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Some further corriputatibns regarding non-static universes, by #. de Sitter. '4

- The non-static solut1ons of the field equatlons of
the general theory ‘of relativity, of which the line-
element is

(1) ds* = — R*ds* + ~dr,

R being a function of # alone, and 4o* being the

* line-element of a three-dimensional space of constant
positive curvature with unit radius, have been invest-
igated by FRIEDMAN *) in 1922 and independently by
LEMAITRE ®) in 1927, and have attracted general

lately 3) expressed his preference for the particular
solution of this kind corresponding to the value A = o
of the ‘“cosmological constant”. This solution belongs
to a family of oscillating solutions, which were not
included in my discussion in 5. A4.N. 193. In the
present paper I propose to complete the discussion so
as to include all possible solutions for the case of
constant mass.

In the actual universe the amount of energy in the
form of random motions of material particles and of
radiation is extremely small as compared with the
material mass. Consequently the assumption that the
pressure is zero is a very good approximation to the
truth, and from this it follows that the total mass of
the universe is constant. The field equations then are
reduced to the single equation

- 1 (dR Uy LN R,
@) #(a) *7=3 %

where R, = L a = xM|37", M being the total mass

of the universe. If we put
R ct
J - R
the equation becomes

1) Zeitschrift fir Physik, X, p. 377.

2) Annales de la Société scientifigue de Bruxelles, XLVII,
Série A, premiére partie p. 49, republished in English 7. V.
xci, p. 483 1931.

3) Sitzungsberichie der Preussischen Akademie dey Wissen-
schaften, 1931, p. 235.
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~where we have put

1
= - RA
7 3

In the dlscuss1on of the solutions of the equation ( 3)

- the quantity
(@) p=1—y+ W

! . - plays an important part. In the figure 1, in which the
attention during the last year or so. EINSTEIN has |

abscissa is y and the ordinate 7, the full drawn line
is the curve p = o. Below it the value of p is negative,
above it positive. Since y is necessarily positive, the

FIGURE 1.
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real solutions of (3) occupy the part of the diagram
to the right of the axis of y (¥ = o) and above the
curve p — 0. Both R, and A are constants, consequently
y is also a constant, but its value is abselutely unknown.
The curve has a maximum for y = 1'5, 7 = 4%

If y exceeds ;% — 0°14815, there is only one solutlon,

| in which y 1ncreases from zero to infinity.
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Fotr o <7< 54 there are two solutions, in one of
which y mcreases from y, to infinity, whilst in the
other it oscillates between the limits o and y,, », and
¥, being the two points on the curve p — o where y
has the prescribed value, and y, < 1°5 < ..

* For y <C o there is only one solution, in which y
oscillates between zero and y,.
We have thus two families of solutions, viz. the

expanding universes, which- only exist for positive

values of y, and the oscillating universes, which exist
for values of y algebraically smaller than . In any
one solution y is a measure of the instantaneous radius
of the universe. As y changes the density p changes,
since tlie mass is constant, and the velocity of expansion
also changes by (2). It is convenient to express these
two parameters by quantities of the dimension of a
length, R4 and Rp. Thus

s ‘ .
;‘5 » RB —_— R/ ;L?t »
and, following LEMAITRE ), we can put

Re = -\/%-

RS =

We can take
Rp=2.107 + 2.10*° (p.e.).

The value of R, is practically unknown, but it
appears probable that the density p will not be smaller
than 1073 nor larger than, say, 4.1072% 2). This gives
for R4 the limits 1-6.10%7 and 10%°.

We have
2 k2
RREV I
and it is easily verified from (1) and (3) that
p= 3 R, 16,107 4.107%8
—2 ngz—- RBZP —_ P >

2 being given by (4). The limits of p corresponding
to the above limits of p are thus 1 < p < 4000. The
curve p =1 consists of the line y = o and the hyperbolic
branch y »* =1, which has been entered in fig. 1 as
a broken line. In the part of the diagram to the left
of this curve p is smaller than 1, and the value of
¥ corresponding to the actual universe at the present
moment consequently must be in the part of the
diagram to the right of it. This excludes all oscillating
universes. It should be borne in mind, however, that
the limits adopted for p are rather hypothetical. -
For the family of expanding universes the co-

1) M.N. xci, p. 498, 1931.

?) HUBBLE derived in M¢ Wilson Contrib. 324 (1926)
1'5.To—3% as a lower limit. The value 2.10—28 adopted by me
for convenience in B. 4. V. 185 was considered as too large
by many astronomers.
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otdinates z and 7 used in ‘B. 4. N.
convenient than y and t. We have

r=qy , T=V7.t
In B. A. N. 193 the different solutions are arranged
according to the parameter a. The values of y from
0 to o« correspond to the values of # from — 1 to 4 3,

— 4 corresponding to @ = 0. The three equivalent
parameters @, ¢ and y are connected by the relations

193 are more

39— 2

34202=8y, a= ,

) 73 + 29 7 3q 2
_4(1t+a _2(1+a)

T (3—ap’ T 3—a’

In the figure 2 several solutions have been drawn
for different values of y, or a. For the family of
expanding universes the co-ordinates are z and 7—1,.

FIGURE 2.
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For the family of oscillating universes the co-ordinates
7 and t are moré convenient than z and 7. In order
to make them more easily comparable I have, however
used ’
, 2
gnd v = O t,
z and 2/31/3 being the values of ¢ and /y for y =
Scales of y and t have, however, been added in
right and bottom margins. :
The values of 7, for the expanding series have been
so adjusted as to bring the different solutions to co-
incidence for large values of T —1,, For the oscillating
series the maximum has been placed ad " —1,/ = o.
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:‘gfor the limiting solution for y = #, 7, has been so

chosen as to bring the curve at a convenient place

:ifl the diagram.

& The four solutions that can be expressed without
he help of elliptic functions are those for y = # and

@r y =o0. These are:

IV. y=4#: LEMAITRE’s universe:

(6) t—1t,=cosh™™ (z+ 1)— 71—3- cosh—* 2—;__*-11.
VII. y =4%: Limiting member of family of oscillating
universes: ’
— — 1 ocosh— 22!
(7) 7©—71,=-—cosh (z+1)+‘/3cosh —
I. y=o: “Solution B”, or “empty universe”:

(8) ' z = 2 cosh (1 —1,).

IX. y=o: Oscillating universe. The co-ordinates y
and t can be most conveniently expressed by the
intermediary of a parameter {:

9) y:cos“nxp, t—t,=¢ + Lsin2 4.

This last is the solution advocated by EINSTEIN in
his paper quoted in the third footnote on page 141.
In this case y =% R,” A becomes zero by A being zero,
whilst in the case I (empty universe) y is zero in
consequence of the vanishing of R,, the mass of the
universe.

The “solution A”, or “static universe”, or “EINSTEIN’s
world” is represented in the diagram by the line
g=1I. 3

The other curves in the diagram have been computed
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by numerical integration, aided by development in
series at critica] points when necessary.

Once we have decided on a particular value of y —
for which choice there are no empirical data to guide
us — everything is determined by the adopted values
of Rg and R4, or Rp and p. We first determine the
instantaneous value of z, or y, from

(10) B—3—a)z+2(1—2p)(1+a)=0
or
(11) I—y+y3=p, 2=gqy.

Then R, and R, = ¢ R, are given by

(12) R = .%R;, Rj:%g@;,
and A, or R¢, by
2y s 3
RPA=13y, R, 1_3—‘;,
R .
Re="2 =R, —a).
c= Uy V(3—a)

Then we have for the expanding family
R=R,z, c(t—1t)= Rc(t—1,)

and for the oscillating family
R=R.,y, c(t—1t) =R, (t—t).

The chief data for the solutions represented in the
diagram are given below. For the expanding series
I have taken p = 10, corresponding to p = 4.107.
For the oscillating series, which does not exist for
values of p exceeding unity, I have taken two values
of p,viz: p =01, p =4.10~* and p=o05, p =8.1072%.

Expanding family.
t,—1,
Curve y a g s sy z RoRp  R(Rs . (10° 375)
I o) — 1 o ) 2 — 491 — ) o —
II ‘10876 —-:10 ‘5806 22773 113162 —1°212  2°Q35 479 8781 1-714
111 ‘14376 —-or 63578 16710 I'1 — 1'908  2'g04 ‘495 8621 2535
v ‘14815 o] 2/3 15 I — © 3 ‘497 ‘8606 .
Vv ‘15625 401 6756 — o — 3338 3006 499 8595 4066
VI ‘19845 +°'10 7586 - o) — 2053 30061 ‘5I4 8438 2820

Zo is the minimum value of 2, 7z, the value of —7, when this is reached; R /Ry is the factor by which intervals
expressed in 7 must be multiplied to express them in R, as unit; to express them in years this must again be multiplied by
the value of R in lightyears. The last column gives the interval elapsed since the minimum in units of 109 years, adopting

Ry = 2.1077 cm = 2'12.109 lightyears.

In the curve I z is indeterminate. In this case p is not 10, but infinite. The wole analysis is not applicable

to this case, since R, = 0, R, = «.
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L‘)Z:' o - ) " Oscillating family.

o - p =01 2 = o5

gurve S Vs A — — ‘ ~ :

EI . ¥y RI/RB, RB l tszo v RI/RB RB A tz_l(o"

£y .

51 : . ) ; -

LuVII +-14815 Iy . ® 1094 276 5:820 0804 o521 1881 ‘126 1218

VIII +-10 1'15347 4°310 I 316 3 0774 0’514 . 1'921 081 1:214
IX o | S . 09 *370 o . 0745 0’5 2 o 1-208
X —-10 092170 2690 0'841 ‘410 — 1782 0732 0488 2072 —-070  ['202

T is the period of the oscillation in units of t. To convert intervals expressed in t into R as unit we must multlply by
Ri|Rg. The column #,—¢ ' gives the interval since the minimum value y =o0,in umts of 109 years.

We have assumed that matter is distributed homoge-
neously and isotropically in a three-dimensional space
of positive curvature, the radius of curvature being
a pure function of the time, i.e. we have assumed
the line-element (1). For the known part of the universe
the distribution is, of course, ‘far from homogeneous,
and also not isotropic. That it is homogeneous and
isotropic when considered on a much larger scale, is
not an empirical fact, but a hypothesis of metaphysical
character. If, however, this hypothesis is adopted, and
further the absence of pressure and the constancy of
the total mass are adopted as sufficiently near approx-
imations, then the evolution of the universe is reigned
by the equation (2), or (3). In order to decide which
of the many possible universes obeying this equation
is ours, we require three data, viz: ¥, to decide which
particular member of the family of curves is described
by the actual universe, y, or t (or & or 1) to determine
which point of this curve corresponds to the present
moment, and R, (or R&,) to fix the scale. For the
determination of these three unknowns we have only
one precise observational datum, viz: Rjp. For two
other data we can assign upper or lower limits, viz:
for R4, or p, as has already been explained above,
and for R, == M/3n°, for which the total mass of
all -actually observed material bodies gives a lower
limit. Taking the minimum number of extragalactic
nebulae to be 3.105, and,the minimum mass of each
108 (), we find R, > 4.10*® = 4 lightyears. This, of
course, is a ridiculously low limit, but it is all that
we can derive from actual observatlon without intro-
ducing any hypotheses.

The lower limit p>1.
universes.

From the comblnatlon of the upper limit p<4ooo
and the lower limit of R, we find from (12), with
the value Rz = 2.10%7, the upper limit:

(13) y <10,
This, again, is a purely nominal limit, w1thout any

.practical significance.
Another datum might be derived from the assertion

excludes all oscillating

that the age of the stars and the galactic systems
should be smaller than the time elapsed since the
radius of the universe passed through its minimum
value. This assertion is, of course, of thé nature of a
metaphysical hypothesis. Its value depends entirely
on the. interpretation given to the expression (1) of
the line-element. Adopt‘ing it, we get the condition

ca’t

(14) dR>P RB,

P being a numerical factor derived from our knowledge
of the ages of stars and stellar systems. We can
take P = 500.

By means of (3) and (12) the condition ( 14) can
be brought in the form

(15)

y
[La>rx,
¥y
where '
PO F L ¥ .
? I—y+7y7°
For large values of y the value of X is practically
1, and as a sufficient approximation we can consequently
write for (15)

lgy > P

or

¥ > ef = 10%3%,

Not only is this lower limit irreconcilable with the
upper limit (13), but by itself it shows that the time
scale of the evolutionary processes can only be formally
fitted into the scheme of the expanding universe by
means of such a tremendous extrapolatlon asto deprive
the theory of all real meaning. This is only another way
of expressing the utter impossibility, which has already
repeatedly been pointed out, of reconciling the short
time scale of the expanding universe with our ideas
regarding the evolution of stars-and stellar systems.

It is a consequence of the equations, at once evident
from the diagram (fig. 2), that for all solutions, and
moderate values of the. time (r) and the radius (z),
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ﬁhese are necessarily-of the same order, if expressed

I‘i’x:l corresponding units.

t1 The ratio of the corresponding units of length and
me in the theory of relativity is the velocity of light.
Fhe rate of evolution of a stellar system on the other

ﬁand is connected with the relative velocities of the |

' Ls't:a.rs, which are of the order of one ten-thousandth
of the velocity of light. In the theory of relativity a
year and a llghtyear are equivalent, whilst in astronomy

109 lightyears is a very large distance, but 10° years
is a short time.

APPENDIX.

Since the curves given in the diagram (fig. 2) depend
on actual accurate computation, it may be of interest
to give the numerical data from which they have been
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drawn. The curves I, IV, VII and IX were computed
by the formulas (6) to (9) given above, or:

I.t—7 = cosh™ I g,
o 2 , .
N . 1 —_ 2241 _
IV. 1—7,= 4 cosh (z—l— I)—_‘/—3 cosh o1
L 1 L2241
VI 7—17, = — CE — yr 22 T
T—T, cosh " (z+ 1)+ 73 cosh o
IX. t—t, = osTVy +Vy(1—y).

The others were computed by numerical integration.

The curves II, III, V, VI were not continued beyond

2z = 20, where they co-incide with the curve IV.
The portions in the neighbourhood of the minimum
of II and III, of zero for V, VI, VIII and X, and
of the maximum for VIII and X, were computed by
development in series, since the numerical integration
near these points becomes difficult, or impossible.

II 111 A% V1 VIII X
z T—T, z T— 7T, 4 T—7T, z T—7, ¥y t ¥y t
I4+Vor=] 212 I'10 — 1°908 ) — 3338 o — 2°053 o o o o
1'3162 1'rro1r4 — 1-8o8 0676 — 3329 ‘0759 — 2°'043 ‘1 ‘0217 ‘1 ‘0217
1'3202 — I'l12 1'r1056  — 1708 1351  — 3°313 ‘1517 — 2°024 2 ‘0636 2 0636
1'3321 —I'012 I'1124 — 1°608 2027  — 37291 2276 — 1999 3 1213 3 1214
134 — 467 1-1218 — 1'508 '3 — 3250 3 — 1°968 ‘4 1945 ‘4 1951
13516 — ‘912 1'13 — I'440 4 — 3'I91 ‘4 — 1914 g 2843 ‘5 2862
136 — 879 1’1334 — 1°408 ‘5 — 3113 ‘5 — 1847 6 ‘3931 6 '3990
138 — 801 1'14 —1'373 6 — 3013 6 — 1762 7 ‘5246 7 5416
140 — 755 I'I5 — 1316 7 — 2876 7 — 1°657 -8 6852 -8 7341,
15 — 533 I'16 — 1264 8 — 2682 -8 —1°528 ‘9 ‘8856 ‘81 758
16 — 386 1’17 — 1218 ‘9 — 2°373 ‘9 —1'372 I'o 1’1538 82 784
17 — 267 1’18 — 1176 I'o — 1°872 10 . — 1195 1'02 1'210 83 811
1-8 — 166 I'19 —1°137 I'I — 1356 I'1 — 102 104 1272 84 ‘840
19 — 079 1'20 — I1'100 12 — I'01§ 12 — 840 106 1°352 *85 872
20 o 13 — 816 | I'3 — 784 I3 — 686 1'08 1'442 ‘86 *go5
: 1'4 — 624 1'4 — €08 1’4 — 551 I'10 1°550 87 ‘942
s — 476 g — 466 Iy — 433 I'1151 1655 8932 1045
16 — *354 16 — 348 1’6 — 329 1'1291 1755 ‘9091 I'145
17 — 250 1'7 — 246 17 — 236 1°1368 1855 ‘9186 1245
18 — 157 18 — 'I54 18 — 'I52 11474 1’955 9217 1'345
19 — 074 19 — 073 19 — o7z I'1520 2'055
2°0 o 2°0 o 2'0 o I'1535 2'155
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