg/gauss is the magnetic moment of an electron. 
Fields of B ~ 104r gauss would be required. Also there seems to be no way for aligned 
electrons to produce polarization by Thomson scattering. 

Atomic continua are negligible except shortward of the Lyman limit. The absorption 
by H~ from its ground state has not as yet been considered in interstellar space. We may 
estimate the number of E~ ions per cubic centimeter from 

4.16X 10_1V/2M0° 
nHne 

■75», TfY72 kIj: 
\tJ w ’ 

(3) 

where Tc and Te are the color and electron temperatures and W is the dilution. In a cool 
H i region ne = 10-3 nH) and then nn- = 1.6 X 10-10 fin) the absorption is 1.5 X 10-5 Uh 
per kiloparsec. This is negligible unless nn > 102, i.e., unless the average space density 
along the line of sight is about one hundred times the Oort limit. In a dense dark nebula 
of large extent, H~ may have to be considered as a source of absorption; unlike dust, its 
absorption decreases shortward. However, we cannot suggest any mechanism by which 
H~ can produce differential extinction in a magnetic field. 

Dust is believed to be the most important absorbing constituent in space. Polarization 
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POLARIZATION OF STARLIGHT 209 

is observed to be partially correlated with color excess, which is almost surely due to 
absorption by dust. Contrary to the cases mentioned above, there exists an obvious 
mechanism that could produce a polarization of light by aligned dust grains and several 
mechanisms that might align the grains. 

3. THE BASIS OF POLARIZATION BY PARAMAGNETIC 
RELAXATION: SUMMARY OF RESULTS 

In this section we treat the physical basis for the alignment of dust grains by a mag- 
netic field and the resulting polarization of starlight, emphasizing the assumptions and 
approximations made and summarizing the conclusions that can be drawn. The extensive 
mathematical derivations are postponed until later sections. 

3.1, The equipartition of angular velocity.—The essential problem that any theory must 
meet is the necessity of aligning elongated dust grains in spite of the tendency toward 
rapid spin caused by collisions with the hydrogen atoms or ions in space. In the absence 
of any aligning torque, the orientation of the grains would be completely random, and, 
by the equipartition theorem, their mean kinetic energy of rotation, Re, would be equal 
to the mean kinetic energy of the atoms of the interstellar gas. Thus, if T denotes the 
kinetic temperature of the gas and a the average radius of a grain whose internal density 
is pg, the mean rotational energy is 

Re = *kT =2.01 X 10-lfir ergs. (4) 

Since its average moment of inertia is / ^ (-|) a5 pg, the grain would have a root-mean- 
square angular velocity, the equipartition angular velocity, of 

CO, = (fj^y/2 =1.57X10-8 (-J^-)1/2 rad/sec 

= 5.0 X 105 rad/ sec ítí H i regions (5) 

= 6.0 X 106 rad/sec in Hn regions . 

The numerical values are for illustration only. For this purpose we shall use the values 
a = 10-5 cm, T = 102 in 271 regions and 104 in E n regions. We shall take nHj the number 
of atoms per cubic centimeter, as 10 in 271 regions and 1 in 27 n regions. The internal 
temperature of the grains will be taken to be Tg = 10° K. 

Briefly, these figures were selected for the following reasons. The grain is heated by 
stellar radiation of energy density sufficient to maintain a black body at about 3° K. 
The low infrared emissivity of most substances results in the particle’s heating until it 
can radiate as much as a black body at 3° K ; an estimate of 10o-25° K seems reason- 
able. The kinetic temperature of the gas, F, will lie in the range 5,000°-10,000° in regions 
where hydrogen is ionized (27 n regions), as it does in emission nebulae. In neutral hydro- 
gen regions (271) the temperature can be much lower; Spitzer and Savedoff9 have com- 
puted the energy balance in these regions. It seems probable that T < 200° K; T ~ 
100° K seems to be a reasonable value to adopt at present. The density in 271 regions 
may be taken as nn = 10 from studies of interstellar lines.10 The grain size is discussed 
in § 4. 

3.2. The alignment of spinning bodies.—It is possible to align a spinning body by ap- 
plied torques in several distinct ways. First, one can apply a torque that tends to produce 

* Ap.J., Ill, 593, 1950. 
10 B. Strömgren, Ap. I., 108, 242, 1948. 
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the desired alignment directly, as in a compass needle; this is the mechanism of Spitzer 
and Tukey11,12 and of Spitzer and Schatzman.13 However, unless the torque is relatively 
large, it will be almost completely counterbalanced by the gyroscopic torque, leaving a 
precession as the only appreciable effect. More precisely, the work done by the applied 
torque when the body is rotated through a radian in the most favorable direction must be 
of the order of magnitude of the mean kinetic energy of rotation if alignment is to be pro- 
duced in this way. When the applied torqufc is derivable from a potential, it follows that 
this potential energy must be of the order of kT. Thus, in order to get large enough 
torques, Spitzer and Tukey suppose the grains to be ferromagnetic and at fairly low 
kinetic temperatures; if the particles have a radius of 3 X 10-5 cm and if the kinetic 
temperature of the gas is 10° K, a field of at least 10~4 gauss is necessary. Evaporation of 
the volatile constituents of some grains is suggested as the source of pure ferromagnetic 
particles, and the very low kinetic temperature required may be attained in favorable 
regions of dense E i clouds. This hypothesis would naturally receive strong support if the 
observations should establish that polarization occurs only in neutral hydrogen regions 
of very low temperature. We adopt the hypothesis that, in general, the grains exist and 
polarization occurs in both H i and E n regions and that, even in i regions, the grains 
are somewhat dielectric rather than pure metallic in character, having high albedo. 
Absorption of light in E n regions, providing color excess without polarization, would 
dilute the polarization greatly on the Spitzer and Tukey theory. 

In an attempt to work with the small aligning torques characteristic of less specialized 
paramagnetic and diamagnetic substances and to deal with temperatures that might run 
as high as 10,000° K—a value appropriate for diffuse emission nebulae or E n regions— 
Davis and Greenstein14 originally proposed that the kinetic energy of rotation could be 
very much less than the mean energy of the hydrogen atoms if, during the long intervals 
between collisions, the grains were braked almost to zero angular velocity by small 
torques produced by hysteresis or similar effects. It can be objected, however, that no 
magnetic hysteresis, in the strict meaning of the term, can occur, since either the ferro- 
magnetic domains will be too small and isolated or the iron atoms will be so diluted by 
other atoms that there will be no ferromagnetism present. Although there might well be 
some braking action due to the magnetic analogue of dielectric loss, it would not leave 
the particles motionless but, rather, spinning rapidly about the magnetic lines of force. 
Such considerations lead to a second basic method14 of aligning rigid bodies, a method in 
which small nonconservative torques are used to damp out nutations and to cause a 
noncircular precession that will carry the dynamic axis to the desired position. A familiar 
example is provided by a rapidly spinning top. By far the largest torque is produced by 
gravity, but this produces only a circular precession, not an alignment in which the top 
hangs down vertically from its pivot. The very small frictional torques at the pivot damp 
out the wobbles or nutations and then cause the axis to rise slowly against gravity until 
the axis is vertical and the top “sleeps.” We shall find that, if there is a galactic magnetic 
field, very small torques should act on the dust grains in such a way that a significant, or 
indeed an almost complete, alignment might be expected, even though the kinetic 
energy of rotation is but little affected. 

3.3. The torque due to paramagnetic absorption.—A consideration of the various torques 
that might act on a grain of dust rotating in a magnetic field whose strength is of the 
order of 10~6 gauss leads one to conclude (cf. § 8) that the torques due to eddy currents 
and the Rowland effect are probably completely negligible, the important torque being 
due to paramagnetic absorption. Paramagnetic absorption is the magnetic analogue of 
dielectric loss and may be thought of as due to internal friction that hinders the align- 
ment of the atomic dipoles by an applied field. Thus, when a grain rotates with the vector 

11 Science, 109, 461, 1949. 13 ^4./., 54, 195, 1949. 
™Ap. /., 114, 187, 1951. ^Phys. Rev., 75, 1605, 1949; 78, 84, 1950; AJ., 55, 71, 1950. 
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POLARIZATION OF STARLIGHT 211 

angular velocity o),'the magnetization, M, is dragged along with the material and, as 
shown in Figure 1, is not parallel to the field,15 B. 

The analysis of § 6.1 shows that the magnetization is, except for a term that can be 
ignored, 

M=x"co-1(û>XjB), (6) 

where x is the imaginary part of the complex susceptibility and measures the angle 
through which M is dragged away from B, If V is the volume of the grain, its magnetic 
moment is FM, and the torque on this dipole in a magnetic field is 

L = VMXB = Vx"u~l (<» X£) XB <?) 

in Gaussian units. Although these expressions are derived only for grains that rotate 
about an axis fixed in the grain, we assume that they hold approximately in the actual 

z 

Fig. 1.—a, schematic representation of the magnetization, M, and torque, L, produced by rotation 
with angular velocity to in a magnetic field, B. (Note that each dotted line locating a vector is parallel to 
one of the co-ordinates axes.) b, the nutational motion of the grain and the average torque. 

nutational motion. We suppose (cf. § 4) that the dust grains consist mainly of crystals of 
such substances as ice, methane, and ammonia with various heavier atoms present as 
diffuse impurities. In particular, about one atom in one hundred should be iron or a 
similar atom having a large magnetic moment. Hence the grain will be paramagnetic. 
Both theory and experiment indicate tentatively (cf. § 6.2) that x" should be of the 
order of 

x" = 2.5 X 10-12 ~, (8) 
* a 

where Tg, the internal temperature of the grain, may be expected to be about 10° K. 
3.4. The motion produced by paramagnetic absorption.—As a preliminary to determin- 

ing the effect of this torque on the general nutational motion of the grain, we must first 
describe the motion of an axially symmetric grain16 when no torque acts. We shall treat 

16 We describe the magnetic field in terms of 5, the magnetic flux density, measured in gauss rather 
than in terms of if, the magnetic field intensity, measured in oersteds. This follows the current strong 
trend in physics and is based on the undesirability of taking as primary a quantity defined in terms of 
nonexistent magnetic poles. In this connection it should be noted {Nature, 135, 419, 1935) that at Lon- 
don in 1934 the International Union of Pure and Applied Physics adopted the oersted as the unit of H. 
Since we do not use H for the magnetic field, we are free to use it for the angular momentum in accordance 
with a fairly prevalent custom in classical mechanics. 

16L. Page, Introduction to Theoretical Physics (2d ed.; New York: D. Van Nostrand Co., 1933), pp. 
133-137. 
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the grains of dust as spheroids, in order to simplify the mathematical complexities of 
working with grains of arbitrary shapes. This should not affect our understanding of the 
phenomena or the order of magnitude of our numerical estimates. Here Hy the angular 
momentum vector, is constant, remaining fixed in space, and, as indicated in Figure 1, 
the axis of symmetry Cb4 moves on a circular axis about H, the grain spinning about OA. 
The angular velocity vector, cd, is obtained as the sum of the rotations about H and Cb4. 
Therefore, « moves both in space and through the grain, always lying in the plane of H 
and OA. We denote this type of motion as “nutational motion,77 and by “one nutation77 

we mean one rotation of OA about H as determined by a nonrotating observer. We use 
the term “precession77 to denote a very slow motion of H due to small external torques. 
The orientation is given by the angles ß and 6, where ß is the angle between B and H and 
6 is the angle between # and the axis of symmetry. When there is no torque, these angles 
remain constant. 

We can now consider the cumulative effects of a very small torque that produces only 
an infinitesimal modification of the motion during a single nutation. Thus, letting R be 
the kinetic energy of rotation, we can take the usual equations of motion, 

AjL = L= Fx"«-1 (« XB) XB , W 

^ - Fx"«-1 (» X5)2, do) 

where the second form in each case follows from equation (7), and average over a nuta- 
tion, using the unperturbed value for co. When we average the torque as given by equa- 
tion (7), (i>av is parallel to H and hence £av lies in the plane of H and B and is normal to B. 
Therefore, we see by equation (9) that H tends to approach R, its tip moving along the 
dotted line of Figure 1, £, so that the component of parallel to B remains constant and 
the component normal to B vanishes. Thus ß decreases. To see that, for prolate spheroi- 
dal grains, 6 increases, we note that the right-hand side of equation (10) is negative; 
hence R decreases, except when co is parallel to B. Therefore, if such a torque acted long 
enough, it would make parallel to B and would make R as small as possible, subject to 
the condition that the component of H along B remain fixed. To achieve this requires 
that the grain rotate about its shortest axis or, more precisely, the shortest principal axis 
of the ellipsoid of inertia. (This may be seen from the Poinsot construction, since there 
[2R]i/2/H is the distance from the center of the inertia ellipsoid to the invariable plane. 
See also § 7.1.) Thus the state toward which the torque urges the grains is one in which 
they spin about B with their long axes normal to R, with co parallel to H and B so that 
there is no further decrease in R. The angle ß would be zero and 6 would be tt/2 for 
prolate grains. If we start with the randomly oriented equipar tit ion distribution, then 
the exact calculations of §§ 6 and 7 show that for reasonably eccentric grains the average 
rate at which the angles approach these end values is of the order of O-lx^F)2/00^2, which 
is about 10-13 rad/sec if ¿ = 10-5 gauss and a = 10-5 cm. 

3.5. The distribution parameter F.—This tendency toward orientation due to para- 
magnetic relaxation is countered by the tendency toward the randomly oriented equi- 
partition distribution due to the collisions of the atoms with the dust grains. The amount 
by which any particular distribution varies from the equipartition distribution can be 
measured by a quantity F whose proper definition is given in § 5.2 but which here we 
visualize in simplified terms. We picture the randomly oriented equipartition distribu- 
tion as one in which one-third of the grains have their axes of symmetry in each of three, 
mutually perpendicular directions, the directions chosen being the direction OZ of the 
magnetic field R, a line OF normal to B in the plane containing B and the light-beam, 
and a line OX normal to this plane (cf. Fig. 4). In a nonisotropicdistribution we picture 
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POLARIZATION OF STARLIGHT 213 

the fraction F of the grains as having been rotated from OZ to OX and OF; thus \ — F 
of the grains have their axes of symmetry parallel to B and | + have theirs in 
each of the perpendicular directions. For example, if the torque due to paramagnetic 
relaxation has oriented all grains with their axis of symmetry normal to 2?, then 2^ is 
Both the true definition of F and the simple picture lead to the same expression for the 
polarization in the case of grains that are small compared to the wave length ; hence in 
this case no error is introduced by the use of the simple description. 

3.6. The kinetic theory of the grains.—An adequate treatment of the statistical me- 
chanics of a spheroidal dust grain bombarded by atoms and acted upon by a weak torque 
of a very general character, one not derivable from a potential, will not be attempted 
here. Instead, we shall give an elementary, inexact treatment from which only estimates 
of order of magnitude can be hoped for. We start by considering the rate at which an 
arbitrary distribution would tend toward the equipartition distribution if nothing but 
collisions affected the motion of the grains. Proceeding by analogy with the equations 
governing other more completely analyzed systems,17 we write for the rate at which F 
is changed 

dF F 

dr con T 

where r is the relaxation time. This equation is certainly valid if we regard it as defining 
r as a function of the distribution ; our approximation lies in using under all circumstances 
that same crude estimate of r given below. If we now assume that, in addition to col- 
lisions, certain weak torques act on the grain, we compute in § 7 the rate at which these 
torques, acting alone, would affect the distribution of orientations and hence the value of 
F. This rate of change, which, of course, depends on the distribution considered, can be 
denoted by 

dF\ 
dt I torque 

and can be calculated exactly for any specified distribution from the expressions for the 
average rates of change of 6 and ß given in § 7.1. If both the torques and the collisions 
act, the system will approach a steady state, in which the sum of the two rates of change 
of F must be zero. Hence 

F = 
torque * 

a 2) 

In § 7.2 we calculate F approximately from this equation by using on the right-hand side 
the equipartition distribution, which is known, rather than the correct, but unknown, 
steady-state distribution. This approximation should be satisfactory when the torques 
are so small that the two distributions do not differ greatly; it becomes completely in- 
valid as F approaches or — since then the right-hand side is zero. Equation (12) shows 
that t can be pictured as the time available for the applied torques to alter the distribu- 
tion before collisions stop further drift away from the equipartition distribution. 

We must now estimate r. Because our simple approach could be in error by one or 
two powers of 10, we shall ignore some numerical factors of the order of unity. Letting 
md denote the mass of a dust grain, its average moment of inertia is / = 0Aa2md, and 
its equipartition angular momentum is, by equation (5), 

H= ïœe = (0.8 Rea
2Md)1/2 . U3) 

Since 2a/3 is the average radius of a collision and vH = {2Relmiff12 is the root-mean- 
17 Cf. J. H. Jeans, The Dynamical Theory of Gases (1st ed.; Cambridge: At the University Press, 1904), 

p. 294. 
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square velocity of the hydrogen atoms {mH is their mass), the average angular momentum 
imparted to a grain by a hydrogen atom that sticks to the grain is 

A^ = |aw^î>Â = (^)1/2(22?4a2OTà)
1/2«(^)1/2£r. (14) 

During the collision, which initially changes the angular velocity but not the orientation 
of the grain, the vector H, shown in Figure 1, Z>, swings through an angle of the order of 
{ntH/nid)112 radians while B and OA remain fixed. Thus the average change of ß and 0 in a 
collision is of that order. Since the collisions are random, the root-mean-square change in 
angle produced by n collisions is (nmH/nid)l/2, and the number of collisions required to 
produce a change of one radian is w = nid/niH- We shall take r to be the average time 
required for this number of collisions. Now, for grains containing many molecules, the 
average time between the impacts of the hydrogen on a particular grain is 

1 2.02 X10-5 

H'd *0? vHnH a*nHT'/> beC’ (15) 

= 2.0 2 X 103 sec in both H i and H n . 

Thus we shall use, as the best available estimate of the relaxation time, 

nid_ 5.05 X 1019pga 
T mH nHT1/2 ’ (16) 

= 5.05 X 1012 sec in both Hi and . 

Next consider a criterion that will indicate whether a suggested source of torque is 
large enough to be worth considering in detail. If a torque is to change the orientation 
significantly in the time r, it must change the angular momentum by an amount that is 
not very small compared to the total angular momentum and hence must not be small 
compared to 

r E 5.19X 10-28a3/2^r 

Another possibility is that the retarding torque could be great enough to reduce the 
angular velocity imparted to a nonrotating grain in a single collision to zero in the time 
in, d between collisions. Then any directional effect whatever would align the grains. But 
this torque is greater than LR by a factor of about hence we do not consider it 
further.18 

3.7. The approximate value of F.—On the basis of this argument we conclude (cf. 
§§7.2 and 7.3) that for prolate spheroidal grains of reasonable eccentricity and for small 
deviations from the equipartition distribution 

F = Fl if |FZ|«-|, (is) 

18 We are indebted to Dr. Spitzer for pointing out a correction to r. He has shown (Ap. J., 93, 369, 
1941) that in an H n region more electrons than protons strike an uncharged grain because of the higher 
velocity of the former. Thus an electrostatic potential is built up that attracts protons and makes the 
colhsion probabilities equal. The effective cross-section of the grain for protons and the average angular 
momentum imparted per collision are increased by a factor of about 3.5. Therefore, we should decrease 
tH,d and r and increase LR in 3 n regions, with a consequent increase by a factor of (3.5)3/4 = 2.6 in 
the magnetic fields required by our mechanism. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
5l

A
pJ

. 
. .

11
4.

 .
2 

0 6
D 

POLARIZATION OF STARLIGHT 215 

where we have introduced, as a parameter measuring the relative importance of collisions 
and paramagnetic relaxation, 

dj? equipartition 
F,= 

dt 
1.6X lOV'a^py2^ 

torque Tn H (19) 
6.3 X 106£2 

aTl/2nHTg * 

= 6.3 X lO8#2 in both Hi and Hu regions . 

When F i is large, the deviation from the equipartition distribution is large and F ap- 
proaches I, as discussed above; thus 

F = \ if |F,|»|. (20) 

For intermediate values of Fi we should get a satisfactory rough approximation by 
using equation (18) when Fi <\ and equation (20) when Fi > although any reason- 
able interpolation formula should be an improvement. 

3.8. The approximate polarization expected.—We now turn to a consideration of the 
effect on a beam of light of dust grains oriented in this way. We wish to compare the 
weakening due to absorption and scattering of a beam whose plane of vibration contains 
B with that of a beam whose plane of vibration is turned through 90° and with that of 
unpolarized light; we are not interested in making absolute calculations of any of these 
quantities. It has been established that nearly spherical dust grains, mainly dielectric in 
composition, can produce the observed interstellar reddening and absorption with very 
moderate space density. It is generally assumed that a wide range of grain sizes exists, 
with the maximum contribution to the extinction produced by sizes slightly less than a 
wave length. Exact theoretical results and extensive computations exist for dielectric and 
metallic spherical grains. At present, exact computations for spheroidal grains much 
smaller than the wave length can be based on the work of R. Gans;19 the theory of infinite 
cylinders of any size has been developed by P. Wellman20 and H. C. van de Hulst.21 

We know of no usable theoretical or experimental data on the effects of spheroidal grains 
whose diameter is comparable to the wave length. Accordingly, we shall, of necessity, use 
the expressions for very small grains in the hope that this will give us the order of magni- 
tude of the expected effect. We obviously cannot hope thus to predict the correct wave- 
length dependence of the polarization; a consideration either of the results of Wellman 
and of van de Hulst for large cylinders or of the fact that very large grains will produce 
only shadows with no polarization indicates that the ratio of polarization to total ab- 
sorption deduced from small grains is likely to be too large. 

In § 5.1 detailed calculations for a small prolate spheroidal grain show that it weakens 
a beam of light so polarized that its electric vector is parallel to the long axis of the grain 
more than light polarized at right angles, in the ratio cta/or-The values obtained for this 
ratio are given in Table 2 ; they range from 1.33 for dielectric grains having a ratio of axes 
£ = §, to 1.95 for dielectric grains having x = 5.02, and to 4.08 for metallic grains having 
x = 5.02. The effect of a small grain inclined at any specified angle to the light is easily 
expressed in terms of (Ta/vt, a simplification of the theory that does not hold for the 
larger grains. Hence we can compute (cf. § 5.3) the effect of a distribution of small grains 
whose orientation is specified by F. The most interesting result is that, if the grains are 
all of the same size, the ratio of the polarization to the total absorption is 

P 
Ava 

19 Ann. d. Fhys., 37, 881, 1912. 
^Zs.f. Ap., 14, 195, 1937. 

= 2.07F cos2¡ (aa/fry) — 1 
(aA/(¡t) + 2 ’ 

(21) 

Ap. 112, 1, 1950. 
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where (tt/2) — y is the angle between the magnetic field and the beam of light. 
3.9. Interpretation of results.—According to equation (2), the left side of equation (21) 

must be at least 0.02 in some regions. Suppose that the grains are completely aligned, 
with their long axes normal to B so that .F = i and take ^ = 0, then <ja/cft = 1.09. The 
values of the ratio quoted above and in Table 2 show that this condition is easily met by 
grains of quite moderate eccentricity. If the grains have considerable eccentricity, there 
is a fairly large factor of safety that could be used to allow for the fact that a a/cft is con- 
siderably less for large grains than for small. Alternatively, many of the grains might be 
spherical or of a size that was not easily aligned. It follows from equations (19) and (20) 
that F will be of the order of provided that 23 ^ 2.3 X 10-5 gauss for our standard 
illustrative conditions or B ^ 4.0 X 10-5 gauss for a = 3 X 10~5 cm, other conditions 
being unchanged. If the effect of charge in H n regions is considered,18 this becomes 
B ^ 10-4 gauss. With lower temperatures or lower hydrogen density or smaller par- 
ticles, smaller fields or a smaller value of x" would suffice. On the other hand, if we wish 
to assume that the mean a a/cft of all grains is, say, 1.33, then 2? = and B would be 
2.3 X 10-5 gauss if a = 3 X 10-5 cm. Thus the proposed mechanism seems adequate 
to explain quantitatively the observed polarization with fields somewhere in the range 
from 10“4 to 10-5 gauss. 

Throughout the above discussion we have, for simplicity, assumed that the ellipsoids 
are prolate. If they are oblate, neither the plane of polarization nor the order of magni- 
tude of the effect is changed. Equation (21) holds, but both {cfa/vt) — 1 and F are 
negative, the sign of equation (19) being changed. The limiting value for complete align- 
ment is F = — I, so that the limits in equations (18) and (20) require a corresponding 
change. 

Without undertaking an extensive interpretation of the observations in terms of this 
theory, we may draw a few quite speculative inferences as to the probable nature of the 
magnetic field. The first is that the observed uniformity in the planes of vibration men- 
tioned in § 1 (ii) implies a corresponding uniformity, on the basis of this theory, in the 
direction of the magnetic field averaged in space and time. The average is to be taken 
over a time of the order of r, which is about 1.7 X 105 years, since the orientation of the 
grains will not follow shorter-period fluctuations in the field. The light observed often 
travels 1000 psc and must traverse several independent complexes of dust and gas. The 
detailed structure of the field cannot deviate from point to point too wildly from the aver- 
age, or the ratio of polarization to reddening would be smaller than that observed. Thus 
the very irregular magnetic field proposed by E. Fermi22 in his theory of the origin of 
cosmic rays seems less plausible than a nearly uniform field. Perhaps the observed motion 
of gas clouds is to be accounted for by magneto-hydrodynamic waves,23 in which the 
lines of force do not deviate far from their original direction, the gas moving with the 
lines of force like beads on a taut vibrating string rather than at random. 

The second point is that, in our theory, B is normal to the long axis of the grains and 
to the conventional plane of polarization (not the plane of vibration) of the light and 
cannot lie too close to the line of sight. Thus one can get a suggestion of the path of the 
lines of force from Hall and MikeselPs6 Figures T-7, showing the planes of polarization, 
and from the fact that the lines must be continuous. The suggestion seems to be that for 
galactic longitudes 80o-120° or perhaps even to 170° the lines of force lie in the plane of 
the galaxy, possibly along a spiral arm of dust and gas. This inference is consistent with 
the remark of Hall and Mikesell6 that in Cygnus, where they observe a relatively small 
and randomly oriented polarization, one may be looking along a spiral arm. For in this 
case the component of B normal to the line of sight would be small and randomly 
oriented. A theory of the nature of the interstellar magnetic field proposed by Schlüter 

™Phys. Rev., 75, 1169, 1949. 
23 H. Alfvén, Cosmical Electrodynamics (Oxford: Clarendon Press, 1950), pp. 76-88. 
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and Biermann24 indicates that the magnetic field will affect the nature of turbulent mo- 
tions. The smaller eddies will be rapidly damped out. The larger eddies will presumably 
still show the effect of the anisotropic driving force, i.e., galactic rotation; hence the lines 
of force would be in the galactic plane. A field in which the lines of B make random small- 
scale whirls in the galactic plane would produce a polarization of the type observed if 
our theory is correct. The magnitude of the polarization for a given average field strength 
would be half that produced by a uniform field normal to the line of sight. 

The tentative value of 10“4 to 10-6 gauss for B in regions of maximum polarization sug- 
gested by our theory does not seem unreasonable if we consider the energies available. 
The corresponding energy densities are EB = Bï/Sir « 4 X 10~10 to 4 X 10-12 erg/cm3 

or 4 X 10~31 to 4 X 10~33 gm/cm3. This is so much less than the mass density of inter- 
stellar matter, p ^ 10~24 gm/cm3, that it produces no gravitational effects. The larger 
value of Eb is of the order of the density of kinetic energy due to galactic rotation, 
Er — ipz>?ot — 8 X 10-10 erg/cm3 if z>rot — 3 X 107 cm/sec; thus the mechanism that set 
the galaxy rotating would have enough energy to produce the magnetic field. If there is 
any galactic magnetic field at all, it follows from the arguments of Alfvén, as discussed by 
Fermi,22 that it will be increased by the peculiar motion of the interstellar gas clouds until 
Eb ~ Ep = — 3 X 10-12 erg/cm3 iHp ^ 2 X 106 cm/sec. The scale of irregularity 
in B will be that of the peculiar motions of the gas clouds. If the magnetic field is to have 
the uniformity we ascribe to it on the basis of the observations described in § 1 (ii), then 
it must dominate the peculiar motions, requiring that Eb^> Ep. This supports a value of 
B of the order of 10~4 gauss for the regions where polarization is observed. 

4. COMPOSITION, SIZE, AND PHYSICAL PROPERTIES 
OF THE DUST GRAINS 

Special theories exist for the growth of interstellar grains out of the interstellar gas. 
It is generally assumed that the abundance of the elements in space is the same as on the 
surface of the stars and that the particles grow by successive random captures of the 
interstellar atoms on a small nucleus. Hydrogen and helium are overwhelmingly abun- 
dant, but, even at the low temperatures of the solid grains, they would evaporate rather 
than remain in the solid, unless chemically bound. From Harrison Brown’s compilation 
of astrophysical and terrestrial abundance data25 we adopt in Table 1 the abundances of 

TABLE 1 

Adopted Abundances of the Elements in Solid Grains 

Element Atomic 
Weight 

Stellar 
Abundance 
by Number 

Weight 
Bound in 

Grain 
Percentage 
by Weight 

Percentage 
by Number 

of Atoms 

H. . 
C. . 
N. . 
O. . 
Mg. 
Al. 
51.. 
5.. 
Fe. 
Ni. 

1 
12 
14 
16 
24 
27 
28 
32 
56 
58 

1600 
0.36 
0.73 
1.00 
0.040 
0.004 
0.046 
0.016 
0.083 
0.006 

.6.0 
4.3 

10.3 
16.0 
0.96 
0.11 
1.27 
0.51 
4.7 
0.34 

14 
10 
23 
36 

2 
0.3 
3 
1 

11 
0.8 

72 
4 
9 

12 
0. 
0.05 
0.6 
0.2 
1.0 
0.07 

24 Zí./. Naturforsch., 5a, 237, 1950. 
25 Rev. Mod. Phys., 21, 625, 1949. 
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interest here. In the fourth column we estimate the contribution to the weight of the 
grain of elements bound chemically. Except for hydrogen, this is obtained from the 
abundance times the weight ; for hydrogen it is given by the number that could be chemi- 
cally bound, mainly as NHz, and CH^ etc. Only 0.4 per cent of the original hydro- 
gen is thus permanently bound. If Hz is formed catalytically in the particle, a small part 
may be absorbed and retained in the solid lattice and on the surface. This amount, how- 
ever, would be less than the number of other molecules in the solid, since H, H2, and He 
tend to evaporate. In the next to the last column is given the final abundance by weight. 
We find that most of the mass is in the form of compounds based on C, N, 0, and H 
(H2O, NHz, CH4) and that a wide variety of compounds of lower abundance could be 
formed involving Fe, Mg, Al, Si, and S. We shall not consider grains in which the Fe is 
so concentrated that the grains are ferromagnetic, a case considered by Spitzer and 
Tukey.12 Whether more complex compounds will, in fact, occur depends on the evolution 
of the particle. If the solid is bombarded with heavy elements at thermal energies in an 
E ii region, collisions involving several electron-volts occur. Such heavy atoms entering 
the solid may have sufficient energy of activation to produce chemical combinations. 
Further, the continuous local heating by proton and perhaps by cosmic-ray bombard- 
ment favors chemical combination and migration of ions to begin the process of crystal 
formation. It is quite possible that moderately complex molecules are formed and that 
the grains show the irregular, but generally nonspherical, character of terrestrial solids. 
The major difference from rocks, of course, is the preponderance of the frozen solid state 
of ordinarily gaseous compounds of hydrogen. If only simple compounds are formedvap- 
proximately 4 per cent would contain Fe. Whether or not the shape of grains formed by 
random collision would be spherical cannot be stated in the presence of these complex 
mixtures. In the growth of pure substances—say, solidified gases—it is very likely that 
semicrystalline structures would occur and that the final grains would be appreciably 
elongated. Another serious question would be whether the grains are compact solids of 
moderate density and normal indices of refraction or whether they would grow as open, 
spongelike flakes (similar to snow or some industrial metallic smoke or dust) which would 
have very low density and low index of refraction. Assuming the grain to be compact in 
order to provide sufficient mechanical strength to withstand the rapid rotation, we find 
from Table 1 that it is a dielectric of low index of refraction—say, 1.2 to 1.4—of low den- 
sity, pg, which we take as unity, and with a small imaginary component in the index of 
refraction, perhaps of the order of 0.05, due to iron and its compounds. 

Spherical dust grains of radius less than 10-2 cm have sufficiently large mass-absorp- 
tion coefficients to account for the interstellar absorption; a size somewhat less than a 
wave length of light will also produce the correct space reddening. The more recent 
theoretical work26,27,28 has emphasized the importance of a wide frequency distribution 
of sizes, with numbers increasing rapidly as the size decreases. The proper choice of the 
typical grain size depends on the nature of the frequency distribution and may differ in 
the theory of interstellar polarization from the choice in the theory of reddening. H. C. 
van de Hulst28 has developed a theory of the frequency distribution and applied it to the 
observed interstellar reddening. The number of dielectric grains {m = §) varies as 
f(a/ai)da/ai; his Table 10 and solution 15 of his Table 14 contain the details. The value of 
f = 0.064 with a = ai = 4 X 10-6 cm, the value of f(a/ai) ^ 1 for a < 2 X 10-5 cm. 
The mean radius would be very small, but the size most effective in producing inter- 
stellar extinction is near 4 X 10^5 cm. The small spheroid theory of Gans does not hold 
if a = 27ra/\ > 1. We show below that the extinction by the grains may be metallic in 
character if a < 1. If this is confirmed, the required modification of the frequency dis- 
tribution will probably give a most effective size different from ai and between 10~6 and 

26 J. L. Greenstein, Harvard Circ., No. 422, 1938. 
27 J. L. Greenstein, Ap. /., 104, 403, 1946. 
28 H. C. van de Hulst, Rech. Astr. Obs. Utrecht, Vol. 11, Part II, 1949. 
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3 X 10"5 cm. However, we shall see that there are many serious problems in the trans- 
mission coefficient of partially oriented spheroids if a > 1 ; since we shall not now try to 
explain the wave-length dependence of the polarization, it will be simplest if we limit 
ourselves to the orientation problem for typical particles with a = 10-5 cm, and use the 
order-of-magnitude polarization predicted by the electric-dipole scattering of pure dielec-. 
trie spheroids. Van de Hulst21 has found a possible fit to both the wave-length dependence 
of polarization and the absorption for infinite cylinders of radius 4 X 10~5 cm. 

One comment may be made on the basis of Table 1, which predicts a small but finite 
complex index of refraction, due to the 4 per cent abundance of iron by number of mole- 
cules. The complex index of refraction can then be roughly estimated as 

m = n — ik — 1.4 — 0.05i. (22) , 

Van de Hulst28 has shown that the phase shift of a ray through the center of a sphere is 

p* = 2a (w — 1 ) — 2a (w — 1 ) ¿ tan ß , (23) 

k 
tan ß = 

n — 1 ' 
(24) 

The complex part of p* represents a decay of the wave and permits an evaluation of the 
true absorption within the particle. For our case ß is 7°; if one examines his Figure 5, it 
is clear that the grain has a small but finite absorption, as well as scattering; more impor- 
tantly, the high maximum found in the extinction coefficient near 2a(m — 1) =4 and 
the minimum near 2a(m — 1) = 8 both nearly disappear because of the disappearance 
of resonance effects. Furthermore, if a < 1, it is possible that the metallic absorption by 
the particle will be important. Greenstein26 showed that the ratio of the absorption K to 
the scattering A by a grain, if Æ and a < 1, is 

K nk 

a3 {n2- l)2 
(25) 

If we adopt the 4 per cent iron abundance, with the refractive index m = 1.4 — 0.05¿, 
we find that K is of the order of, or larger than, S when a is less than 0.88. Our approxi- 
mation in equation (25) is not valid for so large an a, but it is clear that metallic absorp- 
tion becomes important near this point; for visible radiation, this size corresponds to 
8 X 10-6 cm. We must then expect particles at the maximum of the frequency function 
to be effectively metallic absorbers, with an extinction coefficient nearly proportional to 
1/X, while those of larger size act as dielectric scattering agents; since the latter have 
a > 1, we expect a wave-length dependence also near 1/X or slower. Thus, rather than 
the 1/X4 dielectric scattering of very small dielectric spheres, the present theory essen- 
tially predicts the 1/X law over a wide range of wave length. These complexities will have 
to be taken into account when an attempt is made to explain the small wave-length de- 
pendence of the polarization. 

5. THE POLARIZATION PRODUCED BY ORIENTED DUST GRAINS 

The discussion of the previous sections indicates that we should consider in detail the 
polarization that would be produced by nonspherical, partially oriented grains of dust. 
Rather than consider mixtures of grains of arbitrary and varying shapes and chemical 
composition, we shall consider a model in which all grains are spheroids of the same 
eccentricity and composition. The resulting expressions for the polarization would be 
needed in almost any theory in which the polarization is produced by oriented dust 
grains. 

5.1. The scattering and absorption of a single spheroidal particle.—R. Gans19 has treated 
the absorption and scattering of light by small dielectric spheroids. His procedure is to 
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compute the induced dipole moment on the assumption that the electric field is uniform 
over the particle and then to compute the absorption and scattering from this. Thus it 
is essential that the method be applied only to particles small compared to the wave 
length and of a composition such that the magnetic component of the electromagnetic 
wave is unimportant. Define aA to be the extinction cross-section in square centimeters 
of a single spheroid whose axis of symmetry is parallel to the electric vector in the light; 
similarly, define ar to be the extinction cross-section for a spheroid whose transverse axis 
is paraUel to the electric vector, i.e., whose axis of symmetry is normal to the electric 
vector. The procedure used to compute a a and or may be outlined as follows: Let 2aA 

be the length of the axis of symmetry, 2aT that of the transverse axis, and x =aA/aT 

the ratio of the axes. Then the so-called “depolarization factors^ are, in terms of # rather 
than the more conventional eccentricity e, used by Gans : 

P = 
47T 

ï [~(^2 L f/l cosk 1 ^ ~ l]for prolate spheroids , 

cos-1 xjfor oblate spheroids , 

(x2- 1) 

 * 
i-x*L (i ( 1 - *2) 

(26) 

(27) 

P' = 27T-IP. (28) 

Let m be the complex index of refraction and V the volume of the particle. Two cases are 
to be considered. In the first, the dielectric case, m = # is real, and the process is one 
of pure scattering. Here 

128Tr6o6 r m2-l -|2_128x6a6 

3\4 L3 + (w2-1) (3P/47t) J 3\4 

where GA has been introduced as a convenient abbreviation defined by equation (29). 
In the second, the metallic case; m is complex. If its imaginary part is large, the process 
is one of pure absorption with negligible scattering, and 

Stt2#3 

C'A I m 
1 — m‘ 

3+ (w2-1)(3P/47t) ]= 
Sir2 a3 

H A • (30) 

The quantities ar, Gt, and Ht are obtained by replacing P by Pr. Equation (29) shows 
an essential similarity to Rayleigh scattering with the cross-section proportional to 
&6/X4; equation (30) shows metallic absorption with a cross-section proportional to a3/\, 
if we neglect the variation of n with X. In either case polarization exists if P ^ Pr • 
Table 2 contains the detailed results of some computations, with final results for oblate 
spheroids. The ratio (ta/<jt is given, together with 7 the ratio of the moments of inertia, 
F, and lOOEp, Va2/1, quantities required below in the theory of the orientation of the 
spheroids. These dynamic parameters are computed by means of equations (91)-(94). 
Note that the index of refraction adopted for the metallic case involves a large value of 
the absorptivity, k. A trial computation for m = 21/2(1 — 0.5i) gave about half the 
polarization. Table 2 shows that completely aligned small particles give appreciably 
different extinction coefficients in two planes of polarization when the deviation from a 
sphere is quite small. A ratio of axes of 1.091 gives about 2.7 per cent polarization, p, for 
the dielectric and 7.2 per cent polarization for the metallic particle if the absorption is 1 
mag. This is further discussed in § 3.9. 

The variation of <ta and gt with wave length should properly include the variation of 
the index of refraction with wave length. A trial computation made with x — 1.25 
showed that a large change of refractive index, bn — 0.01, changed {ga/gt) ~ 1 by 3 
per cent. This is small compared to the corresponding change in the 1/À4 or 1/X factor in 
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each g. Since, in the dipole approximation for small grains, (o-a/ctt) — 1 measures p/A 
and p/Ei, where p is the polarization, A the absorption, and Ei the color excess, this 
might lead one to expect that these ratios would be essentially independent of the wave 
length for any reasonable variation in the index of refraction. Since we know that A varies 
roughly as 1/X, an observable change in p could be expected from blue to infrared. This 
is not in agreement with Hiltner’s observations,3 thus proving that the dipole-scattering 
approximation is insufficient. Spheroids with 2ira/\ near unity would have a smaller 

TABLE 2 

Extinction Cross-Sections and Inertial Properties of Small Grains 

aA/dT=x. 

G a for » = 21/2. . . 
Gt for n = 2l/2. . . 
va/vt for n = 21/2 

Ha for w = 21/2(l-¿). . . 
Ht for m=21/2(l—¿). . . 
&A / O' T for ?b = 21/2(1—i) 

loo r. 
100 Ypt Va?/I. 

oa!vt for n — . 
ga/vt for w = 21/2(l i) 

T  
-loo r  
-100 Ypa Va2/I. 

0 
1 ‘ 

0.06250 
0.06250 
1.000 

0.6000 
0.6000 
1.000 

1 
0 
0 

Prolate Spheroids 

4 
091 

0.06487 
0.06140 
1.058 

0.6612 
0.5714 
1.158 

1.095 
0.303 
0.804 

0.8 
1.667 

0.07590 
0.05707 
1.328 

1.0105 
0.4640 
2.18 

1.889 
1.816 
6.38 

0.9 
2.294 

0.08416 
0.05471 
1.538 

1.2352 
0.4135 
2.99 

3.132 
1.888 
8.16 

0.95 
3.203 

0.09175 
0.05285 
1.738 

1.3739 
0.3764 
3.65 

5.628 
1.800 
9.76 

Oblate Spheroids 

0.4 
0.916 

0.952 
0.870 

0.920 
0.311 
0.732 

0.8 
0.600 

0.732 
0.422 

0.680 
1.71 
3.02 

0.9 
0.436 

0.605 
0.258 

0.595 
2.55 
3.66 

0.95 
0.312 

0.505 
0.169 

0.549 
3.09 
3.56 

0.98 
5.025 

0.09973 
0.05126 
1.945 

1.4163 
0.3465 
4.08 

13.126 
1.358 
9.97 

0.98 
0.199 

0.398 
0.105 

0.520 
3.48 
2.96 

polarization but would also have a smaller change of polarization with wave length, as 
van de Hulst has shown for semi-infinite cylinders.21 It is difficult to put these arguments 
on a quantitative basis at present, both because of the lack of theoretical computations 
for spheroids near a wave length in size and because then it is much more difficult to treat 
obliquely inclined grains. 

Consider, now, a spheroid whose axis of symmetry makes the angle a (not to be con- 
fused with lira/X) with the electric vector of the radiation; let cr(a) be its extinction 
coefficient. In the approximation in which cr(a) is computed from the dipole moment in- 
duced by a quasi-static field that is uniform over the grain, one can resolve the electric 
field into components along and normal to the axis of symmetry and easily find that 

a {a) = <t a cos2 a + <7 r sin2 a = <t tA~ a ~~ v t) cos2 a . (31) 

If a ^ X, this derivation breaks down; indeed, even the definition of 0-(a) breaks down, 
since the angle between the direction of propagation and the axis of symmetry must be 
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considered. In this case a qualitative understanding of the situation can be obtained from 
a consideration of the three extinction coefficients, cb, and as, where the subscript 
indicates that the axis of symmetry is parallel, respectively, to Ey the electric vector of 
the wave; to B, the magnetic vector; and to S, the propagation vector. The complexity 
of the situation is apparent when one realizes that, iî a<£\, aE = <ta, aB = as = aT, 
while, if a ^>> X, cr is measured by the area of the shadow and diffraction pattern, and 
aE = aB 9^ as- A schematic representation of the situation for prolate spheroids is 
shown in Figure 2, with the assumption that the index of refraction has a small complex 
part. We shall see below that, if ah the grains are aligned in one of the three directions, 
the total absorption is proportional to\(aE + aB + vs) but that the polarization is pro- 
portional to aE — aB. Thus we see from the figure that A and p have the same depend- 
ence on X for a <<C X, that p is zero and A is independent of X for a ^>> X, and that there is 
a range near X = lira in which p is independent of X because the aE and aB curves are 
parallel, while A varies with X because all three curves are rising. 

Returning to the case in which X a, we next ask: What is the average effect of a 
spinning grain upon which no torques act? Then H, the angular momentum of the grain, 
will remain fixed in space and the axis of symmetry, OA, will nutate around it, making the 
constant angle 0 with H and moving at a constant rate around H in the circular cone 
indicated by the dotted circle in Figure 3. We wish to average over all positions of OA 
on this cone. Before we can do this, we must make more definite the situation contem- 
plated. We suppose that R is a uniform field that lays down a unique direction in space 
and that exerts small torques on the grains. We shall later take it to be a magnetic field, 
but for the present its only purpose is to specify a unique direction. We consider a beam 
of light for which S, the direction of propagation, makes the angle (tt/2) + y with B. To 
locate H, the angular momentum, we give ß, its polar angle, and </>, its azimuthal angle 
measured from the plane of B and S. To locate OA, the axis of symmetry, we use the 
polar and azimuthal angles 0 and p, respectively, with respect to H as pole. Then, if no 
torques act on an axially symmetric grain, 0, ß, and 0 remain constant while p increases 
at a uniform rate. By “one nutation” we shall mean one revolution of A about H, i.e., a 
motion in which p increases by 2ir. In order to get the average effect of a grain, we aver- 
age over a nutation. Also, by the symmetry of the situation, even if the presence of B 
alters the distribution of orientations of OA over ß and 0 and produces a precession in 
which p varies slowly, all values of p are equally likely. Hence we shall average over 
p and p. 

We see from equation (31) that the quantity to be averaged is the square of the cosine 
of the angle between the axis of symmetry and E, the electric vector in the plane-polar- 
ized light. Hence we must resolve the light into two plane-polarized components, one of 
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intensity /*-, with its E = E* parallel to the plane of B and S; the other of intensity hy 

with its E = Etr perpendicular to 2?, as shown in Figure 4. Let a*- denote the angle be- 
tween Ett and OA, the angle between Ea and OA. Hence, by equation (31), the average 
energy removed from by the grain is 

/*• [crr + ((Ta — ö*r) cos2 (Itt] =/irOv(ß, d,vy a), (32) 

where the bar indicates the average over <j> and \{/ and the equation defines ov. Likewise 
the average energy removed from Ia is 

/o- [0-^+ ((Ta — (Fir) COS2 a<r] = laVaiß, QyV, a), (33) 
where ov is a coefficient giving the mean effect of a single grain on a light-wave whose 
plane of vibration is normal to B. 

z 

Fig. 3.—The angles defining the orientation 

z 

Fig. 4.—The orientation of the electric vector of the radiation for the two planes of polarization 
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By a straightforward application of analytic geometry and spherical trigonometry, the 
averages in equations (32) and (33) can be evaluated, giving (cf. Appendix 1) 

ov=o'r + (v a ~o'r)|(l ~ cos2 ß cos2 6 — ^ sin2 ß sin2 6), 04) 

= [ cr r + (cta — o' r) (cos2 ß cos2 0 + | sin2 ß sin2 0) ] cos2 ^ + ov sin2 v . 05) 

5.2. The effect of many grains.—Let y be the distance measured along the light-ray in 
centimeters. Let 

f {ß, 0, a) p(a) nd(y) dß dd da 06) 

be the number of grains of dust per cubic centimeter with mean radius a in the range from 
atoa da, and so oriented that ß lies between ß and ß + dß and 0 lies in the range from 
0 to 0 + ¿0- bn equation (36), naiy) represents the number of grains of all sizes and orien- 
tations per cubic centimeter ; p(a)da the fraction of these lying in the indicated size range ; 
and/(/3, 0, a)dßdd the fraction having a specified orientation. 

If ß exerts no torque on the grains, then/(/3, 0, a) will in time take on the equipartition 
value, denoted by /e(/3, 0), because of the collisions between the grains and hydrogen 
atoms and ions. The equipartition distribution function, obtained from the Maxwell- 
Boltzmann distribution when momenta conjugate to our co-ordinates are used (cf. Ap- 
pendix 2), is found to be 

fe (ß, 0) = ÍY1/2 sin ß sin0 (7 cos2 0 -{-sin2 0) -3/2, 07) 

where / is the moment of inertia of the grain about its axis of symmetry and 7/ is its 
moment of inertia about a transverse axis. The quantity a is not included as an argument 
of fe, since the latter is independent of a and /. If, now, B does exert a small torque on the 
grains, the resulting disturbance in the angular distribution can be specified by the func- 
tion/i(/3, 0, a), where 

/(& e, a) = fe{ß, 0) +fAß, e, a). 08) 

Next we wish to calculate the extinction of a beam of light by grains distributed ac- 
cording to equation (38), if a single grain produces the extinction described in § 5.1. 
Define N by 

dN = nd{y) dy , 09) 

and measure distance along the beam by N rather than by y. The light-loss of a beam 
polarized with its plane of vibration parallel to B, so that its intensity is IT, is 

dlw= — SirlwdN , (40) 
where 

/OO /'7r/2 /'•7T 
/ / ov(ß, d,v, a) /(/?, 0, a) p{a) dßddda . (41) 

*^0 

The integration over 0 extends from 0 to tt/2 only, since we adopt the convention that A 
is always on that end of the axis of symmetry which makes an acute angle with H. Like- 
wise, for a beam polarized so that its electric vector is normal to B, 

dla= —Sa lad N , (42) 
with 

/CO /'7r/2 /»tt 
/, / <Ta(ß, 0,v, a) f (ß, 6, a) p (a) dßddda . (43) 

u M) ‘M) 

It may be seen that and Sa depend only on v, a a, vt, and the distribution function. 
When equations (34) and (35) are substituted in the above integrals, rather formid- 

able-appearing expressions are obtained. However, the integrals over the angles can be 
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separated from the integrations over a and the results expressed in terms of three func- 
tions,'defined as follows: 

/'7r/2 /'TT 
F(a) = — I I (cos2 ß cos2 0 + ^ sin2 ß sin2 6) fi(ß, 6, ^dßdd, (44) 

J o *^o 

1 rœ 

St = ^ I (2(r Tcr A) p (a) da , (45) 
Ó -/q 

3 r00 

Sp = -J {(iA—aT)F{a) p{a) da. (46) 

The physical meaning of these functions will be developed below, where it will be found 
that F provides a simple description of the distribution, while StN is the optical depth 
for the beam as a whole, S^N is the optical depth for the component polarized parallel to 
R, S<rN is the optical depth for the component polarized normal to R, and SpN cos2 v is 
the “optical depth” for the polarization. A straightforward reduction of equations (41) 
and (43) gives (cf. Appendix 3) : 

Sir = St — Sp (cos2y — I), (47) 

Sff = S^Sp . (48) 

We shall show that, in the most plausible model, > 0; hence ÓV < 
Consider, first, the approximate physical picture developed in § 3.5, where R, the dis- 

tribution integral, was not defined by equation (44) but rather as a characteristic of a 
distribution in which all the particles have their axes of symmetry parallel either to the 
X, the F, or the Z axis. If fi is computed for this distribution, we find that F as defined 
by equation (44) is equal to F as used in § 3.5. Thus, throughout our discussion the dis- 
tribution integral represents either the value of equation (44) or the fraction of the grains 
that have been turned from the R direction to the two orthogonal directions. Clearly, the 
maximum possible value for R is J and the minimum, attained when all the grains are 
parallel to R, is — f. 

5.3. The polarization, total absorption, and color excess produced by dust.—If 5 is a con- 
stant, the solution of 

dl= — SIdN m 
is 

Aot= - (f)logio4= 1.0865^, (so) 

where Am is the absorption measured in stellar magnitudes and SN is the optical depth. 
Let us assume for the present that, for some particular star, R is uniform over all parts 

of the light-path from the star to the earth where there is an appreciable density of dust, 
and that p(a) and / are constants in these regions. Thus S* and Sa are independent of N, 
and equations (40) and (42) have the form of equation (49). In each of the two planes of 
polarization the absorptions are 

Am^=1.0S6SirN , Am, = 1.086SJV . (5i) 

If S* < Sa, then hr > la, and is the maximum intensity observed as a plane polarizer 
is rotated, while la is the minimum intensity. When the polarizer is rotated from the 
position in which the most light is transmitted to that in which the least is transmitted, 
the observed magnitude change is 

Amp = — (-|) logio ~ Ama — Amir = 1.0 8 6 A7 (5, — 5V), 
(52) 

Amv = l.OSóWSp cos2v 
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where we have used equations (47) and (48). The quantity &mp is that used by Hiltner. 
On the other hand, the degree of polarization is obtained from the classical definition 

P 
I IT Iff 

In T" Iff 

1 — exp ( — SPN cos2 *0 
1 + exp ( — SpN cos2 v) 

= ^SpN cos2= 0.4605 Amp , (53) 

provided that SPN 1. We shall use p, defined by equation (53) exclusively, in order to 
follow the notation in Hall and MikeselTs catalog,6 although from a theoretical and ob- 
servational point of view the quantity àmp is more satisfactory. 

The total intensity of light as observed when there are no polarizers in the photometer 
is / = /*- + Iffy while if there were no dust it would be 2/0. Hence the absorption due to 
dust is 

AmT = - (■§)logio [’ 

= - 1.086 In 

exp [ _ i (5lr + 5,) N] +exp[-H¿W^] i 
(54) 

= 1.086 [5,-5p(i cos2^-^)]W = 1.0865^ = ^ , 

since SPN <^1, Sp<£ St. The color excess Ei is about Awr/9, hence 

(55) 
and 

I-= 4.14 ÿ cos2./, (56) 

a result showing that, on the basis of the assumed homogeneity of B and p(a), p/E\ is 
independent of N and hence oí E\. 

It is easy to obtain a rough evaluation of the right-hand side of equation (56) by 
assuming in equations (45) and (46) that all the grains are of the same size. Hence, 

= 18.6E cos2 y 
Ei 

{aA! <jt) — 1 
(o-a/(It) + 2 * 

(57) 

Equation (21) for p/Apg is obtained on the same assumptions. From this we see that the 
experimental value of 0.18 for the maximum observed value of p/E\ could be explained 
by taking v = 0, F = \ (i.e., all grains lined up normal to B), and va/vt = 1.086, or 
by taking v = 0, F = one-fifth of the grains lined up) and cfa/gt = 1.52. Refer- 
ence to Table 2 shows that the first value of va/vt corresponds to very moderate ec- 
centricities. The second is such that we would not expect much smaller values of F to 
lead to an attractive theory unless the dust grains are assumed to have relatively large 
elongations (axes in ratio 2:1 or more). It must be emphasized that this treatment is 
useful in dealing with rough orders of magnitude. Since it assumes that particles of only 
one size are present and that this size is small compared to the wave length, it will give an 
incorrect dependence of the interstellar absorption on wave length; thus little weight is 
to be attached to the fact that it also gives an incorrect dependence on wave length of 
p and of p/Ei. 

6. THE TORQUE DUE TO PARAMAGNETIC ABSORPTION 

We now turn to a consideration of the processes which might lead to a partial orienta- 
tion of the grains of dust, starting with what appears to us to be the most likely mecha- 
nism, paramagnetic absorption. We develop an expression for the torque to be expected 
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and, in the next section, for the effect of this torque on the distribution function. Later 
we consider briefly other mechanisms which might be suspected of producing orientation. 

6.1. The nature of the phenomena.—The magnetic properties of many substances are 
such that if the substance is put in a magnetic field 2?, whose magnitude varies sinusoidal- 
ly, so that 

B = eBQ cos (cct+ Ô), (58) 

where e is a fixed unit vector, then the magnetization is 29 

M = eB0 [x' cos(co¿+ ô) +x// sin (co/ + 8) ] . (59) 

Here x' and x" are the real and imaginary parts of the complex susceptibility; their 
numerical values as functions of co will be considered below. When co = 0, then x" — 0 
and xr — Xo, the ordinary static susceptibility. The amount of heat generated by the 
alternating magnetic field is determined by the vah^e of This absorption of energy 
from a changing magnetic field is called “paramagnetic absorption.’’ 

Next suppose the magnetic field, B, to be constant and the grain to rotate with the 
constant angular velocity œ about an axis fixed in the grain and in space. Let OXYZ be 
axes fixed in space and Oxyz be rotating axes fixed in the grain, taking both OZ and Oz 
along co. Let ex, ey, and ez be the unit vectors in the stationary system and /, /, and k 
be those in the rotating system. Choose the origin of time so that 

co 
ex = i cos co/ —j sin co/, e y = i sin co/ -\-j cos co/, e z — h— —. (00) CO 

No generality is lost if OX is oriented as shown in Figure 1, a and 

B —Bx£x'YBz&z * 

Then equations (60) show that, from the point of view of an observer rotating with the* 
particle, 

B — B zk COS (àt -\-J COS ^co/ T- J * 

Hence he sees three fields, each described by equation (58), superposed, and, if the 
magnetization can be obtained by superposition, it is given by equation (59) as 

M = X(P zk+Bx [fix' cos co/ + x" sin co/) +> ( — x' sin coZ + x" cos co/)] 
(63) 

^ xoBz€ z + x'Bx^x ~b x"Bxe y • 

The physical interpretation of this is that the component of M along co is the same as 
though there were no rotation, the component at right angles to co is reduced in the ratio 
xVxo and is dragged along by the rotation through the relatively small angle 
tan-Kx'Vx'). 

Since FAf is the magnetic moment of a grain of volume F, the torque due to magneti- 
zation is given by equations (63) and (61) as 

L= VMXB — F(xo-x')co-2(J5-co)(coX5) + Fx'^“1 (coX5) XB , (64) 

where the last expression is arranged to formulate the result in a way independent of the 
co-ordinate axes. We shall see in later sections that, since the first term is perpendicular 
to co, it does not affect the rotational energy; although it produces a precession (i.e., 
changes 0 in the notation of Fig. 3), it has no significant effect on the distribution of 
orientations, because VB2(xo ~~ xO ^ kT. For similar reasons we neglect an additional 

29 C. J. Gorter, Paramagnetic Relaxation (New York: Elsevier Pub. Co., 1947), p. 20. 
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very small torque, of the order of Xo^2F, which tends to rotate the long axis of the grain 
into parallelism with #.30 Hence the term in x' produces the entire effect by its cumula- 
tive action. These points are touched on again in § 8.1. 

We shall use equation (64) for L not only when co is fixed in the body but also when 
the body is nutating. This seems a reasonable assumption which greatly simplifies the 
subsequent analysis as compared to that necessary with slightly more accurate assump- 
tions; but it must be remembered that, actually, co moves through the body relatively 
rapidly, unless the body is greatly elongated. We shall assume that the magnitude of o 
is given by coe from equation (5). 

6.2. The magnitude of x"•—The magnitude of the effect produced by paramagnetic 
absorption depends on the magnitude of x" • We now estimate theoretically the value of 
x" for a material of the type discussed in § 4, that is, one in which each atom of a strongly 
magnetic element such as Fe, Ni, Cr, Gd, etc., is diluted by about 100 diamagnetic atoms. 
No significant error should be introduced if all the magnetic atoms are considered to be 
Fe; on the basis of Table 1 we shall Regard Fe as comprising 12 per cent of the mass of the 
grain. We also show that experiment tends to confirm the theoretical estimate of x"• 
Our treatment has been guided by suggestions from Gorter and Van Vleck and depends 
upon results given in Gorter’s Paramagnetic Relaxation^ Unfortunately, it seems to be 
neither possible to find the required result in a directly quotable form nor desirable to 
give here a treatment sufficiently extensive to stand independently. Hence we shall com- 
bine a number of Gorter’s formulas, leaving to him the discussion of their significance 
and the definition of some of the quantities that do not occur in our final result. 

The case of interest to us seems to be governed by Gorter’s equation (82) (p. 97), 
which should hold for frequencies of the order of coe, 

where, with lirv = co, from his equation (80) and the related definitions we get 

A g=2/5j8S(S+l)£ ,•-/] 
1/2 

(65b) 

Here ß = ehl^mc = 0.927 X 10-20 erg/gauss is the Bohr magneton, S is the spin quan- 
tum number of the magnetic ions, and for we may take 7.2w2, where nc — number 
of Fe ions per cc. This value is the one given by Gorter on page 13 for a face-centered 
cubic lattice; the small difference in the coefficient of nc for other arrangements is not 
significant for our purposes. In Table III (p. 15) Gorter gives 5.92 as the value of 
2[S(S + 1)]1/2 for Fe+++; other magnetic ions have comparable, although usually some- 
what smaller, values. Hence, if ^ = 10~2%c = number of Fe ions per cubic angstrom, 
we have 

0)Q = 3.66X101% . (66) 

If Curie’s law holds, we can use the expressions on page 6 of Gorter to evaluate xo- If 
Ta is the internal temperature of the grain, then we have 

Xo 
ncgUU+^ß2 _ 7.28n 

~~ 3 kT0 T0 

(67) 

where in obtaining the second form we used data given above and the value 
g[J(J + 1)]1/2 = 2[S(S + 1)]1/2 = 5.92 taken from Gorter (p. 15, Table III) and from 
the discussion on page 18. 

30 W. R. Smythe, Static and Dynamic Electricity (2d ed.; New York: McGraw-Hill Book Co., Inc., 
1950), p. 421. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
5l

A
pJ

. 
. .

11
4.

 .
2 

0 6
D 

POLARIZATION OF STARLIGHT 229 

Before substituting equations (66) and (67) in equation (65a), we can reduce the latter 
to an even more convenient form for estimating the order of magnitude of x” by noting 
that, if w/coo < 0.7, the exponential may be taken to be unity. Thus we have 

x"= 2.5 X 10-12 " 
1 g 

provided that 

10-2>«> 6X 10-21 1.9 x 10-7 in Hi 
\a5pg/ 

= 1.9 X 10“6 in ¿711. 

These limitations on the validity of equation (68) arise as follows. The lower limit on n 
arises from the condition that co/coo < 0.7 and follows from equations (5) and (66). The 
upper limit is required, according to Gorter (private communication), in order not to 
enter the range where Curie’s law breaks down because the iron atoms get so close to- 
gether that the interactions are strong. Material whose density is pg and which contains 
12 per cent Fe by weight must have 0.12 X 10~24 pa gm of Fe atoms, each weighing 
9.37 X 10“23 gm in each cubic angstrom. Hence n = 1.3 X 10-3 pg, and we see that the 
composition adopted in Table 1 easily satisfies condition (69) for all except very small 
grains (a <<C 10“^). 

It will be noted that x" as given by equation (68) is independent of the number of Fe 
ions per cubic angstrom as long as condition (69) is satisfied, that is, over a wide range of 
concentrations. This surprising and fortunate result means that our conclusions do not 
depend in a sensitive way on the amount of magnetic material in the grains. Let us con- 
sider the origin of this result. In xo we find a term proportional to n giving the expected 
proportionality of the effect to the amount of Fe. But in equation (65) we note that the 
farther the resonance at coo is from the frequency of interest, co = coe, the smaller is the 
effect of each ion. Also we would expect the resonance frequency to be higher when the 
“coupling” is stronger, that is, when the density of interacting ions is greater, a result in 
agreement with equation (66). Combining the two tendencies, the result appears plau- 
sible. 

Since the theoretical derivation of equation (68) is based on many assumptions and 
simplifications, it is most desirable that its predictions be compared with experiment. 
Gorter’s discussion on pages 67-68 shows that the general dependence of xVxo on T and 
co is correctly given by equation (68) for frequencies up to 106 sec-1 and temperatures of 
the order of 70° K and that the dependence on n is roughly correct. The numerical value 
of this ratio for FeNH^ (SO^2 • I2H2O deduced from his Table XV, which is based on 
experiment, is 65 per cent of the value deduced from our equations (66) and (68) ; values 
for a number of other substances show that our result is a quite reasonable estimate 
of the order of magnitude of x"- 

7. THE EFFECT OF A TORQUE ON THE DISTRIBUTION INTEGRAL 

We now wish to consider the effect of a torque so small that the change in angular 
momentum during a single nutation is negligible and only cumulative effects are sig- 
nificant. Thus we can describe the motion as in § 5.1, using Figure 3, with the modifica- 
tion that the angles ß and 6 are regarded as changing very slowly rather than being con- 
stant. To simplify our notation, we shall work out their rates of change for the torque 
considered in the previous section, although the modification for any other small torque 
is straightforward. In the latter parts of this section we consider the effect of these 
changes on the distribution integral. 

7.1. The mean rates of change of ß and 6.—We must first develop a somewhat more 
extensive description of the motion when there is no torque. Consider the plane through 
the angular momentum, H, and the axis of symmetry, 6a, shown in Figure 5, a. Because 

(68 

(69) 
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of the symmetry, the angular velocity o> must lie in this plane. Let 0, fc, and 6^ be the 
angles indicated where 6 is as defined above, and let 6a and er be the unit vectors in this 
plane along and normal to the axis of symmetry, respectively. Since we have defined I to 
be the moment of inertia about ca and y I to be that about €t and since these are principal 
axes of inertia, we can write the angular velocity and angular momentum as 

co = eAco cos 0W + e ¡reo sin0a>, (W 

H = eAB cos0 + eTH sin0 (^D 

= eAIu cos0io+ eTIyu sm0w . 02) 

From equations (71) and (72) it follows that 

cos 0W 
/co 

cos0, sin0u> 
H 

I y 03 
sm 

Since 6h — 0 — 6œ, it then follows that 

E 
COSdH = ~r—(7 cos20+sin20), 

1 y 03 

sin0 
H 

H I y 03 
( 7 — 1 ) sin 0 cos 0 . 

(73) 

(74) 

Fig. 5.—a, the angles between H, «, and the axis of symmetry, A. b, the relations between «, H, B, 
and X. The angles are A HO A — 0; A BOH = ß\ ABOo* = a; ABHA = \p\ AHOv = 6H; A<aOA = du. 
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The kinetic energy of rotation is 

R = \[I cos ft,))2 + J7 (co sin0oj)2], 

so that, by equations (75) and (73), 

2IyR 

H2 7 cos2 0 + sin2 0 . 

(75) 

(76) 

Further, by equations (74) and (76) 

2R 

Hœ 
— COS 0// . (77) 

As our basic equations of motion we take 

H = L= F(xo-x')co-2U?-w)OX5)+ V ~(<o XB) XB, 
‘ 0) 

R =<0.L= _ v±-[œ2B2- (û>.5)2 

co 

(78) 

(79) 

where the dot indicates differentiation with respect to time and where we have used 
equation (64). Next we average these over one nutation to get [H]^ and [R]&v. We see 
from Figure 3 that a knowledge of the former of these gives the average rate at which ß 
is changing. Equation (76) allows us to obtain the average rate at which 0 changes from 

[zr]av and [2?]av 
In order to carry out the averaging, consider Figure 5, b, which is the same as Figure 3 

except that co and the various vectors needed to determine L have been added and the 
system has been rotated about B. In the nutational motion, the plane containing 0, F, 
if, co, and Ch4, i.e., the plane of Figure 5, a, rotates with constant angular velocity j/ about 
if, the angles 0, 0W, and da remaining constant. If, as co moves in a circle about ff, we first 
average over positions that are mirror images in the plane BOH, so that the values of a 
are the same, we see that the average over a nutation of co X 5 lies along OQ, i.e., along 
the vector H X B, and that the average of (co X 5) X Æ ^es along OR, i.e., along the 
vector — ea which lies in the plane of B and H. Hence the first term on the right-hand 
side of equation (78) causes H to precess around B but produces no change in ß or in H, 
the magnitude of if. Thus, although (xo — xO contributes to the torque, it does not 
affect the distribution of orientations, and we shall drop it from our treatment. The aver- 
age of the last term of equation (78) is 

F — [ (<i> XB) XÄ]av= V — { [<o] av XB) XB 
CO CO 

= — F — CO#2 sin ß cos6Hea co 

(80) 

because [ci>]av is directed along ff and has the magnitude co cos 0#. Hence H tends to spiral 
toward B, its projection on B remaining constant. 

If ff is resolved into components H* and Ha along B and OP, respectively, we see 
from equations (79) and (80) that 

[Hr] av=0, 

YdHal \d{Hv tan ß) ] T/x" 02- * * 
hrL - L—a—L ’ " F » ””s ml>- ■ 

(81) 
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It follows from this and equation (74) that the average rate of change of ß is 

y" VB2 

l] av = — 7— sin ß cos £ (y cos26 + sin2 6). 
œ 17 

(82) 

Next turn to the calculation of the average rate of change of 6. We shall need the exprès 
sion 

VdH2! Yd 

\nr\& - ~ 

Also average equation (79): 

r4(^ + ^)l = — 2 F — wB2H sin2 ß cos6 
Idt * •r Jav CO 

II • (83) 

[Æ]av = - V ~ u>2B2 ( 1 — [cos2 a]av) Ü) (84) 

= - F — co252 ( 1 - cos2 6h cos2 /3-i sin
2ô^ sin2 ß), 

CO 

with [cos2 a]av from equation (109) suitably modified. Now differentiate equation (76), 
solve for 6, and average. Reduce the resulting expression with the aid of equations (77) 
and (74) : 

[0] 
lyR [R] 1 \dH2~\ 

H2 (7 — 1 ) sin0cos6 i R H2l dt J 

Iy Vx”B2o> 
H2 (y — l)sinö cos 6 

sin2Oh (I — i sin2 ß) 

x/r VB2 

co ly 
(7 — 1 ) sin0 cos0 ( 1 — J sin2 ß). 

(85) 

It might appear that the above treatment somewhere omits an important considera- 
tion, since it seems to imply that a torque due to the first term on the right-hand side of 
equation (78) or due to a permanent magnetization of the grain along its axis of sym- 
metry produces only a precession and does not affect the distribution of orientations. It 
is indeed true that such torques affect the distribution, the effect being easily computed 
from the Maxwell-Boltzmann distribution when, as is usual, the torque is derivable from 
a potential energy. But the effect on the distribution is insignificant unless this potential 
energy is of the same order as R, since the cumulative effect is null. 

7.2. The distribution integral when the relaxation time is short.—Consider the case in 
which the collisions of atoms and ions with the dust grains are so frequent that the dis- 
tribution remains relatively near the equipartition value, the effect of the torques being 
to produce a small perturbation. Evaluate the distribution integral with equation (12). 
The problem then is to calculate the rate at which F changes when ß and 0 for each grain 
are changing as given by equations (82) and (85). Regard each grain as characterized by 
a representative point in ß-d space, the density of the representative points being just 
f(ß, 0, a) as defined in § 5.2. These points move with the velocity 

V= [/^jav^/sT“ 

where eß and ee are unit vectors along the co-ordinate axes. Since the representative 
points never vanish, the usual equation of continuity gives 

= — div (Vf) . (87) 
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It follows that if we evaluate the derivative as the system is passing through the equipar- 
tition distribution, 

~^{ [|3]av/e} (88) 

To form the derivative with respect to t of F, as defined by equation (44), we need only 
differentiate/i under the integral sign, using equation (88). Hence, from equation (12), 

F{a) ==Fi(a) =t f f (cos2 ß cos2 0 + J sin2 ß sin2 0) 
0 ° (89) 

(^ j [|8kv/4+^{ I6].vfe})dßde, 

where we introduce Fi for the value of the integral in any case. F — Fi only for the linear 
range where the perturbation from the equipartition distribution is small, i.e., when 
I-Fzi <3C We can now substitute from equations (37), (82), and (85), reducing equation 
(89) by an integration of elementary functions (cf. Appendix 4) to 

, _r(7) Fx^r 
1 Ia>e 

(90) 

where F (7) is an abbreviation for a constant that depends only on the eccentricity of the 
spheroid, being 

r(7) 
 2  r27+i 
1571/2 (7 — 1)1/2L 7 — 1 

-2 r27+l 
isy/sa -7)i/2|_ 1 -7 

sinh“1 <T - l i ’ - - Ü (^-j)17’] 

sin-. (13 (Ti-)
1'’] 

if 7> 1 

if 0 < 7 < 1 (91) 

8(7-1) 
2257 

1 Ht-1) + - - •] if I 7 - 1 I « 1 , 

where in the last form the term neglected is of order (7 — l)3. 
In Table 2 we have tabulated for a variety of grain shapes the values of various quan- 

tities of interest. If a a is the radius of the grain along the axis of symmetry, aT is the 
radius in the transverse direction, and a is the mean radius, used throughout our paper, 
the quantities tabulated are obtained from equation (91) and 

V = ±*a ar =t7ra3 (92) 

7 
_Iy _pav{a\ + a\)/s (a\ \ 

I PgV ( a2
T + a2

T) / 5 IW? J’ 

1QOr^! = 25o(^Y/3r. 
I \CIt/ 

Consulting Table 2, we see that over the plausible range of ((Ia/clt) we can take 

ioor-S.+ 5 

a2P0 

(93) 

(94) 

(95) 

without introducing errors as great as those due to our lack of knowledge of r. 
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By substitution of equations (95), (68), and (16) we can now reduce equation (90) to 

6.3! X lO6#2 

aT^nHT0 m) 

= ± 6.31 X 108^2 in both H i and H n , 

the sign being + for prolate and — for oblate spheroids. 
7.3. The distribution integral when the relaxation time is very long.—If we compare 

equation (90) with equations (82) and (85), we see that, to within a factor of the order of 
unity, Fi is just r times the average rate of change of the orientation angles, provided 
that F is introduced to allow for averaging over all orientations. Thus, when | | <<C the 
angles change but little during the relaxation time, which is to be regarded as the time 
available for the applied torque to alter the orientation before the collisions stop further 
drift away from equipartition. On the other hand, when | -Fz | ^> |, the relaxation time is so 
long that the collisions do not affect the distribution significantly and the torque orients 
the grains to the maximum degree possible. It then follows from equation (82) that ß 
approaches 0 if ß < tt/2 initially and ß approaches tt if ß > tt/2. That is, the angular 
momenta all line up either parallel or antiparallel with the magnetic field. Recalling that 
0 ^ 0 7r/2, we see from equation (85) that for prolate spheroids, where 7 > 1, 0 ap- 
proaches 7r/2, while for oblate spheroids, where 7 < 1, 0 approaches 0. In either case the 
long dimension of the spheroid becomes normal to H and B. Thus, by the discussion at 
the end of § 5.2, F = ^ for prolate spheroids and F = — f for oblate spheroids when 
1^1 »i 

8. OTHER METHODS OF PRODUCING POLARIZATION 

8.1. Torques due to permanent magnetization.—When the orientation of the grains can 
be specified directly without investigating H, the angular momentum, it is convenient to 
set ß = 0 in all our formulae and to regard 0 as being the angle between B and the axis of 
symmetry. The resulting expressions enable one to treat situations, such as that consid- 
ered by Spitzer and Tukey,12 where the grains are assumed to have a permanent mag- 
netization M along the axis of symmetry. Then the angular distribution function, /, 
defined by the expression (36) with ß and dß omitted, is easily found from the Maxwell- 
Boltzmann distribution law, and evaluation of equation (44) then gives 

F {a) = —jf + 2g2 — coth g I, CW 

where g = VMB/kT. Our F {a) is — fM(g) in the notation of Spitzer and Tukey. Sub- 
stitution in the equations of § 5.3 then gives an expression for p that is in agreement with 
their equation (26). The fact that F is less than zero means that the magnetic field re- 
quired to produce a given orientation of the grains by this mechanism is at right angles 
to that required when paramagnetic relaxation, or any dissipative mechanism, produces 
the orientation. The fact that the limiting value here is — f, while for the case of § 3 it is 
J, means that a field strong enough to give complete alignment requires here a smaller 
value of (ta/vt- 

If VMB/kT <<C 1, the distribution is not much affected, and the polarization is very 
small. Similarly one can show that the torque described by the first term of equation (64) 
produces no significant effect. In a mixture of such a torque and a nonconservative torque 
of the type treated in § 7, one can treat the case in which the latter torque produces only 
a small perturbation merely by replacing the/e of § 7 by the Maxwell-Boltzmann equi- 
partition distribution for the conservative torque. 

8.2. Eddy currents.—Among the possible torques that might act on a body rotating in 
a magnetic field is that due to eddy currents in a conductor. We may estimate the order 
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of magnitude of this torque by assuming the grain of dust to be a sphere of conductivity 
<r e.m.u. and permeability k. We find that u, the ratio of the diameter of the grain to the 
skin depth of the eddy currents, is 

/ T Y/* 
M = 2a(27rw/c<r)1/!! = 6.3XlO-',U<T)1''2( ) - (98) 

\ # Pg/ 

where we have used equation (5) for co, the angular velocity of the grain. Thus u is small 
compared to unity for all plausible values of the parameters. Rotation in a uniform field 
is equivalent to the action on a stationary sphere of two alternating fields at right angles 
and 90° out of phase. Hence the torque is twice the power absorbed in an alternating field 
divided by the angular velocity. We use the expression for the power given by W. R. 
Smythe,31 converting it to e.m.u. and keeping only the lowest-order terms in u. The re- 
sult is 

_ 6ira5œ k2(tB2 

Le - 45 + 30 ( /c — 1 ) +5U-1)’ ‘ (99) 

Such a torque will not affect the motion significantly if Le/Lr <30. If we substitute from 
equation (17) for Lr, and from equation (5) for co, and take k = 1, we get 

1.3 X 1019 

Lr 

aB2(f 

nHT1/2 

= 1.3 X lO12^2, in Ui and Hu regions . 

(100) 

As k approaches infinity, the ratio approaches a value nine times as great. Now for pure 
iron at a temperature of 5° K, a is of the order of 0.02 e.m.u. Impurities would diminish 
the conductivity very greatly, and, if the grains have the composition assumed in § 4, 
a will be smaller by at least 107. Thus, if B is of the order of 10-4 gauss, eddy currents 
produce negligible effects unless the grains are assumed to be very good metallic con- 
ductors. If the grains were pure iron, eddy-current effects would probably significantly 
modify the type of behavior discussed by Spitzer and Tukey. 

8.3. The Rowland Effect.—If the dust grains bear electrostatic charges, then, as follows 
from Rowland’s famous experiment, torques will act oh them as they rotate in a magnetic 
field.32 If the potential of the grain is of the order of a few volts, then it is easy to show 
that for this reason the grains have a magnetic moment per unit volume of the order of 
10-4 e.m.u. For magnetic fields of the order of 10~5 gauss, the resulting torque on the 
grains is much larger than Lr as given by equation (17) and hence is a torque whose 
effects should be examined with some care. On the other hand, its direction is such that 
it might be expected to produce mainly precession without appreciable alteration of the 
distribution of orientations. Indeed, we shall now show that the distribution of orienta- 
tions is completely unchanged by the Rowland effect. 

Our procedure is to obtain a Hamiltonian for the system; then the distribution of 
oriejitations in the steady state is obtained from the basic theorems of statistical me- 
chanics. We shall consider only the rotational motion of the grain, since the inclusion of 
translatory degrees of freedom, as is apparently suggested by Hiltner,2 should not affect 
the orientation. Assume that all effects due to motion of the charge relative to the grain 
have been accounted for in the treatment of eddy currents and hence assume that the 
charges are fixed with respect to the grain. 

The Lagrangian for a rigid body is obtained by adding together the well-known 

n Static and Dynamic Electricity (2d ed.; New York: McGraw-Hill Book Co., Inc., 1950), p. 400. 
32 The authors are indebted to Dr. Olin C. Wilson for the suggestion that this torque should be in- 

vestigated. Some such torque was also suggested by Hiltner (Ap. 109, 471, 1949). 
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Lagrangians of the charged particles into which the body can be divided. Thus we get, 
for the rigid grain of dust, 

£ = Ji?' / -a) , (ion 

where o> is regarded as expressed in terms of Eulerian angles and their derivatives; I is 
the familiar tensor of inertia defined in terms of integrals over the volume of certain func- 
tions of position multiplied by the mass density ; and 7 is a tensor defined in exactly the 
same way except that the charge density replaces the mass density. 

Let us denote the Eulerian angles used to specify the orientation of the grain by 
i = 1, 2, 3. Then co is linear in although a somewhat complicated function of qi. Thus 
equation (101) may be written as 

^ 2 A a ([x qj ~\-C i qi , An A a , (102) 

where a single index can have any of the values 1, 2, 3 while we sum over any index that 
occurs twice in a single term—i.e., the usual summation convention. The quantity An 
comes from the first term of equation (101) and does not involve B, the magnetic field, 
while Ci comes from the second term and is zero when 2? = 0. From equation (102) we 
obtain the generalized momenta, 

a? 
Pi — yr- = A ij qj + , (103) 

and the Hamiltonian 
§ = pkqk-% = hAijqiqj, (i04) 

where is to be expressed in terms of q% and by means of equation (103). 
The usual statistical mechanical procedures now give (cf. Appendix 2), as the number 

of grains whose representative points lie in a region 8t of phase space, 

bN = Ci J JJfJ'J'exp^-~^dqídqidq3dpidp2dp3, (ios) 
8t 

where ci is a normalization constant. The regions 8t that interest us are those in which the 
qn i.e., the orientation, are confined to a narrow range while the pi range over all possible 
values. We now change variables in equation (105) from pi to Vi = q^ The appropriate 
expression for § is already available in equation (104) ; we note that it is independent of 
B. The change of variables does not affect our description of 8t. The Jacobian of the 
transformation is found from equation (103) to be the determinant of the matrix ^4 ¿z, and 
this is independent of B. Thus the expression for the angular distribution has been for- 
mulated in such a way that nowhere does the magnetic field enter; hence the distribution 
must be completely independent of the field. 

We are deeply indebted to both Dr. W. A. Hiltner and Dr. John S. Hall for the obser- 
vational material made available to us before publication. Dr. J. H. Van Vleck and Dr. 
C. J. Gorter have been most helpful in the discussion of paramagnetic relaxation. We are 
particularly grateful to Dr. Lyman Spitzer for discussions of all phases of the problem 
and for his many helpful suggestions on reading our manuscript. 

APPENDIXES 

Appendix 1. Derivation of equations (34) and (35).—We wish to compute cos2 a* 
and cos2 a*, where the angles are shown in Figure 4 and the average is over <t> and p. 
Denote the direction cosines of 0^4 by cos ax, cos ay, and cos az- Then, since the direction 
cosines of Ev are 0: sin v: cos v, 

cos a» = sin v cos a y + cos v cos a z , (106) 
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cos a* = cos ax . C107) 

By spherical trigonometry 

cos az = cos ß cosÔ -J-sin ß sind cos \f/ . (ios) 

Now, when we average over \p, we readily obtain 

cos2 az — cos2ß cos26 + ^ sin2 ß sin26 ; d09) 

and this result is unchanged if we next average over <£. When we average first over <£ and 
then over we see by symmetry that 

cos2 ax — cos2 ay — ^ 1 cos2 ax) • (no) 
Therefore, 

cos2 a* = ! ( 1 — cos2 ß cos26 — \ sin2 ß sin2 0), (m) 

which gives equation (34) on substitution in equation (33). 
When we square equation (106) and average over </>, we note that cos ay cos az aver- 

ages to zero. Then, substituting from equations (109) and (110), we get 

cos2 a,r = I sin2 v{ \ — cos2 ß cos20 — | sin2 ß sin20) 
(112) 

+ cos2 v (cos2 ß cos2 0 + 1 sin2 ß sin20), 

which gives equation (35) on substitution in equation (32). 
Appendix 2. The equipartition distribution.—We wish to derive equation (37), the 

expression for the equipartition distribution, which is the distribution when no torques 
act on the grain except during collisions with atoms. In this case we have a Maxwell- 
Boltzmann distribution, and the usual statistical mechanical procedures give 

bN ~ cif f f f f f exP d\d\f/d(¡)dp\dptdp+ (H3) 
5r 

as the number of particles whose representative points lie in a region 5r of phase space, 
where C\ is a normalization constant; R is the kinetic energy of rotation of a grain; T is 
the temperature of the gas molecules whose collisions produce the equipartition distribu- 
tion; X, p, and (j) are angles defined below that specify the orientation of the grain; and 
p\, pt, and p<t> are the conjugate momenta needed to complete the phase space. Hence 
our problem is to define suitable co-ordinates and then select a region ôr in phase space 
such that bN gives us /a(ß, 0). 

As shown in Figure 6, let OXYZ be a system of nonrotating co-ordinates with 0 at 
the center of mass and OZ directed along B. Let Oxyz be a system of axes fixed in the 
particle with Oz along the axis of symmetry, and let X, </>, and p be the usual Eulerian 
angles, X replacing 0, which is used for the angle between H and the axis of symmetry. 
Note that temporarily we shall not use p with the same meaning as in § 5. The moments 
of inertia of the spheroid are Ixx = Iyy = yl, I*z = I- The kinetic energy of rotation is 

R = [y (X2 + \À2 sin2 X) + (<t>-{-p cos X)2]. Ui*) 

The conjugate momenta, p\, pt, and p<j>, are defined in the usual way by = dR/ dX, etc. 
Any standard treatment of the dynamics of rigid bodies gives the expression for the 
angular momentum, H} referred to axes fixed in the spheroid in terms of the Eulerian 
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angles and their rates of change. The expressions for the momenta and the abbreviation 

then enable us to write 

_ P'P~ P<t> cos ^ 
^ sin X 

R = ÜIy)-1(Pl + ^ + yp¡), 

(115) 

(116) 

h^pi+t¡+p¡, (117) 

COS0 = 
H-ez 

H 
P± 
H' 

(118) 

where ez is a unit vector along OA. 
The dependence of/e on ß is easily found. In our present discussion, B is regarded as a 

z 

Fig. 6.—The Eulerian angles 

vector that specifies a unique direction in space but that does not affect the orientation of 
the grain. Hence H is oriented at random over a sphere and/e must be proportional to 
^ sin ßdß. Thus we need only select 8t so as to give the dependence on 0; that is, to include 
those values of the canonical co-ordinates and momenta for which 6 lies in the range dB. 
Now that we have equation (113), we no longer need to use canonical variables but can 
change to the set X, </>, p\, tt^, p<j>. The Jacobian of the transformation is sin X. We 
note that R and 6 do not depend on X, \¡/, and </> ; hence we can carry out the integration 
over these variables and write equation (113) in the form 

8N = dpxdir^dp^, (119) 

where ¿2 is one of a series of normalization coefficients, cn, whose evaluation we shall post- 
pone. Equations (117) and (118) show that we can regard 

p\ — H sin# cos a , tt^ = i? sin0 sin a , p(¡,= H cos0 (120) 

as being Cartesian co-ordinates in a space whose spherical polar co-ordinates are ¿7, 0, 
and a. In our complete phase space we see that ÿx, and and hence Try,, run from 
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— oo to + 00 • Thus H runs from 0 to °o , 0 from 0 to tt, and a from 0 to 2tt. In the region 
<5t of interest, the only change to be made is that 6 is restricted to the range dd. If we 
express R and dp\ dirt dp<t> = H2 sin 6 dH dd da in terms of the new variables, equation 
(119) becomes 

J/'Oo fd+dQ nl-K r 

i l exp L 
SiV 

H2 (sin2 0 + 7 cos2 0) 
2IykT 

H sin OdHd dda 
(121) 

= ^3 sin0 (7 cos20+ sin20) z/2d0 . 

If we now multiply the left side of equation (121) by J sin ßdß, to give the dependence on 
ß found above, and evaluate c3 by integration over all 0 and ß, we get equation (37). In 
this normalization we return to the convention, used everywhere except in the present 
section, that 0 lies between 0 and 7r/2. 

Appendix 3. The derivation of equations (44)-(48).—For purposes of derivation it is 
convenient to regard St and Sp as being defined by equations (47) and (48) rather than 
by equations (45) and (46). 

Using equations (41), (43), (34), and (35), one finds that 

5V + ( 2 cos2 v — sin2 v) So- 

3 cos2 v 

J/'CO /»tt/2 p 

n J J(\ 

,,r O' A + 2 O' ^ 
f (ß,d}a) p(a) dßddda ,(122) 

5.= — = f f f (<rA — <7r) (J — f cos2 ß cos20 — f sin2 ß sin20) v Jq J0 J0 
¿ cos2 

(123) 

X [/e(ß,0) +/i(ß, 0, a)] P (a) dßdeda . 

If we next consider the definitions of/,/e, and/1 in § 5.2, it is evident that 

/tt/2 pTT /'x/2 pTT 
f(ß,e,a)dßde= fe(ß,e)dßdd = i, 

'/0 ^0 %/o 

r/2 r/Aß,e) dßdd=o. 
'/0 ^0 

(124) 

(125) 

Now fe = sin ß[/e/sin ß], where from equation (37)/e/sin ß is independent of ß. Hence, by 
equation (124), 

Therefore, 

1 r/2 rr/e(ß,0)-L. r/2r/e(ß,ö)i^ , 
2J, i m I l-^ride = ^ 

(126) 

f f (f cos2 ß cos20 + J; sin2 ß sin20) "Isin ßdßd Jo 2 * L sin D J 

= r/\cos2e + sm2d)\^Âp-]de = ^ 
dn L sin ß J 

(127) 

It follows from equation (124) and the fact that a a and (sT are independent of ß and 0 
that equation (122) is equivalent to equation (45). It follows from equations (124), (125), 
and (127) that equation (123) is equivalent to equations (46) and (44). 

Appendix 4. The evaluation of the parameter F.—Substitution in equation (89) shows 
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that equation (90) holds, provided that 

1 /'V2 r* 
r (t) = 2^75 J Jo (cos2 ß cos2 Ô +1 sin2 ß sin20) 

X 
0 ( — sin2 ß cos ß ) 

dß 
X 

sin 0 

(y cos20 + sin20)1/2 
(128) 

+ 4 
sin20 cos0 

dd ( (y cos2d + sin20)3/2 I (7 — 1) sin ß (1 — J sin2 ß) J¿j8á0 . 

The differentiations and integrations over ß are easily carried out, and the differentiation 
with respect to 0 can be eliminated by integrating by parts. This gives 

r(7) 
2 rW* (7 cos2 0 + sin2 0) ( 1 — 3 cos2 0) + (7 ~ 1 ) sin2 0 cos2 0 . 

T57M ( 7 cos2 0 + sin2 0 )3/2 sin0d0 .(129) 

Let x = (y — 1)1/2 cos 0, to get 

r(7) = 
-1)3/2/ 15 71/2 ( 7 

This gives equation (91) 

(y-1)1'2 (x2 + 1) (7 - 1 - 3x2) + (7 ~ 1 - ^2) 

(^2+l)3/2 ¿ír . (130) 
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