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OVERTONE PULSATIONS FOR THE STANDARD MODEL 

MARTIN SCHWARZSCHILD 

- ABSTRACT 

The periods of the first four spherically symmetrical overtone pulsations are derived for the stand- 
ard model. 

Recent observations1 on short-period variables indicate that overtone pulsations may 
actually occur in variable stars. To make possible a comparison between these observa- 
tions and the pulsation theory, the periods of the fundamental mode and the first four 
overtones (all corresponding to radially symmetrical pulsations) have been computed 
for the standard model (which is likely to be a sufficiently good approximation for the 
short-period variables) for four different values of the ratio of the specific heats, 7.2 

According to the pulsation theory,3 the periods are determined by those values of 

= (y ) (VGtPoc)-1 (x) 

(where P is the period, G the constant of gravitation, and p0c the mean density in center), 
for which the pulsation equation 

^1/^ 4 du\ du\ = 

dtf Uo ’ dto) d£0 W a ’ d£0J ^ ° 
(2) 

(where ¿1 is the amplitude of displacement, £0 the mean distance from center, a = 
3 — (4/7), and M is the Emden function4 of polytropic index 3) has a solution nonsingular 
both at £0 = o and at £0 = £oä. 

Close to the surface the standard model and the corresponding boundary condition 
for the pulsation are not good approximations. But the errors introduced into the pe- 
riods by this inaccuracy should not be appreciable. 

The characteristic values of co2 were determined in the following way. A trial value 
of o2 was chosen. For the neighborhood of £0 = o and of £0 = £oä equation (2) was 
solved by power series ; the series developed at £0 = o (neglecting sixth and higher powers 
of £0) was used to compute £x at £0 = 0.4 and at £0 = 0.5; the series developed at £0 = 
£oä (neglecting the fourth and higher powers of £0 — £oæ:) was used to compute £x at 
£0 = 6.80 and at £0 = 6.75. Two numerical integrations of equation (2) were performed; 
the first integration, using £1(0.4) and £1(0.5) as starting-values and A = +0.1 as step- 
value, was led outward to £0 = 5.1 ; the second integration, using ^(ó.So) and £1(6.75) as 

1 T. E. Sterne, Proc. Nat. Acad. Sei., 26, No. 9, 537, 1940; M. Schwarzschild, Pub. A.A.S., 10, No. 3, 
117, 1941. 

2 The period of the second overtone for 7 = 1.54 had already been computed by Miss H. A. Kluyver, 
Bull. Astr. Inst. Netherlands, No. 276, 1936. Dr. Sterne had found certain models, rather different from 
the standard model, for which the overtone periods could be derived analytically, M.N., 97, 582, 1937. 

3 A. S. Eddington, The Internal Constitution of the Stars, pp. 188 and 192, 1930. 

4 British Association for the Advancement of Science, Mathematical Tables, 2, 1932. 
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starting-values and A = —0.05 as step-value, was led inward to £0 = 4.9. The integra- 
tion formula employed was 

with 

and 

life + A) = !,(!„) X -Bfe) - |i(|o - A) X .4 fe) , 

-4 do) = i 
2 Aß 

2 -f” A# 
1,4. 
lo^« <fe/ 

5(|o) = 2 
2Aa + 2 A2ô 

2 + Aß (‘ 

CO2 4 
 r a T— • U ÇoU 

the integrations were performed with the help of the punched-card machines of the 
Thomas J. Watson Astronomical Computing Bureau.5 The ratio R = ^I(5.i)/¿r(4.9) 

TABLE 1 

Characteristic Values of d2 

Mode a = 0.2 :°-4 :o.6 Max. Error 

O.OOOOO 
.16643 
•3392 
.5600 

0.8283 

0.05882 
•19139 
.3648 
• 5863 

0-8554 

o. 10391 
.21998 
.3920 
.6136 

0.8832 

0.13670 
.25090 
.4209 
.6420 

0.9117 

±0.00003 
.OOOIO 
.0004 
.0020 

+ O.O060 

was computed from each of the two integrations, and the difference D = i?0utw — Rinw 
was derived. The whole procedure described so far was repeated for another trial value 
of co2. A first approximation for the characteristic value of co2 (for which D is zero) was 
obtained from the two available D-values by inter- or extrapolation, regarding D as a 
function of co2. This approximation for co2 was used as a third trial value, for which D was 
again determined by the above procedure. Further successive approximations were ob- 
tained by using, every time, the previously derived ZTs for the interpolation. The second 
approximation generally gave a sufficiently accurate value for the characteristic co2 (al- 
together 74 outward integrations, each of 46 steps, and as many inward integrations, 
each of 37 steps, had to be performed with the machines). 

Table 1 gives the resulting characteristic co2’s. The estimated maximal errors in the 

s An improved integration method, found after the pulsation integrations had been performed, is de- 
scribed by L. Feinstein and M. Schwarzschild in Rev. Sei. Instr. (in press, 1941). 
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OVERTONE PULSATIONS 247 

last column are based partly on comparisons with Miss Kluyver’s integrations6 and part- 
ly on special test integrations showing the errors in the final results produced by the er- 
rors in the starting-values and by the errors in the integration formula used. 

Table 2 gives the periods of the overtones, in terms of the fundamental period, derived 
from the co2,s with the help of equation (1). 

TABLE 2 

Overtone Periods in Terms of the 
Fundamental Period 

1-43 

0.4 

1-54 

0.6 

1.67 

Px/To. 
P2/Po. 
P3/P0. 
lypo. 

0.554 
.402 
.317 

0.262 

0.687 
• 515 
.412 

0.343 

0-738 
• 570 
.461 

0.387 

TABLE 3 

Ratio of Successive Overtone Periods 

1.33 1-43 

0.4 

1.54 

0.6 

1.67 

Px/Po. 
P2/Px. 
p3/p2 
P4/P3. 

0.000 
. 7OO 
.778 

O.822 

O.554 
.724 
.789 

O.828 

O.687 
•749 
•799 

0-833 

0.738 
.772 
.810 

0.839 

Table 3 gives the ratios of the periods of successive overtones. 
Table 4 gives the amplitudes (¿1) of the displacements as functions of the mean dis- 

tance from the center (£0), normalized so that £1 = 1 at £0 = £oie. The £i’s given are 
taken from the integrations corresponding to the last trial values of co2, which differ not 
more than one in the last place from the final values given in Table 1. The last place of 
the £i7s in Table 4 is hardly significant; for the ^’s near the surface in the higher over- 
tones only the first two or three places are significant. For a = 0.4 the ^’s are shown 
also in Figure 1. 

6 Bull. Astr. Inst. Netherlands, No. 268, 1935, and No. 276, 1936. 
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Amplitudes of the Displacements, & 

0.00. 
0.40. 
0.50. 
0.60. 
0.70. 
0.80. 
0.90. 
1.00. 
1.10. 
1.20 
1.30. 
1.40. 
1.50. 
1.60. 
1.70. 
1.80. 
1.90. 
2.00. 
2.10. 
2.20. 
2.30. 
2.40. 
2.50. 
2.60. 
2.70. 
2.80. 
2.90. 
3-00. 
3-10. 
3-20. 
3-30. 
3-40. 
3-50. 
3 • 60. 
3-70. 
3.80. 
3- 90. 
4.00. 
4.10. 
4.20. 
4- 30. 
4.40. 
4 • 5°- 4.60. 
4.70. 
4.80. 
4.90. 
5 .oo. 
5 05. 
5- 10. 
5-iS- 5.20. 
5-25. 
5-30. 
5-35- 
5-4°- 
S-4S- 
5-50. 
5 • 55 • 
5-60. 
5-65. 
5-70. 
5 • 75 ■ 5.80. 
5- 85. 
5 - QO- 
S' 95 • 6.00. 
6.05. 
6.10. 
6.15. 
6.20. 
6.25. 
6.30. 
6- 35. 6.40. 
6.45. 
6.50. 

6.55. 6.60. 
6.65. 
6.70. 
6.75- 6.80. 

Fundamental 

+0.31767 

31873 
31933 32007 
32094 
32196 
32312 
32443 
32589 
32750 
32928 
33122 
33333 
33562 
33808 
34074 
34359 
34664 
34990 
35336 
35706 
36098 
36514 
36956 
37423 
37917 
38438 
38989 
39569 40181 
40824 
41502 
42214 
42961 
43747 
44571 
45435 
46341 
47290 
48284 
49325 
50413 
51552 
52743 
53987 
55287 
56645 
58063 

58795 
59543 60308 
61090 
61889 
62705 
63538 
64389 
65257 
66144 
67050 
67975 68920 
69885 
70871 
71877 
72904 
73952 
75022 
76114 
77229 
78367 
79528 
80713 81922 
83156 
84416 
85702 
87015 
88354 
89720 
91114 
92537 
93989 
95471 

+0.96983 

:° • 4 
+0.11046 

.11122 

.11166 
. 11219 
.11283 
•11357 
.11442 
•11538 
.11646 
.11766 
.11898 
.12044 
.12203 
.12377 
.12566 
. 12771 
.12993 
■13233 
•13492 
.13770 
.14070 
.14392 
•14737 
.15107 
•15504 
• 15928 
.16382 
.16867 
.17386 
• 17940 
•18531 
.19162 
•19835 
• 20552 
.21317 
. 22132 
. 23000 
•23925 
.24909 
•25958 
.27073 .28261 
.29524 
.30868 
•32298 
.33818 
•35435 
•37154 
•38054 
.38982 
39938 

.40924 

.41940 

.42987 

.44066 
•45179 .46326 
•47508 
•48727 
• 49983 
.51277 .52611 
•53986 
•55403 .56863 
•58367 
•59917 
.61514 

•63159 .64854 
.66601 
.68402 
.70258 
.72170 
•74139 .76168 
.78259 
•80413 

.82633 .84921 

.87278 

.89706 

.92207 
+0.94784 

a = 0.6 
+0.04457 

04504 
04532 
04565 04605 
04652 
04706 
04767 
04836 
04913 04999 
05094 05198 
05313 
05439 
05577 
05727 
05890 
06068 
06261 
06471 
06699 
06946 
07213 
07503 
07817 
08156 
08523 
08920 
09349 09812 
10313 
10855 
11439 12071 
12753 
13489 
14283 

15141 16067 
17065 
18143 
19306 
20560 
21913 
23371 
24944 
26641 
27538 
28469 
29436 
30440 
31483 
32564 
33688 
34853 36064 
37320 
38624 
39978 
41382 
42840 
44354 
45924 
47554 
49245 51001 
52822 
54712 
56674 
58709 
60821 
63012 
65286 
67645 70093 
72632 
75267 
78000 
80836 
83778 
86831 
89997 

+0.93283 

First Overtone 

-0.03382 
■ .03373 
- .03368 
- -03361 
- 03353 
- 03343 
- 03331 
■ -03317 
- .03301 
■ .03283 
- .03261 
- .03237 
- .03209 
- .03176 
- .03140 
- .03098 
- .03050 
- .02995 
- .02934 
- .02864 
- .02785 
- .02695 
- 02594 - .02479 
- .02350 
- .02205 
- .02042 
- .01858 
- .01652 
- .01420 
- .01161 

,00871 
,00546 
.00183 
,00222 
00673 

.01176 
01737 

.02360 
03052 

,03821 
04674 

.05620 

.06669 
,07829 
.09113 
10533 

.12101 

.12946 
•13833 
•14765 
•15744 .16772 
.17851 
. 18984 
.20173 
.21421 
.22731 
.24105 
.25546 
.27058 
.28643 
•30305 
.32049 
•33876 
•35792 
•37799 
•39904 
.42109 
.44419 
.46839 
•49375 52030 
54812 

•57724 
60774 

.63967 
67309 

+ .70808 
+ -74470 
+ .78303 
+ -82314 
+ .86512 
+0.90905 

-0.02848 
- .02851 
- .02853 
- .02855 
- .02857 
- .02859 
- .02862 
- .02864 
- .02866 
- .02868 
- .02869 
- .02869 
- .02868 
- .02865 
- .02861 
- .02854 
- .02845 
- .02832 
- .02815 
- .02794 
- .02767 
- .02734 
- .02694 
- .02645 
- .02586 
- .02516 
- -02433 
- -02335 
- .02221 
- .02087 
- .01931 
- .01751 
- 01543 
- .01304 
- .01029 
- .00714 
- .00355 
- .00055 

.00521 
,01050 
,01650 
,02329 
■03095 
.03960 
04934 ,06030 

.07261 

.08643 

•09397 •10193 
.11037 
.11928 
.12872 
• 13869 
.14924 
.16038 
.17215 
.18459 

•19773 .21160 
.22625 
.24171 
.25802 
■27523 
•29338 
■31253 
.33272 
•35400 

•37644 .40009 
.42500 
.45126 
.47892 
• 50805 
■53873 •57103 
• 60504 
.64084 

+ .67852 
+ .71817 
+ -75990 
+ .80380 
+ -84999 +0.89860 

a = 0.4 
-0.02291 
- .02302 
- .02308 
- .02316 
■ -02325 
- .02336 
■ .02348 
• .02361 

• -02375 
- .02391 
- .02407 
■ .02425 
■ -02443 - .02462 
- .02481 
- .02500 
■ -02519 
• .02538 
- .02556 
■ .02573 
- .02588 
- .02600 
- .02609 
- .02614 
- .02614 
- .02607 
- .02594 
- .02571 

■ -02537 
- .02491 
- .02429 
- 02351 
- .02252 
- .02129 
- .01979 
- .01798 
- .01580 
- .01321 
- .01014 
- .00653 

.00231 

.00263 

.00836 

.01500 

.02267 
•03151 .04166 
•05330 
.05972 
.06660 
•07394 .08178 
.09014 
.09907 
.10859 
.11874 
•12955 
.14107 
•15333 
• 16639 
.18029 
•19507 
.21079 
• 22750 
.24526 
•26413 
.28418 
•30546 
.32806 
•35204 
■37749 
40449 

•43313 .46349 
.49568 
52979 
56594 ,60424 

+ .64481 
+ .68777 
+ -73326 
+ .78142 
+ .83240 
+0.88639 

a = 0.6 
■0.01691 
■ .01706 
■ .01714 
■ .01724 
■ .01736 
■ .01751 
• .01767 
■ .01785 
• .01805 
• .01827 
■ .01851 
• .01877 

.01906 
■ .01936 ■ .01968 

.02002 
■ .02038 
■ .02075 
■ .02114 
- .02154 
■ .02195 ■ .02236 
■ .02278 
- .02319 ■ .02360 
- .02399 
■ -02435 
- .02467 
■ .02494 
- .02515 
- .02528 
■ .02530 ■ .02520 
- .02495 
■ .02451 
■ .02384 
- .02291 
■ .02167 
■ .02005 

.01801 
■ -01545 ■ .01230 
■ .00846 

.00382 

.00174 

.00837 

.01623 
■02550 
.03072 
.03638 
.04250 
.04911 
•05625 
•06395 .07226 
.08121 
.09085 
.10122 
.11238 
•12437 
•13724 
.15107 
.16591 
.18182 
.19888 
. 21716 
•23674 
•25770 
.28013 
•30414 .32980 
•35724 
■38657 
.41789 
•45134 .48706 
•52517 
•56584 
.60922 
•65548 
.70480 
•75736 
•81337 

+0.87311 

Second Overtone 

+0.01142 

01135 .01132 
.01127 
.01121 
.01115 
.01107 
.01097 
.01086 
.01074 
.01060 
.01043 
.01024 
.01003 
.00979 
.00951 
.00920 
.00885 
.00846 
.00801 
.00752 
.00696 
00635 

.00566 

.00490 

.00406 

.00313 

.00211 

.00100 

.00022 

.00154 

.00297 

.00450 

.00614 

.00788 

.00971 

.01162 
•01359 
.01561 
.01763 
.01961 
.02150 
.02323 
.02471 
.02584 
.02649 
.02649 
.02566 
.02485 
•02375 .02231 
.02049 
.01825 
•C1554 .01231 
.00851 
.00407 
.00108 
.00701 
.01380 
.02153 
• 03030 
.04022 
•05139 .06392 
■07797 
•09365 
.11113 
•13057 
•15215 .17606 
.20252 
•23174 ■26397 
• 29947 
■33853 
■38145 
•42857 

+ .48024 
+ -53685 
+ .59881 
+ .66657 
+ -74065 
+0.82170 

+0.01004 
.01003 
.01002 
.01000 
.00999 
.00996 
.00994 
.00990 
.00986 
.00981 
.00974 
.00967 
.00957 
• 00947 .00934 
.00918 
.00901 
.00880 
.00855 
.00827 
.00794 .00756 
.00713 .00664 
.00608 
■00544 
■ 00473 
.00392 
.00302 
.00202 
.00091 
.00032 
.00166 
.00313 
.00472 
.00644 
.00827 
.01020 
.01223 
•01433 .01646 
.01858 
.02064 
.02256 
.02425 
•02558 
.02642 
.02658 
02634 

.02584 

.02504 

.02392 

.02242 

.02049 

.01809 

.01516 

.01163 
• 00743 
.00250 
.00327 
.00994 
.01763 
.02644 
.03649 
■04791 .06084 
■07542 
.09184 
.11026 
.13088 
■15392 
,17961 
20820 
23996 

•27519 
31421 
35737 
40504 

■45765 
51562 

•57944 
.64964 
.72681 
.81175 

+0.00869 
.00871 
.00872 
.00873 
.00875 
.00876 
.00877 
.00878 
.00879 
.00880 
.00880 
,00880 
.00879 
.00877 
.00874 
.00869 
.00862 
.00854 
• 00843 
.00829 
.00812 
.00790 
.00765 
•00734 
.00697 
.00654 
.00604 
.00546 
.00478 
.00401 
.00313 
.00213 
.00101 
.00024 
.00163 
.00316 
.00484 
.00666 
.00861 
.01069 
.01287 
.01512 
.01739 
01963 

.02176 

.02368 

.02525 

.02631 

.02657 

.02663 

.02645 

.02598 

.02519 

.02402 

.02243 

.02036 
•01774 • 01450 
.01058 
.00587 
.00029 
.00627 
.01392 
.02278 
03299 

•04470 
.05808 
•07331 
•09057 
.11010 
• 13211 
.15688 
.18467 
•21579 •25058 
.28941 
•33265 
•38075 

a = o. 6 
+ 0.00733 

+ .43418 
+ -49344 
+ -55910 
+ .63176 

. 71212 
+0.80112 

•00737 
.00740 
.00742 
.00746 
•00750 
•00754 
.00759 
.00764 
.00769 
•00774 
.00779 
.00784 
.00789 
.00794 
.00798 
.00800 
.00802 
.00802 
.00801 
.00797 
.00790 
.0078c 
.00766 
.00748 
.00724 
•00695 
.00658 
.00613 
■00559 
.00496 
.00421 
•00334 
.00234 
.00119 
.00011 
.00157 
.00320 
.00500 
.00696 
.00908 
.01134 
.01371 
.01614 
•01857 
.02093 
.02308 
.02490 
.02561 
.02617 
•02654 
.02667 
•02654 
.02609 
.02527 
.02403 
.02231 
.02002 
.01710 
.01346 
.00899 
.00360 
.00283 
01045 

.01938 

.02979 

.04186 
■05578 
.07176 
.09004 
.11087 
-13454 
.16136 
.19167 
.22583 
.26427 
•30743 
•35580 
.40991 
.47037 
•5378c 
.61292 
.6965= 

+0.78981 
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TABLE 4—Continued 

Third Overtone 

a =o. 4 a = o. 6 

Fourth Overtone 

a = o. 4 a = 0.6 
0.00 . 
0.40. 
0.50. 
0.60. 
0.70. 
0.80. 
0.90. 
I 00. 
1.10. 
1.20. 
1.30. 
1.40. 
1.50. 
1.60. 
1.70. 
1.80. 
1.90. 
2.00. 
2.10. 
2.20. 
2.30. 
2.40. 
2.50. 
2.60. 
2.70. 
2.80. 
2.9O . 
3 00. 
3.10. 
3.20. 
3-30. 
3 • 4° ■ 
3-50. 
3 60. 
3- 70. 
3 -80. 
3 -Qo ■ 4.00. 
4.10. 
4.20. 
4- 30. 
4.40 . 
4- SO' 4.60. 
4.70 . 
4.80. 
4.90. 
5.00 . 

5 • °5 • 5.10. 
5- 15 • 5.20. 
5-25 • 
5-30. 
5-35 ■ 
5-40. 
5-45 • 
5-50. 
5-55 • 5.60. 
5-65. 
5-70. 
5-75 • 5.80. 
5-85. 
5- 90- 
5 • 95 • 6.00. 
6.05 . 
6.10. 
6.15 ■ 
6.20. 
6.25. 
6.30. 
6- 35 • 6.40. 
6.45 . 
6.50. 

6-55 6.60, 
6.65. 
6.70. 
6.75 ■ 6.80. 

—0.00544 
— 00539 
— .00536 
— 00533 
— .00528 
— .00523 
— .00517 
— .00509 
— .00501 
— .00491 
— .00480 
— .00468 
— .00454 
— .00438 
— .00420 
— .00399 
— .00377 
— .00351 
— .00323 
— .00292 
— .00257 
— .00220 
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Fig. i.—The amplitudes £i of the displacements in the fundamental mode and the first four overtones 
for a =0.4, as functions of the mean distance £0 from the center. 

Fig. 2.—The amplitudes pi of the density variations in the fundamental mode and the first four over- 
tones for a = 0.4, as functions of the mean distance £0 from the center. 

© American Astronomical Society Provided by the NASA Astrophysics Data System 



A
m

p
li

tu
d
es

 o
f 
th

e
 D

en
si

ty
 V

ar
ia

ti
o

n
s,

 p
x 

CO LO 
CM 

CT) 

CT) 

co O O O O O O O O O O 
CO'O O ^ W H M H O o o o o o 

VO ■'tvo 't O <N Tj-o o o o o o i-O cs co O' o o o o o 
0 o o o o 
1 I I I I 

0 o o o o 
1 ++++ 

o o o o o 
+++++ 

0 o o o o 
1 I i I I 

0 o o o o 
1 I I++ 

o o o o o 
+++++ 

0 0 0<N-t 
+ 1111 

VO 00 W lo o H M O) 
f I I I f I 

oo 00 r^vo (N o o o o o o o o o o 
O cs lOOO IN O O O O h o o o o o 

"tvo io H CO H H H M o o o o o o 
H o w 00 O M co vovO o o o o o VO "d- O IO H 

0 o o o o 
1 I I I I 

0 o o o o 
1 ++++ 

o o o o o 
+++++ 

0 o o o o 
1 I I I I I I 

1 o o 
++ 

o o o o o 
+++++ 

vO 00 VO HI 00 
VO 00 HI V) O' 

+ 1111 I I I I I I 
00 00 !>. VO <N o o o o o o o o o o 

H Tj-vO O CO O O O h H o o o o o 
vovO -^-OO W M HI HI o O o o o o o 

vO vO vO O' HI CO VOVO O o o o o o O O O O HI 00 0 H 'O 
0 o o o o 

1 I I I I 
o o o o o 
+++++ 

o o o o o 
++++1 

0 o o o o 
1 I I I I 

0 o o o o 
1 I +++ 

o o o o o 
+++++ 

O O hi cs vo 
+ 1111 I I I I I I 

O' OlOO VO H o o o o o o o o o o 
CV vo CO HI Tt O O O HI HI o o o o o 

VO vo <N VOVO H HI H O O o o o o o 
CV HI OlOO VO <N -vt VOVO vo o o o o o 

0 o o o o 
1 I I I I 

o o o o o 
+++++ 

o o o o o 
++++I 

0 o o o o 
1 I I II 

0 o o o o 
1 I +++ 

o o o o o 
+++++ 

O O HI CS VO 
O HI 00 H VO 

O' HI vo O' 
+ 1111 I I I I I I 

o o o o o o o o o o 
CSCSINHO' vo HI co O' HI HI H HI o o o o o o 
o o d o o’ 
+++++ 

vo Tl- cs O' CO H Cl co cO o o o o o 
HI O' CO <N O' ■cj- <N o -vt O O O O O W 

o o o o o 
+++I I 

0 o o o o 
1 I I I I 

0 o o o o 
1 I I ++ 

o o o o o 
+++++ 

o o o o o 
^—I—l" I I 

CO H HI vo VO 
00 O ci rj- 

I I I I I I I I I I I 
CO CO CO CM 00 HI HI HI HI o o o o o o 

vo CM CM t-« co O O O O HI o o o o o o o o o o 
VO O' CO CO H CO H HI vo CO o O O O H O 00 O V" o 

o o o o o 
+++++ 

o o o o 
++I I 

0 o o o o 
1 I I I I 

0 o o o o 
1 I+++ 

o o o o o 
+++++ 

o o o o o 
+++I I 

H H co -ct- t-'. 
I I I I I 

"t HI HI Tt IN 
00 O CM Tf HI H H HI 

I I I I I 

o o o o o 
Ht O VO H !>. O O O HI HI o o o o o o o o o o 

00 t'- O co HI CM o co 00 vo o O O O H VO CM H co O' 
o o o o o 
+++++ 

o o o o o 
+ 111 

0 o o o o 
1 I I I I 

0 o o o o 
1 I +++ 

o o o o o 
+++++ 

o o o o o 
+++I I 

HI CM co H}- 
I I I I I 

00 O ^ M H M H 
I I I I I 

vo vo -cl- HI VO HI HI HI HI O o o o o o 
HI CO 00 Ht H O O O HI CM o o o o o 

rtoo oo co CM CO CO CO CO o o o o o 
O' CM O' HI o Ht O vo O O O hi H 

o o o o o 
+++++ 

o o o o o 
+ 1111 

0 o o o o 
1 I I I I 

0 o o o o 
1 ++++ 

o o o o o 
+++++ 

<N co o o o o o 
++! I I I I I I I 

vo CM O HI vo 
00 O cm Tj-vo H HI HI H 

I I I I I 
CM CO CO Ht Ht CM CM CM CM CM o o o o o 

co cm O' nt CM CM HI HI o o o o o o 
CM vo CM CO O' o HI co VO o o o o o 

0 o o o o 
1 I I I I 

0 o o o o 
1 I I I I 

o o o o o 
+++++ 

o o o o o 
+++++ 

OOOOO O O O hi hi cm co ntvo t>. 
t— O' HI vo O 
00 O' HI CM Ht 

+++Il I I I I I I I I I I I I I I I I 
sO t^sO "*+ <N (N (N M (N OOOOO 

HI 00 covo CO CM HI HI o O OOOOO 
VO o O' H VO HI CO Ht O' OOOOO 

00000 
1 I I I I 

OOOOO 
1111 + 

OOOOO 
+++++ 

OOOOO 
+++++ 

o o 
d d o o o o o CM CO HtVO CH 

tH O' CM vo 
00 O' O CM CO 

++1 I I I I I I I I I I I I I I I I I I 
O O O' r- cm co co CM CM CM OOOOO 

00 CO'O CO Ht HI HI o O H OOOOO 
00 vo vo Í-» o CM to 00 H o O O O H 

IO0 ooo t ^ t VO CM O I H HI HI o 
00000 
1 I I I I 

00000 
1 I I ++ 

OOOOO 
+++++ 

OOOOO 
+++++ 

OOOOO 
o O' O' cm tH VO vo Choo h 
CO CO tvO 00 O' O H co 

+ 1111 I I I I I I I I I I I I I I I I 

OOOOO 
t f" CM CO'O HI o O HI CM OOOOO 

CM O O O H tvO OO o CM O O O m M 
t^-tttc^ co t CO O' O H HI HI o O 

00000 
1 I I I I 

00000 
1 I +++ 

OOOOO 
+++++ 

OOOOO 
+++++ 

00000 
1 I I I I 

0 H H HI CM 
1 I I I I 

O CO Ch 
VOVO CH 

I I I I I 

vo t Ht vo CH 00 
00 O' O H CM VO H H (H HI 

I I I I I I 

OOOOO 
+++++ 

OOOOO 
+++++ 

OOOOO 
+++++ 

00000 
1 I I I I 

0 O H HI HI 
1 I I I I I I I I I 

CO t VOVO f* 
I I I I I 

t^oo oo O» 0 « 
111 m r 

OOOOO 
+++++ 

OOOOO 
+++++ 

OOOOO 
+++I I 

00000 
1 I I I I I I I I I 

<n es cs co co 
I I I I I 

t t vovO vo 
I I I I I 

*H00 00 O' 
I I I I I 

OOOOO 
+++++ 

OOOOO 
+++++ 

OOOOO 
+ 1111 

0 O O O H 
1 I I I I I I I I I 

CM CM CM CO CO 
I I I I I 

t t vo vovO t'~ r- tnoo oo 
I I I I I I I I I I I 

O t H CO O' 
OOOOO 
+++++ 

o o o o 
++++ 

00000 
1 I I II 

0 O O O HI 
1 I I I I I I I I I 

CM CM CO CO co 
I I I I I 

t t vo VOVO 
I I I I I 

vo tH t^co 
I I I I I 

OOOOO OOOOO OOOOO O h hi h hi CM CM CO CO CO t t t vo vo vovO VO VO 

OOOOO OOOOO OOOOH CM CM CM CM CM CM CO CO CO CO t t t t *0 VOVO VOVO VO 
00 O to 

O O O H H HI CM CM CM CM CM CM CM CM CM CO CO CO CO CO CO CO t t t ttttt 

o vo O vo o CM to 00 O 
d O HI HI CM CM CM CM CM CO 

CM tvO 00 o 
CO CO CO CO t 

CM tvO 00 O 
Ht t t t VO 

HI CM CO t VO 
vo vo VO vo VO 

VO ÍH00 O' o 
vo vo VO vovO 

HI CM CO t VO 
VO vO vO vO vo vo vo VO VO VO *** 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
4l

A
p 

J 
 9

4 
. .

 2
45

S 

2S2 MARTIN SCHWARZSCHILD 

Table 5 gives the amplitudes (pi) of the density variations, derived from the %x$> 
given in Table 4 with the help of7 

+ 2A. & 

For a = 0.4 the pi’s are shown also in Figure 2. 

- fâ£i]£0+A) . 

I am indebted to Miss Lillian Feinstein for her most helpful co-operation in the work 
with the punched-card machines. 

Rutherfurd Observatory 
Columbia University 

June 1941 

? Eddington, op. cit.,Tp. 187. 
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