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ABSTRACT

We investigate three different local approximations for nonlinear gravitational instability in the frame-
work of cosmological Lagrangian fluid dynamics of cold dust. By local we mean that the evolution is
described by a set of ordinary differential equations in time for each mass element, with no coupling to
other mass elements aside from those implied by the initial conditions. We first show that the Zel’dovich
approximation (ZA) can be cast in this form. Next, we consider extensions involving the evolution of the
Newtonian tidal tensor. We show that two approximations can be found that are exact for plane-parallel
and spherical perturbations. The first one (“nonmagnetic” approximation, or NMA) neglects the Newto-
nian counterpart of the magnetic part of the Weyl tensor in the fluid frame and was investigated pre-
viously by Bertschinger & Jain. A new approximation (“local tidal,” or LTA) involves neglecting still
more terms in the tidal evolution equation. It is motivated by the analytic demonstration that it is exact
for any perturbations whose gravitational and velocity equipotentials have the same constant shape with
time. Thus, the LTA is exact for spherical, cylindrical, and plane-parallel perturbations. It corresponds
physically to neglecting the curl of the magnetic part of the Weyl tensor in the comoving threading as
well as an advection term in the tidal evolution equation. All three approximations can be applied up to
the point of orbit crossing. We tested them in the case of the collapse of a homogeneous triaxial ellip-
soid, for which an exact solution exists for an ellipsoid embedded in empty space and an excellent
approximation is known in the cosmological context. We find that the LTA is significantly more accu-
rate in general than the ZA and the NMA. Like the ZA, but unlike the NMA, the LTA generically leads
to pancake collapse. For a randomly chosen mass element in an Einstein—de Sitter universe, assuming a
Gaussian random field of initial density fluctuations, the LTA predicts that at least 78% of initially
underdense regions collapse owing to nonlinear effects of shear and tides.

Subject headings: cosmology: theory — dark matter — gravitation — large-scale structure of universe

1. INTRODUCTION

The complexity of nonlinear gravitational instability
challenges our understanding of the universe. Even though
the law of gravity between two bodies is very simple in the
nonrelativistic limit, the long-range interactions among
exceedingly many bodies leads to behavior that defies
simple analysis beyond the linear regime. Computer simula-
tion with N-body methods provides a comprehensive
approach to this problem, but it suffers from finite dynamic
range and computational expense. Even more importantly,
simulations do not increase our understanding of dynamics
without guidance from analytical approaches.

In this paper we explore a class of what we call local
approximations for the nonlinear dynamics of self-
gravitating cold matter. By local we mean that the density,
velocity gradient, and gravity gradient for each mass
element behave as if the element evolves independently of
all the others once the initial conditions are specified. This
might sound quite implausible. After all, mass elements do
influence each other through gravity. However, as we will
demonstrate, the celebrated Zel'dovich (1970) approx-
imation (hereafter ZA) can be viewed as exactly an approx-
imation of this sort. (For readers who are familiar with the
ZA, it is probably obvious that the ZA is local. Our aim is
to cast the ZA in a form useful for generalization to other
local approximations.)

In the past several years, there have been various
attempts to improve upon the ZA. A notable recent
example is the modified Zel’dovich approximation (MZA)
proposed by Reisenegger & Miralda-Escudé (1995). The
approximation is exact for the gravitational collapse of a

mass element with spherical, cylindrical, or planar sym-
metry, just like a new approximation that we propose in this
paper. Unfortunately, the MZA suffers from unphysical sin-
gularities for a certain class of otherwise acceptable initial
conditions (Reisenegger & Miralda-Escudé 1995).

Other attempts to improve upon the ZA include the
adhesion approximation (Kofman, Pogosyan, & Shandarin
1990), the frozen flow approximation (Matarrese et al.
1992), the frozen potential approximation (Brainerd, Scher-
rer, & Villumsen 1993; Bagla & Padmanabhan 1994), the
truncated Zel’dovich approximation (Coles, Melott, &
Shandarin 1993), the smoothed potential approximation
(Melott, Sathyaprakash, & Sahni 1996), and higher order
Lagrangian perturbation theory (Melott, Buchert, & Weiss
1995; note that the ZA can also be regarded as the first-
order solution in Lagrangian perturbation theory). Most of
them are attempts to deal with the evolution of high-density
regions after trajectories cross, when the ZA ceases to be
adequate. However, this is a difficult problem. Aside from
the spherical model (Peebles 1980) and its cousins, there still
exists little in the way of approximation methods for post-
collapse evolution.

In this paper we will not try to tackle the problem of
trajectory crossing or the subsequent nonlinear evolution.
Instead, we ask whether one can improve upon the ZA even
before orbits cross by seeking generalizations of the ZA
within the framework of local approximations. In simple
terms, a local approximation is one in which the evolution
of each mass element is described by a set of ordinary differ-
ential equations in time in which there is no coupling to
other mass elements, aside from those implied by the initial
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conditions. For instance, as we will explain more fully later,
the evolution of a given mass element under the ZA is com-
pletely determined once the initial expansion, vorticity,
shear, and density at this mass element are specified. (The
first three quantities correspond to the trace, antisymmetric
part, and traceless symmetric part of the velocity gradient
tensor.) The evolution of other mass elements have no effect
on the evolution of these quantities at this mass element. In
other words, under the ZA, all the information about other
mass elements is encoded in the initial conditions. Once
these are specified, each mass element goes for its own “free
ride”!

We shall seek generalizations of the ZA by first systemati-
cally writing down a set of Lagrangian evolution equations
for the velocity and gravity gradient for a given fluid
element. We discuss two local approximations based on
ignoring certain terms in the evolution equation for the
Newtonian tidal tensor. One of them was introduced by
Bertschinger & Jain (1994). They used the fact that if a
quantity known as the magnetic part of the Weyl tensor
vanishes in the Newtonian limit, the set of exact Lagrangian
fluid equations for cold dust becomes local. (This fact was
proven in general relativity by Matarrese, Pantano, & Saez
1993 following earlier work of Barnes & Rowlingson 1989;
part of the motivation for such an assumption was the state-
ment of Ellis 1971 that there is no counterpart to the mag-
netic part of the Weyl tensor in Newtonian theory.)
Bertschinger & Jain then obtained the result that spindle
(filamentary) collapse is favored in general as opposed to
pancake collapse. (Pancake collapse had been thought—
correctly—to be the generic outcome of gravitational col-
lapse of cold dust, following the work of Zel’dovich 1970.)
Since then, it has been shown that the magnetic part of
the Weyl tensor does have a Newtonian counterpart
(Bertschinger & Hamilton 1994; Kofman & Pogosyan 1995
obtained equivalent results but describe their conclusions
slightly differently). Until now, there has been no quantitat-
ive determination of the magnetic Weyl term neglected by
Bertschinger & Jain in the tidal evolution equation. With
reasonable assumptions, this term may be negligible on
superhorizon scales, leading to “silent universes” (Bruni,
Matarrese, & Pantano 1995).

Our second local approximation based on the tidal evol-
ution equation is entirely new. It is based on dropping
several more terms in addition to the Weyl tensor term. We
will show why this is a better approximation compared to
the one proposed by Bertschinger & Jain (1994). In fact, in
tests this new approximation performs even better than the
ZA, both in cases where exact solutions are known and
where numerical solutions are calculated. In this paper we
concentrate on a comparison of the three local approx-
imations for ellipsoids, with and without symmetries.

To understand the main ideas underlying these local
approximation methods, and how they differ from other
approaches, it is useful to draw an analogy with gravita-
tional lensing. Our use of Lagrangian fluid equations is akin
to solving the optical scalar equations (Sachs 1961),
whereby one follows the two-dimensional cross section of a
congruence of light rays propagating through space. Our
approach is similar, with light rays replaced by cold dust,
and with the two-dimensional cross section replaced by the
three-dimensional volume of a mass element. In fact, both
approaches follow from the pioneering work in general rela-
tivity by Ehlers (1961) and Kundt & Triimper (1961). The
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first application of these methods to matter was by
Hawking (1966), who pioneered the covariant fluid
approach to cosmological perturbation theory. The formal-
ism was championed by Ellis (1971) and eventually was
applied to the formation of large scale structure
(Bertschinger 1995 and the references cited previously). As
in the case of gravitational lensing, this approach can tell
how a given (mass) element evolves but does not give its
trajectory. The optical scalar equations do not replace the
gravitational lens equation, they supplement it. Likewise,
the local methods we advocate can supplement N-body
simulations or other approximations such as Lagrangian
perturbation theory, by providing accurate ways to follow
the deformation of mass elements as they evolve under
gravity.

The organization of the paper is as follows. In § 2 we
show how the ZA is a local approximation. Section 3 pre-
sents two additional local approximations based on drop-
ping terms from the tidal evolution equation and shows
under what circumstances these approximations are exact.
To compare the three different local approximations for
more general initial conditions, in § 4 we consider the
motion of a homogeneous ellipsoid, in both cosmological
(Friedmann-Robertson-Walker background) and non-
cosmological (vacuum) contexts. The Weyl tensor and other
relevant terms in the tidal evolution equation are evaluated.
In § 5 we discuss how different nonlinear approximations
predict pancake versus spindle collapse from generic initial
conditions, for which we also calculate the collapse times.
Conclusions are presented in § 6. The Appendix presents
some results of second-order perturbation theory.

2. ON THE ZEL’DOVICH APPROXIMATION

In this section we review the Zel’dovich approximation
starting from the Eulerian fluid equations in comoving
coordinates. We then show that it can be regarded as a local
approximation.

The cosmological fluid equations for cold dust in a per-
turbed Robertson-Walker universe with expansion scale
factor a(t) are

00 ,
—+ V[l +6p]=0, 1)
ot
a—vi+1)fV1)i——évi—V"d) 2
ot iTT ’
V2¢ = 4nGa?pé 3)

(Bertschinger 1995). The mass density is p = p(z)(1 + ) and
v = dx/dt is the proper peculiar velocity, where x is the
comoving spatial position and t is the conformal time
(hence, dt = dt/a where t is the proper time). We are neglect-
ing spatial curvature so that we can use Cartesian coordi-
nates where V' = V, = 9/0x’ for the ith spatial coordinate.

The trajectory of a fluid element is x'(q, t), where ¢ is a
Lagrangian coordinate labeling the element, conventionally
chosen to be the initial position:

x(qg,1)=4¢ + Vg 1. @

Now we introduce the Lagrangian time derivative d/dt =
0/0t + v'V;. This time derivative commutes with 6/0q'.
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Using v* = dy/’/dt, we can rewrite equation (2) as

d? ad . .

i i 4 i_ i 4 2= i .

STV S T — 4nGapY = —Vig —dnGa’pYt . (9)
Each term on the left-hand side is first order in y*. The
right-hand side can be estimated from the Poisson equation
(3), but first we need the mass density. It follows in the
Lagrangian approach by noting that pd3x is conserved
along a fluid streamline provided d3x is computed from the
mapping ¢ — x. If there are no displacements, ¢ = x and

p = p. The volume element follows from the Jacobian deter-

minant, leading to
il—1

oq’

plg:7)=p ©6)

For small displacements, the Jacobian may be expanded in
a power series; the first-order term gives p = p(1 — dy'/dq’)
+ O(Y?). Now note that oy'/ox’ = (0y'/0q’)0q’/0x") = o/
oq' + O(?). Therefore, using equation (3), we see that the
divergence of the right-hand side of equation (5) vanishes to
first order in ¢’ If §/* is longitudinal (i.., has vanishing curl),
then the right-hand side itself vanishes to first order. Dis-
placements that grow by gravity are necessarily longitudi-
nal in linear theory. The ZA consists of setting to zero the
right-hand side of equation (5). (It can be generalized to
allow for a transverse displacement; see Buchert 1993 and
Barrow & Saich 1993.) Under the ZA, the evolution of dis-
placement thus obtained is used in equation (6) to get the
density field. The ZA is equivalent to first-order Lagrangian
perturbation theory for the trajectories x(g, 7).

With vanishing right-hand side, equation (5) is identical
to the linear perturbation evolution equation for ¢ (a fact
that becomes obvious when one notes 6 = —dy'/dq' and
d/dz = 0/0r to first order in ). This second-order ordinary
differential equation in time has two independent solutions,
which we write D, (t) (Peebles 1980). Taking the growing
solution and requiring Y’ to be longitudinal, we get the
solution

Va.9=D.0) 22, Q

where ¢(g) is a displacement potential, which is fixed by
initial conditions.

Next we will show that equations (4) and (7) imply that
the ZA displacement field is longitudinal in x-space (the
irrotational initial conditions already imply it is irrotational
in g-space), a first step needed before we show that the ZA is
alocal approximation. We have

0 (op
+(T) ljk a J aq

0q %
=D, € o \agag)’

where ¢, is the usual antisymmetric Levi-Civita symbol.
Now, note that the Jacobian matrix defined by the trans-
formation of equatlons 4 and (7), 0x//oq =

+ D, 0%*p/0¢’dq', is real and symmetric. By a theorem of
linear algebra, its inverse, dg'/0x’, is also symmetric. So is
0*¢/0q*0q' and, because they commute, so is their product.
Thus, in the equation for V x \ above, ¢;; is contracted

(Vx¥),=
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with a matrix that is symmetric in j and k, yielding
V x = 0 (Zel’dovich & Novikov 1983).

The implication of this result is that { is longitudinal in
x-space as well as in g-space. The same conclusions hold for
the velocity field v, since it differs from { by only a time-
varying factor D,/D,. As a result, under the Zel’dovich
approximation, we can write

Wi, 9, €] = D) 20

and

6(I)(x, )

vx, 1) = Dy (1) , 4059

dt

The last equation follows from the fact that 6®/0x’ = d¢/dq’
(see eq. [7]). Recall that under the ZA the right-hand side of
equation (5) vanishes. Using equation (8), we then get

24f
30, H2

where f=dInD,/dIna. Thus, in the Zel’'dovich approx-
imation, the velocity field is always (not just to first order in
V) proportional to the gravity field (Kofman 1991). It is
clear geometrically that this result must be correct for
planar, cylindrical, or spherical flow for growing-mode
initial conditions. For plane-parallel flows, but not other-
wise, the coefficient of proportionality of the ZA is also
correct, so that the ZA is exact (until orbit crossing) in one
dimension.

We are now going to present the ZA from another point
of view. Similar work has been done by Kofman & Pogosy-
an (1995). Our aim is to motivate how one might improve
the ZA by generalizing it to a broader class of local approx-
imations. It will become clear shortly exactly what we mean
by local approximations.

Let us first give a brief summary of the Lagrangian fluid
equations (Bertschinger & Jain 1994). First of all, the gra-
dient of the fluid velocity field is decomposed into its trace,
traceless symmetric, and antisymmetric parts, which are the
expansion 0, shear g;;, and vorticity w;;, respectively:

=0. ®)

vy= —D,(4nGa*pD.)" 'V = —

Vo, )

Vi Uj = %06” + a.ij + wij ’
0,;=0j;, W;=F¢ kw = —wj (10

where 20 = V x v. Then, converting time derivatives from
Eulerian to Lagrangian, equation (1) becomes

@+a+m 0. (11)

Taking the trace of equation (2) and using equations (3) and
(10), one obtains the Raychaudhuri equation:
de a 1
d—+a0+302+6"6 —20?
where w? = w'w;. Similarly, taking the antisymmetric and
traceless symmetric parts of equation (2) gives, respectively,

—4nGa*ps, (12)

doo! dwi+20w"—
dt a 3

sl =0 (13)

and
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do; & .2
dt a Y73

k
bo;; + 0,40;

+ w;w; — 3 difo"'on + 0®) = —E;;, (14)
where E;; = V.,V —
field.

In keeping with the spirit of Lagrangian fluid dynamics,
we would like an evolution equation for E;;. From equa-
tions (1) and (3), Bertschinger & Hamilton (1994) derived
& Tt

(1/3)5,,V*¢ is the gravitational tidal

— Vi Hj, + 0E;; + 6,,0"Ey

- 30”‘:(l Ej)k - wk(iEj)k = —47'CGa2p0'U . (15)

Parentheses around a pair of subscripts indicates symmetri-
zatlon e.g., 0*;E; = (6%, Ej + ¢*; E;)/2. The new quantity

; is the Newtonian limit of the magnetlc part of the Weyl
tensor in the fluid frame. The definition and discussion of
this term will be deferred until the next section.

Equations (11){15) form a hierarchy of Lagrangian fluid
equations. It is an incomplete set because we have not
stated the evolution equation for H;;. In order to arrive at a
local set, we must eliminate the gradient term in equation
(15), either by finding an approximation for —V,e"; H;, or
by truncating the hierarchy in a way that eliminates our
need to determine it.

The ZA eliminates the need to calculate H;; by approx-
imating the evolution of the gravity field—equation (9)
relates V¢ to v. As a result, the tidal tensor in the ZA follows
from the shear:

4nGap 3Q,H3?

E,=— Tf” T (16)
Furthermore, the divergence of the gravity field is given in
the ZA by the velocity expansion scalar 6 instead of the
density fluctuation. Thus, the ZA is equivalent to solving
the local evolution equations

ao a 2, 4y 2 _ 4nGap
dr+ 0+ 6% + 6Y6;; — 20 Hf 0, 17
do; a 2 .
It + 2 o + 3 bo;; + 0407 + ©,W;
4
5 5i1(0'k10'k1 2) = EG;lp Gij - (18)

Together with equations (11) and (13), these give a closed set
of equations for the evolution of quantities for a single mass
element with no spatial gradients. This is what we mean by
locality. Note that we have assumed the irrotational flow
initial condition and so w;; =0 from equation (13) at all
times before trajectories intersect. Equation (18) can be
written also as an evolution equation for E;; by makmg use
of equation (16) (Kofman & Pogosyan 1995) But it is clear
that in terms of obtaining a closed set of local equations, it
is sufficient to stop at the level of the shear equation (18).
Hence, we have shown that the ZA is a local approx-
imation based on truncating the set of Lagrangian fluid
equations at the shear evolution equation by setting E;;
proport10na1 to g;; and by approximating the grav1tat10na1
source term in the Raychaudhuri equation. It is then very
natural to ask whether we can go further, by using the exact
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Raychaudhuri equation and by truncating the system of
equations at the tidal evolution equation with a different
approximation from the ZA.

There is a simple argument for why we should expect to
be able to improve on the ZA. It is well known that the ZA
gives incorrect results for spherical infall. For spherical
infall, the velocity and gravity fields are isotropic around a
point, so that o;; = E;; = 0 at that point. Yet, the ZA over-
estimates the collapse time for a uniform spherical top hat.
The reason for this is that the ZA does not obey the Poisson
equation, so the right-hand side of equation (17) is not
exact. We can at least correct this term. We have tested this
approximation—using equation (12) in place of equation
(17), and using equation (18) for the shear evolution—and
found that it works poorly aside from spherical flow. Thus,
we seek improved approximations based on a more accu-
rate treatment of the tidal tensor.

3. TWO LOCAL APPROXIMATIONS BASED ON THE TIDAL
EVOLUTION EQUATION

As remarked in the last section, the hierarchy of Lagrang-
ian fluid equations can be truncated at the tidal evolution
equation, provided that we approximate, or eliminate, the
H;; term (and possibly other terms also). If possible, we
would like to find local approximations that retain the suc-
cesses of the Zel'dovich approximation. These include
giving the correct results in linear perturbation theory and
giving the exact solution for plane-parallel flows. Ideally, we
would also like to improve on the Zel’dovich approx-
imation by giving exact results for spherical and/or cylin-
drical flows. We use these criteria in seeking improved
approximations.

Let’s look at the magnetic part of the Weyl tensor more
closely. The definition is given in Bertschinger & Hamilton
(1994):

Hij = IV(I 2vk€ (l Ej)l ’ (19)
where H; satisfies
VxH= —16nGa*f,, V-H=0. (20)

Here f, is the transverse part of the mass current, defined as

follows:
1 oa¢
~ 3G V(aT)- @)

Using these definitions, we can rewrite equation (15) as
follows:

fi=f=fi=p—fi, fi=

% + g E; + M;; = —4nGa’po;;, 22
where
M;= _Vkekl(i H;, + 0E;; + 5ij0'”Ek,
— 30" Ej — "¢ Ejp
= —4nGa*pV;v; — - % (V.V;ap)

= —47ZG612V(i f.Lj) - UkaViVj¢ + U(iVj)V2¢ . (23)

Let us first consider plane-parallel flows, for which the
ZA is exact. The velocity and gravity gradient tensors may
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be written
Vi Uj = 0 diag (0, 0, 1), VIVI¢ == V2¢ diag (0, 0, 1) )
24

where diag() denotes the elements of the diagonalized
tensor. Evaluating M;; using equations (23), we find that the
curl Hj, term as well as the sum of terms proportional to the
tidal tensor vanish identically. The individual tidal terms do
not vanish. This result suggests two different closure
schemes for the tidal evolution equation (22). The first one is
to discard V,€*; H;,. The second is to discard the complete
tensor M;;. If some of the tidal terms of M;; were retained,
the resulting approximation would not be exact for one-
dimensional flows and hence would not improve on the
Zel’dovich approximation.

The first choice, setting H;; = 0 in equation (15), was pro-
posed by Bertschinger & Jain (1994):

dE.. &
d_ru + s E;;+ 0E;; + 6,,0"Ey

—30"4Epx — 0" Ej = —4nGa’poy; . (25)

We shall call this the nonmagnetic approximation (NMA).
Combined with equations (11)14), it provides a closed set
of local evolution equations. The NMA was inspired, in
part, by the remark of Ellis (1971) that the magnetic part of
the Weyl tensor has no Newtonian counterpart. However, it
leads to unusual behavior, implying that cold dust fluid
elements generically collapse to spindles (Bertschinger &
Jain 1994). Also, Bertschinger & Hamilton (1994) were able
to derive equation (15) with H;; defined using equations
(19)+21) from Newton’s laws in an expanding universe, as
well as constraint and evolution equations for H; itself (the
latter using post-Newtonian corrections), from which we
now know that H;; is not identically zero in the Newtonian
limit, aside from some special cases of high symmetry.

Thus, we are motivated to try the second approximation,
setting M;; = 0 in equation (22):

dE,, a

d_tj + 2 E;; = —4nGd®po;; . (26)
Equation (26) and equations (11)(14) form our new set of
closed local equations. We shall call this the local tidal
approximation (LTA) to distinguish it from equation (25),
the nonmagnetic approximation.

The LTA is, in a sense, a close cousin of the NMA. Recall
the definition of H;; in equation (19). Substitute this into the
definition of M;; in equation (23). All terms involving the
product of E;; and the velocity gradient tensor cancel. The
result is

M;; = —V,e¥; Hj, + 0, Viled € Ep, + e'e™; Ey,) ,
27

where Hj; = H;; + 2v,€", E;, is gotten by setting v, = 0 in
equation (19). While H;; represents the magnetic part of the
Weyl tensor in the fluid threading, Hj; represents it in the
comoving threading (Bertschinger & Hamilton 1994).

The distinction between H;; and Hj; is most clear using
the 1 + 3 threading split of spacetime (Bertschinger 1995).
The electric and magnetic parts of the Weyl tensor follow by
projecting the Weyl tensor and its dual using a timelike unit
vector u* (threading) onto the spatial hypersurface orthog-
onal to u*. An analogous procedure is used in electromag-

GRAVITATIONAL COLLAPSE OF COLD MATTER 5

netism to obtain the components of the electric and
magnetic field from the field strength tensor. The magnetic
part of the Weyl tensor in the fluid threading, H;;, follows
from using the fluid 4-velocity, which has components
w* = a”!(1, v’). Using instead the 4-velocity of observers
stationary in the given coordinate system (the Poisson
gauge in this case; see Bertschinger & Hamilton 1994),
w* =a~'(1, 0), yields the magnetic tensor Hj; in the com-
oving threading.

Either threading may be used in general relativity. Fluid
threading leads to equation (15). Comoving threading leads
to

dE,, a ,
WJ + ; E” - Vkekl(iHj)l

+ 0, Vi(e' €™ By,
+ ejfl €"iEy,) = —41rGa2po',~,~ . (28)

Equations (15) and (28) can be shown to be equivalent by
using equations (23) and (27).

Comparing equations (26) and (28), we see that the LTA
makes two approximations: (1) The curl of the magnetic
part of the Weyl tensor vanishes in the comoving threading
(Vi€ Hj, = 0), and (2) the advective terms on the left-hand
side of equation (28) vanish (the terms in parentheses vanish
or else v,, vanishes) at the position and moment of interest.
By contrast, the NMA assumes that the magnetic part van-
ishes in the fluid threading. At this stage, we cannot say
which is a better approximation. For that we must compare
both with exact solutions.

The LTA, like the ZA, is exact for plane-parallel flows
prior to the intersection of orbits. What about spherically
and cylindrically symmetric flows, for which the ZA is not
exact? For the LTA, we use equations (23) to evaluate M;;
for flows that are spherically symmetrical around the fluid
element under consideration. As long as the gravity gra-
dient is finite at the origin (a condition that holds for any
continuous finite-density mass distribution), this restriction
implies that all three eigenvalues of V;V;¢ are equal, so
E;; = 0 identically (similarly o;; = 0). Equations (25) and
(26) are satisfied trivially. Thus, the LTA is exact for spher-
ical mass elements. So is the NMA.

Next, we consider a nonsingular fluid element on the
symmetry axis of a cylindrically symmetric flow. By this we
mean that two eigenvalues of V,V;¢ are equal and the third
one vanishes, and similarly for V;v;. In this case, we have

V.o, =10 diag (1, 1, 0), V.V, = 1V2¢ diag (1, 1, 0)..
29

Using this, it is easy to show that the sum of tidal terms in
the first form of equation (23) do not vanish, while, with
equations (3) and (11), the second form for M;; leads to
M;; = 0. Thus, the LTA is also exact for cylindrical flows,
while the NMA is not. Bertschinger & Jain (1994) erred in
concluding that the NMA was exact for cylindrical flows
even though they were correct in saying that H;; = 0 for
such an element. Although H;; vanishes, its curl (taking H;
to be defined everywhere in the fluid threading) does not.
However, when expressed in the comoving threading dis-
cussed before, the curl of the magnetic part of the Weyl
tensor does vanish for a cylindrical flow (hence, the LTA is
exact in this case).

© American Astronomical Society ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1996ApJ...471....1H

N

One can generalize these results to show from the second
form of equation (23) that M;; = 0 for any flow for which
(V2¢)~'V,V,¢ equals 67 'V;v; and is a constant tensor.
These conditions are equivalent to saying that the orienta-
tion and axis ratios of the gravitational and velocity equipo-
tentials are constant for the mass element under
consideration. Thus, the LTA is exact for flows with equipo-
tentials of constant shape. Although this condition does not
always hold, it is valid for the growing mode in the linear
regime and it includes spherically and cylindrically sym-
metric flows as well as plane-parallel flows. Moreover, the
gravitational potential contours are more nearly spherical
than the density contours around a peak, so their shape
would be expected to change relatively slowly with time,
suggesting that the LTA may be a good approximation in
general.

In the linear regime, the LTA, NMA, and ZA all agree. It
is already clear that they must differ in second-order pertur-
bation theory; the Appendix presents the calculation of
V. ;H;, and M;;. However, it is more important to see
how these various approximations behave as collapse is
approached. We know already that generic initial condi-
tions lead to collapse along one dimension (pancake) with
the ZA (from Bertschinger & Jain 1994), while the NMA
leads to collapse along two dimensions (spindle). What
about the LTA? How accurate is the LTA for asymmetrical
initial conditions? Before answering these questions we first
examine the relative sizes of the terms in equation (22) for
an overdense homogeneous ellipsoid in an expanding uni-
verse.

4. COLLAPSE OF A HOMOGENEOUS ELLIPSOID

We summarize here the equations of motion for an irro-
tational homogeneous ellipsoid embedded in an expanding
universe. The various interesting quantities in the tidal evol-
ution equation are then calculated for the collapse of a
particular ellipsoid.

We consider an irrotational homogeneous ellipsoid with
proper axis lengths R,, R,, and R; embedded in a
Friedmann-Robertson-Walker background. The equations
of motion are

&R, 2
i _2”GRi|:§ Py + adp. — Pb):l (30)

(Icke 1973; White & Silk 1979), where ¢ is the proper time
(dt = adr) and «; is defined by

o ds
di == R1R2 R3 f 2 > > > .
o (R? + s)\/(R? + s)(R3 + s)(R2 + )

(1)

Here p, is the total density within the ellipsoid, while p, is
the density of the expanding universe surrounding the ellip-
soid. They are related to the mean and perturbed densities
used previously by p, = p and p, = p(1 + 6). We evaluate
them from the evolution of the axis lengths and the back-
ground expansion scale factor:

peRlRZ R3 = peo ’ pba3 = pbo ’ (32)

where p., and p,, are constants. Note that a; + o, + a3 =2
and we assume Q, = 1. Note also that since equation (30) is
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second order, there are in general two independent modes.
We choose growing-mode initial conditions. For small a,
the first-order solution, or, equivalently, the ZA result, is

R() = a()X (1 — 321000 4) , (33)

where the X;’s give the initial axis ratios, a;, gives the initial
ellipsoid parameter, and ,, gives the linear amplitude of the
density perturbation. We set 6, = 1 for overdense ellipsoids
without loss of generality.

Equation (32) implies that the total mass, including the
mass inside the ellipsoid as well as outside, is actually not
conserved even though the mass inside the ellipsoid is.
Hence, equation (30) can only be an approximation to the
true evolution of an initially homogeneous ellipsoid. In
general, one expects that such an ellipsoid would cause the
density of its immediate surroundings to deviate from the
cosmic mean. Tidal fields from this perturbed external
material should then induce departure from homogeneity in
the ellipsoid. Based on results from an N-body simulation
(S. D. M. White, unpublished notes), we assume that it is a
good approximation to ignore departures from homo-
geneity inside and outside the ellipsoid when calculating the
evolution of the axis ratios.

It is noteworthy that equation (30) is exact if p, = 0, i.e.,
for a homogeneous ellipsoid in a vacuum. Later in this
section we will test our approximations using the exact
solution in this case.

The peculiar velocity field inside the homogeneous ellip-

soid is described by
and the gravitational potential within the ellipsoid is
¢ = nGa*(p, — py) ¥, i . (33)

(The x; are comoving coordinates and dots denote confor-
mal time derivatives.) Quantities like the expansion, shear,
and tidal field can be immediately read off from these
expressions:

0= Zl: Em - 32 , (36)
. Ri 1 Rk
o'ij = dlag <E — g Xk: R_k> N (37)
E; = 2nGa’*(p, — py) diag (; — 3. (38)

The tensor M;; defined in equation (23) is given for the
homogeneous ellipsoid by

2 o
_ 2 i —20;; i— 7 )0 — 2
M;; = 2nGa’p, diag [ 20, + <<x, 3>0 5o a,] .
(39)

Using the time evolution of R; given by equation (30), the
evolution of the various quantities above can be calculated.
In particular, we are interested in the relative magnitude of
various terms in the tidal evolution equations (15) and (22).
We integrated equations (30) and (31) numerically, starting
from equation (33) at a = 10~ ® with axis ratios 1:1.25:1.5.
From the axis lengths R; and their time derivatives, using
equations (36)38) we calculated the velocity and gravity
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gradient terms inside the e111ps01d From these we then cal-
culated the evolution of —V,e";H;,, M;;, and 4nGa’po;;
inside the ellipsoid. Note that in this test we do not integrate
the tidal evolution equation itself; rather, we evaluate the
terms in it assuming that the system evolves according to
the homogeneous ellipsoid solution. Although, as we noted
above, this solution is not exact, we are being self-consistent
by evaluating the various tensor quantities using equations
(36)«39), which assume spatial homogeneity inside the
ellipsoid.

Figure 1 shows the results of this calculation. The magni-
tudes of —V,€f' ; H;; and M;; are divided by the magnitude
of 4nGa?pa;, where by the magnitude of a matrix we mean
the square root of the trace of its square. We see that
—V.e*;H;, and M, are both small compared to 4nGa’po;;
at both early and late times, but not intermediate times
(near maximum expansion). Interestingly, the magnetic
term and M;; have similar magnitude throughout the col-
lapse process.

We can easﬂy understand why 4nGa®po;; is much bigger
than both —V,€*;H;, and M; at early times using pertur-
bation theory. The shear is ﬁrst order. The last form of
equations (23) is the best place to see that M; is second
order: f,; is second order because, to first order, f; = pv; is
longitudinal (we assume irrotational initial conditions). The
other contributions to M;; are obviously second order.
From the first form of equation (23), we conclude also that
— VM aHy is second order. Expressions for these two
tensors in second-order perturbation theory are given in the
Appendix. They are both nonzero in general.

The behavior of these quantities close to the moment of
pancake collapse can also be estimated analytically.
Suppose that the third axis collapses while the other two
axes still have finite lengths. The term 4nGa®po;; diverges at
the moment of pancake collapse because p diverges and so
does o;;, owing to the R3/R3 term in equation (37). For the
behavior of —V,€*;H;, and M; approaching collapse, we
need to understand the behavior of the «;’s.

It follows from equation (31) that o, and o, vanish in the
limit of vanishing R, for finite R, and R,, because the inte-
gral is finite while the factor of R; in front vanishes. Note
also, by definition, the three a,’s always add up to 2. Hence,
a3 =2 at collapse. Moreover, it can be verified using
equation (31) that the ;s are finite at the moment of col-

(9]

N
.
.
=
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ITTT

N

[T T R R R
5 1 1.5

o

Terms in the Tidal Evolution Equation
o

FIG 1.—Evolution of the magnitudes of —V,€" (3 H,, (dashed line) and
M;; (solid line) divided by the magmtude of 4nGa’ps;;, evaluated for a
homogeneous ellipsoid with initial axis ratios 1:1.25:1.5 embedded in an
expanding universe. The magnitude of a matrix is defined here as the
square root of sum of squares of eigenvalues.
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lapse, assuming the R;s are finite. It can then be shown
using equations (36)(39) that the particular combination of
o’s conspires to render both M;/4nGa’p and
—V,,e o Hj/4nGa’p ﬁnite Hence, at the moment of
pancake collapse, —V,e*;H;, and M;; are indeed much
smaller than 4nGa?po;;.

The fact that —V,€e"; H;, and M;; are both small com-
pared to 4nGa’po;; at early times and at the moment of
pancake collapse suggests that the NMA and LTA might
both be good approximations. However, Figure 1 shows
that these terms are not negligible throughout the collapse
process. Hence, there is no guarantee that either approx-
imation can reproduce the correct features of the collapse
process (see Shandarin et al. 1995). In particular, we do not
know from these results whether the NMA or LTA would
produce pancake collapse given the initial conditions we
have chosen. We also do not know which approximation
will be more accurate for generic initial conditions,
although Figure 1 suggests that it may be better to neglect
M;;than H;;.

5. PANCAKES VERSUS SPINDLES

The oblate and prolate configurations are distinguished
by the signature of the eigenvalues of E;; and o;;. For the
collapsing oblate (pancake) configuration, the eigenvalues
of E;; have the signature (—, —, +) and those of o;; have
(+, +, —). For the collapsing prolate (spindle) configu-
ration, E;; has eigenvalues with signature (—, +, +) and g;;
has (+, —, —). One way to see why this is true is by
inspecting equations (37) and (38). For the pancake configu-
ration, one can use the fact that a5 is close to 2 (supposing
collapse occurs in the third direction) while «, and a,
almost vanish. For the spindle configuration, suppose that
collapse occurs for the second and third direction and
suppose for simplicity that they collapse at the same rate.
Then from equation (31), one can show that close to the
spindle configuration, o ~ o, ~ 1 and a; ~ 0. Using this
and equations (37) and (38), it is possible to obtain the
signature for the eigenvalues of E;; and o;;. Note also that it
is suﬂiment to consider only the d1vergent parts of E;; and

; to get the right signatures.

Consider equation (25). This is the tidal evolution equa-
tion of the NMA, which ignores the magnetic part of the
Weyl tensor. First of all, the term proportional to d/a
always tends to decrease E;;, encouraging spherical col-
lapse. But by the time the motion of the object under con-
sideration breaks away from the expansion of the universe,
this term becomes unimportant. Suppose now that the
object is close to the pancake configuration with E;; having
signature (—, —, +) and o;; having (+, +, —). Then it can
be seen that a11 the terms favor pancake collapse (or favor
neither pancakes nor spindles) except the shear-tide coup-
ling terms 6;,06E,, — 36", E;,. The net sign of these two
terms is such that the growth of E;; toward the pancake
signature is suppressed. Suppose, on the other hand, that
the object is close to the spindle configuration with E;; and
o;; having signatures (—, +, +) and (4, —, —), respec-
tively. Then all the terms, including the shear-tide coup-
lings, encourage the growth of tide toward the spindle
signature. In other words, the NMA on the whole favors
collapse toward the prolate or spindle configuration.

Consider, on the other hand, the exact tidal evolution
equation (22). For an object with a very short third axis
compared to the other two, we expect o, to be slightly less
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than but close to 2 and «; and «, to be small and positive.
Substituting this into equation (39) and looking only at the
most divergent terms, one can verify that M;; has signature
(—, —, +) close to the pancake configuration. Using
similar arguments, it can be deduced that M;; has signature
(=, +, +) close to the spindle configuration. Hence, M;;
has the same signature as E;; close to collapse, whether it be
pancake or spindle; therefore, it stabilizes collapse just like
the Hubble damping term proportional to d/a. Hence,
ignoring M;;, which is the LTA, does not favor spindles
over pancakes. This is very different from the NMA.

Equation (23) tells us that M;; contains both —V,e*,H;,
and the shear-tide coupling terms. We can now see what is
wrong with the NMA—for the spindle configuration,
—V.e";H,, has a signature that is opposite to the shear-
tide coupling terms, and it is large enough to reverse the
spindle-enhancing effect of the latter. As a result, M;; as a
whole, which includes the sum of these terms, plays no
favorites.

Numerical integration bears out this analysis. We tested
the LTA and NMA by integrating the sets of local Lagrang-
ian fluid equations that are obtained by ignoring the rele-
vant terms in the tidal evolution equation: equations (11),
(12), (14), and either (25) or (26). The tensor equations were
diagonalized along principal axes. Initial conditions were
chosen using equations (33) and (36)+38) so as to corre-
spond to the homogeneous ellipsoid model with initial axis
ratios 1:1.25:1.5. Given the numerical solution for 6(r) and
0,;(7), we then predicted the evolution of the homogeneous
ellipsoid axis lengths by solving equations (36)37) for
R;/R; and numerically integrating it to get R(z). For com-
parison, we also computed the prediction of the ZA for the
axis evolution given the same initial conditions. We
obtained the same results for the ZA by integrating the local
Lagrangian fluid equations (17) and (18) as we did from
equation (33).

Figure 2 compares the local approximations (ZA, LTA,
NMA) for the evolution of the axis lengths with each other
and with the solution given by integrating equations (30).
Both the ZA and LTA reproduce the qualitative features of
pancake collapse. As we have already noted, the NMA pre-
dicts collapse to a spindle instead of pancake. For these
initial conditions, at least, the LTA is even more accurate
than the ZA. The LTA overestimates the expansion factor
at collapse by only 3%, compared with 52% for the ZA. The
LTA appears to rectify one of the well-known problems
with the ZA, namely, the fact that it underestimates the
rapidity of collapse for nonplanar perturbations. This result
is consistent with our observation in § 3 that the LTA is
exact for spherical and cylindrical symmetry. We note in
passing that the modified Zel’dovich approximation men-
tioned in the introduction performs even a little better than
the LTA for the above test case but it suffers from
unphysical singularities for more generic initial conditions
(Reisenegger & Miralda-Escudé 1995).

It is also useful to compare the local approximations with
the exact solution for cylindrically symmetric perturbations.
Consider a homogeneous overdense cylinder in an
Einstein—de Sitter universe, with radius R(t). The equation
of motion is given by Fillmore & Goldreich (1984). It can be
written in a form corresponding to equation (30):

d’*R 2
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F1G. 2—Evolution of axis lengths for a homogeneous ellipsoid embed-
ded in an expanding universe. The initial axis ratios are 1:1.25:1.5. The
“exact” solution (ignoring development of inhomogeneity, solid curve) is
compared with the ZA (short-dashed curve) and two local approximations:
the local tidal approximation (LTA, long-dashed curve) and the non-
magnetic approximation of Bertschinger & Jain (NMA, dotted curve).

where p, is the density inside the cylinder. In fact, this is
identical to equation (30) for a homogeneous ellipsoid with
axis ratios R:R:o0, for which a;, =a, =1, a3 =0. We
repeated the comparison of local approximations with the
exact solution given by integrating equation (40). The
results are shown in Figure 3. The LTA is exact, while the
NMA underestimates the expansion factor at collapse (by
23%) and the ZA overestimates it (by 36%).

An exact solution also exists for a homogeneous ellipsoid
in a vacuum (nonexpanding) background (Lin, Mestel, &
Shu 1965). It is easy to modify the NMA and LTA equa-
tions for this case, by setting a = 1 and p, = p = 0. We did
not integrate the noncosmological analog of the ZA. As for
Figure 2, we set the initial axis ratios to be 1:1.25:1.5,
although in this case we set the initial velocity field to zero.
Figure 4 shows the results. Once again, we see that the LTA
is rather accurate for generic initial conditions (the collapse
time here is 1.5% too large) and leads to pancake collapse,
while the NMA incorrectly predicts spindle collapse.

To compare the three local approximations (ZA, NMA,
LTA) with more general initial conditions, we follow the
notations of Bertschinger & Jain (1994) and write traceless

'6IIII

— LTA=Exact |

Cylinder Radius
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Il|l||l||||§|l||||||\'\ll
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a

FiG. 3.—Evolution of the radius of a cylindrical perturbation in an
expanding universe, corresponding to a homogeneous ellipsoid with axes
R:R:0 (a cylinder). The exact solution (solid curve) is compared with the
ZA (short-dashed curve) and the NMA (dotted curve). The LTA is exact for
this case.
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symmetric tensors in terms of a magnitude and an angle:

2 8n
0;j = § aQiJ(“), E;;= ?
We have introduced new scalars 6 <0, € >0, o, and B
(0 <a, B <m), and a one-parameter traceless quadrupole

(9]

Qi}(a) = diag |:COS <#), CcoS <%t
42)

With this parameterization, oblate configurations have
cos o > 0 while prolate configurations have cos a < 0. Of
course, the shape of a perturbation can change with time.
The equations of motion for o, €, o, and f for the NMA are
given by Bertschinger & Jain (1994). For the LTA, their
equations (13) and (14) are changed to become

Gpae(l + 5)Q,F) . (41)

Z—:—Oe=—ocos<a;ﬂ>, 43)
dd 3o . (a—pB

One quantity of interest for general initial conditions is
the expansion factor at collapse, i.., the linear overdensity
when a given mass element collapses. Following
Bertschinger & Jain (1994), we parameterize the initial con-
ditions by €, and a,,, which are related to the values of € and
o in linear theory through € = ae, and « = «,. Because ini-
tially underdense perturbations can collapse if the shear is
sufficiently strong, we treat both initially overdense and
underdense perturbations by specifying 6, = +1, respec-
tively (6, being related to ¢ in linear theory by 6 = ad,). The
expansion factor at collapse, a,, is determined by inte-
grating the local evolution equations for the LTA and
NMA. For the ZA, it is simpler to use equations (4) and (8),
noting that collapse occurs when the determinant of dx’/dq;
vanishes. With our parameterization of the initial velocity
and gravity gradient tensors, it follows that

3

e = 5y T 2€, c0s (%g/3)

(ZA) . 45)

LALLM
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F1G. 4—Evolution of axis lengths for a homogeneous ellipsoid embed-
ded in empty space. The initial axis ratios are 1:1.25:1.5. The exact solu-
tion (solid curve) is compared with the predictions of LTA (long-dashed
curve) and NMA (dotted curve).
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The collapse expansion factor a, is defined to be the absol-
ute value of the linear overdensity when a given mass
element collapses to infinite density. For example, an over-
dense spherical perturbation collapses when a, = 1.686,
while a cylindrical perturbation collapses when a, = 1.466
and a plane-parallel perturbation collapses when a, = 1.
Although there exists no exact solution for arbitrary initial
conditions, it is informative to compare all three methods.
Based on our previous results we expect the LTA to be
accurate to a few percent.

We plot contours of constant collapse time for different
initial tidal parameters €, and «,, for the three local approx-
imations in Figure 5. In each part, the left panel gives results
for overdense perturbations while the right panel is for ini-
tially underdense perturbations. Figure 5b presents the
same results as Figures 1 and 2 of Bertschinger & Jain
(1994). We see that the LTA and ZA are qualitatively
similar, although the ZA overestimates the collapse time for
overdense configurations with small tide (near the center of
the figures). According to the ZA, a, = 3 for spherical per-
turbations while the exact value is (5/3)(2/3m)*° =
1.68647. ... Both the ZA and LTA indicate more rapid col-
lapse for initially oblate configurations. As noted by
Bertschinger & Jain (1994), initially prolate configurations
collapse faster in the NMA because according to its incor-
rect dynamics, initially oblate configurations must change
shape before collapsing to a spindle.

Bertschinger & Jain (1994) also noted that shear can lead
to collapse of underdense perturbations. From Figure 5, we
see that the size of the noncollapsing region in parameter
space (in the middle of the right-hand panels) is largest for
the NMA and smallest for the ZA, indicating that the NMA
underestimates the fraction of initial underdense pertur-
bations that can collapse, while the ZA overestimates it.
Using the probability distribution of €, and a, derived by
Bertschinger & Jain (1994) for a Gaussian random field, we
find that the probability that a randomly chosen mass
element will collapse is 0.780 for NMA, 0.888 for LTA, and
0.920 for ZA. Thus, taking the LTA as the most accurate,
approximately 78% [=2(0.888)—1] of the initially under-
dense perturbations (and 100% of the overdense ones) will
collapse. This estimate neglects the crossing of mass ele-
ments, which increases the likelihood of collapse by increas-
ing the density owing to multistreaming. Indeed, we expect
most mass elements to collapse eventually in a perturbed
self-gravitating cold dust medium. Note also that the prob-
abilities quoted above apply to underdense regions in the
early universe, not the universe today. For instance, the fact
that most underdense mass elements in the early universe
collapse does not imply the probability of finding voids in
the present universe is small. On the contrary, weighing by
volume, the probability of locating voids or highly under-
dense regions in a random sample of the universe today is
quite high because most of the mass has collapsed, leaving
most of the volume empty.

6. CONCLUSION

In this paper we have discussed three different local
approximations for gravitational collapse of perturbations
in an expanding universe: the Zel’dovich approximation
(ZA), the nonmagnetic approximation (NMA) of
Bertschinger & Jain (1994), and a new local tidal approx-
imation (LTA) introduced here. Conventionally, the ZA is
presented as a mapping of Lagrangian to Eulerian posi-
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F1G. 5—a) Contours of constant collapse time computed using the ZA, expressed by the cosmic expansion factor a, or its reciprocal, vs. initial tidal field
parameters. Left panel: initial positive density perturbations (6, = +1). The light (heavy) contours are spaced by 0.1 (0.5) ina,, with the outermost contour
a, = 0.4 and the central value (corresponding to spherical collapse) a, = 3.0. The ZA significantly overestimates the collapse time for low-shear perturbations.
Right panel: initial negative density perturbations (8, = — 1). The light (heavy) contours are spaced by 0.1 (0.5) in a. *, with the innermost contoura; ! = 0
and the outermost one a; ! = 2.3. Initial perturbations in the central region do not collapse. Perturbations are oblate (prolate) fore, cos a, > 0 (€, cos &, <
0). (b) Same as (a ) except that the NMA is used. In the left panel the innermost contour is a, = 1.6. In the right panel the outermost contour isa_ * = 1.8. The
smaller extent of the contours for prolate configurations (e, cos a, < 0) reflects the fact that the NMA favors prolate collapse. (c) Same as (a) except that the
LTA is used. In the left panel the innermost contour is a, = 1.6. In the right panel the outermost contour is a; ! = 1.6. The LTA, like the ZA, favors oblate

(pancake) collapse over prolate (spindle) collapse.
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tions. However, we showed that it can also be regarded as a
certain truncation of the set of Lagrangian fluid equations
for the density, velocity gradient, and tide following a fluid
element of cold dust. With the ZA, the gravity gradient is
explicitly proportional to the velocity gradient, resulting in
modifications to the Raychaudhuri and shear evolution
equations. The tidal evolution equation need not be inte-
grated in the ZA because the gravity field acting on a mass
element is given by a simple extrapolation of initial condi-
tions. The other two approximations we discuss extend the
ZA by integrating the exact Raychaudhuri and shear evolu-
tion equations, with approximations made only to the tidal
evolution equation.

All three local approximations are exact for plane-
parallel perturbations. However, the behavior for other
shapes of perturbations shows significant differences in
behavior. The ZA is only approximate for non—plane-
parallel distributions. The NMA is exact for spherical per-
turbations but not cylindrical ones. The LTA is exact for
spherical and cylindrical perturbations and, more generally,
for any growing-mode perturbations whose gravitational
equipotential surfaces have constant shape with time.

In order to test these approximations for nonsymmetrical
shapes, we compared them in the case of the collapse of a
homogeneous ellipsoid. As expected from the results of
Bertschinger & Jain (1994), we find that the NMA generi-
cally produces spindle-like singularities at collapse. The
LTA, on the other hand, generically produces pancakes,
just like the ZA. For triaxial ellipsoids, we compared
numerical integrations of the local evolution equations with
known solutions for a homogeneous ellipsoid in both
cosmological and vacuum backgrounds. (An exact solution
exists for the latter case while, in the former case, the homo-
geneous ellipsoid solution is not really exact because tides
will cause the background, and then the ellipsoid itself, to
become inhomogeneous. However, these effects are
expected to be small.) We find that the LTA is significantly
more accurate than the ZA (see Fig. 2).

These results suggest we have found a promising new
approximation for nonlinear gravitational instability.
However, we have only studied the evolution of isolated
irrotational perturbations. Caution is needed because we do
not know how accurate the LTA is for more general initial

conditions, for example, those with vorticity. Moreover, we
do not know by how much the tide produced by other mass
elements degrades the accuracy. External tides modulate
the equipotentials surrounding a mass element; qualit-
atively, we expect little effect as long as the external tide
evolves weakly or is small compared with the trace part of
the gravity gradient. Quantitative analysis is best done
using N-body simulations, which we leave for later work.

The LTA has one significant limitation compared with
the ZA. It tells us only the internal state of a given mass
element (density, expansion rate, shear) and the tide on the
element, but does not give the position of the element.
However, for many purposes, one cares more about the
internal evolution of a mass element than about its position.
For example, simple models of galaxy formation are based
on spherical infall. These can be improved by inclusion of
shear and tides (Bond & Myers 1996; Eisenstein & Loeb
1995). Our approximations could lead to even more accu-
rate models of this sort. Also, if one does need to know the
positions of mass elements, then one can always supplement
the Lagrangian fluid equations by the equation of motion
for positions, perhaps using the Zel’dovich approximation
or higher order Lagrangian equations of motion. In prin-
ciple, by following the velocity gradient for many mass ele-
ments, one can reconstruct the velocity field (up to an
irrelevant overall constant) and then integrate the positions
with dx/dt = v. An equivalent procedure was suggested by
Matarrese et al. (1993).

Perhaps the most important reason for seeking new
approximations like the LTA is that we still lack a good
understanding of the behavior of collisionless systems under
nonlinear gravitational instability. Future work will tell
whether local Lagrangian flow methods will provide new
insights.
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APPENDIX

SECOND-ORDER CALCULATION OF M;;

We write the Eulerian density fluctuation field 6 = 6 + 6® + ..., where 6™ is treated as being of nth order in pertur-
bation theory. Similar expansions are used for the velocity field and the scaled gravitational potential:

¢ —3
4nGa’p

=

(x')

— Jd3x' = (A1)

lx —x'|"

For simplicity, we shall assume an Einstein—de Sitter universe as in the numerical examples presented in this paper. In this

case, the perturbation series is a series in a(z).

Peebles (1980) presents the result for 5¥), which we rewrite using our variables as

0 = %(5(1))2 + Vo . Vq’g(l) + %Fz , (A2)

where F?> = FYF,;and

F,;=VV

YO (A3)

J
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note that F: = 6V, From the Euler equation (2) we get the first- and second-order terms of the peculiar velocity,

(1) — _év‘m @) — _2a VOOV —
W= —— VD, v 5 2 (VOUVVo

where ¢® is obtained using equation (A1) with 6.

3a

32 vé®, (A4)

We get M;; and —V,€*; H;, from equation (23). They vanish in first order; the second order results are
Mij = 4nGpaa'[6(l)Fij - %Vivj$(2) + %(ng(l)V)Fij + %Fk(i Fj)k] ’ (AS)
—Vkekl(,- H])l = M'] + 41tGﬁad{35(1)Fu - 3Fk(i Fj)k + 5,1[F2 - (6(1))2]} . (A6)

It can be verified that these quantities are traceless, as expected using equations (A2) and (A3). In general, neither vanishes in

second-order perturbation theory.
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