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ABSTRACT 
The evolution of H n regions in clouds with power-law density stratification r~w and in isothermal self- 

gravitating gaseous disks is described analytically. For power-law profiles, there is a critical exponent, wcrit, 
above which the ionization front cannot be “ trapped ” (i.e., the front is not slowed down by recombinations or 
new ionizations) and the cloud becomes fully ionized. This critical exponent can have different values during 
the formation and expansion phases. Its value in the formation phase depends on the internal grain opacity 
and assumed initial conditions (i.e., on the flux of the ionizing star and on the density and size of the cloud 
core). During the expansion phase, wcrit = 3/2, and this value is independent of dust opacity and initial condi- 
tions. For clouds with w < 3/2, the ionized region expands as i4/<7_2vv> and drives a shock front that acceler- 
ates and sweeps the ambient medium into a thin neutral shell. For w = wcrit = 3/2, the shock wave cannot 
detach from the ionization front, and the two move together with a constant speed equal to about 2^, where 
Ci is the sound speed in the ionized gas. For w > 3/2, the expansion follows the socalled “champagne phase” 
(i.e., the higher pressure, denser part of the cloud expands supersonically into the surrounding ionized 
medium). In such a case, two regimes, fast and slow, are apparent: between 3/2 < w < 3 (the slow regime), the 
inner region drives a weak shock moving with almost constant velocity through the cloud, and for w > 3 (the 
fast regime), the shock becomes strong and accelerates with time. 

In the case of isothermal self-gravitating disks, the dimensions of the initial H n region are direction depen- 
dent. The size along each azimuthal angle, 6, is described in terms of the Strömgren radius for the midplane 
density, R0> and the disk scale height, H. For y0 = R0 sin (9)/H < 0.88, the whole H n region is contained 
within the disk, and for y0 > 0.88, a conical section of the disk becomes fully ionized. The critical azimuthal 
angle above which the H n region becomes unbounded is defined by 0crit = sin-1 (0MH/Ro). For y0 - 1 and 
in the absence of magnetic fields, the expansion produces a “variable” stage during which the ionization front 
is forced to recede from infinity and the H n region becomes ionization bounded. Such a trapping occurs 
during the early stages of the disk expansion and has a short duration. 

The approximate analytical solutions are compared with detailed hydrodynamical numerical simulations of 
photoionized regions, and the agreement is shown to be better than 10%. Some applications for star-forming 
regions are outlined, and the approximate effects of dust opacity are also discussed. 
Subject headings: hydrodynamics — nebulae: H n regions — nebulae: internal motions — shock waves 

I. INTRODUCTION 

Beginning with Strömgren (1939), the theory for the evolu- 
tion of H ii regions has been developed with a variety of ana- 
lytical and numerical studies (see reviews by Kahn and Dyson 
1965; Mathews and O’Dell 1969; Tenorio-Tagle 1982; Yorke 
1986; and standard reference books by Osterbrock 1989 and 
Spitzer 1978). For a constant photon flux and uniform ambient 
densities, the evolution has well-defined formation and expan- 
sion phases. During the formation phase, soon after the radi- 
ation field of a hot star has been turned on, the energetic 
photons create a supersonic ionization front (termed weak 
R-type) that moves through the gas, leaving it hot and ionized 
but almost undisturbed. The speed of this front is reduced 
continuously by the geometrical dilution of the radiation field 
and by recombinations in the ionized volume until it 
approaches a value of about twice the speed of sound in the 
ionized gas. At such a time, which marks the end of the forma- 
tion phase, the dimensions of the ionized region reach the 
“ initial ” Strömgren radius. The large pressure gradient across 
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the ionization front then derives the expansion of the ionized 
gas. This expansion is supersonic with respect to the ambient 
neutral material and creates a shock wave that sweeps, acceler- 
ates, and compresses the surrounding medium. The ionization 
front, on the other hand, evolves into a subsonic disturbance 
(i.e., changes from weak R-type into a D-type front) and sits 
behind the shock front during the rest of the evolution, while, 
gradually, neutral gas accumulates in the interphase between 
the two fronts. 

Departures from the evolution described above result from 
changes in the boundary and initial conditions of the problem. 
The most natural alternative, given that massive stars seem to 
form in molecular clouds, is to relax the assumption of a con- 
stant ambient density. If either the ionization or the shock 
front encounters a strong negative density gradient (say, the 
edge of the cloud) and overruns it, then the H n region will 
enter into its “ champagne ” phase. This is a supersonic expan- 
sion of the ionized gas promoted by the negative density gra- 
dient. Numerical models of H n region evolution under such 
circumstances have provided an explanation of the apparent 
morphology of ionized nebulae located near the edges of 
molecular clouds (see Tenorio-Tagle 1982). These models have 
also described the rate at which the ionized gas, previously 
molecular material, is expelled away from the molecular cloud, 
placing upper limits on the lifetime of star-forming clouds 
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(similar limits have been obtained with analytical approx- 
imations by Whitworth 1979). Also, given that the disrupted 
cloud matter preserves its momentum after recombination, the 
“champagne” phase has also been suggested as one of the 
sources for the velocity dispersion of the H i constituent of the 
galaxy (Larson 1987). The first models of this kind assumed 
abrupt discontinuities between constant density molecular and 
intercloud phases. Molecular clouds, however, have complex 
morphologies and density distributions, and they could be 
envisioned as hierarchical structures composed of a variety of 
high-density condensations (see Scalo 1985). These high- 
density condensations, or cloud fragments, seem to be the 
actual sites of star formation (see review by Shu, Adams, and 
Lizano 1987), and the initial shape and early evolution of the 
resulting H n regions depend on the corresponding fragment 
density distributions. 

Theoretical studies on the initial stages of star formation 
indicate that either rotating or magnetic protostellar frag- 
ments should evolve into flattened disk-like structures (e.g., 
Bodenheimer and Black 1978; Cassen, Shu, and Terebey 1985), 
whereas the nonrotating and nonmagnetic ones can be regard- 
ed as spherically symmetric with power-law density distribu- 
tions (e.g., Larson 1974). In particular, isothermal spheres in 
hydrostatic equilibrium have a density distribution pro- 
portional to r-2, and the distribution evolves toward r-3/2 

during the free-fall collapse. 
Recent observational studies on dark clouds and young 

stellar objects are beginning to uncover the structure of star- 
forming regions, and some of these results seem to provide 
support for the expected general features in the density dis- 
tributions. Radio observations of cloud fragments and isolated 
dark clouds indicate internal density distributions proportion- 
al to r-w, with w ranging from 1 to 3 and having an average at 
about w ~ 2 (Arquilla and Goldsmith 1985; see also Myers 
1985). Visual extinction studies in nearby northern and 
southern clouds also indicate similar density gradients 
(Cernicharo, Bachiller, and Duvert 1985; Gregorio Hetem, 
Sanzovo, and Lepine 1988). Radio observations with high 
angular resolution in star-forming regions, on the other hand, 
have revealed the presence of elongated dense structures 
around recently formed stars, suggesting the possible existence 
of disk-like protostellar fragments (e.g., Torrefies et al 1983). 
Similarly, optical and infrared data of several young stellar 
objects display a variety of features which can be ascribed to 
dusty circumstellar disks (e.g., Harvey 1985; Kenyon and Hart- 
mann 1987). 

Thus, one can explore the whole range of expected and 
observed density distributions in star-forming regions by con- 
sidering (i) spherical clouds with power-law density profiles, 
n(r) ~ r~w

9 and (ii) self-gravitating gaseous disks. In §§ II and 
III, we derive analytical solutions for the formation and expan- 
sion of H ii regions for these two types of density stratifications. 
Magnetic fields are not considered here, but the approximate 
corrections resulting from the opacity of dust grains are dis- 
cussed in an appendix. In all cases, the ambient gas is assumed 
to be originally at rest, and the source of ionization is thought 
to remain constant after it has been switched on. Thus, the 
details of gas accretion and luminosity changes during the 
stellar pre-main-sequence stages are ignored (a discussion of 
the evolution of ionization fronts during the late phases of 
protostellar accretion can be found in Yorke 1986, and numeri- 
cal models for the expansion of compact H n regions in dusty 
clouds during the free-fall collapse are described by Cochran 

and Ostriker 1977 and Igumentshchev and Shustov 1989). A 
comparison of the analytical solutions with detailed hydrody- 
namical simulations of photoionized regions is given in § IV. A 
brief discussion of possible applications of these results and 
some forthcoming work is outlined in § V. 

II. H II REGIONS IN POWER-LAW DENSITY DISTRIBUTIONS 

Let us assume a spherical cloud with a molecular density 
distribution that includes a central core, with radius rc and 
constant density nc, and an envelope with a power-law density 
stratification 

(nc , for r <rc , 

\nc(r/rc)~
w > for r > rc . 

(1) 

Here we are interested in positive values of the exponent (i.e., 
decreasing density gradients), but most results are quite 
general and are also valid for w < 0. 

A star located at the cloud center and producing F* ionizing 
photons per unit time wifi create a spherical H ii region. The 
gas in this H n region is assumed to be fully ionized, and, hence, 
the ion density there is twice the molecular density, rii = 2nnr 
One can define a reference dimension Rs (the Strömgren radius 
generated by such a star in a medium of constant density equal 
to nc) to make some initial diagnostics, 

where ccB is the hydrogen recombination coefficient to all levels 
above the ground level a0 = aB/2.6 x 10“13 cm3 s-1, F48 = 
F^/1048 s_1,and n3 = nc/103 cm-3. 

a) The Formation Phase 
For Rs < rc, the H n region is contained within the core and 

the formation phase follows the well-known constant density 
evolution. In the small-core case, rc < Rs, the initial ionization 
front reaches the core radius in a time scale (e.g., Spitzer 1978) 

(,=! --jR-;Jyr, (3) 

and with a speed 

Uc ^ 90ao «3 r17| - 1 j km s “1 , (4) 

where r17 = rc/1017 cm. Afterward, the ionization front enters 
the density gradient, and its speed evolves as 

Ui{ = 
Uc 

(Rs/rcy -1 
u(w) , (5) 

with 

u(w) = 

+ 2wß - 3/^)^] , 
for 

' (rJri)ll2i(Rs/rcf - 1 - 31n(/Vrc)] , 
for 

w * 3/2 , 

w = 3/2, 

(6) 

where r¡ is the location of the front and 

ß = (3-2wy1 . (7) 
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Equation (5) is valid up to the moment when Ui{ decreases 
down to a value equal to ~ 2ch where is the sound speed in 
the ionized gas (i.e., Osterbrock 1989; Spitzer 1978). At this 
moment, which defines the end of the formation phase, the 
ionization front changes from weak R-type into D-type, and 
the ionized region reaches a radius Rw (i.e., the “ initial ” size of 
the H ii region) and begins to expand, driving a shock into the 
surrounding gas. 

The size of the initial H n region is derived, as usual, by 
equating the total number of ionizing photons emitted by the 
star per unit time to the total number of recombinations per 
unit time within the ionized volume. For w # 3/2, this initial 
radius can be written as 

Rw = g(w)Rs , (8) 

with 

where pc is the mass density in the core, and p(R) is the mass 
density at R(t). Thus, the volume-averaged density internal to 
R(t) is simply equal to 

<P> ^ PW • (13) 3 — w 

Similarly, given the position of the ionization front, R^t), the 
ionized mass grows as 

mm = j , (i4) 

where p^i) is the average ion mass density in the H n region. 
Neglecting the separation between the shock and ionization 
fronts (i.e., Spitzer 1978), Rf(i) = R(t), the ratio of the mass 
enclosed within the shock front to the ionized mass is given by 

g(w) = 
2w Ms(Q_Y 3 \p(R) 

Mit) \3 - w/ Pl{t) ‘ 
(15) 

and the solution for w = 3/2 is 

*3/2 = rc exp (10) 

Equations (6) and (9) define a critical exponent for the forma- 
tion phase, w/5 above which the solution for Rw does not exist, 
or the H n region can be regarded as unbounded. That is, the 
initial ionized region has a finite size for w smaller than 

and it grows to infinity, without reaching the condition L/if ^ 
2cf, for larger values of the exponent. Thus, this critical expo- 
nent corresponds to the maximum density gradient that is able 
to “trap” the ionization front (i.e., recombinations and new 
ionizations in steeper gradients are not sufficient to slow down 
the ionization front, which remains indefinitely as a weak 
R-type front). Note that for Rs!rc > 2, the critical value 
becomes wf ^ 3/2. 

The concept of a critical exponent is not necessarily 
restricted to power-law stratifications and can also be applied 
to other types of density distributions, for instance, exponen- 
tial, Gaussian, and sech2 profiles. The latter is discussed in 
§IH. 

b) The Expansion Phase for w < 3/2 
After the formation phase has been completed in clouds with 

w < w/? the pressure in the ionized region, which is several 
orders of magnitude larger than in the neutral unperturbed 
gas, drives a shock into the molecular ambient medium and the 
H ii region begins its expansion phase. The transition between 
these phases cannot be treated analytically, and we simply 
assume that the shock evolution starts at the initial time, i = 0, 
when Rw is achieved. Also, given that the expansion is subsonic 
with respect to the ionized gas, the density structure inside the 
H ii region can be regarded as uniform (i.e., the density gra- 
dients can be smoothed out in short time scales). 

If the shock radius at time t is R(i), then the total mass 
(neutral plus ionized) contained within that radius is 

Ms(i) = 
jKPçvl f|~R(t)J-w wj 4tc 

  p{R)R\t), (12) 
3 — w 

A simple analysis of the properties of this mass ratio indi- 
cates that the expansion is driven by the average ion density 

p¡(t) - Pi 
(9 - 6w)1/2 

3-w 
jr 3/2(t), (16) 

where is the mass per ion. With this definition, which has the 
correct behavior at i = 0 [i.e., Ms(0) = M^O)] and reduces to 
the usual definition for the constant density case, the mass 
ratio evolves as 

mJmT2^2 
(17) 

This is, fortunately, a rather simple description of the evolu- 
tion. Equation (17) indicates that (1) for w < 3/2, the interphase 
between the ionization front and the leading shock accumu- 
lates neutral gas and its mass grows with time to exceed even 
the mass of ionized gas, and (2) for w = 3/2 = wcrit, the two 
fronts move together without allowing the formation and 
growth of a neutral interphase. Note that the decreasing ratio 
predicted by the equation for w > 3/2 is physically meaningless 
and it indicates only that the ionization front overtakes the 
shock front (and proceeds to ionize the whole cloud). Thus, 
regardless of the value of the critical exponent for the forma- 
tion phase, wthe expansion phase is characterized by a criti- 
cal exponent with a well-defined value, wcrit = 3/2, which is 
independent of the initial conditions. 

Given that wf could be larger than wcrit, initially bounded 
H ii regions in density gradients with w > 3/2 will become 
unbounded during their expansion phase. The ionization front 
will ionize the swept up matter and will break through the 
shock front, leading to a change from D-type back into a weak 
R-type ionization front. This effect has already been seen in 
numerical studies of photoionized regions expanding in steep 
density gradients (Welter 1980; Tenorio-Tagle et al 1986; 
Noriega-Crespo et al 1989). Furthermore, given that above 
w = 1 the dust opacity is a slowly varying function of distance 
(see Appendix), this critical exponent wcrit = 3/2 is not affected 
by dust absorption. 

For uniform ion densities, the gas velocity immediately 
behind the ionization front is equal to about half of the ioniza- 
tion front speed, and, neglecting the pressure of the ambient 
medium and the velocity difference between the ionization and 
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shock fronts [i.e., R^t) = the expansion rate of the H n 
region is determined by the jump conditions of an isothermal 
shock front (e.g., Spitzer 1978): 

A direct integration of this equation, as is usually done for the 
constant density case, can be performed only by dropping the 
term in brackets. From equations (15) and (17), the density 
ratio can be written as 

^)_Y 3 \r*w 
p(R) \3 - WLrM. 

(3 — 2w)/2 
(19) 

This expression shows that indeed the term in brackets in 
equation (18) can be neglected for w < 0, but is not negligible 
for positive values of w. Thus, one has to make a further 
approximation in order to get an adequate analytical solution 
for decreasing density gradients. 

Using the volume-averaged density internal to the shock 
front, <p)/p(r) ^ 3/(3 — w) (eq. [13]), the term in brackets is 
approximated roughly by 

P.F) ~[ 1 _ 12 - 4w 
4p(R)J ~ 9 - 4w ’ 

and the jump condition reduces to 

«-•(Äna 

1(3 - 2w)/4 

(20) 

(21) 

which is now an easily integrable equation. This correction 
results in an overestimation of the expansion rate of about 
10% in the constant density case, but it provides an adequate 
correction for positive values of w. In particular, for w = 3/2, 
the shock velocity becomes constant at about ^2ch which is 
the minimum value of an R-type ionization front, and the bulk 
mass velocity immediately behind the front is about 

The evolution for w < 3/2, then, can be approximated by 

R(t) * Y + 
7 — 2w / 12 y/2c,iT/(7-2w) 

4 \9 — 4w/ Rj 
(22) 

A comparison between this simple analytical solution and the 
results of a detailed numerical treatment is given in § IV (see 
Fig. 2). 

c) The Expansion for w > 3/2: The “ Champagne" Phase 
For 3/2 < w < Wy, the ionization front eventually overtakes 

the shock, and soon the whole cloud becomes ionized. At that 
moment, the gas acquires the same temperature everywhere, 
and the pressure gradient simply follows the density gradient. 
All parts of the cloud are then set into motion, but the initial 
gas acceleration, 

a(r) ~ 
wcf 

rc 

(23) 

decreases with radial distance. The expanded core, now with a 
radius identical to the position of the overtaken shock, is the 
densest region and feels the strongest outward acceleration: 
the core expands faster than the outer parts and pushes the gas 
ahead of it. Thus, superposed on the general gas expansion, 
there is a wave driven by the fast-growing core (the wave loca- 
tion defines the size of the expanded core), and the cloud expe- 

riences the so-called “ champagne ” phase. This core expansion 
tends to accelerate with time, and two different regimes, 
separated by w = 3, are apparent : a “ slow ” regime with 
almost constant expansion velocities, and a “ fast ” regime with 
strongly accelerating shocks. 

The slow regime corresponds to 3/2 < w < 3. A simple 
approximation to compensate for the general cloud expansion, 
which gets better as time proceeds, is to asume a reference 
frame moving with a velocity equal to c*. The core expansion 
rate in this frame is mildly supersonic, almost a sound wave, 
and its density is able to adjust to the average value given in 
equation (13), <pc> ^ 3p(r)/(3 — w) (where r is the size of the 
expanded core). When the recombination time is shorter than 
the evolutionary time scale, the cooling is balanced efficiently 
by new recombinations and the evolution proceeds almost iso- 
thermally. In this case, the core grows approximately as 

tit) ^rc + (24) 

where for simplicity the initial radius of the denser part of the 
cloud has been set equal to rc, the initial size of the core. This, 
however, is only strictly true for clouds with w larger than wf, 
when no shock is overtaken. Similarly, the average density has 
a small radial dependence that has been dropped in the 
approximation, and the time evolution should have had an 
exponent slightly larger than unity (i.e., the perturbation 
speeds up with time and evolves into a mild shock). 

For w = 3, the average core density is about <pc> 
[1 + 3 ln(r/rc)]p(r), and the integral 

J {1 + [1 + 31n(x)]1/2}_1dx 

[with x = r(t)/rc] can be fitted, for x > 3, by 0.35x0,91. Thus, 
for t > rjch the isothermal growth is now approximated by 

r(t) ^ 3.2rc^-^ . (25) 

In this case, the exponent is clearly larger than unity, showing 
the explicit time dependence in shock location and velocity. 

For w > 3, the fast regime, the shock acceleration increases 
with increasing values of the exponent. Also, the total cloud 
mass becomes finite and equal to wMc/(w — 3), where Mc is the 
original core mass. The acceleration has important effects in 
the structure of the expanded core. In particular, given the 
increasing shock velocities, the gas velocities and compression 
factors behind the shock front are better represented by their 
values in strong adiabatic shocks. The resulting postshock 
temperatures and densities cannot relax to uniform values, and 
the structure of the shocked region becomes stratified in all the 
flow variables (i.e., increasing in temperature and velocity, and 
decreasing in density and pressure; see Zel’dovich and Raizer 
1967). The recombination time also has a steep increase with 
radial distance. Recombinations are then quenched at large 
radii, and the external parts of the shocked region behave 
almost adiabatically for most of the evolution. In contrast, the 
dense innermost regions of the expanded core can expand iso- 
thermally for a relatively long period of time (also note that the 
fraction of the expanded core which can be treated isother- 
mally decreases with increasing w). Thus, the thermodynamical 
behavior of the expansion varies with radial distance and the 
evolution cannot be treated in the usual manner. 
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A simple solution is obtained by assuming that the pressure 
at the shock front decreases as a power-law p(r) ^ 
3(r/rcVôPc/(w — 3), where pc = pc cf is the initial core pressure, 
and that the value of the gas velocity behind the front is equal 
to the one in adiabatic strong shocks. With these simplifica- 
tions, the core expansion is approximated by 

í\ Í 4 Y/Y<5 + 2-wWT/(á+2~Vi') 

+ ( 2 j^J • (26a) 

and the only remaining problem, then, is to find out an appro- 
priate expression for the exponent <5. Its range of values can be 
restricted with simple arguments. The time dependence in the 
case w = 3 (eq. [25]) would correspond to <5 ^ 2.8, and this 
value is used as the lower bound. Similarly, a true adiabatic 
expansion of a fixed mass of gas requires <5 = 5. Given that the 
mass external to the core decreases with increasing w, this 
adiabatic value can be set as the upper bound for large w. Note, 
however, that <5 = 5 constrains the solutions to w < 7. Thus, 
one can assume that <5 varies smoothly, from 2.8 to 5, in the 
range 3 < w < 7. The simpler, linear variation is 

Ö - 0.55(w - 3) + 2.8 . (26b) 

This linear expression has no real physical meaning, but, as 
shown in § I Va, it provides a sound approximation to the 
evolution. 

III. H II REGIONS IN SELF-GRAVITATING GASEOUS DISKS 

All stratifications likely to represent a gaseous disk decrease 
faster than any power law at large radii. Therefore, all these 
distributions have a critical point beyond which their density 
falloff is steeper than r-3/2. If the ionization front reaches this 
critical point in the formation phase of the H n region, it will 
continue indefinitely as a weak R-type front and the region 
becomes unbounded, as in the case w > wf. Otherwise, the 
critical point will be reached during the expansion phase, and 
the leading shock will be overtaken by the ionization front. 

The disks have cylindrical symmetry, and the variables r, 0, 
and z are defined in Figure 1. The gas is assumed isothermal 
with a constant scale height, ff, and the ionizing star is located 
at midplane. The density distribution along the z-axis in an 
isothermal self-gravitating disk is n(z) = n0 sech2 (z/H), where 
n0 is the density at midplane. The size of the corresponding 
initial ionized region is direction dependent and can be 

Fig. 1.—Schematic cross section of a gaseous disk with a star at midplane. 

described as a function of the azimuthal angle 6. As stated 
above, there exists a critical point at which the region becomes 
unbounded. For spherically symmetric configurations, the 
critical point is defined by a certain value of the radius, but in 
this case it corresponds to a critical angle, 0crit. 

a) The Initial Shape of the H n Region 
The treatment of this problem, which is performed by equat- 

ing photoionizations and recombinations along each solid 
angle, requires the evaluation of the integral y2 sech4 (y)dy, 
where y = r sin (6)/H. For small values of the variable y (i.e., y 
smaller than 1), the integration can be treated analytically and 
is simply approximated by tanh3 (y)/3, but there are no general 
analytical solutions for arbitrary values of y. Keeping the func- 
tional form of the small-y solution, the integral can be approx- 
imated, to better than 5% over the whole range 0 < y < oo, by 

J y2 sech4 (y)dy ^ 0.22 tanh3 . (27) 

The particular functional form of the results presented below 
depends, of course, on this assumed fit. Nonetheless, the 
dimensions of the H n regions and the location of the critical 
point, 0crit, do not depend on this choice (Franco, Tenorio- 
Tagle, and Bodenheimer 1989). 

Here R0 is defined as the Strömgren radius for the midplane 
density, and the additional parameter y0 = R0 sin (0)/H is 
useful in the description of the solution. The resulting size of 
the initial H n region as a function of the angle 6 becomes 

Re^R0h(Q), (28) 

with 

Mm-ra44Vnri+(^/o-88)i 
\ yo J 1_1 - (W0.88)J ’ 

and the behavior for small values of y0 (i.e., y0 < 0.3) is 

h(9) ^ (1 + y2
0/2). 

(29) 

(30) 

The equivalent average ion mass density along each line of 
sight weighted by the photoionization process (i.e., the ion 
density corresponding to a Strömgren radius of size R0), is 
given by 

<Pi> = poh-3l2(0), (31) 

where p0 is the mass density at midplane. 
The critical point is y0 = 0.88, and this corresponds to a 

critical angle 

0crit = sin“1 (0.88 £), (32) 

which defines the conical section of the disk that is fully 
ionized. It is clear, then, that the initial H 11 region reaches the 
critical point when R0 > 0.88 H, and it becomes completely 
bounded within the disk when R0 < 0.88 H. Dust opacity 
reduces the dimensions of R0 and Re (see Appendix), but the 
value of the critical point, y0 = 0.88, remains unchanged. 

b) The Expansion along the Symmetry Axis: “ Variable-Size ” 
H ii Regions 

The geometry of this problem is rather complex, and two- 
dimensional effects, such as lateral velocity components gener- 
ated near the boundaries with the neutral gas, cannot be 
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considered with a simple analytical scheme. Similarly, the tran- 
sition from a bounded to an unbounded region (i.e., when the 
ionization front is able to break through the shock front) is 
also a two-dimensional problem. Thus, for simplicity, the 
analysis is focused on the expansion along the symmetry axis 
(0 = tc/2) of initially unbounded regions (y0 > 0.88). Note that 
two-dimensional effects become important after a sound cross- 
ing time, t2D ^ Ro/cb and this restricts the discussion to the 
early stages of the expansion, t < t2D. The symbols n0, R0, H, 
and y0 are kept as the initial values (i.e., at i = 0) of the corre- 
sponding parameters. 

The early stages of the expansion are controlled by the 
density gradient perpendicular to midplane, and the ionized 
gas flows only along the z-axis (see Bodenheimer et al 1983). 
The initial acceleration, 

a{z) ^ tanh , (33) 

increases with distance and becomes constant beyond the 
height z~2 H. This acceleration stretches the disk and pre- 
vents the appearance of shock waves at early times. The gas 
velocities can, however, reach supersonic values. Note that the 
expansion changes the density gradient in a typical time scale 
of about rd ^ (2 H/Ci), and this change also modifies the gas 
acceleration. These variations are time dependent, and our 
approach is only valid before the time-dependent effects 
become important. Thus, the evolutionary time scales are 
restricted by the smaller value between t2D and td (r2D is 
smaller for y0 < 2, and Td < t2D for y0 > 2). 

With these restrictions, the location of a gas particle along 
the axis evolves 

z(t) ^ z + (-ffj tanh , (34) 

where z is the original height of the particle [in particular, note 
that the scale height grows as H(t) ~ H + Q.76cft2/H~]. Mass is 
conserved and the column density from midplane to the loca- 
tion of any moving gas parcel, Nz(t) = n0H tanh (z/U), remains 
constant. The density distribution, dNz{t)/dz(t), also remains 
roughly similar to the original one, but now n0 and H are 
replaced with n0(t) and H(t). Defining Nd = n0 H, the column 
density of the half-disk, the midplane density decreases as 

n0(t) - Nd/H(t) - n0(l + 0.16cft2/H2)~1 . (35) 

The equivalent Strömgren radius for this midplane density, 
R0(t), also increases as the expansion proceeds. The growth 
rates for R0(t) and H(t) are different, however, and the dimen- 
sionless variable 

yd*) = Ml 
H(t) 

(36) 

is a decreasing function of time. Thus, there exists a time, tp at 
which y0(t) drops below the critical value, 0.88, and the ionized 
region becomes trapped! At this time, the ionization front is 
forced to recede, and some gas recombines as a result of the 
expansion. This effect occurs when the midplane density 
reaches the value 

«oW - (0-7)n0 y0 
3 , 

and the corresponding trapping time is 

T, ~ i-2yo1 
-|l/2 

1 T2D • 

(37) 

(38) 

The constraint Tt < r2D indicates that the trapping can only 
occur for the cases 0.88 < y0 < 1. Also, given that the gas 
column density decreases after the rarefaction waves driven by 
the lateral expansion reach the symmetry axis, the trapping is 
shortlived, and after a time equal to t2D, the ionization front 
moves outward again. Thus, in the absence of magnetic fields, 
for cases with y0 ~ the H n region will have a “variable- 
size ” stage shortly after it is born. Note that the recombining 
gas would be seen as a short-lived high-velocity neutral 
outflow. The main reason for the trapping is that the flow 
initially is primarily one-dimensional rather than spherical. 
The photon density always decreases faster than z~2 because 
of recombinations. The gas density distribution, which is ini- 
tially steeper than any power law at large distances, becomes 
less steep during expansion. The increase in gas density at 
given heights can result in the trapping of a previously 
unbounded I-front. 

A more general description for other disk-like density dis- 
tributions, including the approximate effects of magnetic fields, 
is given in Franco, Tenorio-Tagle, and Bodenheimer (1989). 
Cases with magnetic field have longer lasting trappings and, 
consequently, can generate longer lasting high-velocity neutral 
outflows. 

IV. COMPARISON WITH NUMERICAL SIMULATIONS 

Radiative cooling from the metastable levels of heavy ele- 
ments is very efficient (particularly from oxygen), so that the 
equilibrium temperature is fairly constant within the ionized 
region and is almost independent of the stellar effective tem- 
perature (e.g., Osterbrock 1989). Thus, the H n region can be 
regarded as isothermal, and for “cosmic” abundances, this 
equilibrium temperature is somewhat below 104 K. The result- 
ant sound speed in the ionized gas is about c, 11.5 km s-1; 
this value will be used in the numerical simulations, which are 
performed with the procedure described by Tenorio-Tagle et 
al. (1986). The numerical grid resolution in all the models 
described in this section is 2.1 x 1015 cm, and the ambient gas 
is assumed atomic. 

a) Power-Law Density Stratifications 
Figure 2 shows a comparison between the analytical solu- 

tions (eqs. [22], [24], [25], and [26a]) and the detailed numeri- 
cal simulations for various values of w. The stellar output is in 
all cases F* = 5 x 1049 s-1, and the core parameters are nc = 
106 cm-3 and rc = 2.1 x 1016 cm. Figure 2a displays, as a 
function of time, the numerically obtained position of both 
ionization front and leading shock for w = 1. These in the 
analytical approach are assumed to be close together through- 
out the evolution (solid line). Figure 2b shows the critical case 
w = 3/2, where the fronts move together at a constant speed 
~2cí. Figures 2c and 2d show a comparison for the cases with 
w equal to 3 and 5, respectively. The analytical solution for 
w = 5 was derived with <5 = 3.9 (eq. [26b]). The agreement in 
all cases is better than 10%. Similarly good agreement is 
obtained for w = 1.7 and 4.0. 

Figures 3 and 4 display details of the numerical calculations, 
all performed with the same parameters indicated above, for 
w = 1.4, 1.5, 1.7, 3, and 5. Figure 3u (w = 1.4) shows the devel- 
opment and propagation of the leading shock, closely followed 
by the ionization front, as the H n region expands. The 
growing separation between the two fronts is not a result of 
accumulation but rather of slow radiative cooling of the gas at 
the postshock temperatures of several thousand degrees (e.g., 
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t(yr) »«yfl 

Fig. 2c Fig. 2d 

Fig. 2.—(a) Expansion of an H n region, with w = 1, nc = 106 cm-3, and rc = 2.1 x 1016 cm, driven by a stellar photon output ofF* = 5 x 1049 s“l. Solid line is 
the analytical approximation with ct = 11.5 km s_1. Numerical results for the ionization and shock fronts are marked with open triangles and open circles, 
respectively. {b)-(d) Same as (a), but for w = 3/2,3, and 5, respectively. 

Raymond, Cox, and Smith 1976). A shock under such condi- 
tions behaves quasi-adiabatically, while in the analytical 
approach it was assumed to be isothermal. Figure 3b shows the 
critical case w = 3/2. Comparing this with the preceding case, 
one can corroborate the predicted behavior of shock formation 
and propagation without accumulation of matter between the 
two fronts. Note that the density in the ionized volume in both 
cases acquires at all times fairly uniform values, in agreement 
with the assumptions made in the analytical approach. The 
numerical results for w < 3/2 are also in good agreement with 
the analytical prediction for the evolution of the ratio of total 
to ionized mass (eq. [17]). For w = 1.7, Figure 3c, the H n 

region has a formation phase (i.e., this case corresponds to 
3/2 < w < wf), but the shock is overtaken by the ionization 
front almost immediately after the beginning of the expansion. 
At all times, the maximum value of the velocity is ~2.5cf, in 
agreement with the model predictions (eqs. [24]-[25]). 

For large w values (Figs. 4a-4h), owing to the highly super- 
sonic motions, the flow does not have sufficient time to relax to 
uniform values. In particular, as a result of the increase in 
shock velocity as a function of time, the density decreases and 
the gas velocity grows almost linearly inside the shocked 
region. For w = 5, at the last calculated time the velocity 
reaches a value of 350 km s- ^ The amount of matter with this 
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0.0 1.0 2.0 3.0 <1.0 5.0 6.0 7.0 
R (PC) 

Fig. 3a 
Fig. 3.—(a) Expansion of an H n region with w = 1.4 and the same parameters as in Fig. 2a. Density and velocity profiles are shown at t = 1.39 x 104 yr, 

9.1 x 104 yr, and 2.1 x 105 yr. (b) Same as (a), but for w = 3/2 at i = 1.43 x 104 yr, 9.3 x 104 yr, and 1.7 x 105 yr. (c) Same as (a) for w = 1.7 at i = 1.23 x 104 yr, 
6.1 x 104yr, and 1.72 x 105yr. 

high velocity is not very large. However, note that in both 
cases, the whole ionized cloud has attained supersonic speeds 
within the calculated evolutionary times. 

b) Self-gravitating Disks 
The numerical calculations for the hydrodynamics of pho- 

toionized regions in a stratified, self-gravitating disk were per- 
formed under the assumption of slab symmetry. The radiative 
transport was solved under the assumption of spherical sym- 
metry. The initial midplane density was 103 cm-3, and the 
ionizing flux was 3 x 1043 photons s~1. The resulting reference 
radius was R0 = 2.87 x 1016 cm. The scale height H was 
varied from 1016 cm to 5 x 1016 cm; these runs corroborate 

the limit for initially unbounded H n regions (when R0 > 0.88 
H). Figure 5 shows details of the flow produced in an initially 
unbounded case with H = 3 x 1016 cm. At first, the whole disk 
becomes fully ionized and begins to expand in an almost 
homologous manner, preserving the shape of the initial density 
stratification. The gas velocity increases with height and 
becomes flat beyond z = 2 H, as discussed in § lib. The center 
frames show the moment when the midplane density has a 
value of about 7 x 102 cm-3, at the time t ^ 520 yr, and the 
ionization front becomes trapped. These values for the trap- 
ping are in fair agreement with the analytical expectations, 
no(Tt) — 8 x 102 cm-3 and Tt ^ 500 yr (eqs. [37] and [38]). At 
t = 850 yr (lower frames), two-dimensional effects should begin 
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R (PC) 

Fig. 3b 

to reach the symmetry axis and should cause the front to move 
outward again. These details have been analyzed with a two- 
dimensional code by Franco, Tenorio-Tagle, and Bodenheimer 
(1989). 

V. SUMMARY AND CONCLUSIONS 

The results presented in this paper are meant to provide a 
physical insight into the variety of dynamical phenomena 
expected in H n regions, together with reliable tools to estimate 
their evolution under a wide range of conditions. For spherical 
clouds with a small constant-density core and a power-law 
density distribution, r-w, outside the core, the results can be 
summarized as follows : 

1. There is a critical exponent above which the cloud 
becomes completely ionized. Its value in the formation phase 
depends on the initial conditions, but it has a well-defined 
value, wcrit = 3/2, during the expansion phase. 

2. For w < wcrit, the radius of the H n region grows as 
¿4/(7-2vío^ neutral mass accumulates in the interphase 

between the ionization and shock fronts. For w = wcrit, the 
fronts move together without mass accumulation (i.e., the gas 
is ionized immediately after it is shocked), and the expansion 
velocity is constant at about 2ci. 

3. Cases with w > wcrit lead to the champagne phase: once 
the cloud is fully ionized, the expansion becomes supersonic. 
The dense core expands faster than the rest of the ionized 
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cloud, and a distinction between two well-defined regimes has 
been made. For 3/2 < w < 3, the slow regime, the core expan- 
sion is mildly supersonic and has almost constant velocity. For 
w > 3, the the fast regime, the core expansion drives a strongly 
accelerating shock, and all the flow variables remain stratified 
during the evolution. 

For self-gravitating disks without magnetic fields, the main 
features include a new “ variable-size ” stage : 

1. The initial shape of the H n region has a critical point, 
y0 = 0.88, which defines the azimuthal angle 0CTit beyond which 
the disk becomes completely ionized (this angle corresponds to 
the direction in which the density gradient becomes steeper 
than the critical value discussed for spherical clouds). 

2. For initially unbounded H n regions (y0 > 0.88), the gas 
flows along the z-direction during the early stages of the expan- 
sion. The one-dimensional analysis shows that the velocities 
increase with increasing height, up to z ^ 2 /f, and the disk is 
stretched with time. For the particular case yo ~ the ^ 11 

region becomes bounded as a result of the expansion. This 
effect occurs in the very early stages of expansion and only lasts 
for a short period of time. Thus, regions with yo ~ I will have a 
highly variable size soon after their formation. 

These results may also have a wide variety of possible appli- 
cations. For instance, if the average density distribution of 
star-forming cloud fragments is truly steeper than w = 3/2, the 
parent fragments can be easily destroyed by the radiation field 
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R(PC) R(PC) 

Fig. 4a 
Fig. 4.—(a) Expansion of an H n region with w = 3 and the same parameters as in Fig. 2a. Density and velocity profiles are shown at i = 5.12 x 103 yr, 4.9 x 104 

yr, and 9.0 x 104 yr. (b) Same as (a) for w = 5 at i = 5.29 x 103 yr, 1.7 x 104 yr, and 2 x 104 yr. 

of recently formed massive stars. Moreover, all H n regions 
located at the cloud boundaries (i.e., the optical H n regions) 
are not ionization bounded in the outward direction, and there 
is a fraction of ionizing photons leaking out into the general 
interstellar medium (a similar situation may occur in planetary 
nebulae and even in active galactic nuclei). Such an asymmetry 
in the structure of optical nebulae indicates that the line ratios 
computed with ionization-bounded models may be misleading 
when compared with observed regions. In particular, 
ionization-bounded models require a harder UV spectrum 
(than do density-bounded models) to match the line ratios of 
different ionization species emitted by a density-bounded 
region. From the dynamical point of view, shocks driven by the 

expansion of the inner dense regions and running through the 
ionized gas may be quite common. Therefore, high-ionization 
species in young optical H n regions should have higher expan- 
sion velocities. Such a velocity stratification has already been 
reported for the Orion nebula (Wilson et al. 1959; Franco and 
Savage 1982): the absorption lines of high-ionization species 
such as C iv and Si iv are blueshifted some 25 km s“1 with 
respect to other nebular lines and some 40 km s "1 with respect 
to the exciting star. A previous interpretation (Franco and 
Savage 1982) ascribes the line shifts to the interaction of a 
stellar wind with high-density globules inside the nebula. The 
present results, however, show that similar shifts are also 
expected in density-bounded young regions with w between 2 
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and 3 (eqs. [24] and [25]). Again, due to the possibility of 
strong internal shocks, line ratios derived from static photo- 
ionization models may not be reliable in the diagnostics of H n 
region complexes with intense star formation. 

Another important point is the possibility of strongly accel- 
erating shocks in regions with w > 3. These types of flows have 
been suggested as a source of cosmic-ray acceleration in super- 
nova explosions when the shock emerges from the progenitor 
star (Zel’dovich and Raizer 1967), and the same effect may 
occur in some H n regions. The energies involved are obviously 
different, but the physical mechanism should be equally oper- 
ative in the production of relativistic particles. This process 
may be linked with the y-ray sources associated with star- 

forming regions (Montmerle 1985), and it certainly deserves 
further study. 

In the case of self-gravitating disks, or in flat clouds, there 
are some similarities with the features described above. Again, 
the disks can be destroyed easily by massive stars, and the 
optical H ii regions are not ionization bounded. The main 
difference between the disk and the spherical cloud cases is the 
possibility of a variable stage in the early disk evolution. This 
aspect was addressed for the particular case of a nonmagnetic 
sech2 (x) distribution. Nonetheless, it indicates that plane- 
stratified gas distributions undergoing an intense star-forming 
activity may present optical variability. Such a scenario could 
be important in understanding the light variations observed in 
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R (PC) *E-2 

Fig. 5.—Expansion of an ionized disk. Density and velocity profiles along the symmetry axis are shown at {top) i = 185 yr, (middle) 520 yr, and (bottom) 850 yr. 
Arrow indicates the position of the trapped ionization front. 

some active galactic nuclei. Similarly, the presence of a mag- 
netic field can enhance the trapping stage and can lead to the 
existence of neutral flows (Franco, Tenorio-Tagle, and Boden- 
heimer 1989). Such flows should be connected with compact 
H ii regions and should be detectable as high-velocity H i out- 
flows. These features have some resemblance to observed 
properties of DR-21 (Russell 1987) and deserve a more detailed 
analysis. The case for the galactic gaseous disk was not con- 
sidered in this study. However, these results indicate that OB 
associations should be pumping a substantial amount of ion- 
izing photons into the galactic halo (and, perhaps, also to the 
intergalactic medium). The low densities involved in this case 
suggest that the high-latitude gas can remain ionized for a long 
period of time. Further studies with disk distributions are in 

progress and will be presented in a future paper. 
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APPENDIX 

139 

APPROXIMATE CORRECTIONS DUE TO DUST GRAINS 

Dust grains absorb the stellar radiation and their opacity reduces the flux of ionizing photons available to the gas. The 
corresponding ionized region, then, is smaller than in the dust-free case. Dust scattering increases the probability for destruction of 
photons by gas and by other dust grains. Detailed numerical simulations for this process in constant-density H n regions show that 
dust scattering changes the details of the ionization structure, but that it has a rather minor effect (less than 10%) on the total 
number of recombinations (Mathis 1971). Hence, the net effect on the size of the ionized region is not important and can be 
neglected. For a constant dust-to-gas ratio, the dust optical depth for absorption is 

*d = °aNg, (Al) 
where aa is the dust absorption cross section per gas particle, and Ng is the total gas column density. The dust cross section for 
absorption per gas particle depends, aside from the dust-to-gas ratio, on the average optical properties of interstellar grains. These, 
in turn, depend on their size distribution (e.g., Mathis, Rumpl, and Nordsieck 1977) and assumed grain composition (e.g. Draine and 
Lee 1984). Given that the efficiency of dust formation in nearby galaxies seems to be almost constant (e.g., Bouchet et al. 1985), a 
rough approximation to the dust absorption cross section per gas particle near the Lyman limit and as a function of the heavy 
element abundances, Z, can be written as (Franco and Cox 1986) 

<7a ~ 2 x cm2 » (A2) 

where Z0 =2 x 10“ 2 is the “metallicity ” in the solar neighborhood. 
Assuming that the gas in the H n region is fully ionized, the total number of stellar ionizing photons available to the gas is reduced 

by dust opacity to, approximately, 
Fd — F*e~Xd, (A3) 

and the fraction of ionizing photons absorbed by the gas in the H n region is simply 

f=e~'d (A4) 

where zd is the optical depth at the boundary of the H n region. This approach, even though it neglects the detailed ionization 
structure of the region, provides reasonably good results. Figure 6 displays a comparison of equation (A4) with the detailed 
numerical simulations performed by Mathis (1971) and the analytical approximations derived by Petrosian, Silk, and Field (1972) 
for the constant-density case. As can be noticed from the figure, the departure from Mathis’s more detailed results is always smaller 
than 20%. Moreover, given that the dimensions of the ionized region scale with/1/3, the radii derived with this simple approach 
depart less than 10% from those derived with a more accurate method. Therefore, if the value of is known, one can approximate 
the initial size of H n regions in a dusty medium with the formulation described in the previous sections, but now replacing the 
original stellar output F * with the reduced output F d. 

The value of Td at the boundary of the ionized region cannot be solved analytically for the general case of the density distributions 
discussed in the paper, and they have to be evaluated by iteration for each particular case. The required column densities and some 
of their properties are discussed below. 

1. Power-law density gradients.—The column density at a distance r, larger than rc, from the star is 

nc rc(l — w) 1[(r/rc)
1 w — w] , for w # 1 ; 

wcrc[l + ln(r/rc)] > for w = 1 . 
(A5a) 

For w = 0, the column density is simply proportional to the distance from the star. In this case, the value of Td and the reduction of 

Fig. 6.—Fraction of ionizing photons absorbed by the gas plotted against the optical depth for true absorption in the ionized nebula. Solid line is eq. (A4), dotted 
line is the approximation of Petrosian, Silk, and Field (1972), the open circles are the numerical results of Mathis (1971). 
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the ionized region can be obtained with the approximations described by Petrosian, Silk, and Field (1972) or, alternatively, by 
solving the transcendental equation Rd = Rs /1/3 (where Rd is the reduced radius of the H n region and Rs is the dust-free radius). 
Similarly, when the core optical depth is (Ta ncrc >3 In (Rs/

rc)> the reduced H n region becomes trapped within the core, and, 
regardless of the value of w, its size is evaluated in the same manner as in the w = 0 case. The other cases (i.e., w ^ 0) do not have 
such a simple treatment, and one has to iterate the optical depth from equation (A5a) with equations (2), (8), and (9). For w > 1, 
however, the maximum column density amounts to nc rc w/(w — 1) and, as long as the reduced H n region is not trapped within the 
core, the differences in opacities between the dust-free and reduced regions are small. In these cases, the value of Td at the Strömgren 
radius for the dust-free case provides a good approximation to Fd. Also, given that the critical exponent for the formation phase 
depends on the ratio Rs/rc and this ratio has now been reduced by dust absorption, the value of wf is increased by a certain amount. 

2. Self-gravitating disks.—The column density in this case becomes 

Ng(r, 6) = 
n0H 

sin (9) 
tanh 

r sin (0) 
H 

(A5b) 

The optical depth and its corresponding reduced stellar output, then, are now functions of the angle, t^9), and Fd(6), respectively. 
Defining R0(6) = R0e~Zd{d)l3 and the corresponding dimensionless variable y0(9) = Ro(0) sin (0)/H9 the size of the reduced ionized 
region is given again by equation (26) if R0 and y0 are replaced by the newly defined variables. Note, however, that the value of the 
critical point, y0(9) = 0.88, is a property of the solution and is not affected by these redefinitions. The maximum column density near 
6 = tt/2 is about n0 H, and this value can be used to check if the H n region becomes completely contained within the disk. Such is 
the case when (ran0H >\n(lA5R0/H). 
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