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ABSTRACT 
We construct models of spherically symmetric stars in which a central neutron star core is accreting 

material from an envelope (Thorne-Zytkow objects or TZOs). Core masses are allowed to grow by accretion 
from ~0.5 to 2.0 M0, and envelope masses range from ~0 to 30 M0. We find models populating the entire 
range of both parameters, and a limited range of parameter space in which two distinct types of model can 
coexist, one where gravitational energy and one where nuclear energy is the dominant source of energy. 
Subject headings: stars: interiors — stars: neutron 

1. INTRODUCTION 

There are at least two circumstances in which it can be 
anticipated that a star will be formed which has a neutron star 
or black hole core at the center of a normal stellar envelope: 
such a star will be referred to as a “ Thorne-Zytkow object ” or 
TÍO (Thorne & Zytkow 1975,1977; hereafter collectively TZ). 
The circumstances are as follows : 

1. In a globular cluster, a direct or near-direct collision 
between a neutron star and a normal star (dwarf or giant) may 
result in the capture and coalescence of the two objects into a 
single object (Rufiert & Müller 1990). 

2. In a massive X-ray binary (MXRB), evolution of the 
massive normal star may cause it to engulf the neutron star 
companion, leading to a common envelope, spiral-in, and ulti- 
mately complete coalescence. 

The former process may lead to TZOs of ~2-3 M0, while the 
latter might lead to TZOs of considerably greater mass. In this 
paper, we examine simple models of TZOs over a considerable 
range of both core mass (0.5-2 M0) and envelope mass (~0-30 
M0). Unlike the original investigation by TZ, we model the 
entire star instead of just the envelope down to the radius and 
mass of an assumed neutron core; we therefore do not have to 
make the assumption of steady state mass inflow, although our 
models do show just such a steady state inflow in practice. We 
do however make some different simplifications in the present 
investigation, although with the intention of removing them in 
later investigation. In particular, for the present we neglect all 
nuclear reactions except the burning of hydrogen to helium, 
and we do not yet attempt the refinements of very high tem- 
perature hydrogen burning, such as the interruption of CNO 
or NeNa cycling by ^-decays which are slow compared with 
proton capture. In effect we assume that hydrogen burns to 
helium by the usual CNO cycle, and that the helium then 
metamorphoses directly (by means of an artifice) into neutrons 
at an approximately high density. Since all the reactions 
between helium burning and neutronization involve only the 
release of ~ 15% as much energy as hydrogen burning, we feel 
that this approximation can be justified in some circumstances. 

1 On leave from Institute of Astronomy, Cambridge. 

Before discussing our computational procedure, in § 2, we 
consider in a little more detail the second possibility above. 
Although it may seem likely, even inevitable, that MXRBs will 
evolve into a common envelope (CE) configuration, because 
Roche lobe overflow (RLOF) will transfer matter at such a 
considerably super-Eddington rate that the compact com- 
ponent will be unable to accept most of it, there is at least one 
reason for supposing that the end result will not be coalescence 
into a TZO ; and there is also at least one reason for supposing 
that the system will respond to rapid mass transfer by some 
mechanism that avoids a CE phase. First, it is rather likely that 
close double neutron star binaries such as 1913 + 16 (Hulse & 
Taylor 1975) are formed by CE evolution without coalescence. 
The kind of scenario (Flannery & van den Heuvel 1975) 
invoked to explain 1913 + 16 requires that the CE be formed 
when the massive normal star has evolved to a yellow or red 
supergiant with central helium burning, or perhaps a little 
beyond. It is then assumed that the CE is ejected after con- 
siderable spiral-in, but before complete coalescence would 
occur, leaving a close binary with a period of 3 or 4 hr contain- 
ing a helium-burning star of >3 M0 along with the original 
neutron star. This companion can then become a supernova 
and leave a neutron star remnant without disrupting the 
system, although the explosion should generate the substantial 
eccentricity seen in 1913 + 16. It is hard to see what other 
evolutionary mechanism might produce such a double neutron 
star binary, and so it is hard to escape the conclusion that at 
least some MXRBs avoid coalescence despite undergoing CE 
evolution with spiraling-in. 

The second reservation is that the binary VI343 Aql (SS 433 ; 
Margon 1984; Crampton & Hutchings 1981) is presumably an 
example of rapid mass transfer from an evolved OB star to a 
neutron star or black hole; but instead of forming a CE, the 
binary seems to be evolving in a quite different way. In particu- 
lar, the material falling into the Roche lobe of the compact star 
does not appear to be filling up that lobe to form a CE, but 
instead some or all of it is being squirted into space in bipolar 
relativistic jets. Conceivably the whole envelope will be ejected, 
perhaps partly by jets and partly by a Wolf-Rayet-like wind 
from the hot star, without the orbital period being reduced by 
two orders of magnitude. 

Our counter to the first point is that we expect complete 
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coalescence to occur only if the orbital period of the initial 
MXRB is quite small, perhaps as small as 1-3 days; so that the 
primary fills its Roche lobe before, or very shortly after, central 
hydrogen is exhausted. Examples (Joss & Rappaport 1984) of 
such MXRBs are V779 Cen (Cen X-3: NS + 06.5 II; 2?1), 
LMC X-3 (NS/BH + B3 V; 1?7) and LMC X-4 (NS 4- 07 III; 
I'M). In these systems the OB star’s core at RLOF will be only 
a little more compact than on the ZAMS. By contrast, the OB 
star in the longer period MXRB BP Cru (NS 4- B1.5 I); 41d) 
will probably already have a relatively compact helium- 
burning core, and even more so when it arrives at RLOF. The 
latter kind of system may emerge from a CE phase as a pro- 
genitor of a double neutron star binary, while the former is 
more likely, we believe, to proceed to complete coalescence and 
a massive TZO. 

Our counter to the SS 433 analogy is mainly that because 
this system is apparently unique it is difficult to argue that it is 
“ typical ” of some normal evolutionary stage of an MXRB. It 
may represent a short-lived (~ 103-104 yr) stage as mass trans- 
fer accelerates from stellar wind accretion to RLOF. Perhaps 
the OB star has a wind which is comparable in strength to a 
WR star, but which is not yet as copious a flow as expected 
from RLOF. We note that one model of SS 433 (Fabian et al. 
1986) attributes the jets to a mechanism in which the presumed 
OB companion is merely a spectator rather than a participant. 

The lifetimes of TZOs are determined by how rapidly they 
exhaust their envelopes, due to accretion onto the core and due 
to mass loss from the surface (where the latter is generally the 
dominant process). After TZOs have lost their envelopes, they 
will leave a single neutron star or black hole remnant. If the 
remnant is a rapidly rotating neutron star, it may appear as a 
millisecond pulsar (with a spin period <100 ms). Indeed, in 
any binary formation scenario, we expect that, immediately 
after the spiral-in phase, the material just above the neutron 
core, which will subsequently be accreted by the neutron core, 
has sufficient angular momentum to spin up the neutron star 
to millisecond periods. Whether this process provides a viable 
mechanism to produce single millisecond pulsars depends on 
how much mass is accreted (which in turn depends on the 
lifetime of the TZO phase) and how angular momentum is 
redistributed within the envelope after the spiral-in phase. 

The early work on stars with neutron cores was discussed in 
TZ and Eich, Zimmerman, & Thorne (1989). TZ discussed two 
classes of models: giants for which 97% of their energy comes 
from accretion of envelope onto the core, and supergiants for 
which about 95% of the energy comes from nuclear burning at 
the base of the convective envelope. Zimmerman (1979), sum- 
marized in Eich et al. (1989), attempted unsuccessfully to con- 
struct improved models of supergiants taking into account 
some aspects of nonequilibrium nucleosynthesis in the 
“burning zone.” He could not find self-consistent models of 
supergiants since in his approximation nuclear reactions pro- 
duced no more than ~ 0.04 of the required luminosity. Recent- 
ly, Biehle (1991) has shown that viable models of super giants 
can be constructed if the rp process (rapid, direct addition of 
protons onto nuclei) is taken into account since then sufficient 
energy can be generated. 

The observational detection of TZOs will be difficult, since 
to a distant observer, the extreme conditions of the central 
parts of these objects are hidden by the huge red giant 
envelope. TZ suggested that chemical anomalies in the atmo- 
spheres of supergiants may form a possible observational sig- 
nature of such stars. Biehle (1991) has explored a possible 

observational signature of his supergiant models and suggested 
investigating abundances of 84Sr in cool stars. If TZOs form in 
globular clusters (as discussed above), they may be easier to 
detect, since they would probably outshine all other stars in the 
cluster. However, there is a danger that they could be mistaken 
for foreground field stars, proving the cluster membership of 
any TZO candidates would be essential. Phinney & Kulkarni 
(1991) review the tidal capture processes in globular clusters 
which involve single neutron stars. The possible outcomes of 
such events may include the formation of TZOs as well as 
low-mass X-ray binaries. We expect that the number of TZOs 
should scale like the number of low-mass X-ray binaries times 
the ratio of their respective lifetimes. While the lifetimes of both 
types of systems are poorly known, we estimate that there 
should be at most a few observable TZOs in the whole globu- 
lar cluster system (this assumes that TZOs with low-mass 
envelopes are dynamically stable, which need not be the case). 

2. COMPUTATIONAL METHOD 

Using a modified version of the stellar evolution code devel- 
oped by Eggleton (1971, 1972, with substantial later 
modifications), we have constructed a range of models with 
core masses from 0.4 to 2.0 M0, and envelope masses from ~0 
to 30 M0. For low envelope masses or high core masses, the 
dominant energy source is accretion, and all nuclear reactions 
take place below the convection zone and may be adequately 
modeled by conventional methods. For envelope masses 
Menv > 7 Mcore, significant burning takes place in the first few 
hundred meters of the convection zone, and this becomes 
potentially the most important source of energy. Here we make 
a simple approximation to the energy supply under such cir- 
cumstances: the detailed modeling of reaction networks in 
such stars is to be the subject of a later paper in this series. 

The relativistic equations of stellar structure are used 
throughout, in the formalism by Thorne (1977) which makes 
easy contact with the standard Newtonian scheme. Two equa- 
tions are required, one for the gravitational potential and one 
for the gravitational mass, in addition to the normal seven (five 
first-order equations for the structure variables m, r, L, P, T ; 
one second-order equation for the hydrogen abundance and 
one “eigenvalue equation” for the mesh spacing constant C 
defined below). The former single-mass variable is now used to 
represent the rest mass, i.e., the baryon number x rest mass of 
a hydrogen atom in its ground state. 

We model the core as an integral part of the star, instead of 
imposing an inner boundary condition at the edge of the 
neutron core. We adopt a phenomenological general rela- 
tivistic equation of state from Cooperstein (1988): case (2.5a) 
which has an Oppenheimer-Volkoff (OV) mass limit 
(Oppenheimer & Volkoff 1939) of 2 Mq for the effective mass, 
or 2.32 Mq for the rest mass. The radius-effective mass rela- 
tion is plotted in Figure 1. A device is used to connect the core 
with the envelope at p > 106 g cm-3 in the region where, 
physically, inverse beta decay takes place. We alter the equa- 
tion of state (Eggleton, Faulkner, & Flannery 1973) so that as 
the electrons become increasingly degenerate, their notional 
mass varies in the following way : 

f me, if i/f < 0 
m'e = < ^me, if 1 < ^ < /c (1) 

( kme9 if e* > k 

where ij/ is the electron degeneracy parameter. This gives the 
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Fig. 1.—Core radius-mass relation: BCK equation of state case (2.5a) 
(Cooperstein 1988). 

conventional Fermi-Dirac electron equation of state for = 1 
or ^ <0; and beyond the upper limit on ij/ it gives (in the case 
k = mjme) the Oppenheimer-Volkov (1939) equation of state 
for degenerate neutron material, which is then smoothly joined 
to the core equation of state. As this artificial region is very 
narrow and (TZ) essentially decoupled, except gravitationally, 
from the rest of the star, we believe the numerical simplicity is 
justified. 

Beginning with a conventional (i.e., k = 1) 1 M© star which 
has developed a hydrogen-depleted core of about 0.2 M©, a 
T20 model is produced by gradually increasing k at a con- 
stant logarithmic rate from 1 to 1836 (= mjme). We also found 
it necessary to eliminate energy release through hydrogen 
burning at the early stages of the ensuing core contraction, 
gradually reintroducing it later. 

Burning at the base of the convection zone is modeled by 
calculating a convective inflow velocity for mixing down 
material from further out into the first few hundred meters 
above the knee. Above this we impose a fixed composition 
throughout: we are interested in the structure of stars formed 
with a core already in the upper half of the range we consider 
so do not wish to record the envelope composition changes 
that would have occurred during evolution from a model with 
a much less massive core. For all but the type C (§ 3) models 
with the most massive cores, this is equivalent to the usual 
“ perfect mixing ” approximation for convective regions. 

The code uses a non-Lagrangian mesh with a fixed number 
(200) of points which are distributed, during the same Newton- 
Raphson iteration as the structure equations themselves, at 
equal intervals of a carefully chosen function Q. Schematically, 
Q is of the form Q = m/m© — log P. In the central core, where 
the pressure P is slowly varying, this means the code chooses 
approximately equal intervals of m. In the surface layers, where 
m is nearly contant, the code is obliged to choose nearly equal 
intervals of log P. The mesh spacing is then given by 

structure and composition equations. The fact that Q' always 
has the same sign throughout the star, and hence that Q is 
monotonie, is of course important for constructing a viable 
mesh. 

However, such a mesh distribution turns out to be inade- 
quate for following the details of the release of gravitational 
energy in a TÍO because the release takes place in a very 
narrow region (typically a few meters, depending on the core 
mass) over which both the total pressure, almost entirely radi- 
ation pressure, and the mass hardly vary. However, this is 
exactly where, for infalling matter, gas pressure starts to be an 
important contributor to the total pressure, so we add a term 
in log PgtoQ ; more precisely, we add max (0, — d log Pg/drri) to 
dQ/dm to ensure that Q is monotonie. 

This yields a sufficiently fine mesh out as far as the base of 
the convection zone (hereafter “ knee ” in the notation of TZ), 
but there the gas pressure scale height changes from ~ meters 
to ~ kilometers in the space of a few meters. This gives rise to a 
drastic near-discontinuity in Am and leads to a breakdown of 
the difference approximations. Evaluating the mean in equa- 
tion (2) as 

crjL+_j_ 

corresponds to taking Am = j(Amk + Amk+i) where Amk+i = 
C/(Q')k+i. Suppose that, for some m0, Q' falls faster than 
(m —m0)-1 as happens at the knee in our models; then 
Q'/Amk+1 falls as m increases, there is no solution for Am, and 
the next mesh point is driven out to where Qf levels out. This 
may correspond to a change by several orders of magnitude in 
dQ/dm. The immediate problem may be overcome by taking a 
harmonic instead of an arithmetic mean for equation (4), but 
even then situations arise in which the change in mesh spacing 
becomes unacceptably abrupt. 

Instead, we adopt a more general approach, replacing the 
locally evaluated quantity ômk defined as 

àmk = {C/Q')k , (5) 

by a further variable, S*mk, intended to follow ômk as closely as 
is consistent with the constraints that ô*mk be a differentiable 
function of Qk and Q'k_ x and that ô*mk+1/ô*mk < e1/<x for some 
suitably chosen constant a. Defining 

and 

then this may be effected by requiring 

(6) 

(7) 

ö*mk+1-ß*ö*mk = 0. (8) 

where 

AMk+l/2 =mk+l ~ mk — (C/Q')k+li2 , (2) 

(3) 
dQ 1 Gm 

Ö = = — + dm m© 4nrAP 

C is a constant throughout the star, but may vary with time : an 
eigenvalue equation for C is solved simultaneously with the 

The boundary condition ¿*m1 = 0m1 is imposed at the center. 
The mass increment is given by Amk+ 1/2 = + 0*mk+i). 
The choice a = 2 has proved successful in our work so far, 
corresponding to a maximum increase in Amk+1/2 of about 1.7 
between successive mesh points. 

Note that S*m still falls as rapidly as <5m, between the center 
and the energy-producing shell, so as to achieve the same 
minimum spacing as before, because of the boundary condition 
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imposed at the center. This fall is drastic, by up to 18 orders of 
magnitude in ~80 steps but is handled quite easily by the 
original mesh-spacing algorithm because bm decreases 
smoothly: in practice rarely falls below e_1/2. It 
is only the increase beyond the shell, where bm leaps by several 
orders of magnitude in the space of a few steps, which is 
restricted. 

Perhaps it is worth stressing the importance of a flexible 
mesh for these calculations. In a typical model, at the knee 
Amfc+i/2 < 10”18 M0, while the mass accretion rate is ~10-8 

M© yr-1. With a Lagrangian mesh, the knee would have to 
move through many mesh points every second. On an Eulerian 
mesh the problem is less severe, but even then, the contraction 
of the accreting core amounts to at least 10" 3 cm yr-1, which 
may correspond to several mesh points in 104 yr. With a mesh 
tied to the structure through log P and log Pg, we are comfort- 
ably able to take timesteps in excess of 105 yr for evolution at 
constant total mass. 

Having generated an initial TZO model with a low-mass 
coife, further models are generated by adding or removing mass 
at the photosphere, or simply by allowing the core to accrete as 
it runs its evolutionary course. The non-Lagrangian character 
of the mesh makes it particularly easy to change the total mass 
of the star it is only necessary to replace the boundary condi- 
tion m = given by, for example, m = given, where m is the rate 
of change of the total mass of the star. 

3. RESULTS 

Figure 2 shows the tracks taken by some of our models in 
the core mass (Mc) versus total mass (Mt) plane. Here (and 
throughout) we use the effective gravitational mass rather than 
the “ rest mass.” There is a boundary at low total mass Mc = 
Mt; the upper limit on the core mass comes from the OV limit 
of our equation of state, Mc = 2.0 M©. Figure 3 shows evolu- 
tionary tracks on the H-R diagram for models Mt = constant. 

With the exception of a small region 12 < Mt/MQ <> 16, 
Mc > 1.7 M© we find a smooth variation of properties across 

Fig. 2.—Tracks taken by some of our models while adding or removing 
mass at the photosphere, or keeping the total mass constant. The direction of 
evolution is toward higher core masses. Regions A, B, and C correspond to the 
structural classification in the text. Models lying above the line max 
(Ujn/tfconv) = 1 have inflow velocities somewhere exceeding the local convective 
velocity and must therefore be considered unphysical. 

Fig. 3.—Tracks in the H-R diagram for models of different envelope mass 
evolving at constant total mass. Evolution is toward increasing luminosity in 
all cases. 

the plane. In contrast to TZ, we find no area without any 
solutions. Possible reasons for this discrepancy are considered 
at the end of this section. In several cases the same point has 
been reached by two or sometimes three different routes. We 
have examined all the cases where three tracks meet or nearly 
meet and, with the exception of models in the small region 
described above, find the different models indistinguishable. 
The variation of fundamental variables between models with 
the same (Mf, Mc) but different earlier histories is, at a given 
meshpoint, typically less than the difference associated with a 
change in core mass of 0.01 M©. 

In all our models there is a deep convective envelope reach- 
ing down to within a few hundred meters of the core. At the 
base of the envelope, the “ knee,” is a very steep gas pressure 
gradient, with a scale height of a few meters or less, where 
infalling matter gives up its gravitational energy. The accretion 
rate is indirectly related to conditions at the knee through the 
force balance equation, 

¿knee = = ^ncGM^1 , (10) 
because the dominant contribution to Lknee is Lgrav, the accre- 
tion luminosity, given by 

where for clarity we have omitted the relativistic correction 
factors used in the code. 

Three broad classes of structures may be distinguished 
according to the relative contributions of nuclear reactions and 
accretion to the total luminosity, inhabiting approximately the 
regions A, B, and C shown in Figure 2. 
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(A) .—The hydrogen burning shell is below the knee, so 
LnUc « 0.001 Me2 and there is no source of energy above the 
knee: 

^ = 0.0071* < 0.08 . (12) 
¿grav \RC2J 

(B) .—Some hydrogen burning takes place in the convection 
zone, but electron-positron pairs are unimportant everywhere : 

0.08 ^ <: 1 . (13) 
•‘-'gray 

(C) .—Hydrogen burns in the convection zone and pairs 
dominate the opacity at the knee. 

This increase k in equation (10), reducing L¡:nt and hence Lgrav 
and cutting down the accretion rate. Nuclear burning provides 
the shortfall in luminosity giving 

l^^^lO. (14) 
^grav 

Note that, because convection is able to feed fuel to the 
burning region from the large (in our models virtually 
inexhaustible) reservoir of the envelope, the nuclear luminosity 
is no longer limited, as in region A, to a constant and rather 
small steady state fraction of the gravitational luminosity. 

Our models in region A with 1 Mp cores are in excellent 
agreement with those computed by TZ and classified as giant 
type solutions. However, as shown in Figure 4, we find a rapid 
increase of the maximum inflow velocity as the core mass 
increases, to the extent that, taking for example a model of 
total mass 4 M0, when the core exceeds 1.4 M0, the maximum 
of the calculated inflow velocity exceeds the convective velocity 
though both are still well below the sound speed. Clearly the 
assumption of slow inflow in hydrostatic equilibrium must 
break down some way before this situation is reached. The 
contours in the Mc-Mt plane for which max (ViJv^) = 0.1 
and 1 are shown in Figure 2. 

T¿ find no structures similar to our case B, but instead a 
region with no solutions between about 9.5 and 11 M0 for a 1 
M0 core and then “ supergiant type ” solutions, similar to our 

case C with respect to the role of pair creation, at higher 
envelope masses. The evolutionary variation in luminosity and 
accretion rate for some typical models is shown in Figure 5. 

For all our models except those above the max {v Jvcony) = 
0.1 line of Figure 2, the infall velocity at each point is smaller, 
by at least a factor of 10, than the convective velocity calcu- 
lated from the standard mixing-length theory, which in turn is 
typically less than a hundredth of the sound speed: Figure 4 
shows a range of velocity profiles. Under these conditions, the 
errors involved in the assumption of hydrostatic equilibrium, 
and the neglect of advective terms in our calculation of the 
radiation force on the fluid from the local flux instead of the 
flux in a frame comoving with the fluid (Miller 1990) are negli- 
gible. 

Figure 5 shows a downturn in accretion rate for models of 
~ 16 M0 and above (evolving without mass loss) as they move 
from region B to region C. The temperature-density profile 
(Fig. 6a) varies smoothly meanwhile. The strong temperature 
dependence of pair creation, 

where n+ is the number density of positrons and ne that of 
ionization electrons, is responsible via the opacity (Fig. 6b). 
For comparison, we also show the profile of the 12 and 5 M0 
models calculated by T¿ (types A and C, respectively) and, in 
Figures la and 7h, the profiles of an 11 M0 type A model. In 
the TÈO supergiant, the knee is still sharp, with n+/ne> 20 
owing to their assumption of perfect mixing and hence con- 
stant composition and high nuclear energy generation rates 
right down to the base of the convection zone. In the present 
calculations, under these extreme circumstances hydrogen is 
exhausted in a shallow region of a few hundred meters or so 
above the base of the convection zone, decreasing the tem- 
perature gradient, flattening the pair creation peak to n+ < 
8ne, and thereby softening the knee. It should be noted that 
convection must be very efficient in mixing down material to be 
burned for the type C structure to be possible even supposing 
the reactions go to completion immediately. The maximum 
rate of supply of material to be burned in m = 4nrlncepvcony < 

Fig. 4.—The sound speed vs, convective velocity vc, and velocity of inflow vin, for models of type A (4 M0, dashed line) and type C (16 M0, solid line), each for a 1.4 
M0 core. Also shown {dotted) are the vin profiles for the type A model with core masses 1.0,1.2, and 1.6 M©. 
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Fig. 5.—Accretion rate (dashed line) and luminosity (solid lines) as a function of core mass for models of constant total mass from 2 to 27 M0 

1020 g s_1 which can supply ~0.001mc2 < 7 x 1038 ergs s-1, 
i.e., at most 2 x 105 L0, which is barely larger than the lumi- 
nosity required to support the envelope. 

In the small area of overlap between regions A and C, we 
find solutions characteristic of both classes. Two such models 
of 15 M0, with a 2 M0 core, are tabulated in Tables 1 and 2. 

Fig. 6.—(a) Successive temperature-density profiles near the knee for a 16 
M© (type B evolving to type C) model at core masses of 1, 1.4, 1.6, 1.8, and 2 
Mq (solid lines). The direction of evolution as the core mass increases is toward 
higher knee temperatures. Also shown dashed are the 5 and 12 M© models of 
TÍ. The line PAIRS/NO PAIRS corresponds to n+ = ne in eq. (15) as in T¿, 
Fig. 2. (b) The opacity profile for the same models. The opacity increases with 
core mass. 

Each model has 200 mesh points of which a quarter have been 
selected for these tables. The mesh point number, n, for these 
points is given in column (1). Columns (2), (3), and (4) give the 
temperature, pressure, and density, respectively. Column (5) 
shows the hydrogen composition variable; this is the only 
composition change we consider; the remainder is assumed to 
be helium and 2% metals, except that the helium and metals in 
effect “become” neutrons while compressing on to the core, 
according to the artifice described in § 2. Column (6) gives the 
opacity, k; column (7) the difference between the radiative (Vr) 

Fig. 7.—As Figs. 6a and 6b but for an 11 M© model (type B evolving to 
type A). Evolution is toward lower temperature and density at the knee. 
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and adiabatic (VJ gradients; and columns (8)-(10), the sound 
speed vs, inflow velocity vin, and convective velocity vc. Column 
(11) gives the contribution of gas pressure, Pg, to the total 
pressure P; and column (12), the ratio of pairs, n+, to ioniza- 
tion electrons, ne. In column (13) is the active gravitational 
mass, m; in column (14), the radius variable, r; and in column 
(15) , the rate of change of m with respect to time at a given 
mesh point. Since the mesh moves only very slowly in the star, 
this is almost exactly equal to the mass inflow rate. Column 
(16) gives the luminosity variable in solar units, and columns 
(17) -(19) list the contributions to the luminosity from the 
change in internal energy of the matter at a given mesh point, 
€q, the release of gravitational energy from the flow of matter 
through that mesh point, egr, and the release of energy from 
nuclear reactions, enuc, all in cgs units. The last column, Am, 
shows the mass increment between successive mesh points in 
the full model. 

The two models of Tables 1 and 2 have practically the same 
radius, luminosity, and effective temperature, but for the type 
A case (Table 1) Lnuc/Lgrav « 0.01, whereas in the type B case 
(Table 2) Lnuc/Lgrav « 5 with an accretion rate correspondingly 
6 times smaller. In the former Tknec % 4 x 108 K, there are no 
pairs, and no significant hydrogen burning takes place above 
the knee. In the latter ^knee Ä 7 X 108 K, pairs dominate ion- 
ization electrons by a factor of 6 or so, and hydrogen is 
exhausted by a few meters below the knee. For stars evolving 
at constant mass, we find a discontinuity at about 13 M0. 
Below this mass, the temperature and density at the knee 
decrease, resulting in a type A structure; above it, the knee 
temperature increases with increasing core mass, leading to a 
type C structure. We have found no intermediate models in the 
region of overlap. 

Viewed externally, all our models are extreme M super- 
giants. Such stars with white dwarf cores are known to 
undergo rapid mass loss, and one would expect similar behav- 
ior of a TZO. An empirical relation for red supergiant mass 

loss (Kudritzki & Reimers 1978) gives rates of 0.3-3 x 10-5 

M0 yr_1 for a typical type B/C model. Under these circum- 
stances, the envelope would be lost in ~ 106 yr, before the core 
could accrete more than a few hundredths of a solar mass. 
Such short lifetimes would substantially reduce the number of 
TZOs expected in the Galaxy and hence the prospects of 
observing one directly. 

As mentioned earlier, the location of our solutions in the 
Mc-Mt plane differs somewhat from that of T¿. Their calcu- 
lations were based on a core of 1 M0 and radius 10 km; our 
equation of state gives a radius nearer 13 km at 1M0 falling to 
10 km only near the OV limit of 2 M0. Though the effects of 
increasing mass and decreasing radius are not clearly distin- 
guishable, we consider it probable that a softer equation of 
state for the core would expand region C downward, squeezing 
out the type B solutions and possibly increasing the area of 
overlap between cases A and C. More significant may be our 
use of nuclear reaction rates applicable to the CNO cycle, 
which allows our type C models to achieve sufficient energy 
from nuclear burning at knee temperatures ~ IO8,7 K. Biehle 
(1991) in a detailed study of nuclear burning within the frame- 
work of the TZ supergiant models finds that knee temperatures 
must be ~ 109 K to give the desired luminosity. This would 
increase the importance of pairs at the knee for a given core 
mass and have a similar effect to that conjectured for a softer 
equation of state above. 
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