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ABSTRACT

We demonstrate a new approach for probing the atmospheres of selected chemically peculiar magnetic
stars. Using the Cerro Tololo Inter-American Observatory (CTIO) 1.0 and 1.5 m telescopes simulta-
neously on two nights in 1991, we obtained optical and infrared high-speed photometry of the rapidly
oscillating Ap (roAp) star HR 3831 (=HD 83368), which pulsates with a period of ~11.8 minutes. Oscil-
lation amplitudes (or upper limits) in each of eight bandpasses were measured by Fourier analysis,
revealing the very steep decline in amplitude with increasing wavelength characteristic of roAp stars.
Matthews and coworkers have shown that this can be explained by the wavelength dependence of limb
darkening and its filtering effect on the integrated amplitude of an (I, m) = (1, 0) nonradial pulsation
mode. Since the eigenfrequency spectrum of HR 3831 is dominated by just such a dipole mode, it is
possible to infer limb-darkening coefficients f, for its atmosphere from our amplitude measurements.
These coefficients are used to derive a source function through the Eddington-Barber relation, which
leads to a relation for temperature versus optical depth in the stellar photosphere.

Our results show that the T-t504, curve is much steeper for HR 3831 than for the Sun (at least at the
rotational phase when the star’s magnetic pole dominates the visible hemisphere). We also calculate the
gradient dT/dr as a function of wavelength to compare with the curve expected for H™ continuous
opacity. This type of diagnostic may become a useful tool for checking the predictions of diffusion

theory.

Subject headings: stars: atmospheres — stars: individual (HR 3831) — stars: oscillations —

stars: peculiar

1. INTRODUCTION

The atmospheric structures of peculiar A-F stars are
notoriously difficult to model: line blanketing is severe in
the ultraviolet, surface gravities are uncertain, there are
strong global magnetic fields, the latest atmosphere codes
(e.g., Kurucz 1993) still do not completely allow for the
anomalous chemical compositions, and surface abundance
inhomogeneities lead to different atmospheric properties as
a function of position on the star. The recent work of
Adelman et al. (1995) is a good example of the hard-won
improvements as well as the remaining theoretical and
observational challenges in fitting the flux distributions of
Ap stars through spectral synthesis. (See also Muthsam &
Stepien 1992 and references therein.)

Another diagnostic of atmospheric properties can be the
star’s pulsation, especially in the case of high radial over-
tones whose amplitudes are sensitive to conditions in the
upper layers. About two dozen cool peculiar A-F stars are

! Visiting Astronomer, Cerro Tololo Inter-American Observatory,
National Optical Astronomy Observatories, operated by the Association
of Universities for Research in Astronomy, Inc., under contract with the
National Science Foundation.

2 Deceased 1995 January 23. The surviving authors dedicate this paper
to the memory of their colleague, Bill Wehlau, whose wisdom and foresight
will continue to influence Ap star research for some time to come. This
collaboration—and our lives—will be sadly diminished by Bill’s absence.
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now known to pulsate (Martinez & Kurtz 1995). These
rapidly oscillating Ap (roAp) stars have periods of a few
minutes, and amplitudes generally less than 0.01 mag and 1
km s~ ! in light and velocity, respectively. For several of the
multiperiodic stars, their eigenfrequency patterns are con-
sistent with nonradial acoustic p-modes of low degree and
high overtone (e.g., HR 1217; Kurtz et al. 1989). The modes
of roAp star appear to be aligned with the inclined magnetic
field axis, producing amplitude modulation and sometimes
phase shifts during the rotation period (i.e., Kurtz’s (1982)
oblique pulsator model). The phasing of the modulation
and phase shifts, along with fine-splitting of frequencies in
the Fourier domain, suggest that many—if not all—roAp
stars are dominated by an (I, m) = (1, 0) dipole mode.

Analysis of the complicated p-mode eigenfrequency pat-
terns and splittings of some roAp stars can already provide
information about their evolutionary stage, rotation rate,
magnetic field geometry, and internal field strength (see, e.g.,
Kurtz 1990; Matthews 1993a, b). In this paper, we demon-
strate a new way to exploit the pulsations of roAp stars—in
particular, those having only one excited dipole mode—to
probe their atmospheric structure.

1.1. Pulsation Amplitudes and Limb Darkening

For most classical radial pulsars (Cepheids, RR Lyrae,
and larger amplitude J Scuti stars), once the effects of geo-
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F1G. 1.—Enhancement of the intrinsic pulsation amplitude of an
(I, m) = (1, 0) dipole mode as a function of mode inclination, for three
amounts of limb darkening expressed by eq. (1). The vertical axis shows the
ratio of the calculated amplitudes with and without limb darkening.

metrical variations are removed, the observed relation
between flux amplitude and wavelength is consistent with
that of a pulsating blackbody source. But the roAp stars
deviate significantly from this behavior. Within a few years
of the discovery of the class, multicolor photometry (e.g.,
Weiss & Schneider 1984) had established that roAp pulsa-
tion amplitudes decline much more rapidly with increasing
wavelength than those of classical pulsating variables.

Matthews, Wehlau, & Walker (1990) showed that this
can be explained by the wavelength dependence of limb
darkening and its weighting effect on the integrated ampli-
tude of the (I, m) = (1, 0) mode. The dipole has two special
features which make this effect so important as a diagnostic:
(1) It produces no changes in the surface area of the star
during the pulsation cycle, so the observed light oscillations
can be attributed totally to flux (i.e., temperature) varia-
tions; and (2) no matter what the inclination i, of the
pulsation pole, limb darkening increases the net amplitude
of a dipole mode integrated over the visible disk.>

That stronger limb darkening at shorter wavelengths
enhances the effective amplitude is demonstrated by Figure
1, in which the enhancement factor for a dipole mode is
shown as a function of the inclination of the pulsation pole
for three different levels of limb darkening. The limb dark-
ening has been represented by

L0
1,0)

where S, is the limb-darkening coefficient as a function of
wavelength and 6 is the angle from the subsolar point on
the stellar disk. (Note that the curves in Fig. 1 were produc-
ed by the model described later onin § 3.1.)

By measuring the oscillation amplitudes of an roAp star

=1-f,(1 —cos6), 1

3 Except for the case of i, = 90°, where the two hemispheres of the
dipole mode—which vary in antiphase to each other—contribute equally
on the visible disk and the net amplitude is zero.
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at various wavelengths and comparing them with the pre-
dictions for a pulsating blackbody without limb darkening,
we can estimate the limb-darkening coefficients f; and,
hence, derive information about the temperature structure
of the atmosphere.

1.2. HR 3831: Simple is Better

The bright (V = 6.17) roAp star HR 3831 (HD 83368), the
most extensively studied of the entire class, is an ideal candi-
date for such an analysis. Usually, the diagnostic value of a
roAp star is enhanced by having a rich eigenfrequency spec-
trum with many excited modes and overtones, offering the
best opportunity to apply asymptotic p-mode theory to the
data. However, in this case, it is the simplicity of HR 3831
which is its greatest virtue.

This star’s eigenfrequency spectrum appears to be domi-
nated by a dipole mode with a period near 11.8 minutes (see
Kurtz, Kanaan, & Martinez 1993). Although the frequency
spectrum of this mode is split into as many as seven closely
spaced components (due to the combined perturbations of
the magnetic field and rotation; (Kurtz 1992), there is no
evidence for other independently excited p-modes (as seen
in several roAp stars; e.g., Kurtz et al. 1989; Matthews,
Kurtz, & Wehlau 1987) which would produce beating
effects and make it difficult to interpret the observed ampli-
tudes.

The amplitude and phase of the dipole mode is modu-
lated with the period of magnetic variations, which is taken
to be the star’s rotation period (P, ~ 2.85 days). The
maximum amplitude in the Johnson B filter is just above
0.004 mag—one of the largest in the sample of known roAp
stars and another attractive feature of HR 3831 for our
work. Since our limb-darkening analysis is most effective
with a long wavelength baseline extending into the near
infrared, where the oscillations are expected to be very
small, we would like a star with the largest amplitude pos-
sible.

Kurtz (1992) has obtained excellent fits to the amplitude
and phase changes by adopting the oblique pulsator model,
where the pulsation pole of the distorted dipole (I, m) = (1,
0) mode is located near the magnetic pole, and we see differ-
ent aspects of the nonradial geometry as the star rotates.
There is a well-defined ephemeris for times of maximum
oscillation amplitude (Kurtz et al. 1993):

JD,,,, = 2,448,312.24019 + (2.851982 + 0.000005)E . (2)

Note that HR 3831 undergoes polarity reversal, so both
magnetic (and, hence, pulsation) poles appear during the
rotation period. Thus, there are oscillation amplitude
maxima twice per cycle, at phases 0.0 and 0.5 in the above
ephemeris. The relatively short modulation period
(compared to more than a week to years for other roAp
stars) and the polarity reversal are an added practical
bonus, allowing one to catch at least one phase of
maximum oscillation amplitude even during a short observ-
ing run on a large telescope.

To apply our technique, one must assume the orientation
of the dipole mode at the time of observations. The ephem-
eris is an important part of the determination, but there
must be other independent constraints on the nonradial
geometry of the star. Fortuntely. HR 3831 obliges in these
respects as well. It just happens to be a member of visual
binary with a solar-type companion, which Kurtz et al.
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TABLE 1

OBSERVED AMPLITUDE RATIOS OF HR 3831 AS A
FUNCTION OF BANDPASS

Central A FWHM Amplitude Amplitude
Filter A) A) (mag) Ratio
Dovrnns 4110 190 0.00373 1.00
b.... 4650 190 0.00340 0.91
Ve 5500 240 0.00241 0.65
R...... 7000 2200 0.00115 0.31
I....... 8800 2400 0.00144 0.39
J ... 12500 3800 0.00110 0.29
H.... 16800 3800 0.00075 0.20
K..... 22000 4800 0.00063 0.17

(1993) have exploited to derive a radius of R = 1.9 + 0.1 R
for HR 3831. Combined with its measured v sin i = 34 + 3
km s~ ! and rotation period, this sets a strong lower limit on
the rotation inclination: i> 38°. Furthermore, if one
assumes the magnetic field is a pure centered dipole, the
observed field strength variation in HR 3831 constrains
either the rotational inclination i or the magnetic obliquity
Bmag» Such that i or B,,, > 62°. (The magnetic obliquity is
the same as the pulsation pole obliquity for an oblique
pulsator.) Kurtz (1992) obtained reasonable fits to the
amplitude and phase modulation data for (i, B,,) = (85°,
33°) and (70°, 70°).

In summary, HR 3831 is a bright, “large-amplitude” (4
mmag!) roAp star, with a single excited dipole mode whose
geometry is constrained by several independent factors and
whose well-studied rotational modulation occurs over a
conveniently short period of less than 3 days. All these
factors lend themselves to the limb-darkening analysis we
describe in § 3, and led us to choose this star for our first
trial.

2. OBSERVING THE PULSATION AMPLITUDES OF
HR 3831

Our goal was to obtain a set of pulsation amplitudes
across a wide range of wavelengths. For practical reasons
and concerns about our ability to predict how the stellar
flux would vary with pulsation at wavelengths shortward of
the Balmer jump, we chose to concentrate on the optical
and near-infrared regions of the spectrum. Simultaneous
measurements under comparable observing conditions are
essential if we are to compare reliably the amplitudes at
different wavelengths. Optimally, this entails two telescopes
at the same site, one equipped with an optical detector and
the other an IR device.

On the nights of 1991 November 24 and 25 UT, we
obtained high-speed photometry of HR 3831 in five optical
bandpasses (Stromgren vby and Cousins RI) using the 1.0 m
telescope and automated single channél photometer of the
Cerro Tololo Inter-American Observatory (CTIO). An
RCA 31034 phototube was the optical detector. At the same
time, we monitored HR 3831 in three IR bandpasses (JHK)
with the CTIO 1.5 m telescope and infrared photometer.
These observations were made with the InSb detector and
f/30 chopping secondary.

Integration times were ~ 20 s in the optical and 1 minute
in the infrared—both adequate to sample the 11.8 minute
pulsation period. Because of the short period, the measure-
ments were necessarily nondifferential; no comparison stars
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were used for the rapid photometry.* The IR observing
sequence was star-sky-sky-star; the optical photometry was
interspersed with sky measurements roughly every hour. All
the photometric data will be made available as part of the
AAS CD-Rom Series, Vol. V1.

A clear detection of oscillations was made on the night of
November 25 UT, covering phases 0.38-0.45 in the ephem-
eris of equation (2) (i.e., just before pulsation amplitude
maximum). These data span ~ 3.6 hr or 18 pulsation cycles.
Unfortunately, our other night coincided with phases cen-
tered around 0.75, corresponding to zero amplitude in the
modulation cycle as the pulsational equator crosses the
center of the stellar disk. This, combined with slightly
poorer observing conditions, led to a null detection on that
night. Therefore, we restrict our analysis to the results from
the first night.

To estimate the amplitude of the pulsation mode mea-
sured in each filter, we generated a Fourier periodogram for
each set of photometry, using a routine for unequally
spaced time series (see Matthews & Wehlau 1985). Shown
in Figure 2 are the Fourier amplitude spectra in the eight
bandpasses. The prominent peak visible in the spectra of
data obtained at shorter wavelengths occurs near 122
day ! (v ~ 1.412 yHz; P ~ 11.8 minutes)—the dominant
pulsation mode of HR 3831. Note how rapidly the ampli-
tude drops with increasing wavelength, until only upper
limits can be established in the infrared—despite a noise
level near 0.0005 mag in K. '

Pulsation amplitudes were derived from the Fourier
spectra of the v, b, y, R, and I data, while upper limits based
on the local noise level were obtained for J, H, and K. These
were converted into amplitude ratios normalized with
respect to the v amplitude; the results are listed in Table 1.
It is difficult to assign formal errors to the amplitude esti-
mates; however, if one uses the general noise envelope in the
individual Fourier amplitude spectra as a guide, the uncer-
tainties in the amplitude ratios would be ~ +0.02.

3. TRANSLATING PULSATION AMPLITUDES INTO
ATMOSPHERIC STRUCTURE

3.1. Limb-Darkening Coefficients

Consider a star which is pulsating in a normal nonradial
mode of degree I, azimuthal order m, and radial overtone n,
whose radial displacement ¢ = or/r can be described by an
eigenfunction of the form

Enim(r, ©, @, 1) = A, (YO, D)e™ "7, ©)

where Y7' is the appropriate spherical harmonic, A,(r) is the
amplitude as a function of radius r (which depends on the
overtone), and P is the pulsation period. (The coordinates ®
and ® are the latitude and longitude, respectively, on the
stellar surface.) The angular dependence of the variations in
other physical quantities (density dp/p, pressure dp/p, and
temperature 6T/T) is also defined by equation (3). If the
perturbations are small (certainly valid for roAp stars) and
adiabatic (such that specific entropy is conserved), then 6T/
T oc dp/p oc dp/p (see, e.g., chap. 13 of Unno et al. 1989).

* Our experience and that of others (e.g., Kurtz et al. 1989) has shown
that the rapid oscillations of roAp stars can be reliably detected in such
nondifferential data, given only slow variations in the local atmospheric
transparency.
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F1G. 2—Fourier amplitude spectra of the pulsations of HR 3831 in
eight bandpasses. The spectra have been oversampled to ensure that the
true amplitudes of the Fourier peaks are obtained; the Nyquist frequency
for the IR data is over 700 day ~! and for the optical data it is about 3 times
higher.
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For our approach, we assume that the intrinsic lumi-
nosity variations of the star are those of an oscillating
blackbody whose effective temperature variations at each
point on the stellar surface are regulated by equation (3). To
compute the ratio of expected pulsation amplitudes for a
given mode integrated across the stellar disk with and
without limb darkening, the time- and overtone-dependent
terms can be neglected, leaving the angular dependence of
Yr

To simulate the brightness oscillations of an (I, m) = (1, 0)
mode whose pulsation pole is tipped by some inclination
i,u1s tO the observer, we sample the visible hemisphere of the
star with a grid in latitude ® and longitude ®. The grid has
pixels of equal surface area whose contributions to the
visible disk are weighted by their projected area in the plane
of the sky. Typical grids contain almost 130,000 pixels.
Because the total disk area of a star pulsating in a dipole
mode remains constant, we can attribute all the intrinsic
luminosity variations in the star to changes in its effective
temperature.®> With a mean effective temperature T,
maximum temperature variation AT, and pulsation pole
inclination i,,, as input, the local ‘range of temperature
variation within each pixel on the grid is normalized
according to equation (3) for a dipole mode. The local range
of flux variation in each pixel is obtained from the Planck
function at minimum and maximum temperature, con-
volved in wavelength with the response function of the
desired filter bandpass. Finally, the results are integrated
across the visible disk to produce to produce the photo-
metric amplitude of the mode, which would be measured in
the absence of limb darkening.

The effects of limb darkening on the net observed ampli-
tude are included by repeating the above calculations, but
now applying to each pixel on the simulated disk an
angular weighting term defined by equation (1), where the
limb-darkening coefficient f, is an input parameter. In this
way, for a selected bandpass, one can produce a ratio
A s/ Aine Of the observed limb-darkened amplitude over the
intrinsic undarkened amplitude (or alternatively, an ampli-
tude ratio for two different choices of ).

For a set of observed amplitudes obtained simulta-
neously through different filters, we have a corresponding
set of amplitude ratios normalized with respect to one of the
bandpasses. Then we run our model iteratively to perform a
least-squares fit of the observed amplitude ratios versus
wavelength, where the wavelengths are the central wave-
lengths of the bandpasses and the values of f§, are free
parameters. Because the model produces only relative
amplitudes, we must constrain the least-squares solution in
one of two ways: (1) assume an analytical form for the
dependence of §; on 4; e.g., a power-law relation (which is a
good approximation to solar limb darkening over the
optical and near-IR infrared wavelength range), or (2) fix the
value of B, for a selected bandpass and allow the other
values to be fitted freely. The end result is a set of limb-
darkening coefficients for the central wavelengths of the
filters used.

5 Note that even local radius variations must be very small. Measure-
ments of the radial velocity oscillations of roAp stars by Matthews et al.
(1988), Libbrecht (1988), and Scott & Matthews (1995) find disk-integrated
amplitudes of less than 300 m s~ !. Over the ~12 minute period of HR
3831, this represents an average radial excursion of less than 70 km, or
SR/R ~5 x 1n"*fora2 R star.
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3.2. The Source Function

Armed with a set of coefficients f5;, we can now substitute
equation (1) in the transfer equation:

LO) [ Sat) —iseco
10 — L —IA(O) e sec Odr, , 4)

where I,(0) is the emergent intensity at the subsolar point
on the disk at wavelength 4, 7, is the optical depth at that
wavelength, and the source function S, is treated as the
expansion

Sit) =ao+ a7, 4+ 6,75 + a313 +agti +asti 4+
3

To solve equation (4), we have two options for dealing
with the source function S;(;): (1) solve for the coefficients
a; by inversion of a j x j matrix for specific values of 0
across the stellar disk; or (2) adopt the Eddington-Barbier
relation (Barbier 1943); i.e., truncate equation (5) to include
only two terms S,(t;) = ay + a,7, . Finally, the resulting
expression for the source function is equated with the
Planck function,

2hc? 1
Si(t) = =5 wmr 1 (6)

assuming a blackbody dependence to produce the tem-
perature structure as a function of optical depth. This is
essentially the same approach as is used to derive the T-t
curve for the Sun’s photosphere.

4. A SEMIEMPIRICAL T-T RELATION FOR HR 3831

4.1. Model Input Parameters

The input parameters for the fitting procedure described
in § 3.1 to derive limb-darkening coefficients f8, are: (1) the
star’s mean effective temperature T, (2) the maximum
range of photospheric temperature variation due to pulsa-
tion AT 5, and (3) the inclination of the pulsation pole i
at the time of the measurements.

Kurtz et al. (1993) estimate the mean temperature of HR
3831 to be T, ~ 8000 K, based on its Stromgren f index
and the calibration of Moon & Dworetsky (1985). Adelman
et al. (1995) warn that the temperatures of Ap stars may be
overestimated by this technique. Therefore, we conducted
tests with temperatures in the range 7000 K < T, < 8500
K. Since the maximum range in light variation during the
oscillation cyle of HR 3831 is less than 1%, and none of that
should be due to changes in the stellar surface area, we can
set an upper limit to the change in effective temperature
(averaged over the stellar surface) defined by the relation

puls

5_L=5_F=4Ef_f’ (7
L F Tegs

where L is the stellar luminosity and F the flux. Thus, we
expect AT o/ Toer < 0.0025, so that AT, < 20 K. To be con-
servative, tests were conducted with 10 < AT, < 60 K.
The final results proved quite insensitive to the exact values
of T and AT, .

Model fits were performed for a range of inclinations of
the pulsation pole, 30° < i, < 80°. The lower bound on
iouis 18 set by the phase of the observations in the magnetic
cycle of HR 3831; at phase 0.4, the magnetic pole
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(=pulsation pole) can be no closer to the subsolar point
than ~30° (since it must pass across the star’s meridian at
phase 0.5). The upper bound cannot be too close to 90°,
since, at such high inclinations, the amplitude of the (J,
m) = (1, 0) mode would be almost zero. As it turned out, for
i > 65°, the model amplitude ratios could never reproduce
the observations regardless of the choice of other param-
eters, so our technique may also set additional constraints
on the geometry of HR 3831.

As mentioned in § 1.2, Kurtz (1992) obtained good agree-
ment with the modulation data for HR 3831 using (i,
Bmag) = (85°, 33°) and (70°, 70°). These sets of parameters
translate into iy, values of ~50° and 30°, respectively, at
phase 0.4. Looking back at Figure 1, one can see that the
amplitude enhancement by limb darkening is relatively
insensitive to the inclination of the pulsation pole for 0° <
ius < 50°. Based on the above considerations, we finally
adopted i, ~ 40°.

To solve equation (5), we must assume a value for 1,(0),
the emergent intensity from the subsolar point on the stellar
disk. Kurtz et al. (1993) use photometric indices and the
binary companion to HR 3831 to conclude that the star is
of type A7 V and lies 0.7 mag above the zero-age main
sequence, with a mean temperature of 8000 K. For this
temperature, we calculate a central intensity at A = 5000 A
of 1,(0)~(1.07%3:2%) x 107 ergs cm 2 s~! A, where the
errors correspond to a conservative uncertainty in tem-
perature of +500 K.

4.2. Limb-Darkening Coefficients

The limb-darkened models were fitted to the observed
amplitude ratios in Table 1 to minimize the total y* for. the
eight bandpasses. Because the models do not produce absol-
ute amplitudes in each bandpass, it is necessary to constrain
the fit as described in § 3.1. We tried two simple options.

First, we forced a power-law relation for the limb-
darkening coefficients as a function of wavelength

log B, =Alog 1+ B, 8)

where A and B are free parameters. Such a relation is a
good description of limb darkening on the Sun over the
wavelength range of our observations. The best fit to the
data is shown in Figure 3a, along with the corresponding
curve for solar limb darkening. Our fit yields a power-law
slope of A= —144+001 and a zero point of
B = 5.20 + 0.02; the corresponding solar values are A ~
—0.7 and By, ~ 3.5. Note how solar limb darkening results
in amplitudes larger than observed at all wavelengths above
4110 A. However, while our best fit to equation (8) does
depress the amplitudes at longer wavelengths, it still does
not reach the upper limits set by the infrared data. Note also
that the observed R amplitude is too low for a monotonic
decrease in amplitude with wavelength, which is the only
type of trend possible from a monotonic f; versus 4 relation
like equation (8).

Therefore, as a second approach, we fixed the value of §,
for a chosen bandpass and allowed the other seven values to
vary freely. We first tried low values for the K coefficient,
dropping as low as $;_, ,, = 0, then high values for the v
coefficient, as high as f,_,;,04 = 1. Our best fit is plotted
in Figure 3b, in which the observed amplitude ratios and
limits appear to be well reproduced.
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F1G. 3.—Three fits to the observed pulsation amplitude ratios ( filled circles) and upper limits (open circles) with different restrictions on f,. The mean
temperature in all cases is 8000 K. The dashed line in each panel is the prediction based on solar limb-darkening coefficients. (a) A power-law fit of 8, vs. A. (b)

The coefficient is fixed at 1 = 4110 A, the other values are allowed to float freely.

Values of B, for each bandpass are listed in Table 2,
corresponding to the Sun, our power-law model (case a),
and our free-fitting solution (case b). In both fits, the data
call for a much steeper dependence of limb darkening on
wavelength than applies in the Sun’s photosphere. We
adopt the values from column (4) of Table 2 as the optimum
fit.

4.3. Temperature versus Optical Depth

At first, to solve equation (5), we assumed a six-term
expansion of the source function S,(t;) and carried out a
6 x 6 matrix inversion (Press et al. 1991) to obtain the coef-
ficients a; in equation (6). When this expansion of the source
function was substituted in equation (7), the resulting T
VETSUS 75000 CUrve contained a strong temperature inversion
around log 75990 curve contained a strong temperature
inversion around log 7599 ~ 0.7. This preliminary result
was reported by Matthews et al. (1993a, b).

However, after considering the actual number of degrees
of freedom represented by our data and taking our cue from
limb-darkening analyses of the Sun, we realized that a six-
term fit to S,(z;) overinterprets the available data. In the
case of the Sun, where the limb-darkening curve can be
measured explicitly on the disk, no more than three coeffi-
cients in the expansion of equation (6) can be obtained

TABLE 2
FiTs TO THE LIMB-DARKENING COEFFICIENTS f§; OF
HR 3831
Wavelength
A) Solar Value  Casea  Caseb
(1) @ 3) @
4110 ...... 0.85 0.99 0.98
4650 ...... 0.80 0.83 0.93
5500 ...... 0.70 0.65 0.56
7000 ...... 0.58 0.46 0.04
8800 ...... 0.48 0.33 0.11
12500 ...... 0.40 0.20 0.07
16800 ...... 0.34 0.13 0.05
22000 ...... 0.29 0.09 0.02

reliably via this approach—even where the data have an
accuracy of +1% (e.g., Bohm 1961). Adding more terms to
the fit can reproduce the solar limb darkening but generates
wild fluctuations in the solution of S,(z,).

To be conservative, we have instead adopted the
Eddington-Barbier relation (Barbier 1943) and assumed
that the source function has a linear dependence on optical
depth: S,(t;) = a¢ + a;t,, where a, and qa, are free param-
eters in the solution.

Because we specify a linear relation, we glean little infor-
mation about the true shape of the atmospheric tem-
perature gradient, but we do recover robust information
about its mean slope within the protosphere. The largest
optical depth to which we are sensitive is 7, ~ 1, whereas
the lower limit is less well defined. In the solar case, the
angular resolution at the limb attributable to seeing sets a
limit on the minimum depth of ~107% Ry that can be
resolved in the photosphere. Since our technique relies on
photometric amplitude measurements integrated over the
entire stellar disk, it is more difficult for us to specify a lower
limit on optical depth. We have chosen to present the range
0>1logrt,> -3

The resulting temperature versus optical depth curve at
4 = 5000 A is tabulated in Table 3 and plotted in Figure 4
(solid line). Also shown in Figure 4 are the standard solar
curve (long-dashed line) and two theoretical T-1544, rela-
tions relevant to Ap stars, which are discussed below.

5. CONCLUSIONS, CAVEATS, AND CONTINUED EFFORTS

5.1. Comparison with Gray and Model Atmospheres

Figure 4 reveals that the temperature gradient in HR
3831 is substantially steeper than that for the Sun. As a
result, the surface temperature of HR 3831 is cooler than
one would infer from its effective temperature, assuming a
standard gray atmosphere.

Such a situation had already been suggested by Shiba-
hashi & Saio (1985) to explain how some roAp stars could
pulsate with frequencies above the acoustic cutoff for a gray
atmosphere. They noted that if the atmospheric tem-
perature gradient were steeper, then the cutoff frequency
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TABLE 3
A SEMIEMPIRICAL T-7540, RELATION FOR HR 3831
T T T

log 75000 (K) log 75000 (K) log 75000 (K)

0.000...... 8626.4 —1.000...... 6463.9 —2.000...... 6146.7
—0.050...... 8412.7 —1.050...... 6427.7 —2.050...... 6142.6
—0.100...... 8215.5 —1.100...... 6394.9 —2.100...... 6139.0
—0.150...... 8033.6 —1.150...... 6365.4 —2150...... 6135.7
—0.200...... 7865.8 —1.200...... 6338.7 —2.200...... 6132.8
—0.250...... 7711.1 —1.250...... 6314.8 —2250...... 6130.2
—0.300...... 7568.5 —1.300...... 6293.2 —2300...... 6127.8
—0.350...... 74372 —1.350...... 6273.8 —2350...... 6125.8
—0.400...... 7316.4 —1.400...... 6256.4 —2400...... 61239
—0.450...... 7205.5 —1450...... 6240.8 —2450...... 6122.3
—0.500...... 7103.6 —1.500...... 6226.8 —2.500...... 6120.8
—0.550...... 7010.2 —1.550...... 6214.2 —2.550...... 6119.5
—0.600...... 6924.7 —1.600...... 6203.0 —2.600...... 6118.3
—0.650...... 6846.6 —1.650...... 6192.9 —2.650...... 6117.3
—0.700...... 67752 —1.700...... 61839 —2.700...... 6116.4
—0.750...... 6710.2 —1.750...... 6175.9 -2750...... 6115.5
—0.800...... 6651.0 —1.800...... 6168.6 —2.800...... 6114.8
—0.850...... 6597.2 —1.850...... 6162.2 —2.850...... 6114.1
—0.900...... 6548.3 —1.900...... 6156.4 —2.900...... 6113.5
—0.950...... 6504.0 —1950...... 6151.3 —2950...... 6113.0

would be raised. Shown as the dotted line in Figure 4 is one
of the T-t relations (their “model B”) consistent with the
highest frequency seen in the roAp star HR 1217. The shape
of their curve is different, since they adopted a different
analytical form (although we note that their model series A
and C were based on the Eddington approximation and
also satisfied the acoustic cutoff criterion). However, the
mean T-t gradient is very similar for their model and our
result.

Recently, Muthsam & Stepien (1992) published sets of Ap
model atmospheres for three different chemical composi-
tions and a range of effective temperatures. Although their
models do contain a somewhat artificially constructed line

\ —— HR 3831
L \\\ S & S 1985 6
sl \ N
ASN -——-- M&s 1992
b _
NN -

solar

Temperature (1000 K)

log tau (5000 A)

F1G. 4—Temperature gradient in the photosphere of HR 3831 (solid
line) compared to the Sun (long-dashed line) and two theoretical curves
suggested for Ap stars: the Shibahashi & Saio (1985) model (dotted line)
and the Muthsam & Stepien (1992) model (dashed line). Temperature scale
for the solar curve is shown on the right-hand axis; it was shifted vertically
so that the temperature curves of the Sun and HR 3831 would intersect at
Ts000 = 1. The model curves have not been shifted relative to our result.

opacity, and the authors themselves admit that their grid is
rather limited, they have succeeded in fitting the line profiles
of several Ap stars at different rotational phases. Further-
more, the authors do provide tables of the atmospheric
structures of their models which we can use to compare
with our results. The short-dashed curve in Figure 4 is their
tabulation of T versus Rosseland optical depth for T, =
8000 K, log g = 3.5, and a pseudomicroturbulence meant to
represent a magnetic field of 1000 G. This curve is very
similar to the Shibahashi & Saio (1985) solution and, again,
is consistent with the steep gradient we find for HR 3831.

A gradient steeper than solar is also what we would intu-
itively expect, given the anomalous concentrations of
certain heavy elements in the upper atmospheres of Ap
stars. These enhanced levels of rare earths and Fe-peak ions
(presumably caused by chemical diffusion) provide extra
opacity higher in the photosphere. As an aside, we note that
abundance measurements based on equivalent widths
assuming gray atmospheric structure may have systematic
errors. Our observational evidence for a nongray atmo-
sphere with a measured temperature gradient should make
possible more self-consistent abundance estimates.

5.2. An Opacity Diagnostic

It may be possible to extract from our results some infor-
mation about the dominant sources of opacity in an Ap
atmosphere, in a way similar to that applied to the Sun.
(See Zirin 1988, chap. 6, for a review of the solar results.)

We can define the optical depth 7, according to the
following relation:

dT}l= —-k;'pdx, (9)

where k, is the absorption coefficient, p is the density, and x
is a geometrical depth. If we differentiate this equation with
respect to temperature, we obtain

dTl dx

ar = kap o (10)

The derivative on the left-hand side of this equation can be
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obtained from our T-t, solution. Since the derivative on the
right-hand side, dx/dT (relating temperature to geometrical
depth), is independent of wavelength, we can use equation
(10) to determine the wavelength dependence of the opacity
at a given temperature in the atmosphere. For fixed T,

ar 1
dv, kip’

Pierce & Waddell (1961) were able to compare solar mea-
surements of dT/dz; as a function of wavelength with theo-
retical values for H™ absorption. The excellent agreement at
different temperatures in the photosphere firmly established
the negative hydrogen ion as the principal source of con-
tinuous opacity in the Sun.

In Figure 5 we show the dependence of log (dT'/dz;) on A
at a temperature of T = 6300 K, based on our solution of T
versus 7, for the eight bandpasses sampled in HR 3831. Also
shown for comparison is the prediction for H™ continuous
opacity at the same temperature. Clearly the points and the
curve do not agree. This could be telling us that H™ is not
the only strong continuous opacity source in an Ap atmo-
sphere. However, it will be necessary to compare these
results with theoretical predictions for other candidate
opacity sources before drawing any firm conclusions.

(11)

5.3. Caveats

Keep in mind that our results are valid only for one
rotational phase of HR 3831, just before magnetic
maximum. The extreme atmospheric properties inferred
here—close to the magnetic pole—may differ from the
average over the entire surface of the star. (Although we
have some data for HR 3831 from a second night, the
amplitudes are beneath reliable detection limits, as expected
from the modulation phase of the star at that time; see § 2.
Accurate multicolor photometry at a full range of rotational
phases will be necessary to investigate the horizontal varia-
tions in atmospheric structure.

15 ——T—TF "7

log (dT/dtau)
®
o
— 7
oy

. T = 6300 K

_35" FYR [ S OO YT SR HN S SR SO TRN SN SR SO S’ PR S T
0.5 1 1.5 2 2.5
wavelength (microns)

FiG. 5.—Wavelength dependence of the opacity derived from the atmo-
spheric structure we find for HR 3831 ( filled circles) compared to theoreti-
cal predictions for H™! continuous opacity (solid curve) from Pierce &
Waddell (1961).
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Horizontal gradients in the atmospheric properties may
also present another problem. We have assumed that the
dependence of observed amplitude on wavelength is due
entirely to the weighting of a blackbody source by limb
darkening. This may not be the whole story; flux redistri-
bution by photospheric spots is another possible contrib-
utor. Indeed, temperature and abundance maps of the
surfaces of several Ap stars generated through Doppler
imaging (e.g., Rice & Wehlau 1991) indicate the presence of
spots and rings associated with the magnetic field geometry.
Although these patterns may evolve very slowly, over short
timescales they should be essentially locked into the same
orientation with the magnetic dipole axis and, hence, the
pulsation mode axis. A Dopper image of HR 3831 would
allow us to include the effects of this temperature distribu-
tion on the mode. In fact, because the limb darkening on the
disk would not change during rotation in the same way as
any atmospheric pattern fixed to the stellar surface, a set of
multicolor photometry well sampled in rotational phase
might be able to segregate the two effects, even without
independent mapping information.

Even so, significant flux redistribution out to infrared
wavelengths of 2.2 um seems unlikely, so it is still difficult to
avoid the steep T-t curve we find for HR 3831, if we are to
account for its pulsation amplitudes.

Have we properly described the intrinsic pulsational
variations of HR 3831 and their angular dependence across
the stellar disk? Kurtz (1992) argues that the nonradial
mode of HR 3831 cannot be treated simply as a pure spher-
ical harmonic mode if one is to reproduce the observed
amplitude and phase modulation: Instead, he describes the
mode of HR 3831 as a “distorted dipole ” whose dominant
form is dipolar. We did consider adding the additional har-
monic terms fitted by Kurtz (1992); however, the amplitude
and phase modulation of the mode will be affected by the
limb darkening as well, since the pulsation pole changes its
observed inclination during rotation. This effect is particu-
larly pronounced at high inclinations (see Fig. 1), and
Kurtz’s fits do not include it, since it was not recognized at
that time. Therefore, we are awaiting new harmonic fits
before we pursue this possibility further.

Another concern is our reliance on equation (1) to
describe the limb darkening. We have no choice but to
assume a simple analytical form which contains only one
free parameter if we wish to perform a meaningful inversion.
While equation (1) is a reasonable (but far from perfect)
approximation for the Sun and is widely applied to other
stars (in the absence of any data to test it), the true form of
limb darkening in Ap stars is_ probably somewhat more
complicated. Eventually, our technique could be used in the
opposite sense to what we have done in this paper. Rather
than “inverting” the amplitude data into a simple set of
coefficients, one might try a “forward” approach: A trial
model atmosphere for an Ap star could be used to predict
pulsation amplitudes as a function of wavelength. The
results would be compared to observation, and the process
repeated iteratively until the best match is found.

5.4. What Next?

One of the limitations in our current analysis is that we
were unable to detect the oscillations of HR 3831 at infrared
wavelengths, having to setting for upper limits on the JHK
amplitudes. The anticipated low amplitudes make such
detections a challenge from the ground (see, e.g., Weiss et al.
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1991; Belmonte, Martinez, & Roca Cortés 1991). The best
results would be obtained from an orbiting infrared observ-
atory like the Infrared Space Observatory (1SO).

In the meantime, however, there are still clear priorities
for ground-based photometric campaigns. A new campaign
on HR 3831 would be appropriate, to obtain better phase
coverage of the rotation cycle and lower noise levels in the
IR. Also, since our original measurements, another prime
candidate for our technique has emerged: o Circini (HR
5463 = HD 128898). This is the brightest of the known
roAp stars (V = 3.19), with a pulsation period near 6.8
minutes. However, there were no clear indications of its
rotation period or the geometry of its pulsation mode until
Kurtz et al. (1994) identified a rotational split triplet in the
frequency pattern of its dominant dipole mode and mea-
sured its amplitude modulation period. As a result, the rota-
tion period of a Cir is now known to be P,, = 44790
+ 0.0001 days. Kurtz et al. (1994) further provide a table of
constraints on the rotational inclination and obliquity of
the mode. One drawback for this star is the presence of
other closely spaced p-modes, but their amplitudes are very
low relative to the principle dipole mode. Therefore, for the
same reasons given in § 1.2, a Cir is now another attractive
target for limb-darkening analysis.

On the topic of other candidates for our technique, we
point out that, in principle, this analysis could be applied to
any nonradially pulsating star dominated by a dipole mode.
This may prove relevant to some of the nonradial 6 Scuti
stars, if the modes can be identified unambiguously.

In a similar vein, we note that Heynderickx (1991) inde-
pendently applied the weighting effect of limb darkening to
interpret the pulsations of § Cephei stars. However, his goal
was opposite to ours. In order to identify the unknown
modes in several multiperiodic § Cephei stars, he adopted a
parameterized limb-darkening function and pulsation
model to predict their amplitudes. He then used the
observed amplitudes to assign a nonradial degree to each
frequency. While Heynderickx assumes an atmospheric
structure to act as a mode discriminant in the absence of a
theoretical eigenmode spectrum for each star, we have
chosen a star whose mode is already known and use it to
infer its atmospheric structure. Both applications are good
examples of the critical role that limb darkening must play
in the interpretation of stellar pulsations at different wave-
lengths.

MATTHEWS ET AL.
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6. SUMMARY

The observed pulsation amplitudes (and upper limits) of
HR 3831 as a function of wavelength indicate a steeper T-t
relation than for the solar atmosphere, agreeing with the
acoustic cutoff arguments of Shibahashi & Saio (1985) and
the synthetic spectra of Muthsam & Stepien (1992) (see Fig.
4).
We find that the wavelength dependence of the gradient
dT/dz, for fixed temperatures does not agree with expecta-
tions for H™ continuous opacity, which may indicate that
other capacity sources are most important in this star.

These results apply only to the hemisphere of HR 3831
seen when one of the magnetic poles dominates the disk.
Our procedure should be repeated at various rotational
phases to probe horizontal gradients in atmospheric struc-
ture. The results may also be influenced by flux redistri-
bution attributable to spots on the stellar surface. Doppler
imaging of HR 3831 (which is feasible given its projected
rotation of v sin i ~ 34 km s~ !) would produce a surface
temperature map to allow us to account for this effect.

We caution that limb darkening must play some role in
the rotational modulation of roAp oscillations, since the
observed aspect of the dipole mode changes with time and
the enhancement effect of limb darkening varies with mode
aspect (Fig. 1). This may change the published harmonic
solutions of the distorted dipole of HR 3831 (Kurtz 1992,
Kurtz et al. 1993), which are necessary to properly interpret
the Coriolis and magnetic perturbations on the star’s pulsa-
tions (Dziembowski & Goode 1995).

Finally, we identify another strong candidate for limb-
darkening analysis—the bright roAp star a Circini—and
emphasize that our technique could be applied to any star
pulsating in a dominant (/, m) = (1, 0) mode, not only roAp
stars.

We would like to thank Chuck Cowley, Don Kurtz,
Hiromoto Shibahashi, Tobias Kreidl, and Werner Weiss for
useful discussions, as well as the Director and technical staff
of CTIO for their support of our observing run. We are also
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