THE ASTROPHYSICAL JOURNAL, 450:691-704, 1995 September 10
© 1995. The American Astronomical Society. All rights reserved. Printed in U.S.A.

TEMPERATURE FLUCTUATIONS IN PHOTOIONIZED NEBULAE

J. B. KINGDON AND G. J. FERLAND
Department of Physics and Astronomy, University of Kentucky, Lexington, KY 40506
Received 1995 January 9, accepted 1995 March 22

ABSTRACT

Recombination lines in gaseous nebulae frequently yield parent-ion abundances that are several times larger
than abundances derived from forbidden lines. One possible explanation for this discrepancy is the presence of
temperature fluctuations. We examine temperature fluctuations in model nebulae by utilizing Peimbert’s t2
parameter. We have run large grids of models, varying the stellar temperature and the total hydrogen density.
We consider two abundance sets: The first uses “typical” planetary nebulae abundances, while the second
examines the effect of increasing the metals and grains by a factor of 3. We also consider both a constant
density distribution and one which varies sinusoidally with radius. We examine the method of deriving t2
observationally, which uses measured [O m1] and Balmer temperatures. We find that this derived ¢ shows no
correlation with the t* based on the integral definition. We discuss the reasons for this discrepancy, which
include nonvalidity of some of the basic assumptions and theoretical and observational difficulties with the
Balmer temperature. We find that, in high-metallicity objects especially, noncollisional contributions to [O 1]
44363 can significantly affect the derived temperature. We argue that while temperature fluctuations may
result in non-negligible abundance corrections in some objects, they are insufficient to resolve the abundance

discrepancy.

Subject headings: ISM: abundances — planetary nebulae: general

1. INTRODUCTION

Measurements of abundances in gaseous nebulae are essen-
tial for an understanding of stellar and galactic chemical evolu-
tion (Shields 1990; Aller 1990). When accurate atomic data are
available, recombination-line intensities yield the best abun-
dances because of their weak dependence on nebular tem-
perature. However, many ions have weak or no recombination
lines in observed spectra. In these cases, collisionally excited
lines, with their exponential temperature dependence, must be
used.

It has been known for many years now that for certain ions,
abundances from forbidden lines often differ significantly from
those derived from recombination lines (see Liu et al. 1995).
The best known example is the long-standing discrepancy
between the C 1 abundances predicted by C m] 41909 and
C 11 14267. A recent study of the planetary nebula (PN) NGC
7009 (Liu et al. 1995) has revealed significant discrepancies of
this type for several ions. The authors derive recombination-
line abundances of C, N, and O that are roughly 6, 4, and 5
times greater, respectively, than the corresponding forbidden-
line abundances. The CNO recombination-line abundances
are 2, 5, and 2 times solar, respectively. An extension of this
study including six PNs (Barlow et al. 1995) yields values that
are lower but still significant. The amplitude of these discrep-
ancies is larger than the range in metallicity used to determine
galactic abundance gradients or primordial He abundances.
These results, therefore, cast doubt on the accuracy of any
abundance determinations in gaseous nebulae, and these dis-
crepancies must be understood before abundances can be
given with certainty.

Several explanations have been proposed in order to resolve
the above discrepancies. One idea is that the energy input to
nebulae consists of some combination of photoionization and
shocks (see Liu & Danziger 1993 for a discussion). While some
evidence exists for shocks in some objects (see Middlemass et
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al. 1991), it is not known how prevalent this phenomenon is.
An alternate explanation is nonuniform chemical abundances.
Torres-Peimbert, Peimbert, & Pefia (1990) were unable to
obtain a good fit to both the C 1] 4141907, 1909 lines and the
C 1 24267 line in the PN NGC 4361 with a simple, homoge-
neous model. The fit was greatly improved with a two-zone
model consisting of an inner, C-rich zone, and an outer,
C-poor zone.

One of the oldest and most popular ideas involves the pres-
ence of temperature fluctuations (Peimbert 1967). Because of
the different temperature dependence of forbidden and recom-
bination lines, such fluctuations, if present and not accounted
for in the derivation, will result in an underestimate of the
forbidden-line abundances, while having little effect on the
recombination-line abundances. The initial formalism for tem-
perature fluctuations was developed by Peimbert (1967) in
terms of the parameters Ty, and t2, and was applied to abun-
dance determinations by Rubin (1969).

There has been some debate over the magnitude of tem-
perature fluctuations. Attempts to measure t? observationally
(Rubin 1969; Torres-Peimbert, Peimbert, & Daltabuit 1980;
Dinerstein, Lester, & Werner 1985) have resulted in a mean
value of t> = 0.035. A more recent compilation by Liu & Dan-
ziger (1993) yields t2 = 0.03, although the scatter is large. Con-
versely, Barker (1979) and Shaver et al. (1983) found no
indication for appreciable temperature fluctuations in samples
of PN and Galactic H 11 regions, respectively. Harrington et al.
(1980) questioned the validity of large values of t? because of
the difficulty in determining any physical process capable of
producing such variations in a relatively small volume. A few
attempts have been made to analyze this problem through the
use of nebular models (Rubin 1969 ; Mihalszki & Ferland 1983;
Harrington et al. 1982). These studies have focused on a very
small number of objects or models. While the models demon-
strate the existence of temperature fluctuations, they fail to
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reproduce values of t2 as large as those derived from obser-
vations.

In order to better understand the behavior of temperature
fluctuations, we compute here a large grid of photoionization
models, covering a range of hydrogen density from log ng =
2.25 to 6.00, and a range of stellar temperatures from log
T.s = 4.3 to 5.5. This range encompasses both H 11 regions and
PNs. We consider both “typical” (generally metal deficient
relative to the Sun) and metal-rich abundances and use two
different density distributions. We also examine the effect of
grains on our models. In addition to determining values of 2
analytically for each model, we also compute a derived t?
based on nebular temperatures from “observations” of the
predicted emission spectrum.

In § 2, we give a brief review of the t2 formalism including all
pertinent equations. We also discuss some caveats in the use of
derived nebular temperatures for determining t*> obser-
vationally. We present our photoionization models and results
in § 3. We discuss these results in detail in § 4 and summarize
in§ 5.

2. THEORETICAL AND OBSERVATIONAL CONSIDERATIONS

2.1. Formalism

We give here a brief overview of the formalism for tem-
perature fluctuations. A much more rigorous discussion is pre-
sented by Peimbert (1967). In addition, many of the references
above provide a brief treatment of the problem.

The intensity of a recombination line, or a collisionally
excited line in the low-density limit where collisional de-
excitation is negligible, can be written

I('l) = J"e nione(T)dV ’ (1)

where n, and n;,, represent the electron and ion densities,
respectively, and €(T) is a function of temperature into which
all appropriate constants have been absorbed. If temperature
fluctuations are relatively small, we can expand the €(T) term
under the integral in a Taylor series about a mean temperature
T,, retaining only terms up to second order:

d 1 42
e(T) = e(Ty) + (T — To)(—d;)T +5(T - T°)2(dT€2 )T .
()]

We may then judiciously choose the mean temperature T, such
that
{ Tn n,,dv

- [ nenigndV ’

which causes the first-order term in the expansion to vanish
over the integral. If we further define

t2 _ .‘. (T _ T0)2neniondV
T T3 n.mg,dV

then equation (1) may then be rewritten as

1( d
10) = [e(To) +3 (d—T52>T T2 t2] jne nedV. (5

2)1/2

T ©)

4

The quantity (¢ is thus a rms deviation in temperature over
a volume element, weighted by a density squared. We empha-
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size that each ion present in the nebula will have its own Ty and
t2 as defined by the above equations.

From the above, it is clear that any temperature derived
from nebular temperature indicators will be a function of the
two parameters T, and t2. Therefore, in order to obser-
vationally determine these parameters, it is necessary to use
two temperature indicators with different temperature depen-
dencies. The most common temperatures used in this analysis,
because of their presence in the optical and relative ease of
measurement, are the temperature derived from the [O 1]
A25007/4363 ratio [hereafter written as T(O m)], and that
obtained from the ratio of the Balmer continuum to Hp
[hereafter T(Bal)]. A rigorous derivation using the above for-
malism yields

2 +2
T(O m) = TO(O”){I + [% - 3] d ((; )} ©)

and
T(Bal) = Ty(H*)[1 — 1.706H")] , )

where we have explicitly denoted the dependence of T, and t2
on the ion. We emphasize that equation (6) for T(O ) is only
accurate when collisional de-excitation is negligible. If one
measures both T(O m) and T(Bal), and makes the assumption
that Ty(O*%) =~ Ty(H™"), and t3(O*?) ~ t}(H*), then one uses
equations (6) and (7) to solve for t2. We shall return to the
validity of this assumption later.

2.2. Uncertainties in Temperature Measurement

At this point, we wish to examine some of the difficulties
incurred in deriving t2 observationally as discussed in the pre-
vious subsection. We shall concentrate here on uncertainties in
the measurement of T(Bal) and T(O m1), and how these uncer-
tainties affect the derived ¢2.

2.2.1. The Balmer Temperature

There are several problems involved in accurately measuring
the Balmer jump. Observationally, the main difficulty lies in
determining the continuum redward of the discontinuity,
which is hampered by the crowding of Balmer lines approach-
ing the Balmer limit. A potentially greater source of uncer-
tainty lies in comparison with theory. In order to compare the
observed Balmer discontinuity with theoretical calculations, all
other processes contributing to the observed continuum, such
as He free-free and free-bound radiation, and H two-photon
emission, must be calculated and subtracted. For some H 11
regions, scattered starlight from the ionizing star(s) further
complicates the issue. Such processes will only be a problem if
the continuum sources have an edge near the Balmer jump.

In Figure 1, we have plotted the quantity B/T(dT/dB) against
T for a range of temperatures applicable to gaseous nebulae,
based on the theoretical work of Ferland (1980). Here B is the
ratio of the Balmer discontinuity to Hf, and T is the derived
Balmer temperature. From this plot, one can relate an uncer-
tainty in the ratio B to the uncertainty in the derived tem-
perature. Two points are worth noting. First, for a given error
in B, the resulting error in T increases with increasing tem-
perature. This is a direct result of the decreasing size of the
Balmer jump with temperature, which causes greater uncer-
tainties in measurement. Second, the values on the y-axis,
which multiply an uncertainty in B to produce the resulting
uncertainty in the derived temperature, are all greater than 1.
Thus, any uncertainty in the measured Balmer discontinuity to
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F16. 1.—Factor relating a given error in B (the ratio of the Balmer discon-
tinuity to Hp) to the resulting error in the temperature T as a function of T.

Hp ratio will result in a larger uncertainty in the Balmer tem-
perature.

To quantify these ideas, we refer to the work of Liu & Danzi-
ger (1993). These authors present Balmer temperatures and
their corresponding uncertainties for 14 PNs. From their list,
we find an average Balmer temperature uncertainty of ~18%.
In conclusion, we find that the Balmer temperature can have
substantial uncertainties, which will affect the derived value
of t2,

2.2.2. The [O ur] Temperature

In general, uncertainties in T(O 1) are smaller than those for
T(Bal). Observationally, the greatest problem lies in the large
difference in intensity between I(5007) and 1(4363). For low-
excitation objects in particular, I(4363) can be quite weak.

Another potential source of uncertainty is noncollisional
enhancement of 14363 (see Rubin 1986 for a general discussion
of noncollisional effects in forbidden lines). We shall briefly
consider two sources of enhancement here: charge transfer and
recombination.

The charge transfer reaction O*3 + H— O*2 + H* pre-
dominantly populates the 2p3p ! P and 2p3s 1 P° states of O *2
(Dalgarno & Sternberg 1982). These levels then cascade down-
ward to the 'S and D levels from which 14363 and 45007 arise.
Generally, this process is negligible in nebulae compared to
collisional excitation, but it may reach a few percent of the
total in some cases.

The ratio of the 44363 intensity due to recombination to that
due to collisional excitation is given in the low-density limit by

I...(4363) <no+3> a*f(4363)
I col](4363) q
where all symbols have their usual meaning. The relative
importance of recombination thus depends on the relative ion-
ization through the first term on the right-hand side in the
above equation, and on the temperature through the second
term. Because of the exponential temperature dependence of
collisional excitation, recombination, as well as charge transfer,
becomes increasingly important at low temperatures. For
cases in which noncollisional processes are important, T(O 111)
derived in the usual way will be overestimated. This, in turn,
will lead to an underestimate of the abundance. We show

, ®
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below that such processes can amount to as much as 20% of
the total 4363 intensity.

2.2.3. Uncertainties in the Derived t*

We now consider how the uncertainties in T(Bal) and
T(O m) discussed above will affect the derived t2. In order to
rigorously derive the uncertainty in t2, it would be necessary to
solve equations (6) and (7), propagating the errors throughout.
We shall take a simpler approach, which will provide a qualit-
ative feel for the magnitude of the uncertainty.

Let us assume that we have solved equations (6) and (7) for
To and have obtained an accompanying uncertainty oy, by
propagating the uncertainties in both T(Bal) and T(O 1m)
through the equations. We then substitute these values into
equation (7) to solve for t2. Letting a,, be the uncertainty in the
value of t* derived this way, standard error analysis yields

log,
On N5 T, )

As a case in point, let us assume that the derived T, has a
relative uncertainty of 15%, based on the discussion in the two
previous sections. Then o,, = 0.075. This value is 2.5 times the
canonical value t2 = 0.30 mentioned in § 1. While the above
derivation is not rigorous, it suggests that relatively small
uncertainties in T(Bal) and T(O 1) can result in significant
uncertainties in the derived t2. That this is in fact true can be
seen by examining Figure 2 of Liu & Danziger (1993), where
temperature error bars intersect values of t? covering about
half an order of magnitude. This casts some doubt on the
validity of values of t? derived in this way. We shall return to
this point later.

Finally, we note that roughly 40% of the objects in Liu &
Danziger (1993) have a derived value of t* which is negative.
Obviously, a negative ¢t has no physical meaning. If such
values are purely because of propagated errors as discussed
above, we would expect negative values of 2 roughly half the
time.

3. MODELS

In the previous section, we presented the methodology to
derive ¢2. In this section, we compute a large number of photo-
ionization models in order to understand the behavior of t?
with nebular and stellar parameters, and to determine an esti-
mate of its magnitude. We use the photoionization code
Cloudy (Ferland 1994). This code treats both ionization and
thermal balance self-consistently. For each model, we deter-
mine ¢ in two ways. First, we utilize the direct definition (eq.
[4]), using H* as the zone to be integrated over. Second, we
use model-predicted intensities of [O 1] 144363, 5007 and the
Balmer discontinuity and HB to derive T(O ) and T(Bal). We
then calculate > using equations (6) and (7). For clarity, we
shall hereafter refer to the value of ¢t derived from equation (4)
as 2, and that derived from T(O m) and T(Bal) as t2,,. Since
equation (7) is only strictly valid when collisional de-excitation
of the [O mi] lines is unimportant, we restrict our determi-
nation of t2, to log n, < 4.25. For temperatures typical in
gaseous nebulae, this will ensure that collisonal de-excitation is
negligible. We present the models and their results below.

3.1. Constant Density Models

For these models, the total hydrogen density ny (defined as
ny = n, + nyo) is taken to be constant across the nebula. We
compute large grids of models by varying the total hydrogen
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density and the stellar temperature T, within the ranges
log ny = 2.25-6.00, and log T, = 4.3-5.5. This range encom-
passes both H 1 regions and PNs.

For all models, we consider the geometry to be spherically
symmetric, with a distance between the ionizing source and the
ionized cloud face equal to 1017 cm. For the range of densities
considered here, this results in models ranging from spherical
through plane parallel. The ionizing source is taken to be a
blackbody with a total luminosity of 1038 ergs s ~*. All models
are stopped at the H ionization front; thus, they are ionization
bounded. We note here that stopping the models before the
ionization front (i.e., having density-bounded models) would
result in smaller values of ¢3,. We use two different abundance
sets. These abundances, and the results of the grids, are
described below.

3.1.1. PN Abundances

For our initial abundance set, we consider “typical” PN
abundances. These are essentially a mean of abundances deter-
mined from a large number of PNs by Aller & Czyzak (1983),
with small values for elements not listed by them. The abun-
dances, relative to H, are given in Table 1 and are generally
below solar values. While these abundances are taken from
PNs, the results of our models should be equally applicable to
H 1 regions. We also include grains and their effects on the
thermal and ionization equilibrium of the nebula (see Baldwin
et al. 1991) from unpublished data by K. Volk, which are based
on observations of post-asymptotic giant branch stars. We

Vol. 450
TABLE 1
PLANETARY NEBULA GRID
ABUNDANCES
Atom Abundance
He ...... 0.10
C........ 7.8(—4)
N....... 1.8(—4)
O....... 4.4—4)
Ne ...... 1.1(—4)
Na...... 3.0(-7)
Mg...... 1.6(—6)
Al....... 2.2(=17)
Si....... 1.0(—5)
S 1.0(-9)
Cl....... 1L.7(=17)
Ar....... 2.7(—6)
Ca...... 1.2(—8)
Fe....... 5.0(—7)
Co...... 1.0(—9)
Ni....... 1.8(—8)

take the dust-to-gas ratio to be equal to that of the general
interstellar medium (see Mallik & Peimbert 1988). Using these
abundances and grains, plus the parameters discussed in the
previous section, we have computed a grid of roughly 800
model nebulae.

In Figure 2, we present a contour plot of t2, as a function of
ny and T for the PN grid. We shall focus on two points of
interest here. First, we note that in general, for low to moderate
densities, there is little dependence of t2, on ny, and a strong
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FiG. 2—Contour plot of t2, for the PN grid
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dependence at high densities. This effect is due to sphericity.
Because the H* Stromgren depth decreases with increasing
density, the models progress from a spherical geometry to a
thick shell, to models that are essentially plane parallel as
density increases. At high densities, the change in the thickness
of the ionized zone with increasing density becomes a signifi-
cant fraction of the Stromgren depth. This causes t2, to
decrease through the volume element in equation (4).

Second, there is a general trend for t2, to increase with
decreasing density and increasing stellar temperature. The
mean ionization of the nebula shows the same trend. For high
T, the incident photon flux is very hard. This, coupled with
the low density, results in very high ionization at the ionized
face, producing significant heating through photoionization.
Thus, nebulae in this regime have very high nebular tem-
peratures at the ionized face. These temperatures then fall off
relatively quickly with radius, resulting in large temperature
variations over the nebula. The slight deviation from this trend
at low T is related to the size and location of the O "2 zone.
This zone affects the nebular temperature through collisional
cooling.

In order to assess the importance of grains on these results,
we have run another grid, identical to that described above,
except that grains are not included. We have left the gas-phase
abundances of all elements unchanged. The analogous plot to
Figure 2 is shown in Figure 3. From a comparison of these two
figures, it can be seen that the absence of grains decreases t2, by
roughly a factor of 2. This is due to the fact that grains provide
a net heating source, particularly in the inner regions of the
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nebula (see Kingdon & Ferland 1993; Baldwin et al. 1991;
Borkowski & Harrington 1991; Harrington, Monk, & Clegg
1988). However, the grains do not affect the general behavior of
t2, with ny and T ;.

Figure 4 depicts a contour plot of t3,, for the PN grid, using
the high-density cutoff discussed above. As was the case for t2,,
it can be seen that t2,, shows little dependence on density. We
draw attention to the contours in Figure 4 with negative
values. Negative values of t2,; will occur whenever T(O 1) <
T(Bal), as can be seen from equations (6) and (7).

A comparison between Figures 2 and 4 will show that the
contours of t2, and t2,, do not generally coincide. To make this
clearer, we plot in Figure 5 the difference t2,, — t2.. The range
of good agreement occurs for low stellar temperatures typical
of H 11 regions, with the discrepancy increasing with increasing
T, It is essential that we understand this discrepancy, as
Figure 5 clearly shows that, for a wide range of nebulae, using
t2,, to correct abundances for temperature fluctuations will
produce erroneous results.

We first consider the uncertainties in t2,; discussed in § 2.2.
We can immediately exclude observational errors in T(O 1)
and T(Bal), as these are calculated using model-predicted line
and continuum intensities. On the theoretical side, we have
made every attempt to accurately account for all processes
contributing to the continuum over the Balmer discontinuity.
In order to assess the importance of noncollisional effects in
the [O 1] lines, we have computed the noncollisional contri-
bution to 44363 for each model in our grid. The results are
shown in Figure 6. Although the behavior of noncollisonal

Log(Tes)

Log(ny,)
F1G. 3.—Same as Fig. 2, but for a model without grains
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effects with T, is similar to the trend in Figure 5, the magni-
tude of the effect is insufficient to explain the t2,,~t2, discrep-
ancy. We further note that no random systematic error can
explain the discrepancy, as such errors should cause as many

values of 12, < t2, as tZ,, > t2,, whereas Figure 5 clearly shows

a bias toward t2,, < t2..

Since we are unable to resolve this discrepancy by appealing
to errors in the parameters, we must examine the methodology
itself. The major assumption underlying the derivation of 2, is
that T(O*?) ~ Ty(H*), and t*(O*?) ~ t*(H*). We might
expect that these approximations will be valid for nebulae in
which the O*? zone nearly fills the H* Stromgren sphere, and
to be somewhat doubtful otherwise. Indeed, the condition that
O is almost completely O*2 was the situation for Model 1 of
Rubin (1969), for which t2(0*2) ~ t}(H") was satisfied. To
quantify these ideas, we present in Figure 7 a plot of the differ-
ence To(O*?) — Ty(H™) for the PN grid, where both mean tem-
peratures have been computed using the definition of equation
(3). This difference must be zero for the methodology to be
valid. From this figure, we see that the approximation is rea-
sonably valid for low T,s, and becomes increasingly worse for
higher stellar temperatures. Indeed, at high T, the difference
may amount to as much as 10% of the magnitude of T,. This
behavior matches that of Figure 5. A comparison of the two
plots shows that when Ty(O *?) ~ Ty(H™), so that our assump-
tion is valid, then t2,, ~ t2,. These results suggest that the
methodology for deriving t* from observations is only reason-
able within a fairly limited range of stellar temperatures. Most
importantly, any values of t2,, presented for objects with very

Log(n,,)
F1G. 4—Contour plot of t2, for the PN grid

hot central stars (such as PNs) should be viewed with extreme
skepticism.

3.1.2. High-Metallicity Grid

For our second abundance set, we wish to examine the effect
of metallicity on ¢2. This is prompted by the high metallicities
found in NGC 7009 by Liu et al. (1995). We create a high-
metallicity grid by multiplying all metal and grain abundances
from the PN grid by a factor of 3. All other parameters remain
the same.

Figure 8 shows a contour plot of t3, for the high-metallicity
grid. The general trend of increasing 3, with increasing T,
and decreasing ny is the same as for the PN grid. The main
difference is that for most points, the value of t2, is larger in the
high-metallicity grid than in the PN grid. This difference
increases with increasing ¢2,, reaching a maximum of a factor
of ~2.

In order to understand this behavior, we must consider the
thermal balance at an arbitrary point in the nebula. It is well
known that increasing metallicity will result in increased
cooling via enhanced collisional line radiation. This process
lowers the nebular temperature (see, e.g., Stasinska 1980 for a
discussion of temperature effects in high-metallicity H u
regions). However, the increased metallicity also results in
increased grain opacity, which causes increased heating
through photoionization. This in turn raises the nebular tem-
perature. The net effect of these two processes is that the tem-
perature at any point in the high-metallicity nebula is only
slightly lower than that for the “normal” metallicity nebula.
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However, the increased opacity causes the photon flux to fall
off more quickly with radius. This produces a sharper gradient
in dT/dR, resulting in a larger value of ¢2,. This effect is more
pronounced at low densities and high stellar temperatures,
because metals make a greater contribution to the opacity in
this regime. For low T, the incident photon flux is relatively
soft, H and He can absorb the bulk of the radiation, and the
addition of metals has little effect. Similarly, because opacity is
proportional to density, metal opacity is not as important at
high ny.

In Figure 9 we plot the quantity 2, — t2, for this grid. The
behavior is essentially identical to Figure 5, the analogous plot
of the PN grid, except that the magnitude of the discrepancy is
larger. Since metallicity has essentially no effect on the basic
assumptions needed to derive t2, this discrepancy can be
described in exactly the same way as that for the PN grid. We
plot the difference T,(O*2) — T,(H*) in Figure 10. Again, this
plot is nearly identical in form to Figure 7 except that the value
of the difference is generally greater. The larger differences cor-
respond to the larger discrepancies in t2,, — t2, in Figure 9.

Although the t2,, — t2, discrepancy can be largely explained
by nonvalidity of the basic assumptions for obtaining t2,,, non-
collisional effects in [O 1] also make a contribution. In Figure
11 we plot the percentage of [O 11] 14363 due to noncollisional
processes. The values here are larger than those in Figure 6, the
analogous plot for the PN grid, because of the generally lower
nebular temperatures in this grid. It is evident from this figure
that nebular temperatures derived from the [O m1] lines for
high-metallicity objects can be significantly overestimated if

for the PN grid

str

noncollisional processes are not considered. This will result in
abundances being underestimated.

3.2. Variable Density Models

In the previous sections, we found that for constant density
models, large values of ¢ only occur for nebulae with high T,
and low ny. In this section, we investigate how a variable
density will affect our results. Variations in density can create
variations in nebular temperature, although the magnitude of
the temperature variations is much less than those in the
density (see Rubin 1989).

For illustrative purposes, we shall consider models in which
the ionizing source is a blackbody with log T, = 4.85. We use
the high-metallicity abundances of the previous section, as
these resulted in the largest values of t2. Our geometry is again
spherical with an inner radius of 10'7 cm. For our density
distribution, we consider the sinsusoidal model of Mihalszki &
Ferland (1983). The total hydrogen density ny, is expressed as

ny = (nmax ; nmin) cos or + (nmax '; nmin) , (10)

where n,, and n,;, are the maximum and minimum densities
considered, respectively, r is the depth into the nebula in cm,
and J is equal to 2z divided by the period (in cm) of the
oscillations. Although a sinsusoidal density distribution has no
physical basis, it will serve to illustrate the effect of density
fluctuations on 2.

For our models, we consider all combinations of n,,,, and
Nomin between 102 cm ™3 and 10° cm ™3, with the proviso that all
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densities be expressable as integer powers of 10. For each (n,,,,,
n.;,) pair, we also compute results for several values of the
period.

We present the results of our calculations in Table 2. The
first and second columns list the minimum and maximum
density for the model, respectively. The third column gives the
number of periods of the function per Stromgren radius. We
have listed the minimum and maximum period considered for
each (n,,,,, nni,) pair. We give the derived 2, in the fourth
column. We have not listed ¢2,,, as the results of the previous
sections show that this value is generally meaningless. An
example of the effect of the density variations on the tem-
perature is depicted in Figure 12, which shows the nebular
temperature as a function of the log of the nebular radius for
the second model listed in Table 2.

It is evident from Table 2 that sinsusoidal models do not, in
general, result in large values of t2,. As in the constant density
models, there is a trend of decreasing 2, with increasing mean
density. We note that models with the same value for n,,, but
different n,;, have similar values of t2,. This suggests that ¢2_ is
determined mainly by the maximum density obtained in the
model. To verify this, for each n,,, we have computed a con-
stant density model with ny = n,,,, using the high-metallicity
abundances and log T, = 4.85. Our results, denoted by 2,,,
appear in the fifth column of Table 2. For low densities, a
comparison between tZ, and t2,, is hampered by sphericity
effects, which result in significantly smaller Stromgren radii for
the sinusoidal models as compared with the analogous con-
stant density models. Taking this effect into account, we find
that t2, is always somewhat larger than t2,,, with the greatest

differences occurring at the highest densities, where 2, is smal-

lest.

The dependence of t2, on n,,,,, and its near independence on
Nin is due to the fact that t2, is weighted by an effective density
squared term. Therefore, in nebulae with a nonconstant
density distribution, the high-density regions will contribute
preferentially to the derived ¢2,. In effect, although density

fluctuations can cause fluctuations in temperature, t2, will not

TABLE 2
RESULTS OF SINUSOIDAL MODELS
nmin nmx R:/ P tszlr t:nx
102...... 103 0.69 2.64(—2) 1.96(—2)
10%...... 103 16.67 1.8%(—2) 1.96(—2)
10%...... 10* 0.81 7.49(-3) 6.72(—3)
10%...... 10* 4.55 9.28(—3) 6.72(—3)
10%...... 10° 0.85 2.86(—3) 3.19(—3)
10%...... 10% 3.13 3.44(-3) 3.19(-3)
102...... 108 0.86 7.14(—4) 7.03(—4)
10%...... 106 2.94 1.63(—3) 7.03(—4)
10%...... 10* 0.78 7.15(-3) 6.72(—3)
10%...... 10* 11.11 9.30(—3) 6.72(—3)
103...... 10% 0.85 2.83(—3) 3.19(-3)
10%...... 10% 6.67 3.46(—3) 3.19(-3)
103...... 108 0.86 7.12(—4) 7.03(—4)
10°%...... 108 294 1.64(—3) 7.03(—4)
10%...... 10° 0.81 2.55(—3) 3.19(—3)
10%...... 10° 12.50 3.34(-3) 3.19(—3)
10%...... 108 0.86 6.97(—4) 7.03(—4)
10*...... 108 7.14 1.51(—-3) 7.03(—4)
105...... 108 0.82 5.26(—3) 7.03(—4)
10%...... 108 12.50 1.56(—3) 7.03(—4)
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F1G. 7.—Contour plot of the difference To(O *2) — Ty(H*) for the PN grid

“see” temperatures occurring in the low-density regions, and
will essentially trace only the temperature in the high-density
zones.

One way to avoid this problem is to imagine a density dis-
tribution in which the high-density regions occupy a smaller
volume than the low-density regions. We consider a density

distribution given by
d a
nH=no<d id> , (11)
0

where n, is the minimum density, occurring at the ionized face,
d is the depth into the nebula (distance from the central star
minus the inner radius), and d,, is a scaling distance at which
the density becomes infinite. This is essentially the density law
of Williams (1992), used to describe dense condensations in
nebulae. According to Williams, if « = 1.5, all density regimes
will be weighted equally, thus removing the high-density bias
encountered in the sinusoidal models. We have run a series
of models to examine the effect of this density distribution on
t2,. We again use the high-metallicity abundances, and take
log T.¢c = 4.85. We consider several values of ny and d,.

Our results are given in Table 3, where the first and second
columns list ny and d,, (in cm), respectively. The third column
shows the maximum density occurring in the model. The
fourth column gives the value of t2, for each model. As with
our previous density distributions, Table 3 shows the general
trend of decreasing t2, with increasing density. We also note
that for a given ny, models with a larger range in density (i.e.,

larger n,,,) have a smaller t2,. This is because of sphericity

effects. The models with larger densities have smaller Strém-
gren radii, which causes t2, to decrease through the volume
element. This effect essentially negates the greater variation of
temperature in these models. The models with n, = 10° do not
show this effect since they are plane parallel and thus insensi-
tive to radius.

The results of this section suggest that variable density
models will not produce values of ¢2, that are significantly
larger than those obtained from constant density models,
largely because of the strong weighting of t2, toward high den-
sities. Although this weighting can be removed by choosing a
density distribution such as that discussed above, sphericity
effects will constrain the magnitude of t2, obtained. In addi-
tion, such a density distribution is somewhat contrived. We
thus conclude that although variations in density can produce

TABLE 3
RESULTS OF “ CONDENSATION ” MODELS

no dO Mmax tszlr
1.002)....... 1.0020)  1052)  3.58(—2)
1.00(2). ... 1L0(17)  1.32(5)  7.39(—3)
1.003)...... 1.00(19) 1.09(3) 1.92(-2)
1.003)...... 5.00(15) 1.44(6) 431(-3)
1.004)...... 1.00(18) 1.10(4) 6.65(—3)
1.004)...... 2.00(14) 7.14(6) 6.93(—4)
1.00(5)...... 5.00(16) 1.08(5) 3.28(-3)
1.00(5)...... 2.00(12) 8.12(7) 6.19(—4)
1.006)........ 200(15)  1.04(6)  5.61(—4)
1.00(6)...... 2.00(10) 2.15(8) 1.26(—3)
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variations in temperature, these variations will have little effect
on the derived value of t2,.

4. DISCUSSION

In this section, we discuss the ramifications of our results,
and examine the extent to which temperature fluctuations can
resolve the abundance discrepancy.

The results of our models demonstrate that ¢2 derived from a
comparison of [O m] and Balmer temperatures is uncorrelated
with t2 determined directly from the definition. This is due to
the fact that the underlying assumption implicit in the deriva-
tion of the observed t2 (i.e., that the radial dependence of tem-
perature is identical in the O*2 and H* zones) is generally not
valid. This assumption can provide a reasonable estimate for
nebulae with cooler central stars such as H 11 regions, but will
result in spurious values for objects with hot central stars such
as PNs. Even for H 11 regions, we have shown that slight errors
in T(O m) and T(Bal) can result in significant errors in ¢, so
that the derived value will be subject to considerable uncer-
tainty.

This situation is unfortunate, as it implies that there is no
sure way to determine t2 observationally from nebular spectra
when the O** and H* zones do not coincide. In addition to
the T(O m)-T(Bal) approach, two other methods have been
used to derive > observationally. We briefly discuss these
» methods and their associated problems below.
¢ The first method compares T(O 1) with a radio temperature

determined from the ratio of a bound-bound H radio line with

Log(n,)

& for the high-metallicity grid

the radio continuum (see Rubin 1969 and Torres-Peimbert et
al. 1980 for applications of this method). It is clear that this
method requires the exact same assumption as the T(O 1m)—
T(Bal) approach, and thus has the identical problems with
validity. Moreover, the need to connect radio and optical data
will result in additional observational uncertainty.

One way to avoid the problems inherent in both the
T(O m)-T(Bal) and T(O m)-T(Radio) methods is to use two
different temperature indicators from one ion. This technique
was utilized by Dinerstein et al. (1985), who used the tem-
perature based on [O mr] 15007/44363, as well as the tem-
perature based on [O m] 5007/52 um. While this approach
does away with the assumption necessary in the other two
methods, it does have some problems of its own. Observ-
ationally, there are two concerns: (1) The need to compare
optical and infrared (IR) lines requires an accurate knowledge
of the amount and form of the reddening in the object; and (2)
It is essential to use identical apertures for the IR and optical
spectra, in order to ensure that the same total flux is received.
Theoretically, this method is hampered by the low critical
density of the [O m] 52 um line (~3.8 x 103). Therefore,
although this method should produce accurate results for low-
density nebulae, provided great care is taken in the observ-
ations, it is essentially useless for higher density objects.

Perhaps the best way to determine t? observationally would
be to use a high-resolution imaging device such as a Fabry-
Perot. The technique would consist of mapping temperature-
sensitive line ratios across the face of the nebula (see, e.g., Lame
& Pogge 1994). Unfortunately, this method would only be

© American Astronomical Society ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1995ApJ...450..691K

No. 2, 1995 TEMPERATURE FLUCTUATIONS IN PHOTOIONIZED NEBULAE 701
T T T T T T T N T
N \'\
N N
N N =
" \
\ N
\ \
| \
) '
(u\;' m~e -0.08 /// /"’ B
-~ -~. - _ _ - 7 ,'/.
"~\\“§ :ofog___ __________ T e g
n - T e e - 7]
T | -004
t', .................................................................. 1
= b L
S -0.02 -
o0 L= -
<0 7
el 00 T - T
© K s -. T ’ .
SE T
< L -
< 0.01 /
1 1 1 " 1 1 ! L 1 " | L L s 1 1

Fi1G. 9—Contour plot of the difference ¢,

useful for relatively nearby objects which could afford high
spatial resolution.

We now return to the main purpose of this investigation,
that is, to determine whether temperature fluctuations can
resolve the discrepancy between recombination-line abun-
dances and forbidden-line abundances. We have seen in § 3
that relatively large values of t2(H*) can occur for nebulae with
low density, hot central stars, and high metallicity. However, if
we are interested in determining the abundance of an element
A in the ith stage of ionization, what we really need to examine
is not t2(H"), but t3(A)). For example, in NGC 7009, the bulk
of O is in the form O™ 2, so in order to resolve the discrepancy
between the O*2? abundance measured from O m forbidden
lines and O 11 recombination lines, we require a large value of
t%(O*?). The models of Harrington et al. (1982) show that
t}(A;) < t*(H™), since A; occupies a smaller volume than H*.
Tests with our grids verify that in general t3(O*?) < t>(H™),
but in a few cases we can have t2(O*?) > t(H™"). These cases
occur for objects with log T, ~ 4.6, typical of high-excitation
H 1 regions. These nebulae have O primarily in the form O*2,
giving way to O" in the outer regions. The temperature
decreases with radius in the O*2 zone, but rises slightly in the
O™ zone because of the absence of strong coolants. This rise
decreases the temperature gradient over the whole H* zone
compared with the O*? zone, causing t%(O*2) > t*(H™).
However, in these cases, t*(O*2) is generally less than a factor
of ~2 greater than t>(H"), and as Figures 2 and 8 show, the
value of t(H™) for log T ~ 4.6 is relatively small. In general,
we find that t>(O*2) will have a maximum value on the order
of 1072 over the range of densities and stellar temperatures

Log(n,,)

20 — 12 for the high-metallicity grid

considered. These values are insufficient to resolve the abun-
dance discrepancies.

In order to quantify these expectations, we use the constant
density PN grid from § 3 to calculate the relative abundance of
O™ 2, We derive abundances from the expression

o+? _ 5007 oc,‘.{;(T) 1(5007)
H* 4861 43p,1p B[1 + (n, qlD,3P/A1D,3P)]_1 I(HB) ’
(12)

where af{5(T) is the effective recombination coefficient for HB,

the ¢’s are collisional rate coefficients, and B is the branching
ratio, i.e., the fraction of radiative decays from !D that produce
A5007. The factor in brackets is a correction for collisional
de-excitation.

For offf(T), we have determined a power-law fit in tem-
perature from the results of Hummer & Storey (1987) at a
density of 10* cm™3. Because of the weak density dependence
of affg(T), this choice of density will not affect our results.
Similarly, we have made a power-law fit in temperature to the
collision strength Q3 1 from the data of Aggarwal (1993). The
A- and B-values were obtained from Osterbrock (1989). Substi-

tuting in these values yields

H

0*2 2888 x_10*
— = 18 x 10 *T0 84 T373 exp (————x 0 )

’TSOO7

_ . 1(5007)
x [1+ 1.4 x 107*n(O*T %3 ,
[ )T 5067 I(Hp)

(13)
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where Ty, and Tso0, are the temperatures in Hf and [O m]
AS007, respectively.

We then calculate (O*2/H*) in two ways. First, we use the
standard method of simply substituting T(O 1) for both Ty,
and Ty, in equation (13). This approach assumes that t> = 0.
Second, we explicitly take account of temperature fluctuations
by using the appropriate values of Tsq0, and Ty, Peimbert
(1967) has shown that in the presence of temperature fluctua-
tions, Tsqq, is related to To(O*2) and t3(O*?) through the

equation
2.888 x 104 2.888 x 10*
T—O.S ex < > = T—O.S O+2) exp [—:I
5007 €XP | — Teoor o T,(O*?)

oy [[2888 104> 8.664 x 10* g} xz(o“)} "
T0(0+2) ° ( )
eff,

To(0*?) + 4 2
Similarly, using our power-law equation for ags(T) yields
Typ = To(H™)[1 — 0.932:2H™)] . (15)

Our results for each model are shown in Table 4, where the
first and second columns give log ny and log T, respectively.
The third column shows T(O ), corrected for collisonal de-
excitation and noncollisional effects in [O 1] 44363. Both of
these effects are small for the models considered here. The
fourth and fifth columns give the model-predicted values of
To(O*?) and t3(O*?), respectively, and the sixth column gives
the value of Tsqo, derived from equation (14). Similarly, the
seventh and eighth columns show To(H*) and t3(H*), respec-

tively, with the ninth column giving the value of T, from
equation (15). The (O*2/H") abundance ignoring temperature
fluctuations [i.e., using only T(O mi)] is shown in the tenth
column, and the (O*2/H*) abundance taking temperature
fluctuations into account (i.e., using Tsq0, and Typ) is shown in
the eleventh column. Finally, the ratio of the eleventh column
to the tenth column is given in the last column. This is essen-
tially the abundance correction factor.

We note two points of interest from our results. First, for the
models considered in Table 4, the correction for temperature
fluctuations is quite small, with a maximum value ~3%.
Second, for several models, the ratio R in the last column is less
than 1. For these cases, ignoring the effects of temperature
fluctuations actually results in an overestimate of the O*?2
abundance. These models all have t2(H*)>» r?(O*2), and
Typ > T(O m). This causes the Ty, term in equation (13) to
outweigh the exponential.

Table 4 clearly shows that while the values in the last
column can be non-negligible corrections for some purposes,
they are far insufficient to explain the factor of 2 for several
objects, or the factor of 5 in NGC 7009 necessary to reconcile
recombination-line and forbidden-line abundances. Somewhat
larger values can be obtained from high-metallicity objects, but
these are also far short of the needed factors.

It is difficult to imagine how to significantly increase t2.
Physically, the problem results from the strong increase in the
cooling curve with temperature over the temperature range
applicable to gaseous nebulae. In order to produce a given
change AT in the temperature, it is necessary to have a signifi-
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cantly larger change AH in the nebular heating. As a concrete
example, consider a nebula with Ty = 10* K and ¢*> = 0.04,
corresponding to a 20% variation in the temperature. For sim-
plicity, let us assume that the cooling is entirely due to
[O m] 15007. Then the resulting percentage variation in the
total cooling, AC/C, is roughly 50%. In thermal equilibrium,
this is equivalent to the percentage variation in nebular

25000 T T T —
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10000

5000 n L L

17.0 17.2 17.4 17.6 17.8 18.0

Log Radius

FIG. 12—Variation of temperature with radius for a sinusoidally varying
density.

heating, AH/H. A situation where the heating can vary by this
large an amount is difficult to produce physically.

While several other ideas such as high-density conden-
sations (see Viegas & Clegg 1994) have been proposed to
explain the abundance discrepancy, the issue remains unre-
solved. Since the discrepancy amounts to less than a factor of 2
for most objects, it may be that NGC 7009 is peculiar in some
way. As mentioned in § 1, the CNO recombination-line abun-
dances for this object are strongly enhanced relative to solar.
Further study of this object would be useful toward resolving
this discrepancy.

5. SUMMARY
We summarize the main findings of this study below.

1. The commonly used value of ¢ derived from a compari-
son of T(O m1) and T(Bal) is uncorrelated with the t> deter-
mined from theory, and should not in general be used. It can
provide a reasonable estimate for objects with low stellar tem-
peratures, but is subject to large uncertainties. The T(O m)-
T(Radio) method is equally poor. Given precise observational
data, the method of Dinerstein et al. (1985) should provide
accurate results, but is only useful for low-density objects.

2. In general, for any ion A,, t*(A;) increases with increasing
metallicity.

3. While density fluctuations can create fluctuations in tem-
perature, these will not significantly affect > because of the
strong weighting toward higher densities.

4. Although temperature fluctuations can produce non-
negligible abundance corrections for some objects, they are
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TABLE 4
ABUNDANCES FROM DIFFERENT TEMPERATURES

logny, logT, TOm T0%?) (0% Ty  THY)  2HY) T,  O'YH** O'YH' R
25...... 46 73353)  72733)  1.554(—3)  7.280(3)  7458(3)  2292(—3) 7.4423)  168(—4)  170(—4) 101
25...... 49 9.6633)  9.522(3)  4336(—3)  9.5293) 9.776(3)  9336(—3) 9.691(3)  330(—4)  341(—4) 103
25...... 5.2 12254)  12134)  3.161(=3)  1212(4) 1279(d)  2.662(—2) 1247(4)  240(—4)  242—4) 101
30...... 46 782003)  7.760(3)  1258(—3)  7.765(3)  7856(3)  1.359(—3)  7.846(3)  2.03(—4)  207(—4) 102
30...... 49 10144)  1.003(4)  3.658(—3) 1.0034)  1026(4) 9.105(—3) = 1017(4)  349(—4)  3.58(—4)  1.02
30...... 5.2 1262(4)  1249(4)  3.689(—3)  1248(4)  1.349(4)  3205(—2)  13094)  236(—4)  234(—4) 099
35...... 46 8.198(3)  8.158(3)  8.018(—4)  8.161(3) 8227(3) 9.237(—4) 8220(3)  241(—4)  244(—4) 101
35...... 49 1056(4)  1.046(4)  3478(—3)  1.046(4)  1.0684)  8.170(—3)  1.060(4)  3.65—4)  37A—4) 102
35...... 52 1295(4)  1.281(4)  4.618(—3)  1280(4)  1419(4)  3365(—2)  1.374(4)  230(—4)  224(—4) 097
40...... 46 8402(3)  8364(3)  3296(—4)  8.365(3) 8.459(3)  7.999(—4) 8453(3)  2.58(—4)  261(—4) 101
40...... 49 1.0784)  1.068(4)  3325(—3)  1.068(4)  1084(4)  5496(—3)  1078(4)  384(—4)  393(—4) 102
40...... 52 1312(4)  1.296(4)  S5.726(—3)  1294(4)  14454)  2.640(—2)  1409(4)  2.33(—4)  225—4) 096

2 Derived from T(O ).
® Derived from Tyg0; and Tyy.

insufficient to resolve the discrepancy between recombination-
line and forbidden-line abundances.

5. Noncollisional effects in [O 1] 14363 can have important
effects on the derived [O m1] temperature. This is especially
true for high-metallicity objects.

We are indebted to X.-W. Liu for a discussion on the deter-
mination of abundances in the presence of temperature fluc-
tuations. We also thank the referee for pointing out an earlier
error in one of the equations. This research was supported by
NSF 93-19034 and NASA NAGW-3315.
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