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Abstract. Hexagonal uniformly redundant array (HURA) coded
apertures have important properties for y-ray imaging and they
have been successfully used in conjunction with an Anger camera
for astronomical y-ray observations. However, when coupled to a
detector plane constructed from discrete pixels, an inherent
systematic noise due to the non-perfect overlap between mask
elements and detector pixels can cause degradation of the image
quality. Here we present the results of computer simulations
designed to evaluate the basic performance of a system employing
a rotating HURA mask and two discrete pixel detector geomet-
ries; a square pixel detector (SPD) and a hexagonal pixel detector
(HPD). Intrinsic systematic noise has been found to affect the
quality of the system point spread function for both detector
geometries. The noise varies with the mask orientation, the
detector resolution and the source position, and is highly mag-
nified by the background level. Special configurations for the
HPD geometry have been identified for which a nearly perfect
overlap of mask elements with detector pixels occurs at two mask
orientations. Under these conditions the systematic noise is
completely absent.
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1. Introduction

Coded aperture imaging is now a well known modulation
technique to obtain high quality astronomical images in the
energy range of hard X-rays and y-rays where focussing is not
feasible. A mask of transparent and opaque elements modulates
the radiation incident on a position sensitive detector. Correlation
of the recorded data with the mask pattern enables an image of the
sky to be reconstructed by suitable deconvolution algorithms. The
theory of coded aperture imaging is well advanced and several
experiments have demonstrated its capabilities [for a recent review
on the subject and classical references see Caroli et al. (1987)].
One of the most recent attempts to optimise the characteristics
of coded aperture telescopes consists of employing masks based
on hexagonal uniformly redundant arrays (HURA) (Finger and
Prince, 1985; Cook et al., 1984). These masks, besides being built
on skew Hadamard sets and thus having a system point spread
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function (SPSF) with flat side lobes, possess other interesting
properties. They are antisymmetric upon a 60° rotation and
therefore an antimask image can be easily obtained and used to
remove systematic effects due to non uniform background
(McConnell et al., 1982). Continuous mask rotation also blurs out
the ambiguous source repetitions, caused by an excessive re-
petition of the mask basic pattern, into a low ring centred on the
real source peak. Therefore a large field of view (FOV) can be
obtained by enlarging the mask without increasing the detection
area or reducing the angular resolution. Moreover, the hexagonal
geometry makes HURAs particularly suitable for detectors of
circular shape. A HURA mask has been successfully used with an
Anger camera in a balloon borne imaging telescope for y-rays
(GRIP) by the Californian Institute of Technology group
(Althouse et al., 1985, 1987; Cook et al., 1985) and a HURA mask
has now been proposed for the major y-ray astronomy ESA
project GRASP (Gamma Ray Astronomy wth Spectroscopy and
Positioning) (Assessment Study Report of the GRASP project,
December, 1986).

However the use of a hexagonal element mask with a discrete
pixel detector introduces an intrinsic systematic noise which leads
to a degradation in the deconvolved image quality. This noise is
derived from the fact that the hexagonal elements of a HURA
mask cannot be binned exactly by the detector pixels, unlike
stationary square mask elements with square detector pixels,
where binning is perfect. The implication of this mismatch is that
the detector will record an asymmetric blurring of the mask
shadow, and the correlation between the detector pixels and the
mask elements will not be perfect in the deconvolution process.

We have studied the basic performance of a coded system
employing a stationary and a rotating HURA mask and a discrete
pixel detector plane. Two detector geometries have been studied
and compared; a square pixel detector array (SPD) and a
hexagonal pixel detector array (HPD). The hexagonal geometry
has been studied with the aim of finding a configuration for which
the overlap of mask elements and pixels is optimum. In fact a
special configuration exists for which at two mask orientations the
overlap of hexagonal mask elements with hexagonal pixels is
nearly perfect. For this configuration the systematic noise has
been found to be completely absent. Here we present the results of
computer simulations carried out to study the image quality and in
particular the variations of the systematic noise under different
observational conditions and different signal to noise ratio levels
for the two detector geometries. Section 2 illustrates the character-
istics of the imaging system, the deconvolution method used and
the way the image quality is evaluated. In Sect. 3 we present the
results of the simulations of the SPSF in different observational
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conditions and of a pointlike source in different conditions of
background level. In Sect. 4 a brief summary of the conclusions is
given.

Experimental tests with a HURA mask and a discrete pixel
detector have also been carried out and the results confirm the
conclusions reached by the simulations. These experimental
results and other computer and laboratory tests done to study
different techniques for the reduction of the systematic effects for
this kind of coded systems (weighted deconvolution, use of mask
and antimask, etc.) will be presented elsewhere (Goldwurm et al.,
1990).

2. Imaging requirements

Monte Carlo simulation programs have been developed and used
to study the basic imaging performance of an ideal coded aperture
system consisting of a HURA mask and a perfect discrete pixel
detector plane. The mask used is of 19 element basic pattern and
217 elements in total (Cook et al., 1984), and has been used in
conjunction with a square pixel detector array (SPD) and a
hexagonal pixel detector array (HPD). The detectors are circular
with the useful region having the same size and orientation as the
basic mask pattern. The detector efficiency and the closed mask
element opacity have both been assumed to be 100%.

Mask rotation has been simulated in steps with the orientation
angle o being the angle of orientation of the mask with respect to
the detector plane. In the SPD case, « is the angle of the ey-axis of
the hexagonal mask grid with respect to the x-axis of the SPD grid,
asshown in Fig. 1a, so that when a = 0°, these axes are coincident.
In the HPD case, special detector configurations have been chosen
such that two mask orientation angles give a near perfect binning
of the mask elements by the detector pixels (Fig. 1b). One of these
angles is chosen as « =0° and all other mask orientations are
measured from this starting point. Because of the difference in
geometry of the two detectors, there is no relationship between the
value of o of one detector to that of the other. One rotated mask
image consists of the sum of six separate stationary mask images
at 10° to each other.

The detector resolution is defined by the relative area of mask
elements to detector pixels (4,). The simulations have been carried
out having the mask element size (flat to flat) equal to N times the
pixel size for the SPD (where N is an integer number) and equal to
VBW+1D2][B(N+1)2—1]—1 times the pixel size (flat to
flat) for the HPD (where N, in this case, must be an odd integer). In
all the simulations, except those for different 4,, N was chosen
equal to 5, giving slightly different relative areas in the two cases
(4,=21.7 for SPD, and 4, =19 for HPD).

Deconvolution has been performed by using the finely
sampled balanced correlation technique (Fenimore and Weston,
1981; Fenimore and Cannon, 1981), where each pixel flux is
projected back to each source bin and either added or subtracted
depending on whether the mask cell is open or closed. Each
detector pixel is correlated with the mask element in which its
centre is projected back. Because of the non-perfect overlap of the
mask elements with detector pixels, this standard deconvolution
technique is expected to produce some systematic noise which is
inherent in the imaging system, unlike an optimum system where
overlap is perfect (Gunson and Polychronopulos, 1976). The
deconvolved images exhibit a peak with a broad base correspond-
ing to the source position, and repetitions of this source periodi-
cally spaced throughout the image (Finger and Prince, 1985).
Therefore the image quality has been calculated using the area of
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Fig.1a and b. Mask element and detector pixel configurations for the SPD (a),
and the HPD (b). For the SPD, the mask rotation angle o is the angle of the
eo-axis of the hexagonal mask grid with respect to the x-axis of the SPD grid. For
the HPD, the relative size of the detector pixels to the mask elements has been
chosen so that there is a near perfect binning of one by the other as shown in the
figure. The mask rotation angle « between the two hexagonal grids is chosen to
be 0° when this overlap occurs. Also shown is another angle (¢« =13°17) for
which the near perfect overlap occurs again

the image lying just outside the base of the source peak and inside a
circle stretching out as far as possible without including any part
of any of the repetitions.

The image quality itself has been quantified by calculating the
signal to noise ratio, SNR, defined by:

SNR = (P — B)/ay,

where P is the source peak pixel flux value, B is the mean
background noise per pixel and gy, is the standard deviation in the
deconvolved background. For a statistical point source in the
presence of background the SNR of the deconvolved images
obtained by an optimum coded system is expected to vary around
the value:

SNRexp = S/VCS + Cb s
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where C is the total detector source counts and C, the total
background counts (Carter et al., 1982). When a systematic effect
produces a noise comparable or higher than the statistical noise
the SNR becomes lower than SNR,,,.

3. Computer simulations

The computer simulations have been divided into three sections,
namely: (1) system point spread function, (2) statistical source and
background, (3) case of nearly perfect overlap for the HPD.

The system point spread function (SPSF) of an imaging system
is the response of the system when observing a non-statistical
point source in the fully coded field of view in the absence of
background noise. Therefore, for a perfect imaging system the
SPSF is a pyramidal function and SNR is infinite. For an imper-
fect system, the systematic noise varies with different observational
situations and this noise has been studied and quantified neglect-
ing statistical variations and background noise. For the SPSF the
imaging quality has been studied under conditions of varying
mask orientation angle, different source position, and varying
detector position resolution.

Simulations have also been carried out of observations of a
statistical point source in the presence of background noise for
both stationary and rotating mask images.

Finally, the case of nearly perfect mask element binning by the
HPD has been studied to see the possible reduction in systematic
noise using this special geometry.

3.1. Results of simulations: SPSF

The SNR of the SPSF has been calculated for a randomly
positioned point source in the fully coded field of view at different
mask orientations, o, between 0° and 60° using both detector
geometries.

The results are shown in Figs. 2 and 3, where Fig. 2 is the graph
of SNR versus o produced by the SPD and Fig.3 is the
corresponding graph for the HPD. In both cases, the SNR varies
irregularly and rapidly with no apparent periodicity within the 60°
range studied up to 40% from the mid SNR (i.e. the value mid way
between the highest and lowest SNR values). The fact that the
SNR is not infinite is due to the non-perfect overlap of detector
pixels with the mask elements which produces systematic noise.
For a fixed source position significant changes in geometrical corre-
lation between pixels and mask elements is expected to occur for
changes in mask orientation of A4« > (half pixel/mask radius),
which is about 1° in our case. In fact high variations in SNR are
observed on angular scales of >1° (Fig.2). In the HPD case,
however, the SNR approaches infinity at the two mask orient-
ations angles (¢ = 0° and o = 13°2) for which detector pixels are
well matched by mask elements, indicating that systematic noise is
effectively absent in these cases.

The SNR has been studied for different source positions
around the centre of the field of view, and for larger displacements
in a straight line across the whole field of view. Source movements
inside an area of approximately one mask element gave only a
small SNR range in each case (<7%). Higher variations have
been observed for larger displacements. Figure4 shows the
variations in SNR moving the source across the FOV in the case of
the HPD for 3 different mask orientations. Changes up to 20% are
present, but the mean noise level is clearly determined by the mask
orientation rather than by the source position.
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Fig.2. SNR of the SPSF vs. mask orientation, «, for a non-central point source
observed with a stationary mask and the SPD. The mid value SNR is 65.7 and

the range is 50.1. Because the SPSF is a non-statistical property of an imaging
system, there are no error bars with the datapoints
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Fig.3. SNR of the SPSF vs. mask orientation, o, for a non-central point source
observed with a stationary mask and the HPD. The mid value SNR (excluding
the two large peaks) is 64.6 and the range 54.8. Two large peaks are present at the
angles 0° and 13?17 corresponding to the near perfect mask element — detector
pixel overlap situation. For these angles the systematic noise is absent

100 |-
ao-
s sl W
N
R
pryn WH—X'_H—)‘\,(
20}
o 1 1 1 1 1 1 1
-8 -6 -4 -2 ° 2 4 6 8

Distance from centre (pixels)

Fig.4. SNR of the SPSF vs. source position for the HPD. Each curve
corresponds to a different mask orientation angle (35° = circles, 45° = asterisks,
55° = crosses). Changes of up to 20% are observed but the mean noise level is
clearly determined by the mask orientation
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Fig.5. SNR of the SPSF for the SPD for different detector positional

resolutions. The SNR is plotted against the ratio of mask element area to

detector pixel area (4,) for two mask orientation angles, o = 43° (crosses) and
o= 33° (circles)
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Fig.6. SNR of the SPSF for the HPD at different detector positional

resolutions. The SNR is plotted against the ratio between mask element area and

detector pixel area (4,) for two mask orientation angles, o = 25° (crosses) and
o = 15° (circles)
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A point source in the centre of the field of view has been
studied using different detector position resolutions for both a
stationary and a rotated mask for both detectors. The graphs of
SNR versus relative area of mask element to detector pixel, 4,, are
shown in Figs. 5 and 6 for two mask orientations of each detector.
As would be expected, the image quality generally increases with
increasing positional resolution due to a better approximation to
the “ideal” coded system being achieved at higher resolution.
However, at any given mask orientation, geometrical artifacts
may occur leading to unexpected trends. Neglecting artifacts, the
general trend seems to be approximately linear. This is parti-
cularly evident in the graph of Fig.7, where the SNR vs. 4, is
shown for a rotating mask (HPD case), for which the geometrical
artifacts occurring at some angles are averaged by the rotation. A
regression analysis on the data points shows that each set can be
fitted by a straight line with a high correlation coefficient (=0.98),
giving gradients of 5.0 for the SPD and 6.2 for the HPD. The
expected difference in SNR for the two detector geometries (HPD

ZTV

637

600

500

400

300

200

100

o 1 A1 L 1 1 1 1 1 1
0 10 20 30 40 50 6 70 8 90
Relative area (Ar)

100

Fig.7. SNR of the SPSF vs. relative area 4, for a rotating mask. The datapoints
and lines of best fit are shown for the HPD (circles) and the SPD (crosses). Their
gradients are 6.2 and 5.0 respectively

and SPD) due to the slight difference in the detector resolution can
therefore be predicted. For rotating mask images with low
background level the SNR for the SPD is therefore expected to be
about 10% higher than for the HPD.

3.2 Results of simulations: statistical source and background

The same imaging systems have been used to observe a non central
point source in the presence of varying levels of background noise
for both a stationary and a rotating mask. In all simulations the
source flux value was 100 photons per fully illuminated square
pixel of the SPD, and a range of background levels up to ten times
the source flux was used. The corresponding fluxes used for the
HPD were normalised to those of the SPD so that the total
detector counts were kept constant for each geometry.

The results of observations using a stationary mask are as
follows. Because of the presence of systematic noise, the observed
SNR is always less than SNR,, , for both detectors, ranging from a
50% decrease at low background up to 90% at higher back-
ground. The exceptions to this are at the two angles of near
perfect overlap for the HPD (see Sect. 3.3). The SNR decreases
with increasing background noise, as would be expected, but the
profile versus « has the same general trend as that of the SPSF.
This shows that the systematic noise is always overwhelmingly
dominant over the statistical noise, even in the case of high
background noise. Moreover the background seems to heavily
magnify the systematic noise.

For the rotated mask, five trials of observations of a source
away from the centre of the field of view have been simulated, and the
results are given in Table 1. For each background level studied, the
expected SNR, SNR.,, is shown, along with the mean simulated
SNR and their corresponding errors. These results are shown
graphically (on a logarithmic scale) in Fig.8. As expected, the
SNR decreases with increasing background noise for both
detectors, and in all cases is less than SNR,,. This shows that the
systematic noise, although decreased by a factor of approximately
2 with respect to that of the stationary mask images, is also present
in the rotated mask images, and therefore reduces the image
quality. Table 1 also shows the ratio of SNR to SNR,,,, for each
simulation, and it can be seen that this ratio decreases with
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| Table 1. Rotated mask images

Bkg flux SNR,,, SPD HPD
(source
flux units) SNR SNR/SNR,,, SNR SNR/SNR,,,
0.0 362 132.346.2 037 118.64+3.7 033
0.1 330 1277437  0.39 108.2+5.8  0.36
0.5 256 91.84+8.0  0.36 74.64+3.6  0.29
1.0 210 63.84+2.6 0.30 539+1.3  0.26
3.0 139 31.74+0.6 0.23 248+1.2 0.18
5.0 111 20.0+04  0.18 155405 0.14
10.0 80 10.2+0.3  0.13 8.1+0.2 0.10
28 log(SNR) Table 2. SNR of stationary mask images at o=13°17 for the
’ hexagonal pixel detector
24} ° o Bkg flux SNR.,, SNR
° (source flux units)
X o o
2r ¥ x o 0.0 148 167419
Tox 0.1 135 142417
161 0.5 104 112+17
X 1.0 86 83+11
o 3.0 57 574+ 9
1.2 + 5.0 45 46+ S
X 10.0 32 34+ 4
+
0.8 —L L L L L
-1.2 -0.8 ~0.4 0 0.4 0.8 1.2

log(bkg flux/source flux)

Fig. 8. log(SNR) vs. log(Bkg flux/source flux) for a non-central point source
observed using a rotating HURA in conjunction with a SPD (crosses) and a
HPD (pluses). The errors in SNR are smaller than the symbols which represent
these datapoints, and are therefore not shown. Also shown are the expected SNR
values in the absence of systematic noise (circles)

increasing background noise. This implies that the background
level magnifies the systematic noise in the deconvolved images.

The SNR is further reduced by an effective loss of source
photons. These are photons which originate from the source but
are incident on detector pixels which are correlated with opaque
mask elements when deconvolving the source sky pixel. The
proportion of these “lost” photons is ~5% for the SPD with
A,=21.7. Thus, by the equation for SNR,,, given in Sect. 2, the
SNR is expected to fall by 5%, a negligible decrease, however,
compared to that produced by the systematic noise.

The SNR values for the SPD are between 10% and 20% higher
than those of the HPD. This may be due to the relative area A4,
being higher for the SPD giving a finer positional resolution. As
already pointed out (Sect. 3.1) such differences in resolution can
lead to the changes observed.

3.3 Results of simulations: case of near perfect overlap for the HPD

Five observation trials of the same non central source were
simulated for the HPD using the mask orientations of near perfect
overlap, o =0° and o = 13°17. The background levels used were
the same as those in the previous section. The results for o = 13217

are given in Table 2. The expected SNR for each background level
lies inside the estimated errors calculated from the five trials at
each level. This indicates that with a HPD and a stationary mask
oriented at either of the two angles of near perfect overlap, the
systematic noise is barely in evidence. Although there is no
systematic noise, there is still an effective loss of source photons
because the overlap is not perfect, giving a SNR less than SNR., ..
This reduction is very small, less than 5%, and is therefore not
apparent from the results given in Table2 since statistical
fluctuations are of the order of 10%. Other simulations of the
SPSF of this system have shown that the SNR tends to infinity,
and does not change with source position or detector resolution.

A rotating mask incorporating these optimum angles was also
used to observe the same source as in Sect. 3.2. A clear improve-
ment (>40%) was seen only when using both of the optimum
angles to build a rotating mask image. However, when incorporat-
ing only one of these angles, inconsistent results were obtained,
depending on which other angles were used. Moreover for a
continuously rotating mask the effect of these optimum mask
angles on the quality of the final image is expected to be very low.

4. Discussion and conclusion

When a point source is observed using a HURA mask and a
discrete pixel detector, systematic noise is observed to be present in
the deconvolved image. This is due to the non-perfect overlap of
pixels with the mask elements. Such a mismatch causes the
recorded image of the mask shadow to be asymmetrically
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distorted by the finite resolution and discrete nature of the
detector. It must be pointed out that this blurring is completely
different from that which occurs when a source lies on the border
of two sky pixels in the FOV of an optimum coded system (also
referred to as a phasing error, see Fenimore and Weston, 1981). In
this case the blurring is symmetrical in the sense that it occurs in
the same way for any projected mask element, so the only effect is
a blurring of the source peak and no systematic noise is generated
in the deconvolved images. Moreover, in a simple cross-
correlation deconvolution the deconvolution array has the same
geometry as the detector array and therefore it is only an
approximation to the real hexagonal mask pattern. The sky pixels
are reconstructed by correlating the detector array with different
parts of this deconvolution array. Because of the discrete sub-
division of the mask, some photons which should be correlated
with an open mask element instead become correlated with a
closed one and vice versa, and an error is introduced in the
reconstruction of the source counts for off-source sky positions.
Because different sky pixels correspond to different subsets of the
deconvolution array, the number of closed cells varies from subset
to subset. Thus, different proportions of the background will be
subtracted for different sky pixels giving a systematic error for the
background also, the magnitude of which depends on the
background level, and being dominant for higher background
counting rates.

As expected the higher the detector resolution the better the
geometrical correlation between pixels and mask elements and
therefore the lower the systematic noise. The noise was found to
decrease linearly with the number of pixels per mask element, with
gradients of SNR vs. 4, of 5.0 for the SPD and 6.2 for the HPD in
the case of the rotated mask, both curves passing close to the
origin. For both detector geometries the systematic noise also
depends on the mask orientation and source position and is highly
magnified by the background level. In the case of a detector with
about 20 pixels per mask element, the SNR of the SPSF fluctuates
irregularly with the mask orientation (up to 50% from the mid
SNR) and with the source position (up to 20%). For both a
stationary and a rotating mask the reduction of the SNR with
respect to the SNR expected for pure statistical noise ranges from
60% at low background levels to 90% for input signal to noise
ratios of 0.1. Therefore the sensitivity of a telescope using this
coded system can be drastically reduced particularly if it works in
the energy range of y-ray astronomy where the signal to noise
ratios are typically of the order of 10721072

In the case of a rotating mask, the problem cannot be avoided
using a particular detector geometry, and more sophisticated
deconvolution techniques must be applied. Although other de-
convolution techniques [such as the use of a Wiener filter, or the
maximum entropy method, see Willingale et al. (1988)] may give
better results, one can improve the correlation by reducing the
error due to the decoding array both for the source and for the
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background counts, as we will show elsewhere (Goldwurm et al.,
1990). For a stationary mask, however, we have found that for a
detector array of hexagonal pixels with a special ratio of pixel size
to mask element size, the mask can be oriented in such a way that
the overlap between mask elements and pixels is nearly perfect and
hence the systematic noise is completely absent. This configu-
ration has been adopted for the coded aperture system of the
GRASP telescope, in which a stationary HURA mask (basic
order 79) is associated with a circular composite detector plane
consisting in CsI hexagonal bars and circular germanium
spectrometers.
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