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ABSTRACT

As a statistical measure to quantify the topological structure of the large-scale structure in the uni-
verse, the genus number is calculated for a number of non-Gaussian distributions in which the density
field is characterized by a nontrivial function of some Gaussian-distributed random numbers. As a spe-
cific example, the formulae for the lognormal and yx? distributions are derived and compared with the
results of N-body simulations together with the previously known formulae for the Gaussian distribution
and second-order perturbation theory. It is shown that the lognormal formula fits most of the simulation
data the best.

Subject headings: cosmology: theory — large-scale structure of universe — methods: numerical —
methods: statistical

1. INTRODUCTION

One of the most important purposes of observational cosmology is to extract the power spectrum and the statistical
distribution of primordial fluctuations out of the redshift survey of large-scale structure, in order to single out the correct
model of the evolution of our universe. A number of measures have been used to characterize statistical properties of the
large-scale structure. The most commonly used quantity is the two-point correlation function (Totsuji & Kihara 1969), which
is nothing but the Fourier transform of the power spectrum and so does not contain much information on the large-scale
structure’s statistical distribution. On the other hand, the count-in-cells statistic including the void probability (White 1979),
directly measures the statistical distribution of galaxies, and various theoretical models based on physical or mathematical
arguments have been proposed to fit the observational data (Fry 1986). Although, in principle, this measure contains
mathematically complete information on the statistics, it is difficult to relate the count analysis to the visual image or
connectivity of galaxy clustering, such as filamentary networks, sheetlike or bubblelike structures, etc.

As a statistical measure to characterize such a topological structure of a galaxy distribution, the genus number has been
widely used in the analysis of recent redshift surveys (Gott, Melott, & Dickinson 1986; Gott, Weinberg, & Melott 1987;
Weinberg, Gott, & Melott 1987; Melott, Weinberg, & Gott 1988; Gott et al. 1989; Park & Gott 1991; Park, Gott, & da Costa
1992; Weinberg & Cole 1992; Moore et al. 1992; Vogeley et al. 1994; Rhoads, Gott, & Postman 1994). However, the value of
the genus had been calculated theoretically only for the random Gaussian field (Adler 1981; Doroshkevich 1970; Bardeen et
al. 1986; Hamilton, Gott, & Weinberg 1986), except for some restricted cases, such as for Rayleigh-Lévy random-walk fractals
(Hamilton 1988) or unions of overlapping balls (Okun 1990). Hence, at best, what one could have done was to estimate the
genus number on large scales that are still in the linear regime, to test the validity of random Gaussian initial conditions.

The situation was somewhat improved recently because a lowest order correction to the Gaussian genus number was
analytically obtained by one of us, using the multidimensional Edgeworth expansion around the Gaussian distribution
(Matsubara 1994). A detailed comparison has also been made with the results of N-body simulations, and it has been shown
that the new formula fits the numerical data well in the semilinear regime but not in the nonlinear regime (Matsubara & Suto
1996). This is in accord with the fact that the one-point probability distribution function (PDF) based on the Edgeworth series
ceases to fit the count-in-cells once the root mean square (rms) value of the density contrast becomes as large as ~%
(Juszkiewicz et al. 1995; Ueda & Yokoyama 1995). Thus, it is also desirable to find an analytic expression of the genus number
for realistic non-Gaussian distributions, just as various non-Gaussian models have been proposed for count-in-cells statistics
(Fry 1986).

In the present paper, we present analytic formulae of the genus number for some non-Gaussian distributions in which the
density contrast is given by a nontrivial function of either a single Gaussian-distributed random number or its combinations
(such non-Gaussian distributions were applied to two-dimensional peak statistics by Coles & Barrow 1987). The former
includes the lognormal distribution, which has been used as a model of galaxy distribution ever since Hubble (1934). The
lognormal model is found to fit the three-dimensional PDF of observed galaxies (Hamilton 1985; Bouchet et al. 1993;
Kofman et al. 1994) and of cell counts in cold dark matter type (CDM-type) N-body simulations (Kofman et al. 1994; Ueda &
Yokoyama 1995). Coles & Jones (1991) argued for the lognormal mapping of the linear density field to describe its nonlinear
evolution in the universe. The latter includes a y? distribution that is closely related to the negative binomial distribution,
another widely used distribution with a hierarchical property of higher order cumulants (Fry 1986; Carruthers 1991;
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410 MATSUBARA & YOKOYAMA Vol. 463

Gaztafiaga & Yokoyama 1993; Bouchet et al. 1993). We then compare the new formulae with N-body simulation data having
various initial spectra, as well as with the previously known formulae for the Gaussian distribution and second-order
perturbation theory.

The rest of the paper is organized as follows. In § 2 we review the derivation of the genus number in a Gaussian distribution
and its lowest order correction arising from the three-point correlation function. In § 3 the genus number is given in the case
when the density contrast is given by a nontrivial but monotonic function of a Gaussian-distributed quantity. Then in § 4 it is
extended to the case in which the density fluctuation is a function of several independent Gaussian variables. In § 5 various
analytic formulae of the genus and the PDF are compared with numerical results obtained from N-body simulations. Finally,
§ 6 is devoted to discussion and conclusions.

2. GENUS CURVE IN A GAUSSIAN DISTRIBUTION AND ITS NONLINEAR CORRECTION THROUGH THE EDGEWORTH SERIES

The genus curve G(v) is defined by — 3 times the total Euler number per unit volume of isodensity contours of a continuous
density field. It corresponds to (number of holes — number of isolated regions)/volume. Here the density threshold of the
contour is specified by v = §/(5%)'/?, with & being the density contrast, which is smoothed appropriately. Mathematically, it is
given by the following expectation value:

G(v) = —3{dp(8(x) — va)dp(n1)0pM2) 13111 (a2 — (320 (1

(Doroshkevich 1970; Adler 1981; Bardeen et al. 1986), where n; = 0;(x) = 6 (x), {;; = 0,0;0(x) = 6 ;{x), and Jy, is Dirac’s
delta function. Thus, it can in principle be calculated once a seven-point probability distribution function of é(x) is known.

In the case when d(x) obeys a Gaussian distribution, we find d(x), 74x), and (;(x) are also Gaussian-distributed, with a
vanishing mean and two-body correlations given by

ol

FEp =0, Bamx)>=0, BEfx)=— 3 0y
2
2 2
{nixmix)) = 93—1 0ij » nix)ux)> =0, Cifx)ulx)) = ¢17_§ (01010 + 0w 65y + 0,405) ,

were 62, 62, and a3 are respectively defined by
a?=¢6%, o}=<(V9)*>, anda}= (V). A3)
The final result is

1 oi \** .., )
GO) = G2 (g> e 1 = v2) = Grglv) @

If the initial fluctuation is a Gaussian random field, linear theory predicts that the genus is described by the Gaussian
equation (4) and the PDF by

e—v2/2

PRG(V) = E . (5)

Next, we consider the correction due to the presence of higher order correlation functions, which arises as a result of
nonlinear gravitational evolution, in terms of the multidimensional Edgeworth expansion following Matsubara (1994) and
Matsubara & Suto (1996). The final result is

1 (32 _,, S 3T ,
Gandv) = “a2 \352) ¢ Hy(v)+ o 5 H(v) + 5 Hy(v) + 3UH(v) | + (a%) ¢ - (6)
In the above expression, H,(v) = (— 1y'¢"*/*(d/dv)"e " **? is the nth order Hermite polynomial, and S, T, and U are defined as
1, 1 3
= — , T= — 2V25 . U=—_ V5'V5 25 5
a4<5 > 20252 {6°V*6) 40‘}< Vo) (7

respectively, which we call generalized skewness. They come from the three-point correlation function that can be evaluated
also by second-order perturbation theory (Matsubara 1994). One should note that generalized skewness should be evaluated
for smoothed fluctuations that are evolved nonlinearly. Only after taking into account such smoothing effects, can one
compare the second-order perturbation theory with observations. If one uses the Gaussian window with the smoothing length
R and assumes the Gaussian initial fluctuations, the generalized skewness is explicitly computed as

1
§= 4n* [2 + K)L;50 + 3Ly3; + (1—=K)L;5,],
1
T= 60n* [5(5 + 2K)L;40 + 3(9 + K)L331 + 15Lys; + 102 — K)L;4, + 3(1—K)L335 ,

1
U= Ta0a* [73 + 2K)L440 + 21L35; — 5(3 + 4K)L 44, — 21L555 — 6(1 — K)L,,,] . 8)
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Here L,;,(R) stands for the following integral :

Loy(R) = s = ﬂj dxf dYJ dp e ReZ 2 umxzy b P (u)P(x)P(y) )

S N BJ dx J dy e RTEa T BS IR L (yR2P(P() (10)

where ¢ and ¢, are defined by equation (3), in which ¢ is the Gaussian smoothed density fluctuation of linear theory over the
scale R, P, is the nth order Legendre polynomial, and I, is a modified Bessel function. Equations (8)—(10) hold for arbitrary
values of the density parameter Q and cosmological constant A. The effect of these parameters manifests itself only through
the function K = K(€, ), which depends very weakly on Q and A (Bouchet et al. 1992; Bernardeau 1994), where 1 = A/(3H?),
H being the Hubble parameter. The explicit form for K has been derived by Matsubara (1995) as

Q ,1 1 -1 3 1 -2 1
K(©Q, 1) = i (J dx X‘3/2) +§<J dx X‘3/2> J dx X317, (11)
0 0 0

Xx)=QYx+x*+1-Q—1. (12)

In the two specific models we adopt below, we find K(1,0) = 3/7 = 0.4286 and K(0.2, 0.8) = 0.4335.
For the power-law fluctuation spectra P(k) oc k", the generalized skewness S, T, and U can be written down explicitly in
terms of the hypergeometric function as
1),
4

S=3F(n+3’n+3 3. 1)_( oo 2K)F< +3 n+3 _j_

where

2 2 °2°4 2 2
_an+3 n+5§ 1 n+3 n+55 1\ —21-K)  (n+3 n+57 1
T_3F< 20 2’2 4>_("+3_K)F< 2 2 ’2’4)+ 15 Fley——73—23)
n+5 n+55 1 n+4—4K n+S5S n+571
U‘F< 2 0 2 2’ 4) 5 F( 2 0 2 ’E’Z) (13)

The expressions for S in equations (8) and (13) are derived by Lokas et al. (1995) and are equivalent to the other form
1ndependently derived by Matsubara (1994). Similarly, using the function Laﬂ,,(R) we transform the expressions for T and U
presented in Matsubara (1994; eqgs. [16] and [18]) which are given here in equatlons (8) and (13).

The result of equation (6) is the analog of the second-order Edgeworth series of the PDF

—v2/2 S
Poniv) = —= [1 +o 2 Hy(v) + @(02)] (14)
V2n
(Juszkiewicz et al. 1995; Bernardeau & Kofman 1995).
3. THE CASE WHEN THE DENSITY FIELD IS A MONOTONIC FUNCTION OF A RANDOM GAUSSIAN VARIABLE

Next, we turn to evaluation of G(v) for a non-Gaussian distribution whose statistical properties are characterized by a
monotonic function F as

o(x) = F[¢(x)] , (15)
with ¢(x) being a Guassian-distributed random field with vanishing mean and unit variance, so that one-point PDF of é reads
1 1
P(8)dd = — = [FX6)1%pd6 . 6
©) mm[p-l(a)]f"p{ 5L ()]} (16)
In this case, we find
n{x) = F{p(0)]1¢ (x),  {ifx) = F'[¢(x)]o,(x)¢ fx) + F'[H(x)] ;{x) . (17

Therefore, G(v) is calculated as
G(v) = —% COp[F(¢) — val6p[F'($)$ 110p[F'(9)d o | F (@) 5|
x{[F($)p% + F($),11] [F' (@)% + F($)$,2.] — [F' (9,1 d.2 + F()d 1,1},

_ 1/ 1 o So.) e . " >
<IF,(¢)|6D[¢ P00 TR T PO 1831 FOP @11 622 — 02))

2 1
(23:)2 [<(V¢3>) >¢] exp{ E L] }{1 [F~vo))?} , o
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412 MATSUBARA & YOKOYAMA Vol. 463

where we have made use of the assumption that F(¢) is monotonic with nonvanishing F'(¢).
Thus, the shape of the genus curve is obtained from that of the Gaussian distribution simply by replacing v by F~! (vo).
This is as expected, because mapping in terms of a monotonic function does not change the shape of the density profile. Using

the relations a2 = <F(¢)2>¢ and ¢} = (F’(¢)2>¢<(V¢)2>¢ for isotropic spaces, the overall factor can be rewritten to yield the
final result:

2 3/2
60 = | Fe [ Guol 0o (19)

In the particular case of the lognormal distribution, the function F is defined by

FLg(x)] = ﬁ exp [/In(l + oD(x)] — 1. 20)

We therefore find the PDF in the lognormal distribution as

Py ) =

o exp [_ {In[(1 + vo) /1 + 02]}2] 1)
(1 + vo)/2znIn(1 + ¢?) 2In(1+0;) ’
and the genus curve in the lognormal distribution as
o) = 1 a3 oxp |[ _{In[(1 + va)m]}z]”[ ,_ Un[@+ va)\/m]y] L@
(2m)? [3(1 + 6¥)In(1 + a3 2In(1 + ¢?) In(1 + ¢?)
One can easily check that the above expression reduces to the Gaussian formula in the limit ¢ — 0.
4. THE CASE WHEN THE DENSITY FIELD DEPENDS ON MULTIPLE GAUSSIAN FIELDS

4.1. General Considerations

We now extend the above analysis to the case when statistical properties of the density field are characterized by a number
of independent Gaussian fields a*(x) through a function f as

8(x) = fLal(x), 3(x), ..., a"(x)] . (23)
Here we assume that o fields are mutually independent and all have vanishing mean and unit variance. Then, introducing
new variables ff = of and y{; = «%;, we find
of o
T = P " 007 0P
Here and below, summation over repeated Latin indices a4, b, c, .. ., h is implicitly assumed. Then the genus number is formally
written as

Gv) = — 3<0p(f — vo)on(fe By B fu B3 | [(fon BS BT + fa¥3 1) fea Bs BS + fev32) — (fu BS B + £732°]> - (29)

Here the two-body correlations are given by

0
BB + 67{; o’ = fon B BS + £o00 - (24

o, =f,B7, Cij

&2 6'2
Cata’y = 6%, ("B =0, <o) = —?1 66,  <(BIBD = ?1 06, B> =0,
26
a b &% ab, ( )
<Vij Yy = E 0 (5ij5kl + O 51'1 + 0a 5jk) >

where 6, and 6, are defined by

P

61 = {(Va?)*> and 63 = (VZa?)*) . 27

2 —
1 =
Introducing new variables wf; = y{; + 63 6;;0%/3, we find o, p?, and w$, are Gaussian random variables whose correlations
are totally decoupled from each other:

a.b N\ _ a b\ _ a b\ _ sab &_g ﬁ &_g
('wp) = {fiwp) =0, {wfjwyy =6 5779 0;; 011 + 15 (0305 + 6405) | - (28)

The above fact greatly simplifies the subsequent averaging procedures, because we can average fj, f5, f$, and 4 in turn
independently as follows.
First, in

60) = — 5{ 0t — VoVl B3 B 1 B
&% a b c &% c c pd a a pPb\2
X | fo| @11 _?“a +fan B B1 || S W2~ & +feaB5 B2 | — (fawlz + fu BLBS) ) (29
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averaging over wf; can be readily done using equation (28). The expression in braces should be replaced by
6'4 6'2
o Po= —g‘fafb(fs“" — o) — ?l.ﬁzb(ﬁ‘; BL + B3 B fo o + funfed BS B B3 B — B B5 BS BS)- (30)

Next, the average over f4 is performed, noting that the linear combination f, % also has a Gaussian distribution with a
vanishing mean and the variance

~2
B> =3 T2, with  J2=8f,, (31)
to yield
2 4
<Iﬁ.ﬂ'§|>ps=\/3:nf?f1- (32)

We assume that only the nonvanishing f contributes to the final result. The averaging over B¢ or B% is more involved, but it

can be done utilizing the fact that u;, = f, g7, B?, and B? (p # q) constitute a trivariate Gaussian distribution with the
correlation matrix

5'2 fz fp ﬁl
M= ?1 f, 1 0]. (33)
fi 01
After some straightforward calculations, we find
[3 1
Vs = [— = 34
<5D(ul)>ﬂi o fa’l s ( )
3 U 285 —fofy
{Op(u)B? B s, = f &, 3]72 3, (35
including the case with p = q. We thus obtain the following expression for G(v), which leaves only the average over a:
&3
60) = oz (0o = v0) | =7 = 2o = LN (1 o Fitfis S wn)) -

(36)

This average cannot be calculated until we specify the function f(a%). We therefore move on to a specific example of the y2
distribution in the next subsection.

4.2. The x* Distribution
In a x? matter distribution, the density field, p(x), is given by

) =2 Y @]’ (37)
were p is the mean density. The density contrast becomes
— D 1 2
sy = PR =P _1 Y [0 ~ 1. (38)
p n =
Hence, we find
2
o = o(x)?) =~ (39

Althoughnisa pos1t1ve integer by definition, we can perform an analytlc continuation to an arbitrary positive number and
replace n by 2/a using equation (39) in what follows.
Thus, in the y? distribution, the function f'(«) is given by

2 0.2

f(a)——a“oz“—IE? -1, (40)

withf, = ¢%«® and f,;, = 626®. We therefore find from equation (36) that

G = - (6m )3/2 (opLf(& — va] (—Ti—a (6*8* + 6*%% — 462> + 20* — 607 + 4)),
~3 1 n
- (3:'.)13/2 \/]."'—VU I:l - v2 a(v 2 U)]PCH(V) GCH(V) . (41)
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414 MATSUBARA & YOKOYAMA Vol. 463
Here Pcy(v) is the one-point PDF of d(x)/a as a function of the threshold v, which is calculated as
Pey(v) = (op(f(@/0 — v)>
@ s (0 ]
= f(2n)"’2 e Opl 5 o i
(L4 vy ! exo [ — 1+ veo
T o T2 O 2
(14 ve)" 21 1 +veo
= o.2a-2—lr(a.—2) eXp | — e . (42)
Using the relation
of = 3ni)> = 3 fup1)> = o*6in = 26%7 , (43)
we finally obtain
1 6?2 \3? , o(v+0)](1+ve) 2732 1+veo
Geu(v) = e (302) L=y ——— Mo 9o T TP\~ ) (44)

Since equation (42) reduces to the Gaussian distribution for ¢ — 0, equation (44) also coincides with equation (4) in this limit.
Note that equation (42) indicates that the one-point PDF of the density field obeys the negative binomial distribution,

pa’ pa*) p

The negative binomial distribution is often used to fit the data of a counts-in-cells analysis, namely, as a model of a PDF
of a smoothed density field. A number of observational analyses have shown that it fits the counts-in-cells histogram well
for some volume-limited redshift samples (Gaztafiaga & Yokoyama 1993; Bouchet et al. 1993). We also note that this
distribution has a hierachical property of higher order connected moments. That is, the Nth order cumulant xy is given by
Ky=(N—Dx,)"" 1 =(N —1)lg?¥ "2,

On the other hand, in site of the above similarity, the y* distribution and the negative binomial distribution are essentially
different from each other once spatial dependence is taken into account. To illustrate it, let us consider two- and three-point
correlation functions, ¢ and {, respectively, in the x? distribution. The former is calculated as

c-2-1 d
Pyalp(x)dp = ﬁal—)a (L) exp (—— L) 2 (49)

clx, y) = <6(x)o()) = % (@)X’ W)’ @)y — 1 = a?w(x, ), (46)

where {a%(x)a’(y)> = *w(x, y). Similarly, the latter is given by
{(x, y, 2) = <8(x)o(r)d(z)>
= 20%w(x, )Wy, ZIW(, x)
= 20[&(x, y)&, D&z 0], (47)

which is very different from a hierarchical form. On the other hand, if the negative binomial distribution would fit the
counts-in-cells analysis for any shape and size of the sampling cell, we would expect the following relation to hold:

{(x, y, 2) = 5[E0, 2)E(z, X) + &z, X)E(x, p) + Lx, YO, 2], (48)

with the observed slope of the power-law two-point correlation function (Gaztafiaga & Yokoyama 1993). Thus, the two
distributions should be distinguished from each other even if the one-point PDF has exactly the same form.

5. COMPARISON WITH NUMERICAL SIMULATIONS

We measure the genus of the four data sets from cosmological N-body simulations with random Gaussian initial condi-
tions, kindly provided by T. Suginohara and Y. Suto. Three models are evolved in the Einstein—de Sitter universe with the
scale-free initial fluctuation spectra (at expansion factor a = 1.0):

P(k) oc k" (n=—1,0,and 1). 49)

The last model corresponds to a spatially flat low-density cold dark matter (LCDM) model. In this specific example, we
assume Q, = 0.2, 4, = 0.8, and h = 1.0 (Suginohara & Suto 1991). The amplitude of the power spectrum in the LCDM model
at a = 6 is normalized so that the top-hat smoothed rms mass fluctuation is unity at 8 h~! Mpc. In fact, this LCDM model
can be regarded as representing a specific example of the most successful cosmological scenarios so far (e.g., Suto 1993). All
models are evolved with a hierarchical tree code implementing the fully periodic boundary condition in a cubic volume of L3.
The physical comoving size of the computational box in the LCDM model is L = 100 h~* Mpc. The number of particles
employed in the simulations is N = 643, and the gravitational softening length is €, = L/1280 in the comoving frame. Further

© American Astronomical Society * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1996ApJ...463..409M

S
(=]

I o463C 740

pJ

1S{]
Oy
(=]
&

No. 2, 1996 GENUS STATISTICS OF LARGE-SCALE STRUCTURE 415

details of the simulation models and other extensive analyses are described in Hernquist, Bouchet, & Suto (1991), Suginohara
et al. (1991), Suginohara & Suto (1991), Suto (1993), Matsubara & Suto (1994), and Suto & Matsubara (1994).

The computation of the genus from the particle data is performed using the code kindly provided by D. Weinberg
(Weinberg 1988; Gott et al. 1989). In short, the procedure goes as follows: (1) The computational box is divided into N2
(=1283) cubes, and the density p,(r) at the center of each cell is computed using a cloud-in-cell density assignment. (2) The
Fourier transform

P k) = % Jpg(r) exp (ik - rd>r (50)

is convolved with the Gaussian filter and transformed back to define a smoothed density of each cell (with the filtering length
R)):

L3 . kle .
pdr; Ry) = P Jpg(k) exp <— > L _ ik - r>d3k ) (51)

(3) The rms amplitude of the density fluctuations is computed directly from the smoothed density:

o(Ry) = /Llps/p — 1), (52)

where p is the mean density of the particles. (4) The isodensity surface of the critical density

p.=[1+va(R,)]p (53)

is approximated by the boundary surface of the high-density (p, > p.) and low-density (p, < p,) cells. (5) Then the genus of the
surface is computed by summing up the angle deficit D(i, j, k) at the vertex of cell (i, j, k):

1 X
2 L Dk, (54)
ijk=1
The way to compute D(i, j, k) is detailed in Gott et al. (1986). The genus curve G(v) is defined to be the number of genera per
unit volume as a function of the threshold v. (6) We repeated the above procedure 50 times using the bootstrap resampling
method (Ling, Frenk, & Barrow 1986) in order to estimate the statistical errors of G(v).
It should be noted that earlier papers (e.g., Gott et al. 1989; Rhoads et al. 1994; Vogeley et al. 1994) defined the density
threshold v of genus curves so that the volume fraction on the high-density region of the isodensity surface is equal to

gs(v) = -

e 2t . (55)

1
_\/—2_nv

Adopting this method, the lognormal model and random Gaussian model would not be distinguished from each other (Coles
& Jones 1991). Since we intend to distinguish them in order to see whether or not the lognormal model can fit the genus
number, we adopt the straightforward definition é = vo of the density threshold throughout this paper.

To obtain the normalized genus curve G(v)/G(0), we follow the method developed in Matsubara & Suto (1996). In practice,
we first compute G(v) at 51 bins (in equal intervals) for —3 < v < 3. Then, we estimate the amplitude of G(0) by y>-fitting the
seven data points around v = 0 to the lognormal formula of equation (22) so that the computed value of G(0) is less affected by
the statistical fluctuation at one data point. The result is almost insensitive to which fitting formula we use in estimating G(0).

The PDFs, P(v), which have been similarly computed with 50 bootstrap resampling errors, and normalized genus curves,
G(v)/G(0), are plotted in Figures 1-3 for power-law models with n = —1, 0, and 1, respectively. We select three different sets of
the expansion factor a (=1 at the initial epoch) and the filtering length R, for each model, so that the resulting o(R) covers
from weakly to fully nonlinear regimes. The upper panels show the PDF and lower panels show the genus curves. The results
of a random Gaussian distribution (eqs. [4] and [5]) are plotted in dotted curves, those of second-order perturbation theory
(eqs. [14] and [6] with eq. [13]) in dashed curves, lognormal formulae (eqs. [21] and [22]) in solid curves, and y? formulae
(egs. [42] and [44]) in dot-dashed curves. Symbols indicate the results of N-body simulations. The curves for random
Gaussian and second-order perturbation theory using Edgeworth series are not guaranteed a vanishing genus for the negative
density. We have forced these theoretical curves to be zero in the relevant regions in the plot.

The comparison of genus curves between the N-body results and the theories based on the Edgeworth series are described
in detail in Matsubara & Suto (1996), so we do not repeat the detailed argument here. In short, these two curves agree well for
—0.2 S vo < 4, where perturbation theory is expected to be valid, but the extrapolation of the second-order formula beyond
this regime does not work.

As for the PDFs, the lognormal model fits the simulation results fairly well from weakly to fully nonlinear regimes. The
degree of agreement, however, depends on the initial power spectrum. It works best for n = 0 model. Note that we use the
Gaussian window. Usually, the lognormal model is applied to the counts-in-cells analysis which corresponds to the top-hat
window. For the top-hat window, the n = —1 model fits the lognormal model better than the n = 0 model (Bernardeau &
Kofman 1995). Other non-Gaussian curves, including x? distributions, fit simulation data well in weakly nonlinear regimes,
while they deviate considerably from simulation results on fully nonlinear regimes.

For the genus, the lognormal model is also the best among the non-Gaussian distributions considered here. The degree of
agreement between the lognormal model and simulation results also depends on the initial power spectrum. The fitting is the
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F1G. 1.—PDFs (upper panels) and normalized genus curves (lower panels) from the N -body simulation data for the n = —1 power-law model (Q, = 1,

Ao = 0) are plotted by open circles. Three different sets of the expansion factor a (=1 at the initial epoch) are selected, and the Gaussian window function with
the filtering length R ; = L/25 is used. The values of the expansion factor and the resulting variance o are indicated in the figure. The theoretical prediction for

the random Gaussian field is plotted by dotted lines, the lognormal model by solid lines, the x* model by dot-dashed lines, and second-order perturbation
theory by dashed lines.
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F16. 2.—Same as Fig. 1, but for the n = 0 power-law model
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F1G. 3.—Same as Fig. 1, but for the n = 1 power-law model
best for the n = —1 model. For other models, the lognormal model does not fit well in positive threshold regions (v > 0). For

all the simulation results, the agreement of the lognormal model happens to be better than weakly nonlinear formula for
negative threshold regions. This may be partly due to the fact that the weakly nonlinear formula cannot naturally take into
account the positivity of the density, but the lognormal model achieves it by construction. On the other hand, the y? model
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Fi6. 4—Same as Fig. 1, but for the low-density cold dark matter model (Q, = 0.2, 4, = 0.8, h = 1.0). The adopted Gaussian filtering length R,
corresponds to 4 h~! Mpc (comoving). The top-hat smoothed rms mass fluctuation at a = 6 is unity at 8 »~! Mpc.
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does not agree well with any simulation results except for the initial linear regime, even if it assures the positivity of the
density.

In Figure 4 are plotted the PDFs and normalized genus curves for the LCDM model for an example of a realistic
cosmological scenario. The smoothing length R is 4 h~! Mpc. If galaxies trace mass, a = 6 corresponds to the present epoch
(z=0). Thus, a =4 and a = 5 correspond to z = 0.5 and z = 0.2, respectively. We find that our simulation results of the
LCDM model and the lognormal model for Gaussian smoothed PDFs agree fairly well, except for some differences of the
peak height. See also Ueda & Yokoyama (1995) for top-hat smoothed PDFs. For the normalized genus curves, the lognormal
model fits the simulation results well.

6. CONCLUSIONS AND DISCUSSION

In the present paper, we have derived theoretical predictions of the genus statistics for some non-Gaussian distributions.
We have calculated the expectation value of the genus number for non-Gaussian fields that are given by nontrivial functions
of Gaussian random fields. Two specific fields of this category, the lognormal distribution and the y? distribution, were
investigated in detail.

As is seen in the figures, the one-point PDF of the smoothed density field is fitted by the lognormal model fairly well for all
the simulated models adopted here, i.c., power-law models with n = —1, 0, and 1, and the LCDM model. The lognormal
formula for the genus curve also works well to fit all the simulation data in the negative threshold regions. But considerable
deviation is observed in the positive threshold regions in the nonlinear regime of the power-law models with n = 0 and 1. On
the other hand, the formula fits the entire regions of n = —1 and the LCDM models fairly well. Thus the genus statistic is
more appropriate than the one-point PDF to distinguish between various initial power spectra for a Gaussian smoothed field.
This is due to the fact that the former depends on the spatial derivatives of the density field, too.

Several arguments exist to explain the validity of the lognormal model as a statistical distribution in nonlinear regimes.
Coles & Jones (1991) argue that the lognormal distribution is obtained from the continuity equation in the nonlinear regime,
but with linear or Gaussian velocity fluctuations, so that it may be adopted as a model to describe statistics in the weakly
nonlinear regime. On the other hand, Bernardeau & Kofman (1995) claim its successful fit to the PDF of CDM-type
simulations is just a coincidence due to the particular shape of the CDM power spectrum based on the top-hat smoothing.
Since the LCDM power spectrum has a similar structure to the n = —1 power law on the scales of interest, our genus curve
results are consistent with these arguments.

Observationally, the negative binomial distribution, which has the same one-point PDF as the x? distribution, has been
shown to fit the counts-in-cells of various redshift samples well (Gaztafiaga & Yokoyama 1993; Bouchet et al. 1993). However,
our results indicate that the x? formulae reproduce neither the one-point PDF nor the genus curve of the simulations. Does
that imply that these N-body simulations have nothing to do with the real universe? Not necessarily, because here we are
extracting information on relatively small length scales R ~ 4 h~! Mpc using all the 64 particles in the simulations, while the
observational counts analysis has been performed on larger scales using volume-limited samples with a much smaller number
density of galaxies. The effect of sparse sampling in the counts analysis has been analyzed by Ueda & Yokoyama (1995) for the
LCDM model, and it has been shown that the x* or the negative binomial PDF does not fit the data well if we use all the
particles in the simulation, but it fits well if we use sparsely sampled data with a similar number density to that of the
volume-limited samples currently available.

Thus, our results do not rule out the LCDM model. On the contrary, it remains one of the most promising models of our
universe (e.g., Suto 1993). To test the LCDM model further, we can use the genus statistic by examining whether it is fitted by
the lognormal formula. Although the presently available redshift data are not statistically significant enough (e.g., Vogeley et
al. 1994) to extract a specific conclusion, we can reasonably expect that the statistical significance of the observed genus curve
will improve rapidly in the near future.

Now that we have obtained a number of theoretical formulae for the genus curve, we can make use of it not only to test the
Gaussianity of the primordial fluctuations but also to discriminate between various models of structure formation.

We are grateful to Yasushi Suto for providing us with his N-body s1mu1at10n data and helping us to plot the genus curves
from simulation data, and to David Weinberg for providing us with the routines to compute the genus curve from numerical
data. T. M. gratefully acknowledges the fellowship from the Japan Society of Promotion of Science. This research was
supported in part by Grants-in-Aid by the Ministry of Education, Science, and Culture of Japan (No. 0042).
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