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ABSTRACT 
Many astrophysical objects can be associated with continuous non-linear stochastic systems. Up to now, 

however, the signals coming from these systems have been analyzed mainly through linear approaches, such as 
the power spectrum (PS) and the structure function (SF) techniques, frequently with controversial results. 

In this paper we show that in the study of astronomical time series the PS (even in the maximum entropy 
or CLEAN version) and the SF techniques are often of little use or even misleading, since they do not take 
into account all the information contained in the data. New techniques, such as the bispectrum and multi- 
fractal analyses, are necessary to gain further insight into the dynamics of these systems. The effects of the 
discrete sampling of the signal are also considered, and the evolution of a single system and that of a multiple 
subunit system are distinguished. The approach based on phase-space reconstruction algorithms and on 
dimension and entropy estimators as derived from the theory of nonlinear dynamical systems is discussed as 
well. 

In general, the need of developing more and more refined methods of statistical analysis is accompanied by 
the necessity of possessing an at least approximate a priori knowledge of the dynamics of the system under 
study. 
Subject heading: methods: numerical — quasars: general 

1. INTRODUCTION 

The luminosity variations of astronomical objects are an 
important and widespread phenomenon which may provide 
considerable information on the dynamics of the system under 
study. In this paper we explicitly consider this topic and 
discuss the general problem of the analysis of temporal data in 
astronomy. This topic is examined in the context of quasar 
variability in order to test the performances of the various 
statistical methods in a given experimental ambit. Quasar 
studies have been chosen because they are representative of a 
remarkable situation : in spite of the large amount of available 
data (some objects have time series composed of hundreds of 
observations), in the last 20 years the variability studies have 
not provided major progress. In a recent paper (Vio et al. 
1991), this fact has been explained with the fundamental non- 
linearity of the quasar time series: quasars, being nonlinear 
physical systems whose temporal evolution is described by 
nonlinear dynamical equations, have light curves that cannot 
be analyzed only by means of the classical methods (e.g., PS, 
SF, and covariance analyses) which are suitable only for 
dealing the signals characteristic of linear systems. New sta- 
tistical techniques are therefore required. 

A second aim of this paper is to warn about the idea, which 
has become somewhat popular in recent years, that it is useful 
to develop methods of data analysis that do not take into 
account the physical origin of the signal. This idea is based on 
the assumption that by the sole knowledge of the signal it is 
possible to reconstruct the dynamics of the systems or even to 
derive the “equations of motion” that have generated it. 
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Besides the tremendous technical difficulties, in the following 
we consider a few examples and we show that this approach 
can be misleading: dynamical information on the system under 
study turns out to be necessary. 

2. CLASSICAL TIME SERIES DATA ANALYSIS 

In the astronomical literature, the “classical” tool for the 
analysis of temporal data is the PS analysis, which is useful for 
detecting the possible periodicities present in a signal (other 
techniques are, however, available; see, for example, Heck, 
Manfroid, & Mersch 1985; Nemec & Nemec 1985; Swingler 
1989). 

Many sophisticated algorithms for computing the PS of a 
time series are now available (see Marple 1987 for a review), 
but they are relatively seldom applied to astronomical prob- 
lems. One reason is that these algorithms require equispaced 
data. Nevertheless the classical PS is preferred by the astron- 
omers even when this condition is satisfied. The most serious 
problem of the classical PS is its noisiness, resulting in a 
“peaked” appearance, and, consequently, giving often the 
erroneous impression of some periodic components in the 
signal. An estimator of the PS that does not have this draw- 
back is the so-called ME (maximum entropy) PS (Marple 
1987; Ulrich & Bishop 1975), which is based on the principle of 
maximization of the entropy of the process. Besides the low 
noisiness, the ME PS has the property of a high sensitivity to 
the presence of periodic components in the signal. These 
properties hold also with time series formed by only 50-60 
points. 

In many astronomical situations, however, the available 
light curves have an irregular sampling. In this case the 
analysis of the PS is complicated by the presence of inter- 
ference peaks (Deeming 1975; Scargle 1982; Horne & Bahúnas 
1986; Press & Rybicki 1989; Koen 1990) due to the convolu- 
tion of the “ true ” discrete fourier transform (DFT) of the data 
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with the so-called spectral window (the DFT of the sampling 
time). Even more than before, the presence of a peak in a PS of 
a time series does not necessarily indicate the presence of a 
periodic component in the signal: a true periodicity in the data 
is characterized by a peak in the PS that increases contin- 
uously its intensity with time. Unfortunately, the interference 
peaks make difficult any analysis. Various methods developed 
for avoiding this problem have been suggested (Fahlman & 
Ulrych 1982; Sturrock & Shoub 1982; Scargle 1989; Brown & 
Christensen-Dalsgaard 1990). A very interesting approach has 
been proposed by Roberts, Lehar, & Dreher (1987). This 
method, a one-dimensional version of the well-known CLEAN 
algorithm, is based on the subtraction of the spectral window 
to the calculated DFT of the time series. Numerical simula- 
tions have shown that in the presence of an irregularly sampled 
periodic signal, the CLEAN algorithm is effectively able to 
recover most of the lost information. In Figure la we show as 
an example the PS of the light curve of the quasar 3C 446, 
obtained from the data reported by Barbiéri et al. (1990). 
Figure lb shows the same PS “ deconvolved ” with the CLEAN 
algorithm. Limiting the data to the first half of the available 
light curve, the “ CLEANed ” PS of Figure 1c has been 
obtained. Barbiéri et al. (1990) stated that this object has a 
periodic component at about 1540 days. Notice how the peak 
corresponding to this periodicity increases its strength rela- 
tively to the other peaks for increasing times, supporting the 
original conclusion about the reality of this feature. 

In recent years, the so-called structure function (SF) 
approach has become rather popular as well (Simonetti, 
Cordes, & Heeschen 1985). These functions represent a sort of 
“running” variance of the process, and their most useful 
feature is the ability to discern the range of time scales that 
contribute to the variations in a data set. 

The PS and the SF techniques are, however, only a small 
subset of the statistical tools currently available, and, as it is 
shown below, they are not always appropriate to the physical 

problems under study. In the following we thus discuss the use 
of relatively “ new ” statistical techniques. 

3. LINEAR AND NONLINEAR STOCHASTIC TIME 
SERIES ANALYSIS 

An important finding about quasar variability has been the 
recognition of its unpredictable and irregular nature. Since 
1968 Manwell & Simon realized that the time series of 3C 273 
showed a 66noisy component" which was not associated with 
measurement errors (see also Terrel & Olsen 1970). Since that 
time, this result has been confirmed by various authors for 
other objects (e.g., Moore et al. 1982; Lawrence et al. 1987; 
McHardy & Czerny 1987). This implies that the dynamical 
evolution of quasar luminosity cannot be described by periodic 
or quasi-periodic oscillations; in other words, quasars must be 
described by stochastic or chaotic dynamical systems. We now 
consider how quasar variability may be characterized in terms 
of stochastic processes. In particular, we stress the fact that, 
although the available quasar light curves are in form of dis- 
crete time series, the luminosity variations are continuous in 
time. Therefore, if we want to model the time evolution of the 
light emission, we have to use continuous models. 

3.1. Characterization of a Continuous Stochastic System 
The dynamical equations describing a physical, continuous, 

stochastic system can be generally written as (see the 
Appendix): 

x(t) =fix(t), u(t), m t] (i) 

where x(t) is an n-by-1 state vector, u(t) is an r-dimensional 
input process, and w(t) is an s-dimensional white noise process. 
If the system is linear, equation (1) becomes: 

x(t) = F(t)x(t) + B(t)u(t) + G(t)w(t), (2) 

where F(t) is the n-by-n state matrix, B(t) is the n-by-r input 

Fig. 1.—(a) Power spectrum of the complete light curve of 3C 446; (h) PS of the same data but with the CLEAN algorithmic) same as in (b) but limited to the first 
6000 days. The abscissae are in units of day”1. Notice the increase of intensity relative to the noise, from (c) to (b), of the peak (indicated by the arrow) corresponding 
to a periodicity of 1540d. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
92

A
pJ

. 
. .

39
1.

 .
51

8V
 

520 VIO ET AL. Vol. 391 

Fig. 2a Fig. 2b 
Fig. 2.—(a) Time series generated by the linear model (3) (6 = -0.9, a = 1.0, Ai = 0.01,1000 points); (b) time series generated by the nonlinear model (4) (a = 1.0, 

ß = 1.0). Note the similarity of this signal with the light curves of OVV quasars such as 3C 446 (Barbiéri et al. 1990) or 3C 345 (Vio et al. 1991). 

matrix, and G(t) is the n-by-s noise matrix. A useful character- 
istic of these systems is that they can be solved “exactly” (see 
the Appendix). 

In case of a stationary scalar process with no input u(i)9 
equation (2) can be written as 

x(i) = 6x(t) + <7w(i). (3) 

Figure 2a shows a time series generated by the process (3) 
with 9 = —0.9,4 cr = 1, and w(t) as a standard Gaussian white 
noise process. 

In a recent paper, Vio et al. (1991) have shown that the light 
curve of the OVV 3C 345 cannot be reproduced by means of 
linear processes. If the physical system is nonlinear, the situ- 
ation becomes complicated because in general it is not possible 
to solve equation (1) exactly (see the Appendix). 

Figure 2b shows a realization of the nonlinear process : 

x(t) = (a — 0.5)/? — x(t) + -s/2ßx(t) w(t) (4) 

with a = 1.0, ß = 1.0, and w(t) as a standard Gaussian white 
noise process. A comparison of Figure 2a with Figure 2b 
clearly shows that the two time series are different, the non- 
linear one being characterized by the presence of positive 
“bursts” of enhanced activity. The Keenan test (Keenan 1985) 
confirms that the time series of Figure 2b is nonlinear (95% 
confidence). However, the (maximum entropy) power spectra 
of the two signals are very similar (see Fig. 3). This fact demon- 
strates that the PS is not able to use all the information con- 
tained in the data. The reason is that this technique uses only 
the first two moments of the process. The use of a PS method is 
sufficient if the system is linear and the w(t) process is Gaussian, 
since the probability distribution function of the signal x(i) is 
Gaussian too (only the Gaussian distribution can be com- 
pletely described by the first two moments). But if the system is 
nonlinear, the probability distribution function of the x(t) is 
not Gaussian any longer; the knowledge of moments of order 
higher than 2 is required. A similar situation holds for the SF 
technique; Figure 4 shows the SF of the two time series: again, 
it is impossible to distinguish the two processes. 

4 The parameter 6 must be negative in order to avoid the “explosion” of 
the time series. 

3.2. Bispectrum and Other Statistical Methods 
A technique based on the principle of using the higher 

moments of the processes is the bispectrum analysis. The 
bispectrum of a discrete time series x0, xl9 ...9 xN^iis defined 
as 

^ (N-l) (N — 1) 
®2) = X £ r(ku k2)W(k1, k2) 

t!=-(iV-l) fc2= —(JV— 1) 
x exp [ —¿(cOiki + «2^2)] ? 

where 

I N-y 
Hki, k2) = - X (x, - x)(x,+kl - x)(xt+k2 - x) 

f = 0 

(y = max [09 kl9 k2]) 

is the sampled three-point autocovariance function of the time 
series, and W(kl9 k2) is a two-dimensional window function 
used with a smoothing purpose (Subba Rao & Gabr 1984; 

Fig. 3.—ME power spectra of the time series shown in Fig. 2a (continuous 
line) and Fig. 2b (dashed line) [abscissae in units of (Ai)“1]. 
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Log(Lag) 
Fig. 4.—First-order structure functions of the time series shown in Fig. 2a 

(continuous line) and in Fig. 2b (dashed line), in logarithmic coordinates. 

Chrysostomos & Mysore 1987). Using the three-point autoco- 
variance function, the bispectrum exploits up to the third 
moment of the processes; therefore, with nonlinear time 
series it is more powerful than the classical power spectrum. 
Unfortunately the bispectrum has two serious drawbacks 
(Chrysostomos & Mysore 1987): 

1. In absence of any “a priori” information, the results that 
it provides are of difficult interpretation. 

2. It is a very noisy function. 

Besides these well-known points, from numerical simulations it 
appears that the truncation and aliasing effects are more 
serious than for the classical Fourier transform, and sometimes 
they can unacceptably alter the results. Figures 5a and 5b show 
the modulus of the (unfiltered) bispectra for the time series in 
Figures 2a and 2b. Note that, although in principle the 
modulus of the bispectrum of a linear Gaussian process should 
be equal to zero, Figure 5a shows a peak near the origin. This 
effect is explained considering that the bispectrum of a linear 
(not necessarily Gaussian) process is given by (Subba Rao & 
Gabr 1984): 

BK, co2) = ^ + co2), 

where ji3 is the third moment of the white noise process w(i), 
and H(co) is the DFT of the process. For a Gaussian process, /x3 
should be equal to zero and therefore it should be B(col9 co2) = 
0 for every frequency. However, since in practice fi3 can only be 
estimated (fi3 will never be exactly equal to zero), and since 
the modulus of the DFT of the considered process is a 
strongly decreasing function of a>, the modulus of the quantity 
¡i3H(co1)H(co2)H*((d1 + co2) will quickly increase for fre- 
quencies œl and (o2 approaching zero. This means that great 
care has to be adopted in analyzing the bispectrum of a 
(positively autocorrelated) signal near the frequency origin. In 
any case, the difference between Figures 5a and 5b is clearly 
visible, indicating that the bispectrum is able to recognize the 
different nature of the time series. From a physical point of 
view, this difference is due to a phase coupling at some fre- 
quencies (NB: contrary to the PS, the bispectrum takes in 
account the phase information). A possible way of showing 

that the phase coupling plays a crucial role is based on substi- 
tuting the actual DFT phases of the nonlinear signal with 
independent, randomly distributed uniform phases (a distribu- 
tion which is typical of the linear stochastic signals). If the 
properties of the nonlinear signal are due to phase couplings, 
then they must be destroyed by this procedure. In fact, the time 
series obtained by inverting the DFT of the signal in Figure 2b 
with the phases uniformly randomized in the interval 0-27r 
shows characteristics similar to those of the linear process in 
Figure 2a [i.e., a Gaussian distribution of x(t), the absence of 
positive “bursts” in the signal, the negative response of the 
Keenan test]. It is interesting to note that the phase coupling in 
the nonlinear process shown in Figure 2b concerns only a few 
frequencies since a Kolmogorov-Smirnov test is unable to dis- 
criminate the nonuniformity of the phase distribution. The 
bispectrum provides the relevant information on the coupled 
frequencies. In Figure 6 we show as an example the bispectrum 
modulus of the rebinned (800 bins) light curve of the OVV 
quasar 3C 345; its shape indicates a strong phase coupling 
(and therefore a definite nonlinearity of the process) among the 
frequencies in the range 0-0.1 (in units of ~0.1 day-1). 
However, the physical interpretation of this result is still 
elusive. 

2-°i ^ 

Fig. 5.—Moduli of the (unwindowed) bispectra of the time series shown in 
Figs. 2a and 2b, respectively. Frequencies in units of (At)"1. 
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Fig. 6.—Modulus of the (unwindowed) bispectrum of the 3C 345 light 
curve. Frequencies in units of ~ 0.1 day -1. 

In the field of nonlinear, discrete time series analysis, a prom- 
ising technique is represented by the so-called SDM (state- 
dependent models) (Priestley 1980, 1988). The interesting 
properties of this general class of models is that they are able to 
identify, at least in principle, the specific kind of nonlinearity 
present in the data without any “a priori” information. The 
SDMs have allowed to establish that the OVV quasar 3C 345 
is a nonlinear stochastic system in a state of unstable equi- 
librium (Vio et al. 1991). In spite of their remarkable theoretical 
properties, the use of the SDM, even in the discrete case, is still 
limited to the identification of only a restricted number of 
nonlinear models (see Vio et al. 1991). Therefore, in the contin- 
uous case the SDM appears, at the moment, of limited use. For 
example they are not able to recognize that the time series of 
Figure 2h is nonlinear. 

In the literature other nonlinear, discrete, stochastic models 
are available: bilinear (Subba Rao & Gabr 1984), threshold 
autoregressive (Tong 1983), and exponential autoregressive 
(Ozaki 1985). In general, however, the utility of these discrete 
models is limited, since they have been developed only with 
forecasting purposes. 

3.3. Sampling Time Effects 
The influence of the data sampling time on the results of the 

analysis has often been neglected. However, if the continuous 
nature of the signal is not explicitly taken into account, the 
results provided by any method of analysis are in general to be 
expected to depend on the sampling time. 

To quantify this point, we reconsider the linear process (3). 
As shown in the Appendix, the evolution of such a process can 
be represented by means of a difference equation: 

xt+1 = ooc, + et+1 , (5) 

where ei+1 is a discrete white noise process. From the point of 
view of classical time series analysis, such a system represents 
an AR(1) model. This fact could suggest the possibility of 
obtaining information on a linear physical system by fitting the 
signal with the classical stochastic discrete models such as 
AR (autoregressive), MA (moving average), and ARMA 
(autoregressive moving average) (see Scargle 1981). Unfor- 
tunately, this is not true since the values of a provided by 
discrete algorithms critically depend on the sampling fre- 

VIO ET AL. Vol. 391 

quency. For example, using the results of the Appendix, it is 
possible to see that the parameter a of the discrete process (5) is 
linked with the parameter 0 of the corresponding continuous 
process (3) by 

a = exp (6At), (6) 

where Ai is the sampling time. Therefore, if the sampling fre- 
quency decreases (recall that 0 must be negative), the value of a 
goes to zero. In other words, if a signal is observed at discrete 
instants, it will tend to appear as white noise for Ai -> oo. This 
happens because the covariance between the values of con- 
secutive instants, a measure of the signal coherence, scales as 
exp (0Ai). 

The situation becomes even more critical with systems of 
order greater than one. In fact, the dynamical system: 

x(t) + 0! x(t) + 0O x(t) = w(i) 

can be easily shown to be equivalent to a discrete ARMA(2,1) 
model (see for example Pandit & Wu 1975): 

Xi - 01 X,-! - 02Xi-2 = et- 'l/et-l » (7) 

where 

0! = exp (p1 At) + exp (p2 At) 

02 = exp [(/*! + jU2)Ai] 

_ Oh - - ßxe^' ± (>1+'■2>ÄW,‘lA, - Mi^2A‘)] 
V - ß^)2 + ß1ß2(e^‘ - el‘lAt)2 - (p, - p2)2 

-0i±y0î-40o 
ßi, ßi = 2 ' 

Apart from the already mentioned 44 whiteness appearance ” of 
the signal for Ai -> oo, it is important to note that, at variance 
with the classical ARMA(2,1) models, the model (7) has only 
two independent parameters: once and p2 

are known, the 
three parameters 0!, 02, and 0 are completely determined. 
These facts imply that the parameters of the model (7) cannot 
be estimated by means of the classical ARMA algorithms, since 
they assume the independence of the characteristic parameters. 

In the nonlinear case, the effects of the sampling time cannot 
be modeled in a simple way, since it is difficult to construct 
equivalent discrete representations of the continuous pro- 
cesses. In general, however, some conspicuous consequences 
are to be expected, especially in regard to the possibility of 
recovering the kind of nonlinearity of the process. For 
example, if the characteristic time of the sampling is doubled, 
both the Keenan test and the bispectrum are not able to realize 
the nonlinearity of the time series of Figure 2b. This last point 
has important implications. 

Statistically, a given process could display certain kind of 
nonlinearities or even appear as a linear process, depending 
only on the frequency sampling. 

3.4. T echniques of Multifractal Analysis 
Besides the statistical methods described in the previous sec- 

tions, other approaches to the characterization of experimental 
signals come from methodologies developed in the context of 
nonlinear physics. 

In general the signal generated by a linear and Gaussian 
stochastic process has a Gaussian distribution of the in- 
crements Ax(i) = x(t + Ai) — x(t). On the contrary, the distri- 
bution of increments for a nonlinear signal often shows the 
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existence of quasi-exponential tails of the kind P(Ax) « 
exp (—aAx), as reported in Figure 7 for the signal of Figure 2b. 
Exponential tails may be a sign of the so-called intermittency 
phenomenon (see, e.g., Paladin & Vulpiani 1987 and quoted 
references therein), i.e., of the fact that the signal can display 
occasional strong bursts of enhanced activity interwoven with 
long periods of“ quiet ” activity. In fact, exponential tails imply 
a probability of large increments which is much larger than 
Gaussian. The time series of velocity and of velocity gradients 
in turbulent flows are a classic example of intermittent signals, 
see, e.g., Basdevant et al. (1981), Benzi et al. (1984,1986), Frisch 
& Parisi (1985), Paladin & Vulpiani (1987), and Sreenivasan & 
Meneveau (1988). 

A quantitative way of characterizing the intermittent behav- 
ior is the determination of the multifractal properties of the 
signal under study. Fractal objects are now widely used in the 
modeling and interpretation of natural phenomena (see, e.g., 
Mandelbrot 1982; Pietronero & Tosatti 1986; Schertzer & 
Lovejoy 1987; Martinez et al. 1990; Heck 1990; Heck & 
Perdang 1991), due to their capability of compacting the infor- 
mation on the scaling and clustering behavior of the system. In 
this paper, we do not consider the dynamical implications of 
fractality, but we use the multifractal analysis methods as a tool 
for extracting information from a given signal, analogous to 
what is done by the PS analysis or by other statistical methods. 
Since intermittency is associated with multifractality, the detec- 
tion of a multifractal behavior is an indication of the presence 
of intermittency in the data set under study. 

A basic ingredient in the study of fractal sets is the definition 
of the fractal (or box-counting) dimension. To be consistent 
with the analysis of time series, here we consider the case of 
a set of points on a line (such as the set of measured data points 
as a function of time); the extension to larger ambient spaces is 
trivial. In general, one is interested in appropriately measuring 
the portion of the time axis which is occupied by the parts of 
the signal with “enhanced activity.” For example, if we con- 
sider the time series of the squared increments (Ax)2, which 
may be taken as a positive-defined measure of the power of the 
fluctuations in the signal (i.e., of the “activity” of the system; 
Sreenivasan & Meneveau 1988), we could take only those parts 
of the time series characterized by (Ax)2 greater than a given 
threshold Ao, and measure the portion of the time axis 

Fig. 7.—Logarithm of the distribution of the increments Ax(t) for the non- 
linear time series shown in Fig. 2b. 

occupied at varying Aq. The appropriate characterization of 
this quantity is provided by the “fractal dimension” of the 
distribution of the data points with (Ax)2 > Aq. The fractal 
dimension D(0) of a point set on a line (say the time axis) is 
given by 

D(0) = lim 
e->0 

log N(e) 
log 1/6 ’ 

where V(e) is the number of segments with duration e which 
are needed to cover completely the point set. If D(0) is equal to 
one, then the point set under study covers completely the line; 
in this case the point distribution may be considered to be 
essentially homogeneous. If D(0) < 1, then the points do not 
cover completely the line, in this case a hierarchy of dis- 
homogeneities exist in the distribution. 

The definition of the box-counting dimension can be gener- 
alized for calculating the entire spectrum of the generalized 
fractal dimensions. This can be done by associating a measure 
pfe) to each one of the N(e) segments with size 6 which are used 
in the covering procedure. In the simplest case, this measure 
may be the number of points covered by each segment; more 
generally, the measure p^e) of the ith segment is provided by 
the sum of the “ strengths ” associated with the points covered 
by the segment, i.e., by the integral of the square of the time 
series over the ith segment. The generalized dimensions Diq) are 
then defined as 

^ 1 lim log LlMl 
4 ~ 1 e-o log € 

The generalized dimensions D(q) at increasing q’s refer to the 
distribution of the higher moments of the signal. Thus, com- 
puting the generalized dimension for increasing values of q is 
essentially equivalent to computing D(0) for increasing values 
of Aq. However, the calculation of the generalized dimensions 
D(q) is in general more stable and it must be preferred. If all the 
generalized dimensions are equal, then the signal is mono- 
fractal and no intermittency is present; on the contrary, in the 
general case Diq) > D(q,) for q < q' the signal is multifractal and 
intermittent (Benzi et al. 1984; Halsey et al. 1986; Paladin & 
Vulpiani 1987). In other words, an intermittent signal is char- 
acterized by the fact that its higher moments are less and less 
“line filling” (i.e., they are more rare) as the order of the 
moment increases. 

Before applying the multifractal analysis to a given stochas- 
tic signal, we have first to select an appropriate measure. 
Clearly, the measure must be positive-definite. A good measure 
for a time series may be obtained by considering the integral of 
the square of the increments of the signal on each of the Af(e) 
segments, i.e., 

M 
pié) = X [Ax^.)]2©^, - {U - + e/2) - i,]Ai, 

7=1 
where 0(i) is the Heaviside step function, M is the total 
number of points in the time series, and, tt — e/2 and ti 4* e/2 
are, respectively, the lower and upper edges of the ith segment 
with duration e centered in the point if. 

Figure 8 reports the results of the multifractal analysis for 
the linear signal in Fig. 2a and for the nonlinear one in Fig. 2b. 
For simplicity, the generalized dimensions have been com- 
puted only for q varying from q = Oto q = 4, due to the limited 
number of points in the time series. In this way, the results 
indicate exactly the type of behavior which could be encoun- 
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q 
Fig. 8.— Generalized dimensions D(q) vs. q for the linear time series (filled 

squares) and for the nonlinear one (filled circles) shown in Figs. 2a and 2b, 
respectively. The error bars are the 95% confidence limits on the linear least- 
squares fit of log (Z) vs. log (e) in the scaling range. 

q 
Fig. 9.—Generalized dimensions Diq) vs. q for the light curves of PKS 

2155 — 304 (filled squares) and of 3C 345 (filled circles). The error bars are the 
95% confidence limits on the linear least-square fit of log (Z) vs. log (e) in the 
scaling range. 

tered in the analysis of real quasar time series. Note also that 
the finite number of data points does not allow for taking the 
limit 6 —> 0 in the definition of the generalized dimensions. This 
situation is common to all analyses of experimental or numeri- 
cal data; the common approach is to verify the scaling behav- 
ior of the partition functions Z(e, q) = [/¿¿(e)]9 (i.e., their 
power-law dependence on e), and then to compute the gener- 
alized dimensions from the linear least-square fit of log Z 
versus log e in the scaling range. 

The D(0) dimension is about one for both the signals con- 
sidered here, indicating that the signals themselves are line- 
filling. For higher values of q, a decrease of the generalized 
dimension with increasing order q is observed for both the 
linear and the nonlinear time series. However, in the case of the 
linear signal the decrease of the dimension is quite limited, and 
it may be entirely ascribed, as numerical simulations have 
shown, to a lack of statistics in the time series (higher order 
moments are more sensitive to the problem of a limited 
number of data points). Thus, the linear signal is monofractal 
and nonintermittent. On the other hand, the situation is com- 
pletely different for the nonlinear signal. In this case, the 
decrease in the generalized fractal dimension with increasing q 
is quite strong and cannot be ascribed to the limited statistics. 
For the nonlinear signal, the higher moments are not line 
filling; the signal is thus intermittent. 

In Figure 9 we show, as an example, the generalized dimen- 
sions D(q) for 0 < g < 4 for the X-ray light curve of the BL Lac 
object PKS 2155 — 304 (Tagliaferri et al. 1989) and for the 
optical light curve of quasar 3C 345 (Vio et al. 1991). While the 
X-ray curve displays a continuous “white noise” activity 
superposed to a long-term trend, the light curve of 3C 345 
displays isolated periods of strong activity in a generally 
quiescent background. From Figure 9 one sees that the X-ray 
curve does not show any multifractality, the dimension 
decreasing from a value of about 0.95 for qr = 0 to a value of 
about 0.9 for q = 4, consistent with the results found in the case 
of linear monofractal signals. By contrast, the light curve of 3C 
345, in accordance with the previous analyses based on the 
SDMs, shows a clear evidence of a strong multifractal and 
nonlinear behavior. Note that for this signal D(0) is about 0.75; 

since the light curve of 3C 345 is irregularly sampled, this 
indicates that the signal itself is not line filling due to lack of 
data points in the time series. However, the strong decrease of 
the dimensions D(q) for g > 0 clearly indicate the multifractal 
and nonlinear nature of this process. 

3.5. Some T rends in the Analysis of Stochastic 
Dynamical Systems 

The methods presented above provide only a statistical 
characterization of the signals under study. As seen in the pre- 
vious sections, several ambiguities are encountered when 
attempting to reconstruct the system dynamics from the 
analysis of a single time series. In order to recover the 
dynamics of a continuous system, it is therefore necessary to 
know (at least approximately) the kind of processes governing 
its evolution. 

A possible way of obtaining the stochastic equations 
describing the dynamics of a given physical system is to dirty 
its characteristic equations. In the case of quasars, this oper- 
ation could be carried out on the characteristic equations of 
the various models for the “ fueling machine.” Afterward, one 
could try to fit the “ dirtied ” equations to the observed time 
series. For example, in the case of the time series in Figure 2a it 
is possible to calculate analytically an estimate for the param- 
eter 6 of the model (3), throughout equations (5) and (6), by 
means of a least-squares algorithm (in this case, exactly equiva- 
lent to the maximum likelihood one) given that the sum of the 
squared residuals is 

S2 =Z (X< + 1 -xte
9At)2 . 

t 

The result obtained is 

0~-O.96. 

Unfortunately, this good result has been obtained “ almost by 
chance” since, as Figure 10 shows, the estimator of the 9 
parameter has a very dispersed distribution. This indicates, 
especially if one keeps in mind that the process simulated in 
Figure 2a is not a very noisy one, that in general the fitting of 
stochastic equations to an observed time series is not a 
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Fig. 10.—Distribution of the 6 parameter obtained from the least-squares 
estimator for the linear model (3). The parameter values are the same used for 
the time series shown in Fig. 2a; a total of 1000 simulations have been con- 
sidered. 

straightforward operation. The situation becomes even more 
unfavorable with systems of order greater than one and/or 
with nonlinear systems. Moreover, there is the problem of the 
measurements errors that “ dirty ” the data with a noise which 
is not intrinsic to the system. Some algorithms are able to deal 
with this situation (see, e.g., Segal & Weistein 1987 for a 
review), but their use is very complicated, and their per- 
formances, except in very simple cases, are not known (this is 
the reason why statisticians have elaborated the discrete 
models). 

At the moment, in our opinion, a more satisfactory 
approach is to assume some values for the parameters of the 
dirtied dynamical equations, to solve these with the methods of 
the local linearization, or of the numerical approximation, as 
indicated in the Appendix, and to compare, on the basis of 
their bispectra, multifractal properties and probability dis- 
tributions, the synthetic curves obtained from the models with 
the observed ones. In this way it becomes available the “a 
priori ” information necessary to interpret the results provided 
by the data analysis methods. 

4. CHAOTIC ANALYSIS 

The irregular and unpredictable behavior of a given physical 
system is not necessarily due to a stochastic dynamics (namely 
to the action of a large number of excited degrees of freedom); 
it could be generated by the chaotic (even though 
deterministic) dynamics of a limited number of collective 
modes (see, e.g., Eckmann & Ruelle 1985). In the latter situ- 
ation, the appropriate model to use is a system of a few deter- 
ministic ordinary differential equations. In the case of quasars, 
is not possible “ a priori ” to exclude that their irregular light 
curves could be ascribed to a situation of low-dimensional 
deterministic chaos, rather than to a fundamental stochastic 
nature of the dynamics. In our opinion, however, it is hard to 
think that the physical conditions of a system as complex as 
the central regions of a quasar could be described in terms of a 
small number of active modes. At the present level of knowl- 
edge, it is more reasonable to assume that the physical quan- 
tities such as the temperature, the density, the emissivity, etc., 
may be subject to random fluctuations due, for example, to 
small changes in the accretion rate of the black hole. 

In any case, here we consider some of the standard methods 
used to search for the presence of low-dimensional determin- 
istic chaos from a measured time series, and we show how a 
blind aplication of these methods may lead to erroneous con- 
clusions in the absence of a clear information on the physics of 
the system (see also Osborne & Provenzale 1989; Provenzale, 
Osborne, & Soj 1991). 

4.1. Definitions and Outlines 
The basic fact underlying the practical interest of determin- 

istic chaos is the discovery that even very simple systems, 
described by a few coupled nonlinear ordinary differential 
equations, can have solutions as unpredictable as a coin toss 
(Lorenz 1963; see Eckman & Ruelle 1985 for a review). The 
idea thus grew that the complex and irregular behavior of 
some physical systems could be due to the presence of deter- 
ministic chaos in the system phase space and not necessarily to 
a stochastic nature of the system dynamics. A large number of 
carefully controlled laboratory experiments have now been 
conducted in order to determine the role of deterministic chaos 
in the dynamics of irregular systems; in many cases a clear 
evidence of the presence of low-dimensional deterministic 
chaos in the system phase-space has been obtained 
(Brandstater et al. 1983; Malraison et al. 1983; Ciliberto & 
Gollub 1984, 1985; Swinney & Gollub 1986). Similar 
approaches have been considered also in the analysis of the 
variability of astronomical objects (e.g., Goupil, Auvergne, & 
Baglin 1988; Lochner, Swank, & Szymkowiak 1989; Cannizzo, 
Goodings, & Mattei 1990; Kollath 1990; Harding, Shinbrot, & 
Cordes 1990). In the majority of cases, the low-dimensional 
chaotic dynamics plays a dominant role only in the transition 
from a regular flow (e.g., a laminar flow in a fluid dynamical 
context) to fully developed turbulent conditions. Another 
common case is represented by systems in which there is a 
competition among a small number of oscillatory modes; in 
this case the system may chaotically wander from one oscil- 
latory state to another. In general, low-dimensional chaos is 
associated with a limited space complexity of the system, i.e., 
with the existence of long space correlations. It is still unclear 
whether chaotic dynamics may play a relevant role in fully 
developed conditions. 

For driven and damped systems (the most frequent in 
nature), a common origin of low-dimensional chaos is related 
to the presence of a strange attractor in the system phase space 
(Guckheneimer & Holmes 1983; Lichtenberg & Lieberman 
1983; Eckmann & Ruelle 1985). In general, strange attractors 
have fractal properties, characterized by a fractal dimension D 
which is larger than their topological dimension DT = 1 (since 
a strange attractor is a curve from a topological point of view). 
In general, the larger the dimension of the strange attractor, 
the more chaotic is the dynamics of the system. A way of 
quantitatively characterizing the degree of chaoticity is in 
terms of the sign of the largest Liapunov exponent of the 
dynamics: a positive Liapunov exponent corresponds to a 
chaotic dynamics with sensitive dependence on initial condi- 
tions and exponential divergence of nearby phase space orbits. 
In this case, even an infinitesimal error on the initial conditions 
is rapidly amplified; the state of the system thus becomes 
unpredictable. 

4.2. Methods 
The attractor dimension is an important physical quantity 

since it is related to the number of excited modes in the system. 
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In general, if a driven and damped deterministic system is 
dominated by the presence of an attractor with dimension D, 
then an estimate of the number n of modes necessary to 
describe the system evolution is given by n = 2D + 1, i.e., the 
system dynamics could be in principle modeled by n coupled 
nonlinear ordinary differential equations (Mané 1981). This 
result has been rigorously proven for nonfractal attractors; 
traditionally, it is believed to hold also for fractal ones. The 
above observations have stimulated the development of 
methods for reconstructing the system phase space and for 
calculating the fractal dimension of the possibly existing 
strange attractor from a measured time series (Takens 1980; 
Packard et al. 1980). Given a (scalar) time series x(if), f = 1,..., 
AT, a common method to obtain a pseudo-phase space of the 
system is to consider the d-dimensional vector jrfo) built by the 
scalar signal itself and by the (q — 1) time-delayed values 

x(ti) = {x(í¿), x(ti — t), x(i£ — 2t), ..., x^ti — (d — 1)t]} , 

where t is an appropriate time delay which may be fixed by 
several methods; see, e.g., Fraser & Swinney (1986). Clearly, 
the results must be independent on t. The time-embedding 
procedure may be physically understood as a substitution of 
the actual phase space variables with the “numerical” time 
derivatives of the signal. The next step is then to study the 
properties of the system in the pseudo-phase spaces at increas- 
ing values of the embedding dimension d. To this end, a particu- 
larly useful method has proven to be the calculation of the 
correlation integral (Grassberger & Procaccia 1983a, b) given 
by 

C/r) = -^ £ 0[r - I Ar(i,) - x(tj) \ ] , 
iy i,j= 1 

where 0 is the Heaviside step function; the correlation integral 
Cd(r) measures the probability that two points of the time series 
in the reconstructed (pseudo)-phase space with dimension d 
are closer than the distance r. If the system dynamics is govern- 
ed by a strange attractor, it is possible to show that at small r 

Cd(r) oc rDM 

and that 

lim D2(d) = D2 , 
d-+co 

where D2 is the correlation dimension of the strange attractor; 
D2 is an approximation to the fractal dimension of the attrac- 
tor. Another useful quantity which can be extracted from the 
correlation integral is the K2 entropy defined as (Grassberger 
& Procaccia 1983b) 

K2 = lim K2(d) , 
d~* oo 

where 

K2(d) = - log 
T 

Cd(r) 
Cd+1(r)- 

The K2 entropy is an approximation to the Kolmogorov-Sinai 
invariant entropy K. This latter is a measure of the degree of 
chaoticity of a system: regular systems are characterized by a 
null entropy, whereas chaotic and stochastic systems are char- 
acterized by a finite and, respectively, divergent (i.e., contin- 
uously growing) value of K. The K entropy is related to the 
Liapunov exponents of the dynamics; in particular, it is an 

upper bound to the sum of the positive Liapunov exponents 
(see, e.g., Eckmann & Ruelle 1985). The quantity 1/K has an 
important physical meaning since it provides an estimate of the 
predictability time of the system. 

The convergence of the correlation dimension at increasing 
d’s, and the finite value of the K2 entropy, are rigorous results 
for systems which are dominated by a low-dimensional strange 
attractor. However, in the analysis of experimental signals this 
route has been reversed, and the phase space reconstruction 
methods, the calculation of the correlation dimension and of 
the K2 entropy have been used on systems whose detailed 
dynamics is unknown. In this approach, the phase-space 
reconstruction is pursued on a given experimental signal and a 
family of pseudo-phase spaces with increasing embedding 
dimension d is generated. In each of these spaces, the corre- 
lation integral is computed, and the scaling properties of Cd(r) 
are analyzed. When the correlation integral has a power-law 
behavior, then the exponent D2(d) is computed. If, for increas- 
ing values of d, the scaling exponent D2(d) saturates to a finite 
value D2, the system dynamics is supposed to be governed by a 
strange attractor with correlation dimension D2. The K2 
entropy is computed as well, a finite value of X2 is considered 
as a further indication of the presence of a strange attractor in 
the system phase space. Thus, finite and convergent values of 
the dimension D2 and of the K2 entropy have been taken 
almost as proofs of the presence of low-dimensional chaos in 
the dynamics of systems with irregular behavior. 

The above picture, however, may be misleading, since there 
are simple stochastic processes, characterized by power-law 
power spectra, which lead to a finite value of the estimated 
correlation dimension D2 and to a converging estimate of the 
K2 entropy when a time-embedding procedure is applied 
(Osborne & Provenzale 1989; Provenzale, Osborne, & Soj 
1991). Here we consider the two signals reported in Figures 2a 
and 2h, and we show that in this case an analogous situation is 
found as well. Figure 11 shows the exponent D2(d) versus the 
embedding dimension d as computed from the time series pro- 
duced by the linear stochastic system (Fig. 2a) and by the 
nonlinear one (Fig. 2b). No significant difference is observed 
between the two cases; for both systems the dimension esti- 

Fig. 11.—Correlation dimension D2(d) vs. the embedding dimension d for 
the time series shown in Fig. 2a (filled squares) and in Fig. 2b (filled circles). 
The error bars are the 95% confidence limits on the linear least-squares fit of 
log Cd(r) vs. log (r). 
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Fig. 12.—Correlation entropy K2(d) vs. d for the time series shown in Fig. 
2a (filled squares) and in Fig. 2b (filled circles). The error bars are the standard 
deviations on log [C(n)/C(n + 1)] in the scaling range. 

mate converges to a value which is fixed by the logarithmic 
slope of the power spectrum of the signals, independent of the 
differences in the phase distribution. Since the power spectrum 
is approximately the same, the saturation dimension is the 
same for the two signals. Analogously, the estimated K2 
entropy converges for both signals, as shown by Figure 12. 
Thus, not only the dimension and entropy estimates (through a 
time-embedding procedure) would erroneously suggest the 
presence of deterministic chaos (a fact which is absurd since the 
two signals have been produced by stochastic processes), but 
they are also unable to distinguish between the two time series. 
Once more, it is necessary to have some clear knowledge on the 
system dynamics before drawing any conclusion. In other 
words, extreme care must be taken before claiming the pres- 
ence of chaos on the basis of the analysis of just one or a few 
time series. Finally, as an example we show in Figure 13 the 
correlation dimension D2(d) versus the embedding dimension d 
for the (X-ray) light curve of the BL Lac object PKS 
2155 — 304: no saturation is present in the dimensions, so that 
a stochastic nature is strongly suggested for this signal. 

d 
Fig. 13.—Correlation dimension D2(d) vs. d for the (X-ray) light curve of 

the BL Lac PKS 2155 — 304. The error bars are the 95% confidence limits on 
the linear least-squares fit of log CJ(r) vs. log (r). 

5. COMPOSITE STOCHASTIC SYSTEMS 

The previous section has been developed with the implicit 
assumption that the dynamics of physical process under study 
is due to the evolution of a single system. In the case of quasars, 
this means that the variations of the flux emitted are due to the 
evolution of a single component (e.g., the inner part of an 
accretion disk or the lensing of the light through an intervening 
galaxy). However, other scenarios are a priori possible. For 
example, the dynamics of the process could be due to the evo- 
lution of several independent systems (in this case little infor- 
mation can be retrieved by the simple analysis of a time series), 
or to the evolution of a system composed by many subunits. In 
the latter case, if the behavior of any subunit is independent on 
the dynamics of the other ones, the observed time series can be 
thought to be the realization of a shot noise process. In past 
years, various methods for deriving the shape of the “shots” 
from an observed time series have been proposed (Fahlman & 
Ulrych 1975, 1976; Scargle 1981, 1990). These methods are 
generally based on a fit with a linear MA (moving-average) 
model of the data (the MA model is closely related to the shot 
noise process; see, e.g., Scargle 1981). However, before using 
these methods it is necessary to check the linearity of the 
time series (in other words it is necessary to check the 
“independency” of the bursts). In fact, if the time series is 
stationary but nonlinear (namely, if the bursts interact among 
them somewhow), then Wold’s theorem (Wei 1990) assures the 
existence of a linear MA representation of the procès that, 
however, has no physical meaning. 

Even more than in the situation described in the previous 
sections, in the case of a nonlinear, multiple subunit model, it is 
difficult to investigate the system dynamics in the absence of an 
a priori physical input. In order to elucidate this point, we have 
simulated a simplified version of the “ hot spots ” accretion disk 
models of Wiita et al. (1990) and Abramowicz et al. (1989). 
According to these authors, the variations of the quasar lumi- 
nosity are due to the Poissonian formation of bright, noninter- 
acting regions (hot spots) on the surface of an accretion disk 
orbiting a black hole. Contrary to what is experimentally 
observed (e.g., Remillard et al. 1991), the time series obtainable 
by these models appear uniform (see, for example, Fig. 2 of 
Abramowicz et al. 1989): they are not able to produce sudden 
bursts of large amplitude. We have simulated a nonrotating 
“ square ” accretion disk, composed by 10,000 subunits, with a 
uniform brightness of value 1. On the accretion disk the “hot 
spots ” are formed according to the following rules : 

1. The time occurrence of the “hot spots” follows a Pois- 
sonian statistics. 

2. Every “ hot spot,” when it appears, completely occupies a 
subunit whose luminosity goes to 2. 

3. The life time is equal for all the “hot spots,” with an 
abrupt turn-on and turn-off. When a “ hot spot ” is overlapped 
by another one, its life starts from the beginning again. 

4. When n “ hot spots ” occupy the same area, the luminosity 
of the subunit increases to 2". This kind of multiplicative non- 
linearity has been chosen following the results obtained by Vio 
et al. (1991). 

Figure 14a shows a typical light curve (1000 time units long) 
generated by this model. Figure 14b shows the corresponding 
light curve without the nonlinear mechanism (in other words 
in the second case, when n “ hot spots ” occupy the same area, 
the luminosity of the subunit becomes n x 2). From the com- 
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Fig. 14a Fig. 146 
Fig. 14.—Time series generated by the disk model described in the text, (a) Nonlinear model (the number of bursts for time units = 50, life of the bursts = 70 time 

units, frequency of the signal sampling = 10 time units, 1000 points in the time series, brightening factor = 2). (b) Corresponding linear model (see text). 

parison of the two figures, it is clear that only the nonlinear 
model is able to produce bursts. However, the Keenan test 
(95% confidence) is unable to realize the nonlinearity of this 
time series. The problem is that “in se” the process is not 
entirely nonlinear: the nonlinear component is due only to the 
overlapping “hot spots,” while the contribution of the isolated 
“hot spots” can be regarded as a shot noise (and therefore 
linear) process. Without physical information, the two contri- 
butions cannot be separated, and therefore the process cannot 
be identified. 

6. CONCLUSIONS 

In this paper we have examined some of the possible sta- 
tistical approaches to the analysis of time series in astronomy. 
The results which we have obtained can be summarized as 
follows: 

1. The classical statistical methods (e.g., PS, SF, and covari- 
ance analysis) for the analysis of temporal data are often 
useless and even misleading since, unless the physical processes 
under study are linear, they are not able to use all the informa- 
tion contained in the data. 

2. It is necessary to develop techniques better suited to deal 
with nonlinear continuous time series, since it is probable that 
many astrophysical signals, e.g., the light curves of quasars 
(Vio et al. 1991), fall into this category. The bispectrum analysis 
(Subba Rao & Gabr 1984; Chrysostomos & Mysore 1987), or 
the multifractal analysis (Mandelbrot 1982; Paladin & Vul- 

piani 1987; Sreenivasan & Meneveau 1988) represent a 
progress in this direction. In general, the procedure of rando- 
mizing the DFT phases of the signal turns out to be a powerful 
test for distinguishing between linear and nonlinear stochastic 
signals. The development of state-dependent models (Priestley 
1980, 1988) is another possible approach. Most of the existing 
methods in the latter context, however, have been developed in 
the assumption of discrete systems and therefore, although 
useful for a statistical characterization of the processes, have a 
limited physical meaning. 

3. The application of methods derived from the theory of 
dynamical systems (namely phase-space reconstruction and 
the use of dimension and entropy estimators), although 
extremely simple and fashionable, may lead to conceptual 
errors if a careful evaluation of the system dynamics is not 
pursued. 

4. Especially in a nonlinear context, the derivation of the 
dynamics of a system from the simple analysis of an observed 
time series turns out to be a quite difficult task. Consequently, 
before attempting a physical interpretation of a given signal, it 
is necessary to have some a priori information on the system 
under study. 

It is a pleasure to thank C. Barbiéri for helpful discussions 
and suggestions; P. Andreani, L. Danese, G. De Zotti and L. 
Tosatto for carefully reading the manuscript; and J. Lehar for 
the code of the CLEAN algorithm. 

APPENDIX 

STOCHASTIC DIFFERENTIAL EQUATIONS 

The most general state space representation of a deterministic linear dynamic system of order n can be written in the form : 

i:(i) = F(t)x(t) + B(t)u(t), (Al) 

where x(t) is an n-dimensional state vector (the n dimensions corresponding to the fact that the system is described by nth order 
dynamics); F(t) is the corresponding time-dependent n-by-n state matrix; u(t) is an r-dimensional input vector giving the system 
input; and B(t) is the corresponding n-by-r input matrix. For example, the state space representation of the time-invariant, second- 
order, single-input system 

x(t) + at x(t) + a2 x(t) = u(t) 
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is 

The solution of equation (Al) with initial condition x(t0) = x0 is (Maybeck 1979) 

x(t) = <P(í, t0)x0 + <P(í, t)B(t)u(t)(Ít , (A2) 
Jío 

where ) is the transition matrix defined as the n-by-n matrix that satisfies the differential equation and initial condition: 

dl0(t, t0)-]/dt = F(t)4>(t, t0) 

*(to, t0) = I 
where I is the identity matrix of order n-by-n. If a dynamical system is “ disturbed ” by a continuous Gaussian white noise process, a 
natural extension of equation (Al) is 

x(t) — F(t)x(t) + B(t)u(t) + G(t)w(t), (A3) 

where w(t) is the s-dimensional input white noise process and G(t) is an n-by-a matrix. The solution of equation (A3) can be formally 
written as 

*(t) = t0)x0 + &(t, T)B(x)u(T)dx + 
JíO 

however, the last term in this equation cannot be evaluated properly, and thus equation (A4) has no real meaning. In fact, if we want 
to extend to the continuous case w(t), then it is implied that no correlation exists between w(ti) and w(tj), even for and tj separated 
by only an infinitesimal amount. This is contrary to the behavior exhibited by any process observed in nature. Moreover the power 
spectrum of such a process would be constant over all frequencies; that is, it would be an infinite power process: it cannot exist. It 
can be demonstrated (e.g., Maybeck 1979) that the correct solution of equation (A3) is given by 

x(t) = 3>(í, ío)*o + i ®(t, T)B(T)u(T)dT: + i #(£, z)G(T)dß(T), (A5) 
Jío Jío 

where ß(t) is a multivariate Brownian motion process of strength Q(t). This process has the following properties : 
1. It is a process with independent increments, namely if £0 < ^ < £2 * * ' < £* is a time partition of temporal interval T, and 

#(£, z)G(T)w(T:)dT (A4) 

¿i = - Ato)] 

¿2 = iß(t2) - ßitj] 

— C/K¿iv) — ß(tN-i)] 
then the increments Ai are mutually independent for any such partition of T. 

2. The increments are Gaussian random variables such that, for ^ and t2(t1 < £2) any time instants in T, 

Elß(t2) - ßitJi = 0 

Q(t)dt, 
i 

where Q(t) is a symmetric and positive semidefinite matrix. The last term in equation (A5) is a stochastic integral of Wiener. Using 
the properties of this integral it is possible to demonstrate that the solution of equation (A3) at a set of (not necessarily equispaced) 
instants í í , i2, ... is given by 

4ii+1) = <*»({,-+1, t¡)x(ti) + ujti) + wAti), (A6) 
where 

E{iß(t2) - ßitAmtj - ßdAV} 

rí«+i 
«d(í¡) = J ^(í¡+1, r)B(i)u(T)dT , 

and n>A‘) is an n-vector-valued white Gaussian discrete-time stochastic process with the following properties: 

EWhÏÏ = 0 

= QAti) = r)G(T)Q(T)GT(x)0T(tl+u x)dz 

£[H’d(t¡)H’í(íJ)] =0 t¡ # tj . 

(A7) 
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In this way, with a regular sampling, the solution of the system (A3) is given by the solution of an ordinary system of difference 
equations. 

In the nonlinear case, the dynamical system can be generally represented by 

x(t) =/[x(í), u(t), w(t), í] . (A8) 

However, such a model is very difficult to develop rigorously (Maybeck 1982). Therefore it is necessary to limit ourselves to less 
general models such as 

dx(t) =f[x(t), u(t), t]dt + G[x(tl f]dß(t). (A9) 

The equation (A9) represents the so-called Itô stochastic differential equation, but unfortunately even in this simplified form it 
does not exist a general method to solve it. Two possible methods to accomplish this aim are (1) a local linearization of the process 
(Ozaki 1985) or (2) numerical methods (McShane 1974; Maybeck 1982; Mirsthein 1974, 1978; Sancho et al. 1982; Klauder & 
Petersen 1985; Hernandez 1991). 
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