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ABSTRACT 
Upper limits on the masses of stars that can form are reinvestigated, and models for the inflow of matter 

through cocoons around stars of 60, 100, and 200 M0 are calculated. Radiative forces on dust play a crucial 
role in halting an accretion inflow. We consider rather general conditions that must hold at the inner and 
outer boundaries of a protostellar cocoon. Limits are derived on the dust-to-gas ratios and mass inflow rates 
that will permit inflow onto very massive stars. It is found that the ISM dust mixture of Mathis, Rumpl, and 
Nordsieck does not allow an inflow to occur. It is necessary that the standard Galactic gas-to-dust ratio be 
reduced by a factor of 4 or more and the larger graphite grains be missing from the dust distribution function. 
The inflows also require mass accretion rates of ~10-3 M0 yr_1 or more for there to be sufficiently strong 
ram pressure to overcome the strong radiative deceleration that occurs at the inner boundary of the shell. For 
the model calculations, radiative deceleration of grains and grain destruction processes are explicitly 
accounted for in an iterative solution of the radiation and hydrodynamic equations. Inflow can occur if 
intermediate-sized grains (0.05-0.25 /mi) are missing from the initial gas/dust mixture. Very small grains or 
very large grains (>100 /mi) allow infall to proceed. The existence of massive stars in certain locations in 
galaxies suggest that preconditioning of the interstellar medium by shocks or by turbulence is required for 
massive star formation. 
Subject headings: stars: formation — stars: interiors — stars: massive 

I. INTRODUCTION 

There is a conflict between the observational and current 
theoretical estimates of the most massive stars. The location in 
the H-R diagram of stars in the Galaxy and in the LMC indi- 
cate that some stars with masses of 100 M© or more exist (de 
Jager 1980; Humphreys and McElroy 1984). Even with the 
high spatial resolution observations of Weigelt and Baier 
(1985), it is possible that objects of masses as high as 250 M© 
are present in R136a (although certainly less massive than the 
750-2000 M© range proposed by Feitzinger et al 1980 and 
Chu, Cassinelli, and Wolfire 1984). The progenitor of 
SN 1961v in NGC 1058 is estimated to have been over 1000 
M© (Utrobin 1984). However, there are theoretical arguments 
indicating that stars more massive than ~ 40-100 M© cannot 
form (Larson and Starrfield 1971; Kahn 1974; Yorke and 
Krügel 1977). It is important, therefore, to investigate these 
limits on star formation. 

The calculations of Bodenheimer and Sweigart (1968), 
Larson (1969), Shu (1977), and others have established that the 
early phases of collapse for a nonrotating protostellar cloud 
proceeds nonhomologously. The central regions rapidly form a 
core, while the surrounding dust-gas envelope continues to fall 
inward. If the core is massive enough, then hydrogen burning 
will begin in the interior while it continues to build up mass by 
accreting the surrounding cloud (Appenzeller and Tscharnuter 
1974). Larson and Starrfield (1971) and Kahn (1974) proposed 
that radiation pressure acting on grains in the inflow will halt 
the infall of material and thereby limit the total mass accumu- 
lated by the protostar. Kahn’s result was that a core of 40 M© 
had sufficient luminosity to stop the accretion; however, he 
emphasized that the limit was sensitive to the assumed grain 
properties and abundances. 

Since Kahn’s analysis there have been major advances in the 
understanding of interstellar grain properties. Mathis, Rumpl, 

and Nordsieck (1977, hereafter MRN), proposed a grain model 
that fits many of the observed properties of interstellar extinc- 
tion. It is now realized that any acceptable interstellar extinc- 
tion model must consist of a distribution in grain sizes of at 
least two compositions (Fitzpatrick and Massa 1987). Star for- 
mation calculations, however, have thus far accounted for only 
a single grain size, with some analyses including the possibility 
of an icy mantle. Grain destruction processes have also been 
studied for the general interstellar environment by Barlow 
(1978), Shull (1978), Draine (1979), Draine and Salpeter 
(1979h), and Scab and Shull (1983). The destruction of grains in 
protostellar dust shells has been considered by Burke and Silk 
(1976) and Stabler, Shu, and Taam (1981). However, there have 
been no investigations on the effects of grain destruction in 
determining the maximum mass that a growing protostar may 
accumulate. 

In this paper we reevaluate the previous theoretical mass 
limits in light of the better understanding of grain properties 
that is now available. We estimate conditions necessary for the 
formation of massive stars. We also construct a numerical 
model of the accretion inflow, accounting for the modification 
of the grain mixture due to destruction processes. The model 
calculations require the solution of coupled radiation transfer 
and radial, steady state hydrodynamic equations. The radi- 
ation transfer procedure has previously been discussed by 
Wolfire and Cassinelli (1986, hereafter WC1). 

In § II we describe the basic structure of a protostellar accre- 
tion flow. In § III we discuss the stellar mass limit proposed by 
Kahn (1974). We review the optical properties of grains in § IV. 
In § V we discuss general requirements for massive star forma- 
tion by a consideration of the boundary conditions. We 
describe our numerical calculations of an accretion flow in § VI 
and present the results in § VII. Section VIII is a summary and 
discussion of our analysis. 
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II. STRUCTURE OF A PROTOSTELLAR CLOUD 
The nonhomologous collapse of a protostellar cloud creates 

a small hydrostatic core. The core acquires mass by accreting 
the surrounding envelope of gas and dust during a period 
known as the main accretion phase (Stabler, Shu, and Taam 
1980). Dust grains in the inflow are destroyed within some dust 
destruction radius leaving a dust shell or cocoon surrounding 
the core. Within this radius the flow consists of inflowing gas, 
while beyond this radius the flow consists of inflowing gas and 
dust. As we show in this paper, grains are not all destroyed at a 
single radius; rather, grains are destroyed at radial distances 
that depend on their size and composition and on the domin- 
ant destruction mechanism acting in the inflow. Stabler, Shu, 
and Taam (1980, 1981) describe the envelope structure of a 
low-mass protostar. They trace the evolution of a 0.01 M0 
core and its surrounding cloud through the main accretion 
phase to the formation of a 1 M0 star. Yorke (1979) considered 
the evolution of more massive clouds of initial masses of 3 M0 
and 10 M0. 

During the accretion phase, the low-mass core luminosity is 
mainly produced by an accretion shock. The shock is a result 
of the rapid deceleration of infalling gas at the surface of the 
hydrostatic core, and the shock luminosity may be as high as 
4h = GM* MIR*, where M is the inflow rate, M* is the core 
mass, and R* is the core radius (see Winkler and Newman 1980 
and Stabler, Shu, and Taam 1980 for a discussion of the accre- 
tion shock). For higher mass cores, thermonuclear energy gen- 
eration turns on while the core is accreting material. In this 
case the total luminosity consists of both a nuclear-burning 
component, L*, and shock luminosity, Lsh. 

If the accretion rate is high enough, the flow becomes opti- 
cally thick prior to reaching the core. In this case an effective 
photosphere forms with an effective temperature somewhat 
cooler than that of a core-mass zero-age main-sequence star. 
For massive cores an H n region is present beyond the effective 
photosphere. The infall of material keeps the H n region 
compact, much smaller in radial extent than the shell. See WC1 
and Yorke (1984) for discussions of the effective photosphere 
and compact H n region surrounding massive cores. 

The outer regions of the dust shell are diffuse and smoothly 
join the surrounding molecular cloud; therefore, the radius of 
the outer “boundary” of the shell is somewhat arbitrary. In 
practice the chosen definition of the boundary depends on the 
method of analysis. Stabler, Shu, and Taam (1980) adopted the 
definition that the outer shell boundary is the radius at which 
the Planck mean optical depth becomes equal to unity. This 
defines a dust photosphere characterized by a single radius and 
temperature. Yorke (1979) assumes that the outer boundary is 
that of the initial gravitationally unstable cloud. In our calcu- 
lations we choose to simply select the outer boundary to be the 
point at which the shell densities are comparable to those in 
dense molecular clouds ~10-19gcm“3. This is also the 
density of the initial cloud in the calculations of Larson (1969). 

III. THE KAHN LIMIT TO STELLAR MASSES 
Kahn (1974) found an analytic solution to the velocity struc- 

ture of a protostellar accretion flow. His solution accounts for 
the deceleration of the inflow because of the radiative forces on 
the grains. The ultraviolet and visible radiation from the core is 
assumed to be absorbed in a thin shell at the inner edge of the 
dust cocoon with the grains then reradiating this energy in the 
infrared. In Kahn’s model, the radiation pressure gradient of 

the IR field decelerates grains in the inflow. The outward 
momentum flux absorbed by the grains is transferred by colli- 
sions to the gas. The drag forces thereby decelerate the inward 
flow of gas. At some point in the inflow, the grains could 
become hot enough to be destroyed by sublimation, where 
heating is produced by both the direct stellar field and the 
diffuse IR shell field. If the inward flow can be maintained 
through the grain destruction region, then accretion will con- 
tinue since radiation pressure will no longer be able to halt the 
flow. If, on the other hand, the flow is stopped before grains 
can be destroyed, then accretion is halted and the core is con- 
sidered to have reached its final mass. In Kahn’s solution, 
when the core luminosity-to-mass ratio, L/M, exceeds ~ 104 

ergs s_1 g_1 the inflow of material is reversed. This L/M ratio 
corresponds, in our Galaxy, to a maximum core mass of ~40 
M0. A value for the maximum stellar mass which is widely 
quoted. Kahn showed, however, that the maximum L/M ratio, 
derived from his analysis, is inversely proportional to the grain 
opacity. Regions of lower grain-to-gas mass ratios would 
therefore form more massive stars, and the stellar upper mass 
limit is in fact a sensitive function of the particular grain 
properties of a star-forming region. 

In our reanalysis of Kahn’s work we find that the maximum 
L/M ratio is proportional to where Tsub is the assumed 
temperature at which grains sublimate. In Kahn’s derivation in 
which the maximum stellar mass is -40 M0, he assumed a 
sublimation temperature of 3670 K. This rather high tem- 
perature is the sublimation temperature of graphite at stan- 
dard pressure. However, the laboratory data indicate that in 
the low-pressure environment of star formation, graphite subli- 
mates at much lower temperatures (see discussions by Salpeter 
1974, 1977). We find that if the sublimation temperature is 
decreased to 2000 K, the maximum L/M ratio derived from 
Kahn’s analysis corresponds to -1000 M0 core. Figure 1 
shows the dependence of the maximum L/M ratio on the subli- 
mation temperature. The reason the mass limit depends 
inversely on the grain sublimation temperature can be under- 
stood qualitatively by considering the radiative acceleration on 
grains in the outer regions of the cocoon. The radiative acceler- 
ation is proportional to the product of the opacity times the 
radiative flux, kF. Except for a narrow region near the inner 

Fig. 1—Relation between the Kahn upper mass limit and the dust subli- 
mation temperature. Decreasing the sublimation temperature allows the core 
to have a larger L/M and a correspondingly larger mass. The sublimation 
temperature of ~3600 K, assumed by Kahn, allows a maximum L/M of 
~104 ergs s_1 g-1 or a core mass of ~40 M0. 
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boundary of the cocoon, the radiation field is reradiated dust 
emission. The lower the dust sublimation temperature, the 
softer this radiation field will be. Since the opacity is lower at 
larger wavelengths (/c oc 2 2 in Kahn’s analysis), the product of 
kF tends to be lower in a softer radiation field. This simple 
picture explains much of the general behavior seen in Figure 1. 
On the other hand, as stated earlier, Kahn’s maximum L/M is 
also inversely proportional to the grain opacity. His adopted 
mean opacity is a factor of ~1 lower than expected from MRN 
grains in a Planckian radiation field of T = 1000 K. This 
underestimate of opacity is in part responsible for the 
maximum core mass reaching ~1000 M0 when grain subli- 
mation temperatures are decreased. In § VII of this paper we 
will see important effects associated with a more thorough 
treatment of the radiation field and grain opacities in an accre- 
tion flow. The net effect will be to reduce the upper limit to well 
below 1000 M0 again. 

IV. OPTICAL PROPERTIES OF GRAINS 

Since grains play such an important role in the star forma- 
tion process, we review here the quantities used in deriving the 
opacity from a collection of grains. More complete descrip- 
tions of grain properties and opacities are given by WC1, 
Draine and Lee (1984, hereafter DL), and Bohren and Huffman 
(1983). The absorption and scattering cross sections to radi- 
ation of wavelength 2 presented by a single grain is represented 
by the products : 

Cf = na2QA(a, À), (1) 

Cs
x = na2Qs(a, À), (2) 

CI = CA + Cl, (3) 

where a is the grain radius and QA and Qs are the absorption 
and scattering efficiencies. The efficiencies are a function of the 
grain composition, grain size, and the wavelength of the inci- 
dent radiation field. Given the wavelength-dependent complex 
indices of refraction for a particular grain composition, Mie 
theory can be used to calculate QA and Qs as discussed in WC1 
and DL. 

For a collection of grains the mass absorption coefficient is 
defined as 

ffli+ X 
Ka = Z nI(a)7ra2ß^(a, X) — da , (4) 

i JaL mH 

where the sum is taken over all grain compositions i, a _, and 
a+, are the minimum and maximum grain sizes, n^a) is the 
number of grains per hydrogen atom in the range a to a + da, 
X is the local mass fraction of hydrogen (assumed = 0.7), and 
mH is the mass of hydrogen. The scattering opacity is calculated 
in a similar way by substituting Qs in place of QA. A selection 
of the grain composition, a+, a_, and «¿(a) defines a complete 
grain model. 

Since we are interested in the dynamical effects caused by 
grains, we also need the radiation pressure cross section that is 
used in calculating the transfer of momentum from the radi- 
ation field to the grains. We represent this efficiency by QpT 

given by 

na2Qp\a, 2) = na2lQA(a, A) + (1 - gx)Qs(a, Xj] , (5) 

where gx is the cosine of the scattering angle. For complete 
forward scattering gx= l, and for isotropic scattering gx = 0. 

The term 1 — gx accounts for the decrease in momentum trans- 
fer due to forward scattered photons. The radiation pressure 
coefficient per gram of gas resulting from the collection of 
grains is 

k5r = Z í ni(a)na2QpT(a, X) — da . (6) 
i JaL mH 

We also make use of the flux mean radiation pressure cross 
section: 

C% = na2Q% = I 7ta2<2pr(a, X)HxdA/H , 

and flux mean radiation pressure coefficient: 

W = ^k?HxdA/H , 

(7) 

(8) 

where Hx is the first angular moment of the monochromatic 
intensity: 

(47cr)2 
1 
2 

I(fi, r)fidg , (9) 

and H is the integral of Hx over all wavelengths. 

V. GENERAL REQUIREMENTS FOR MASSIVE STAR FORMATION 

Larson and Starrfield (1971) discuss a number of momentum 
boundary conditions that must be satisfied for accretion to be 
maintained. In this section we reevaluate some of these condi- 
tions in terms of more recent understanding of interstellar 
grain properties. 

a) Outer Boundary 
Consider the conditions that must hold at the outer bound- 

ary of the flow. For inflow to occur the outward radiative 
acceleration per gram of gas must be less than the inward 
gravitational acceleration on that gas. This condition is conve- 
niently written in terms of the ratio of the outward to inward 
accelerations, F, 

F = 
4ncGM(r2) ’ 

(10) 

where r2 is the outer boundary of the flow. For infall, F must 
be less than unity. Note that F depends on the total luminosity 
to mass ratio, L/M(r2), at the outer boundary. This is not 
simply the luminosity-to-mass ratio of a ZAMS star because 
both L and M(r2) have additional contributions. The lumin- 
osity L, must include the accretion shock luminosity, Lsh; the 
mass M(r2) must include the mass contained within the shell, 
Afshell which can be comparable to the core mass. In this 
section let us simply assume that the shock luminosity has its 
maximum value, which corresponds to free fall of mass onto a 
hydrostatic core with mass M* and radius R*, at a mass infall 
rate of M; i.e., Lsh = GM* M/R*. Let us assume that the mass 
infall is radial and steady ; therefore, 

M = 4nr2p \u \ = constant, (11) 

where u is the gas velocity (u is negative for inflow). The mass 
contained within radius r is then 

fr . fr dr 
M(r) = 4n r2pdr + M* = M . /■ , + M* , (12) 

Jri JrJwWI 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
87

A
pJ

. 
. .

31
9.

 .8
50

W
 

No. 2, 1987 FORMATION OF MASSIVE STARS 853 

where is the inner edge of the dust shell. To evaluate the gas 
velocity u, let us assume here that the inflow is in free fall : 

du GM(r) 
U7r=- — - W 

Equations (11)-(13) can be solved for M(r2) by the numerical 
iteration discussed in Appendix A. 

To estimate the flux mean opacity in equation (10) let us 
assume the radiation field is Planckian at a radiation tem- 
perature, Trad, and derive the monochromatic opacity 
assuming the MRN mixture of grains. The MRN model is a 
reasonable mixture to assume for the initial precollapse cloud 
since it gives a good fit to the observed diffuse interstellar 
extinction law. The MRN mixture consists of bare graphite 
and silicate grains distributed in size as 

nl{a)da = Ala~3 Sda , 

where A¡ is a scale factor for each composition. Their grain 
size distribution runs from a_ = 0.005 /¿m to a+ = 0.25 fim. 
The scale factors, A{, have been determined empirically by DL 
from a fit to the observed extinction curve of Savage and 
Mathis (1979) and to the observed average galactic value of 
Nh/£(B—F) = 5.8 x 1021 of Bohlin, Savage, and Drake 
(1978). DL gives the values log Ac= -15.16, log y4si = 
-15.11 (in units of /an2-5 per hydrogen atom). 

Now we have assembled all of the quantities required to 
evaluate F in equation (10) as a function of Trad, M, and M* 
(and the associated L* and R* as derived from Maeder 1980). 
Let us consider a star with M* = 100 M0 and M = 10“3 M© 
yr“1, for which Lsh = 105 34 L© and Mshell = 31 M©. We find 
that the condition F < 1 at the outer boundary leads imme- 
diately to interesting new constraints. 

Figure 2 shows F as a function of Trad for our assumed MRN 
grain mixture. The radiation temperature at the outer bound- 
ary should have a value no larger than ~2000 K since grains 
at the inner boundary will be sublimated at higher tem- 

Fig. 2.—Ratio of outward radiative acceleration to inward gravitational 
acceleration, F, at the outer boundary of the dust shell vs. radiation tem- 
perature. For inflow to occur F must be less than 1. The shell mass ( = 31 M0) 
and shock luminosity (= 10514 L0) resulting from an accretion rate of M = 
10 3 M0 yr 1 is accounted for in calculating F. Shown are curves using the 
standard MRN diffuse cloud grain mixture and three modifications to the 
standard grain model. Inflow is allowd over a wide range in Trad for the grain 
model: Ac= —15.76, ASi = —15.71 (one-fourth the overall scale factors deter- 
mined by DL), ac_ = asl = 0.005 /an, ac

+ = 0.05 /an, ^ = 0.25 /an. 

peratures, and this sets an upper limit on the brightness tem- 
perature of the reradiated field. Note that F is much greater 
than unity for all plausible values of Trad for the MRN mixture ! 
This is already surprising. Infall of a massive protostellar cloud 
will not occur if the opacity is as large as that expected from 
the standard MRN mixture. If we insist that inflow occurs, 
then we must allow for modifications of the standard grain 
model. 

The modifications are shown in Figure 2. First, if we 
decrease the total grain-to-gas ratio by a factor of ¿ the value 
of F is similarly reduced but is still too large to allow infall. 
This reduction of the dust-to-gas ratio is considered plausible 
because it has been estimated that the dust abundance in the 
LMC (Koornneef 1982) and along some lines of sight in the 
Galaxy (Shull and Van Steenberg 1985) is down by a factor of ¿ 
relative to the standard Galactic value. Now let us consider the 
effects of modifying the sizes of the grains. Shown in Figure 2 is 
the effect of reducing the maximum silicate grain size from 0.25 
to 0.05 ¿mi. This reduces the value of F only slightly. Finally, 
we restore the full size scale for the silicates and reduce the 
maximum size for the graphite particles. This modification 
causes F to be less than unity for a rather broad range of Trad. 
The modification of the graphite size limit brought on such a 
large change in F because in the MRN mixture, large graphite 
grains provides considerable opacity at visual and near- 
infrared wavelengths as can be seen in Figure la in WC1. 

We conclude from this study that for inflow to occur, the 
total number of grains must be decreased by a factor of 4 or 
more from the standard Galactic number abundances, and the 
largest graphite grain size must be decreased. Clearly special 
grain conditions must exist for massive star formation to 
occur. 

We show in Figure 3 the effects on F of varying the accretion 
rate. Shown are curves for the standard model, the three modi- 
fications of the standard model, plus a fifth curve showing the 
effects of an additional decrease in the total number abundance 
of grains. Table 1 lists a number of accretion rates and their 
corresponding Lsh, Mshell, L/M, r2, and F. At low accretion 
rates, F is essentially independent of M, this is because the 
shock luminosity and shell mass is small compared to the core 
luminosity and core mass. At higher M, the additional increase 

TABLE 1 
Accretion onto 100 M0 Core 

M 
(Mq yr-1) 

log LJ 
(¿o) 

Mshell
b 

(M0) 
L/M 

(ergs s_1 g~ (cm) 
1 x 10'5. 
3 x 10~5. 
5 x 10"5. 
1 x 10“4. 
3 x KT4. 
5 x HT4. 
1 x IO"3. 
3 x IO“3. 
5 x 10-3. 
1 x IO“2. 
3 x IO"2. 
5 x 10“2. 
1 x 10"1. 

3.34 
3.82 
4.04 
4.34 
4.82 
5.04 
5.34 
5.82 
6.04 
6.34 
6.82 
7.04 
7.34 

4.0 x 
3.4 x 
9.7 x 
3.9 x 
3.5 x 
9.2 x 
3.1 x 
1.5 x 
2.8 x 
6.2 x 
2.0 x 
3.3 x 
6.7 x 

IO“3 

10~2 

IO“2 

10"1 

10° 
10° 
101 

102 

102 

102 

103 

103 

103 

2.6 x 104 

2.6 x 104 

2.6 x 104 

2.6 x 104 

2.6 x 104 

2.5 x 104 

2.3 x 104 

1.5 x 104 

1.2 x 104 

9.4 x 103 

7.3 x 103 

6.9 x 103 

6.6 x 103 

2.1 x 1016 

4.4 x 1016 

6.2 x 1016 

9.8 x 1016 

2.0 x 1017 

2.8 x 1017 

4.2 x 1017 

7.0 x 1017 

8.5 x 1017 

1.1 x 1018 

1.6 x 1018 

1.9 x 1018 

2.4 x 1018 

1.04 
1.04 
1.04 
1.05 
1.05 
1.03 
0.92 
0.61 
0.49 
0.38 
0.30 
0.28 
0.27 

a Assuming maximum shock luminosity = GM^M/R*. 
b Assuming free-fall collapse onto M* + M(r) (see Appendix A). 
c The quantity r2 is defined so that p(r2) = 10_19gcm-3. 
d Evaluated at 7^ad = 1000 K, for the grain model: 

ac
+ = 0.05 /¿m, asl = 0.25 pm, log Ac= -15.76, log ASi = -15.71 . 
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Fig. 3.—Ratio of outward radiative acceleration to inward gravitational 
acceleration, F, evaluated for Trad = 1000 K at the outer boundary of the dust 
shell vs. mass accretion rate. Shown are curves for the MRN diffuse cloud grain 
model (dotted), grain models where the overall scale factors for both composi- 
tions are reduced by a factor of 4 (solid), and overall scale factors reduced by a 
factor of 8 (dashed). Accretion rates greater than M = 1.2 x 10”2 produce a 
total luminosity greater than the core’s Eddington luminosity. 

in mass has a larger effect than the additional increase in 
luminosity so L/M and F decrease. We see that for all of the 
modified grain mixtures, F dips below 1 at extremely high M, 
but the standard mixture is always greater than 1. Therefore, 
our conclusion, that infall of a MRN mixture cannot occur, 
remains valid. 

At what core mass is inflow of a MRN mixture of grains 
allowed by the outer boundary condition? Figure 4 shows F 
versus Tiad for a number of core masses, where the standard 
MRN mixture is used to calculate all curves. We have used a 
logarithmic scale to plot ^rad in order to show the dependence 
of F on the cooler radiation temperatures. The adopted accre- 
tion rate for each core mass is the greater of 10“5 M0 yr-1 or 
the inflow rate Mmin (eq. [18]) calculated for the destruction 
radius, rr, of a 0.25 /un graphite grain (see § Yb). Figure 4 
shows that infall onto a 60 M0 core is allowed only if grains 
see a radiation field of color temperature much cooler than 
~ 90 K. Considering the radiation field of the models present- 
ed later in this paper (Trad ~ 150-200 K at the outer boundary) 
and the spectra shown in WC1, this simple outer boundary 
constraint is not satisfied for accretion onto a 60 M0 core. We 
note that Larson and Starrfield adopted Trad = 500 K to deter- 
mine their limit and Kahn found Trad = 900 K. We conclude 
from Figure 4 that core masses as low as 15-30 M0 are prob- 
ably required to have F < 1. 

b) Inner Boundary 
The visible and ultraviolet light from the core plus shock is 

absorbed in a thin “momentum deposition region” at the 
inner edge of the cocoon. For inflow to be maintained it is 
necessary that this outward momentum flux, L/(4nr2c), be 

exceeded by the inward momentum flux or “ram pressure,” 
pu2, of the infalling material. This condition can be written as a 
constraint on the mass inflow rate using the conservation of 
mass equation (11), yielding 

Mmin > —r , (14) 
uxc 

where ux is evaluated just beyond the momentum deposition 
region. To provide an estimate of ux let us assume that a mass 
element is in free fall throughout the shell and ignore the gravi- 
tational acceleration of the mass element by the matter within 
the shell. Then ux = (IGMJrJ112, and we must estimate the 
inner radius of the shell We can estimate rx to be the radial 
distance at which the largest, most refractory grain (a+ = 0.05 
pm) is sublimated by heating from the central source. That is, 
we balance the absorption of UV and visible light from the 
central object with the reemission of infrared radiation from 
the grain when it is at its sublimation temperature, Tsub (which 
we here take to be ~ 1800 K); thus, 

j g-V A,L, dA = j QA(a, X)B,(Tsub)dl. (15) 

If we, furthermore, assume that the central object radiates as a 
blackbody with an effective photospheric radius Rph and an 
effective photospheric temperature Tpb, then 

L¿dÁ = 4nRlh i nBx(Tph)dÀ 
Jo Jo 

= L* + GM^M/R*. (16) 

As can be seen here, Rph and Tph depend on M, and they can be 
determined by solving the equations (35)-(38) in WC1. Since 
the integral on the left side of equation (15) is weighted strongly 

Fig. 4.—Ratio of outward radiative acceleration to inward gravitational 
acceleration, F, evaluated for a number of core masses vs. radiation tem- 
perature. For inflow to occur F must be less than 1. All curves are calculated 
using the MRN diffuse cloud grain model. The adopted accretion rates are 
100 M0 - M = 3.7 x 10~4 (eq. [18]); 60 M0 - M = 1.6 x 10”4 (eq. [18]); 
30 MG - M = 3.4 x 10"5 (eq. [18]); 15 M0 - M = 1.0 x lO"5; 7 M0 - M = 
1.0 x 10“5 . 
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to short wavelengths, we can assume the absorptive efficiency 
factor is near the geometrical optics limit, and to a fairly good 
approximation we can ignore the shock contribution in equa- 
tion (16). With these simplifications, the equations give 

rOA(ä)L? I f00 11/2 

ri=nà^/Jo * (17) 

Detailed calculations as in WC1 show that 0^(0.05 jum) « 1.35 
for all cores more massive than 15 M© and 

J öx(0.05 um, /)£,(! 800 K)dÀ = 1.24 x 107 . 

Eliminating from equation (14), we find 

^m,n = c(2GMJri)
112 ’ (18) 

and this minimum mass inflow rate is shown as a function of 
core mass in Figure 5. The difference between the exact equa- 
tion (14) and the approximate expression (18) is 8% for M* = 
2000 M© and is 4% at 100 M©. 

Figure 5 also shows a number of less restrictive conditions 
on M. In region A, the inflow rate is too small to keep the H n 
region compact. In this case the H n region expands into the 
dust shell where the gas pressure gradients are likely to halt the 

Fig. 5.—Region of accretion rate vs. core mass that allows inflow to occur 
(region D). Cores with accretion rates in region A have H n regions that 
expand beyond the dust destruction radius. Below the limit B the mass accre- 
tion time (MJM) exceeds the core evolutionary lifetime. Inflows with accre- 
tion rates below C are halted by the stellar radiation field. Above the limit E 
the core plus shock luminosity exceeds the core’s Eddington luminosity. 
Shown are curves for the maximum and one-half the maximum shock lumin- 
osity. The equivalent support temperature (eq. [21]) is shown on the right- 
hand side. The accretion rates of our numerical inflow models (§ V) are plotted 
(A). 

inflow of material. Below the limit marked “ B ” the inflow rate 
is too low to form a massive core in less than an evolutionary 
lifetime, i.e., MJM < iev. The limit noted as “C” corresponds 
to the case in which dynamic pressure is too small to drive the 
flow through the grain destruction radius discussed above. 
Region D is the allowed region for accretion to continue. 
Region E is an approximate upper limit on M. In this region 
the core luminosity plus shock luminosity exceeds the core’s 
Eddington luminosity. In this case, radiation pressure acting 
on electron scattering opacity will lift off the outer layers of the 
core. Since the contribution to the total luminosity from Lsh is 
proportional to R~h\ Lsh will decrease if the shock occurs 
before the flow reaches the surface of the core. Therefore we 
have plotted two upper limit curves in Figure 5. The first one 
uses the maximum possible shock luminosity Lmax, where 
^sh = and the second uses Lsh = 0.5Figure 5 gives us 
a roughly triangular zone in the (M, MJ plane for which 
accretion can occur. Note that the values of M are rather large 
(~10 3 yr 1). Stabler, Shu, and Taam (1980) argue that a 
rough estimate of the protostellar accretion rate, M, can be 
obtained from the relation 

M ~ (4 + 4 + vf)3/2/G , (19) 

where ar is the isothermal sound speed in the initial protostel- 
lar cloud and v¿, vt are characteristic Alfvén and turbulent 
speeds. Any additional hydrostatic support of the initial cloud 
can be included by adding additional sources of signal speeds. 
The perhaps unexpected result that M increases with the initial 
hydrostatic support can be understood by considering the 
Jeans relation for gravitational instability, 

/ nkT y/2  

\/™H GJ p112 ’ 
(20) 

as the gas temperature (or any other source of support) 
increases, the density must also increase if the cloud is to 
undergo gravitational collapse. Since the free-fall time is pro- 
portional to p-1/2, the cloud will collapse on shorter time 
scales, thereby increasing the accretion rate. 

It is convenient to define an equivalent temperature, Tsup, 
representing the total hydrostatic support of the initial cloud: 

Tsup = ^(GM)213. (21) 

Shown along the right side of Figure 5 are a number of values 
of Tsup at their corresponding accretion rates. Note that the 
values of 7¡up corresponding to our previously defined 
“allowed region” are rather high, ~ 103 K. This indicates that 
collapse of a massive star requires a very turbulent or warm 
region to produce the necessary accretion rates. 

In estimating the velocity of r1 we have not included the 
additional gravitational acceleration due to the mass con- 
tained within the shell. Using the calculated Mmin and an outer 
boundary r2, at which p(r2) = 10"19 g cm-3 (Appendix A), we 
find that the mass contained within the shell never exceeds 
~40% of the core mass. This additional mass could increase 
the estimated velocities by at most a factor of 1.2, although at 
accretion rates greater than Mmin the additional mass can sub- 
stantially increase the inflow velocities. 

In this section we discussed limits on the accretion rate and 
new conditions on the initial grain model that must be satisfied 
in order for inflow to be maintained. Proper estimates of limits 
on M require us to account for the deceleration of the flow 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
87

A
pJ

. 
. .

31
9.

 .8
SO

W
 

WOLFIRE AND CASSINELLI Vol. 319 856 

between the shell boundaries due to radiation pressure acting 
on grains. This is because deceleration reduces the inflow speed 
as the matter approaches the shell’s inner edge, and the 
resulting “ ram pressure ” will be less than that estimated from 
a free-fall velocity used in this section. This will raise the 
minimum required accretion rate above the minimum shown 
in Figure 5. The slower infall speeds may also demand that the 
grain number abundance be decreased to a value less than that 
estimated in Figure 2. To determine the actual gas inflow speed 
and obtain a better estimate to the accretion rate and grain 
abundance it is necessary to carry out numerical, hydrody- 
namic, and radiation transfer calculations. 

VI. CALCULATION OF ACCRETION FLOWS 

There have been a number of calculations of the earliest 
phase of cloud collapse, even accounting for three-dimensional 
flow (e.g., see Terebey, Shu, and Cassen 1984; Tohline 1980; 
reviews by Woodward 1978 and Bodenheimer 1983). The evo- 
lution of these models is generally halted when the assumption 
of isothermal collapse is no longer valid, although Boss (1984) 
has considered nonisothermal collapse in two-dimensional 
(Boss 1984) and in three-dimensional (Boss 1985) flow struc- 
ture. These studies are mainly concerned with low-mass star 
formation prior to the creation of the hydrostatic core. Stabler, 
Shu, and Taam (1980) began with a low-mass hydrostatic core 
and evolved it through the main accretion phase. They devel- 
oped a computational strategy whereby the major regions of 
the flow are described by separate radial equations. The results 
are smoothly joined between regions and stepped forward in 
time in a series of steady state solutions. 

There are relatively few calculations of the main accretion 
phase of massive star formation. Appenzeller and Tscharnuter 
(1974), Yorke and Krügel (1977), and Yorke (1980) carried out 
time-dependent hydrodynamic calculations which trace the 
evolution of more massive clouds. Yorke and Krügel devel- 
oped a model which treated grains and gas as two separate 
streams coupled by collisions. The separation of grains and gas 
is not considered to be appreciable in an accretion flow onto a 
low-mass star. In all of these calculations ice mantles are a 
major source of opacity in the outer regions of the flow. In fact, 
for the most massive cloud models, radiation pressure acting 
on icy grains was the dominant mechanism in halting the ac- 
cretion. 

For our calculations we assume that the accretion rate is 
constant over an infall time. Zinnecker and Tscharnuter (1984) 
have shown that for the case of a protostar embedded in a 
larger cloud, the rate of accretion is nearly constant over a 
large portion of the accretion phase. Under this assumption 
the radiation transfer and hydrodynamics can be written as 
steady state equations. 

To account for grain destruction processes we treat grains 
and gas as separate streams. Grains of different sizes and com- 
positions satisfy different momentum equations, and therefore 
the grains move relative to each other and relative to the gas 
stream. Rapid grain-gas relative velocities enhance ablation by 
chemical erosion, while high-speed grain-grain collisions lead 
to vaporization. We divide our size distribution into 15 sizes, 
creating 14 bins, for each of the two grain types. Therefore we 
account for the inflow of 30 grain streams plus one gas stream. 

Ice mantles are not included on our grains. This eliminates 
the second or outer cocoon that appeared in the Yorke (1980), 
and Yorke and Krügel (1977) models which eventually led to 
the reversal of the accretion flow in the more massive Yorke 

and Krügel cores. The neglect of ice grains can be justified for 
the case of massive star formation for a number of reasons: 
(a) the process of massive star formation should occur in warm 
or turbulent regions, where Tsup in equation (21) is greater than 
1000 K, or equivalently vtxJTh > 3 km s-1. Using equation (25) 
in Draine and Salpeter (1979h), we find that an H20 ice mantle 
of 100 monolayers will sublimate in ~1 yr at grain tem- 
peratures of 150 K. If the grains are heated to these tem- 
peratures prior to cloud collapse, then ice mantles will be 
removed, (b) The discussion of conditions needed to allow 
inflow at the outer boundary in § V indicates that large grains 
have been destroyed as a precondition for massive star forma- 
tion. Very massive stars do not necessarily form at all locations 
in a galaxy, and the required preconditioning may occur in 
localized zones by shocks (Scab and Shull 1983). The fragile icy 
mantles would be destroyed in shocks exceeding 30 km s "1 

(Draine and Salpeter 1979h). (c) Our operating premise is that 
very massive stars do in fact exist. If icy mantles truly prevent 
their formation, we must neglect them as we do for the large 
graphite grains. 

a) Grain Equation of Motion 
The steady state equation of motion for a dust grain of 

composition i and size j is 

w,, 
Gm + F^ + na]Qg(iJ)L 

r2 niij 4nr2mij 
(22) 

where M(r) is the total core plus shell mass that is contained 
within a sphere of radius r, F^rag is the drag force exerted on 
grain (i, j) due to collisions with the surrounding gas, Qh(í, J) is 
the flux mean radiation pressure efficiency, and is the mass 
of grain (i, j), ml7 = (4ß)najpi. An expression for the drag force 
for neutral collisions is given by Draine and Salpeter (1979a): 

where 

FlJ = ± drag — 2najkTgas 
P « S 1 + 

9% 
64 

(23) 

5 = 
pmH 

2feTgas 
(24) 

Tgas is the gas temperature, p is the average molecular weight of 
the surrounding gas, and vd(i, j) = w0- — w is the drift velocity 
between grain and gas streams. Following Krügel and Walms- 
ley (1984), we estimate Tgas assuming it is determined by colli- 
sions with grains, giving 

n¡(a)Taa
2da 

Zíí ni(a)a2da 

i 

(25) 

h) Grain Continuity 
The grain continuity equation must account for a number of 

interesting effects. (1) Grains of different sizes and composi- 
tions have different inflow speeds; therefore, we cannot use a 
single grain continuity equation to describe all grains. 
(2) Grain ablation processes decrease the size of grains but not 
the total number abundance of grains. At some point, however, 
grains become small enough to be considered “gas” rather 
than “grains.” The abundance of grains smaller than this 
minimum size is considered to be zero, thereby removing 
grains from the stream. (3) Vaporization processes can be con- 
sidered to decrease the abundance of grains at a particular 
grain size but not change the bin radii. (4) Grain destruction 
rates depend on grain temperature and velocity, and these are 

# 
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different for each grain size. Even if we consider ablation alone, 
the shape of the grain size distribution will vary. Therefore, the 
grain continuity equation must conserve the total number of 
grains passing through a spherical shell per second but allow 
grains at a particular size to vary in abundance. 

There are two major ways in which we can cast the contin- 
uity equation. First, we could follow the evolution of the grain 
distribution at a constant grain size, say av In this case we 
would not keep track of any particular grain but only those of 
radius av Grains initially at a1 would be reduced in size and 
therefore decrease the number abundance at a1? while larger 
grains are decreased in size which increase the number abun- 
dance at ûq. This would result in a series of rate equations to 
determine the abundances at a number of fixed grain sizes. 

A simpler approach is to sample the grain distribution at a 
number of initial grain sizes and consider the evolution of these 
particular grains throughout the inflow. For the case of pure 
ablation processes the continuity equation is then decoupled 
from the number abundances of neighboring sizes, and we do 
not need to solve simultaneous equations (see Appendix B). We 
adopt this method and divide the grain distribution into 15 
sizes between a_ and a+, creating; = 14 grain “bins,” of com- 
position i. The continuity equation for each bin is simply 

? Jr (r2wyNii) = “R'¡Nv ’ '■= !. 2,j= 1,14, (26) 

where w0- is some average velocity for grains in the bin, is 
the average fraction of grains destroyed in bin due to 
vaporization processes, and is the number density of grains 
in bin ij : 

ri+M xp 
Nij = ni{a)da —^. (27) 

Jaj(r) mH 
The bin edges a/r), aj+1(r) vary because of grain ablation pro- 
cesses. 

b) Gas Equation of Motion and Continuity 
The steady state equation of motion for the gas flow is 

du GM(r) 1 dP Fdrae uT= ^ - - -r + ^m, (28) 
dr r¿ p dr p 

where it is assumed that radiation pressure on the gas is neglig- 
ible. The drag force is a result of the ensemble of grains collid- 
ing with gas particles 

= - I P’ ",(<*> r)F‘iagda f . (29) 
r i Jal 

The gas continuity equation has already been defined by equa- 
tion (11). Note that equation (22) represents 30 differential 
equations (two compositions x 15 grain sizes) for the grain 
velocities, and the gas flow velocity (eq. [28]) is a function of all 
30 grain velocities. This system can be greatly simplified fol- 
lowing the arguments of Gilman (1972) that grains travel at a 
local terminal velocity. The outward radiative force on grains 
at every radial distance is balanced by the inward gravitational 
plus drag forces, so the gas and grains are momentum coupled, 
and all of the radiative momentum absorbed by the grains is 
transferred to the gas. Under these conditions the acceleration 
for the grains in equation (22) is equal to zero. Multiplying 
equation (22) by and then operating on the equation with 

Z i ni(a'< r) — ... da', (30) 
¡ Jai mH 

and adding the results to equation (28), we find the gas equa- 
tion of motion : 

du GM(r) f ^ Ç“' , ,4 3 j X1 
  p-L1+?i "it«’ >■) 3 »0 Pi<io —J 

1 dP kUL  _l—s— 
p dr 4nr2c , (31) 

where kff is the flux mean radiation pressure coefficient (eq. 
[8]). The second term within brackets is the grain-to-gas mass 
ratio. Note that the drag force of the collection of grains acting 
on the gas is equal and opposite to the drag force of gas acting 
on the collection of grains. As a result, the drag cancels, and the 
gas equation of motion does not depend on the grain velocities. 
The evaluation of Aff in equation (31) requires a knowledge of 
the frequency-dependent radiation field as well as the grain 
number and size distribution. 

For the dynamics of the flow, we have ignored gas pressure 
gradients and focused attention on the effects of drag forces 
and radiation pressure gradients. The gas temperatures are 
very low, and most of the flow is supersonic. The gradient of 
the gas pressure might be significant at the shell’s inner edge, 
and then only if the gas flow is decelerated to sonic speeds. The 
dynamical effects of the finite temperature of the gas at the 
inner boundary perhaps warrants further investigation. Gas 
pressure gradients are usually ignored in the case of dust 
driven outflows of cool star winds (Kwok 1975; Cassinelli 
1979; Castor 1981). 

With the assumption that grains travel at their local termin- 
al velocity equations (22), (23), and (24) can be solved for the 
grain drift velocities : 

„2 _ _ 64/cT i/ 64kT V 
Vd,i 9nfimH + ¡[\97tjumH/ 

16a?p,? fGM(r) T _ 
9p2 1 r2 |_ mij47zcGM(r)_) J 

and the grain velocities can be obtained from 

, (32) 

Wij = u + vdij (33) 

d) Destruction Processes 
As the grains fall inward, the initial size distribution will be 

modified by ablation and vaporization processes. We calculate 
the ablation processes of sublimation for both graphite and 
silicate grains and erosion by surface chemical reactions on 
graphite grains. We also consider vaporization by grain-grain 
collisions for both graphite and silicate grains. 

i) Sublimation 
The rate of sublimation can be estimated from the vapor 

pressure of the grain material (Palmer and Shelef 1968; Lamy 
1974). The rate at which a grain of composition i and radius a 
is decreased in size as it falls inward is given by 

Wiia) Pun) (jiirnuV12 

Pi VnkTj 
(34) 

where Ta is the grain temperature as a function of both size 
and composition, Pvap(Tÿ is the vapor pressure of the grain 
material at temperature Tj,, and is the molecular weight of 
the evaporated molecules. We have assumed in writing equa- 
tion (34) that the accommodation coefficients in the equation 
of Lamy (1974) are unity and the temperature of the vapor is 
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TABLE 2 
Grain Properties 

Parameter Graphite Silicate 

mf (amu)a ... 
p(g cm~3)b 

¿bind (eV)c.. 

12.0 
2.26 

11.03 
16.346 

40673 

169.1 
3.30 
6.75 

14.570 
26335 

a Molecular weight of grain material assuming 
silicate composition is Mgi.iFe0 9Si04; Draine 
and Lee 1984. 

b Density of grain material; Draine and Lee 
1984. 

c Binding energy; Shull 1978. 
d Vapor pressure, log P(dyne cm-2) = a — /?/ 

T; Lamy 1974, Leider, Krikorian, and Young 
1973. 

the same as the grain temperatures. For graphites we use the 
vapor pressure data of Leider, Krikorian, and Young (1973). 
For silicates we assume the vapor pressure of quartz given by 
Lamy (1974). Since astronomical grains are almost certainly 
not crystalline in structure, we are underestimating the vapor 
pressure or overestimating the grain temperatures over which 
sublimation occurs. Table 2 lists grain parameters used in our 
destruction equations. 

of grain-grain collisions in the range a to a + da per cm3 per 
second is 

n,{a) — pR(a) = «,(«)( ^) 
mH \mHJ 

x E I n(a')Mvr'Ma, a’) I wi(a') ~ w¡(a) I da', (37) l Ja-1 

where R(a) is the fraction of grains of radius a destroyed per 
second, / is summed over all compositions, a(a, a') is the colli- 
sion cross section for grains of sizes a, a\ and fT(vrel) equals 0 or 
1, depending on whether the relative velocity of colliding com- 
ponents is larger than the threshold velocity for vaporization. 
Following Scab and Shull, we account for two threshold velo- 
cities because in collisions between grains of unequal masses 
the lighter grain is assumed to vaporize first, while the more 
massive one is vaporized only if sufficient energy is left over. If 
m is the mass of the lighter grain moving at a speed w, M is the 
mass of the more massive one with speed W, and mr is their 
reduced mass [ = mM/(m + M)], then the lighter one vaporizes 
if the relative kinetic energy, imr(w — W)2, exceeds the binding 
energy of the lighter particle (mEhinJmh in Scab and Shull, 
where rrii is the mass of the molecules in grain m). The more 
massive one vaporizes, if the relative kinetic energy exceeds the 
sum of the binding energies. As we shall see, the vaporization 
process is found to be a relatively minor destruction process for 
our models. 

ii) Graphite Grain Surface Reactions 
Barlow and Silk (1977) proposed that hydrogen reacting 

with C on graphite grain surfaces can erode interstellar graph- 
ite grains. Through a series of interaction steps, four hydrogen 
atoms combine with C to form a CH4 molecule. The molecule 
then evaporates from the grain surface, thereby removing a 
lattice C atom. The reaction rates determined by Draine (1979) 
are used to estimate the rate at which the grain radius is 
decreased : 

sur 

n(H i)Y(7^)/xcmH i;rcl 

4 
(35) 

where n(H i) is the number density of atomic hydrogen, Y(T^) is 
the yield of carbon atoms removed per incident hydrogen atom 
taken from (Draine 1979), Heis the molecular weight of carbon, 
and i;rel is the relative velocity between grain and gas streams. 

The total rate of grain ablation is thus the sum of the rate of 
destruction by sublimation and surface reactions : 

da da 
W dr W dr 

+ w 
da 
dr surface reactions 

(36) 

To calculate these destruction rates we need to know the grain 
temperatures at all radial distances through the accretion flow 
and this is derived as discussed in WC1. 

iii) Vaporization 
Scab and Shull (1983) calculate grain vaporization rates 

resulting from grain-grain collisions in interstellar shocks. 
They account for grains of different sizes and compositions. 
The grain collisions are a result of the gyromotion of grains 
moving in a magnetic field. In our calculations we only con- 
sider the “ head on ” collisions of grains due to different relative 
inflow velocities. 

The number of grains of composition i vaporized as a result 

e) The Numerical Method 
Given a core mass M*, an accretion rate M, and an initial 

grain model, such as a depleted MRN mixture, the calculations 
provide the gas density and velocity distributions as a function 
of radial position in the shell as well as the spatial distributions 
of velocity, temperature, and grain sizes at the bin edges, and 
the number densities Nj/r) at the centers of each of the 28 grain 
bins. These quantities are derived using basically a two-step 
interaction. One step provides the structural variables such as 
density and grain sizes, and the other step provides the internal 
radiation field and grain temperatures. The calculations need a 
zero-order model. This is found by specifying the outer density 
p(r2), and by solving equations (A1)-(A7) to provide a starting 
run of p(r) and the value of the outer boundary r2. The number 
abundances of the grains per H atom is initially taken to be 
constant as a function of radius, and the temperatures are 
assumed to fall as T(r) = 2000 K(r/r1)~

0A, where rt is the 
inner radius of the shell. The value of the inner radius is ini- 
tially taken to be the position where a graphite grain of size 
a = 0.05 pm has an equilibrium temperature of 2000 K, when 
it is exposed to spatially diluted stellar radiation. Then we can 
begin the two-step model calculation. 

1. Given the current estimate of the gas and grain density 
distributions and grain temperature distributions, the radi- 
ation field in the shell is computed. The radiative equilibrium 
temperature distributions for grains at the edge of each bin was 
found by using the transfer method and temperature correc- 
tion procedure of our previous paper (WC1). 2. The equations 
of motion (eqs. [31]-[33]), continuity (eqs. [11] and [26]), and 
grain destruction rates (eqs. [34]-[37]) are solved simulta- 
neously as an initial boundary value problem by integrating 
inward from the outer boundary of the shell. At the boundary, 
r2, the gas and grains are assumed to have the velocity of free 
fall from infinity, with the density p(r2). The inward solution 
uses the radiation field derived in step 1 in finding the radiative 
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acceleration on the grains, and it uses the temperatures in 
computing the sublimation destruction rates. The grain contin- 
uity equation requires special consideration. If vaporization is 
negligible, the grain continuity equation is simply N^w^r2 = 
Cu where is a constant evaluated at the outer boundary. 
However, if vaporization occurs, equation (26) must be solved. 
This is done by first estimating ignoring vaporization, 
substituting the result into the right-hand side of equation (26), 
then solving the equation for a new estimate of Nu. This pro- 
cedure converges in two or three iterations. 

The inward integration proceeds until all of the grains have 
been destroyed, which in our case means that they have 
reached a size smaller than 0.005 /mi. The radial distance at 
which the last grains are destroyed is the inner boundary of our 
shell (we do not follow the flow inward from there, but assume 
the cool gas falls at the free-fall rate toward the star). If the 
structure through the shell has changed significantly from the 
previous iteration, steps 1 and 2 are repeated. 

The structure near the inner boundary is the slowest to con- 
verge. This is because there is a steep temperature and velocity 
gradient as the inner boundary is approached. The inner 
boundary region is where the stellar ultraviolet radiation is 
absorbed and converted to infrared radiation. Dynamically it 
is where the momentum of the ultraviolet light is deposited, 
thereby reducing the inflow speed. To account for the steep 
temperature gradient and redistribution of radiation, the trans- 
fer solution requires a large number of radial grid points. We 
typically use 150 grid points altogether, with 50 near the inner 
boundary. The calculations are made somewhat complicated 
by the tendency for the inner boundary to drift. That is, in 
solving the structure equation the radius at which the last grain 
is destroyed can change from one iteration to the next. For 
example, if the inner radius moves outward, on the next iter- 
ation the grains at the new inner boundary are exposed to 
direct star light, while on the previous iteration that light had 
been partially attenuated by the grains lying closer to the star. 
To accelerate the convergence of the inner boundary, we find it 
useful to repeat step 1 at several values of the inner radius and 
choose the value for which the boundary drift is small. Then 
convergence of the inner boundary location and temperature 
structure can be found in a few iterations. The velocity struc- 
ture also poses a problem near the inner boundary. This is 
mostly because of the nature of the problem as we have chosen 
to pose it. We want to find conditions that will just barely 
allow the inflow to occur. This is one in which the inflow speed 
almost decelerates to zero near the inner boundary. Since the 
gradient in speed is steep, with the inflow speed typically drop- 
ping from say 15 km s-1 at l.Olr! to ~1 km s_1 at l.Or^ a 
slight change in dust properties near the inner boundary can 
make an amplified change in the value of the speed at rx. The 
models are well converged in any case. Ignoring the very inner- 
most point, the velocity, gas density, grain densities, and tem- 
peratures are converged to less than 1%. At the inner 
boundary point, the velocity «(r^ is converged to 3% for the 
60 Mq model and 10% for the 100 M0 model and was brack- 
eted to 2 ± 1 km s~1 in the 200 M0 case. 

Another problem concerning the inner boundary becomes 
important for the highest mass cores. If surface reactions com- 
pletely dominate the grain destruction, we find the inner 
boundary moves outward with each iteration. Eventually a 
situation is reached in which the gas flow has not enough speed 
or “ram pressure” to allow it to overcome the outward radi- 
ative momentum that is deposited in the grain destruction 

region. As long as the surface reaction rate is not too high, a 
solution can be found. For the case of our 200 M0 core we 
avoided this problem by decreasing the n(H i)/n(H2) abun- 
dance ratio and thereby reducing the effects of surface reac- 
tions. 

Of course, not all of the models attempted resulted in inflow. 
If the inward flow was halted before all of the grains were 
destroyed, we restarted the model with different parameters. 
Our approach does not allow for circulation, but requires a 
steady flow in the inward direction. After finding an unsuc- 
cessful model, we would adjust, say, the dust-to-gas ratio or 
increase the mass inflow rates and try again. We feel the pro- 
cedure used has led to useful insight into the conditions 
required for accretion toward very massive protostars. It 
shows, in particular, that the semianalytical conditions that 
have been discussed in § V require some modifications when 
more realistic radiative transfer and dust destruction mecha- 
nisms are accounted for. 

VII. RESULTS AND DISCUSSION 
Let us discuss in some detail the results for the 100 M0 core. 

The model is computed using an accretion rate of M = 
5x10 3Mq yr 1. This inflow produces a maximum shock 
luminosity of -106 04 L0 and a shell mass of 299 MG. At the 
outer boundary a grain size distribution is assumed having 
minimum and maximum sizes ac_ = 0.005 /mi, a+ = 0.02 jam 
and asl = 0.005 jum, as+ = 0.2 /mi for the graphite and silicate 
grains, respectively. The overall scale factors are reduced by a 
factor of 8 from the standard Galactic values, yielding log 

= —16.06, log ASi = —16.01 (per H atom per /mi2 5); see 
Table 3 for a complete list of model parameters). Note that, as 
expected, these maximum grain sizes and number abundances 
are smaller than those estimated in Figure 2. Also, the radi- 
ation pressure gradient has decelerated the flow and further 
constrained the grain distribution and mass accretion rate that 
will allow infall. 

a) Velocity Structure 
Figure 6a shows the run of grain and gas velocities as a 

function of distance from the central star. Relative to the free- 
fall velocity distribution, we see that the radiative pressure 
gradients have reduced the inflow speed throughout the shell 
even in the outer regions where the radiation field is peaked in 
the infrared and /c^r is small. Figure 6b shows an expanded view 
of the rapid deceleration region near the inner edge of the shell. 
This rapid deceleration region is the UV momentum deposi- 
tion region discussed in § V. The change in acceleration simply 
reflects the increase in opacity and hence in kf[ for a radiation 
field peaking at shorter wavelengths. 

In Figure 6b, we see that the drift velocities are higher for the 
larger grains. Factors affecting this drift speed can be isolated 
by examining equation (22). Consider the region near the inner 
edge of the shell. Here the dominant accelerations are the 
outward radiative pressure gradient and the inward drag accel- 
eration. If we ignore the gravitational acceleration, consider 
the case where the drift speed is large compared to the thermal 
gas speed, and eliminate p using the gas continuity equation, 
then equation (22) yields 

/Qh L\ u |Y/2 

• <38> 

The grain geometrical cross section, no2, is seen to have can- 
celled out, leaving Qft as the only grain-dependent term. 
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TABLE 3 
Model Results 

860 

Star Mass M* (M0) 

Parameter 60 100 200 Notes 

I. Envelope Structure: 
Mass inflow rate M (M0 yr"x)        
Inner radius r! (cm)    
Outer radius r2 (cm)    
Density at inner radiusp^) (gem-3)   
Mass of shell Mshell (M0)   
Total luminosity L* + Lsh (L0)   
Shock luminosity Lsh (L0)       • 
Ljrl (ergs s-1 cm-2) _.         
Velocity at (km s x)      • • 
Maximum inflow velocity umax (km s - x)   
Envelope crossing time (yr)    

II. Grain and Gas Properties: 
n(Hi)/n(H2)     
Graphite scale factor relative to Galactic AJA^   
Silicate scale factor relative to Galactic AsJAl{   
Maximum graphite grain radius ac

+ (pm)   
Maximum silicate grain radius a% (pm)   
Dominant destruction process —   
Ratio of sublimation rate to 

chemical reaction rate xsub   
Ratio of drift to gas speed | vju \    
Graphite sublimation rate da/dt |sub (pm yr-1)     
Graphite surface reaction rate da/dt |sur (pm yr-1)        
Silicate sublimation rate da/dt |sub (pm yr-1)  
Maximum mass fraction of grains 

vaporized/grain size at bin center /a (% pm-1)  
Maximum graphite drift speed/grain size vd/a (km s-1 pm - ^ 
Maximum silicate drift speed/grain size vja (km s-1 pm”1) . 
Gas temperature Tgas (K)    
Gas temperature at (K)  

3 x 10-3 

3.86 x 1015 

7.18 x 1017 

1.40 x 10-15 

177 
1.05 x 106 

5.19 x 105 

2.69 x 108 

7.21 
13.4 

5.89 x 104 

5 x 10-3 

4.48 x 1015 

8.51 x 1017 

5.76 x 10"15 

299 
2.43 x 106 

1.10 x 106 

4.88 x 108 

1.45 
11.9 

5.32 x 104 

1 x 10-2 

9.81 x 1015 

1.07 x 1018 

2.69 x 10-15 

587 
6.78 x 106 

2.99 x 106 

2.68 x 108 

1.93 
16.8 

5.86 x 104 

5 x 10-5 

1/8 
1/8 
0.02 
0.20 

Sublimation 

31 
0.43 

1.0 x 10-2 

3.3 x 10-4 

2.4 x 10-2 

2/0.10 
7.7/0.019 
6.7/0.017 

1680 
1680 

5 x 10" 
1/8 
1/8 
0.02 
0.20 

2 x 10- 

1/13 
1/13 
0.015 
0.10 

Surface reaction plus sublimation 

0.61 
0.85 

4.7 x 10-4 

7.8 x 10-4 

4.2 x 10-2 

3/0.10 
6.1/0.018 
6.6/0.180 

1600 
1740 

0.57 
0.99 

5.6 x 10-5 

9.8 x 10-5 

1.4 x 10-1 

1.5/0.023 
8.6/0.014 
7.9/0.069 

1540 
1690 

Notes.—(1) Leung, Herbst, and Huebner 1984; Iglesias 1977. (2) Using Galactic scale factors from Draine and Lee 1984, log A°c= -15.16, 
log Así = -15.11. (3) Evaluated at the radial distance at which 90%-95% of the mass of the largest grain has been removed. 

Therefore large grains have a greater drift speed only because 
their scattering and absorption efficiencies are greater than 
those of the smaller grains and not because of their greater 
mass or area. The drift speed is proportional to w/M, so, as the 
gas velocity, w, decreases at the shell’s inner edge, the gas 
density increases, causing the drift to diminish. This increase in 
gas density keeps grains flowing inward even though the gas 
velocity itself is slowing down. The additional thermal terms in 
equation (22) modify these results only slightly, in the sense 
that an increase in temperature at the inner edge reduces the 
drift velocities. 

The use of a flux mean opacity rather than a Rosseland 
mean opacity that is sometimes used in inflow calculations has 
an important effect on the velocity distribution. This is illus- 
trated in Figure 7. The solution using a Rosseland mean pre- 
dicts only a small deceleration of the flow near the inner edge. 
This is because it does not account for the strong peaking of 
the radiation field toward the ultraviolet wavelengths with its 
attendant increase in the radiative acceleration on each grain. 
Other differences from calculations that use Rosseland opa- 
cities have been discussed in WC 1. 

b) Grain Destruction 
Figure 6b shows that grains of different sizes and composi- 

tions are destroyed at different distances from the central star. 
The silicates tend to be destroyed farther out than do graph- 
ites, and small grains are destroyed before larger grains. We 

had expected that the range in distances over which the various 
grains are destroyed would be larger because, as discussed in 
WC1, there can be significantly different grain temperatures at 
a given position and there can be significant differences in grain 
velocities. However, our calculations yield a rather steep tem- 
perature distribution near the inner boundary of the shell, and 
the gradient in drift velocities is also rather large at that loca- 
tion. The net effect is that for our 100 M© model the large and 
small graphite grains are destroyed where the temperature is 
~1700 K. 

Figure 8 shows the relative importance of each of the 
destruction processes. The differences in grain temperatures 
explain the differences in sublimation rates from large to small 
grains of the same composition. The rise in temperature of all 
grains toward the inner boundary explains the increase in sub- 
limation rates there. For graphite we have also considered the 
ablation brought on by surface chemical reactions. Figure 8 
shows that the rate for this process is 1.6 times that for subli- 
mation for the large grain and 3.6 times the sublimation rate 
for the small grains. 

Vaporization by grain-grain collisions for the 100 M0 

model is minor, even though the relative velocities exceed the 
vaporization threshold for collisions between a moderate-sized 
silicate grain and larger graphite or silicate grains. The vapor- 
ization is no more than ~3% of the silicate mass. No vapor- 
ization occurs for the grains of the largest and smallest sizes. 
There are no collisions energetic enough to destroy both large 
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Fig. 6b 
Fig. 6.—{a) Inflow speed onto a 100 M0 core using flux mean radiation pressure opacities. Speeds are plotted for the full range in radial distance from inner to 

outer dust shell boundaries. Curves are shown for graphite grains of initial size 0.02 /un {dashed}, silicate grains of initial size 0.2 fim {dotted), and gas {solid}. Also 
shown are free-fall velocity curves accounting for the total (core plus shell) mass, M{r), and the core mass alone, M*. {b) Expanded view of {a) near the inner shell 
boundary. Curves are shown for graphite grains of initial sizes 0.02 and 0.006 ¡im {dashed}, and silicate grains of initial sizes 0.2 pim {dotted} and 0.006 fim {heavy 
solid), and gas {solid}. Curves end where grains are destroyed. Circled numbers along the abscissa in Figs. 5a and 5b refer to radial distances at which the grain size 
distribution is plotted in Fig. 9. 
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WOLFIRE AND CASSINELLI Vol. 319 862 

Fig. 7.—Inflow speeds onto a 100 M0 core using Rosseland mean radiation pressure opacities. Curves are shown for silicate grains of initial size 0.2 ¡im (dotted) 
and gas (solid). Also plotted are free-fall velocity curves accounting for the total (core plus shell), mass, M(r), and the core mass alone, M+. Inflow speed for graphite 
grains are indistinguishable from the gas speeds when plotted on this scale. 

and small colliding components and vaporization of graphite 
grains is negligible. These conclusions could be somewhat dif- 
ferent for flows with smaller values of M, because there would 
be a broader deceleration zone and higher relative grain velo- 
cities. In hindsight we see that we could have ignored vapor- 
ization and considered only the dominant mechanisms of 
sublimation and ablation by surface chemical reactions. 

c) Additional Grain Constraints 
We found that to allow infall in our numerical calculations 

we had to further constrain the grain models predicted in § V. 
We consider two causes for these modifications. The first 
involves the assumption of steady state inflow, and the second 

-2 

f -3 

^ -4 o ^ -o 

-5 

Fig. 8.—Grain destruction rates vs. radial distance for our 100 M0 model. 
Plotted are graphite sublimation rates (solid) and surface reaction rates 
(dashed) for grains of initial sizes 0.02 and 0.006 /mi. Sublimation rates for 
silicate grains (dotted) are plotted for grains of initial sizes 0.2 and 0.006 /un. 

is a result of the radiative deceleration of gas at the shell’s inner 
edge. 

The assumption that grains travel at their local terminal 
velocity forces grains to have a unique drift velocity at every 
radial distance. If the required drift velocity were to exceed the 
gas flow velocity then grains would travel outward relative to 
the central star. Also, grains would be stopped in the flow if the 
drift velocity equals the gas velocity. At such a point the grain 
abundance could perhaps be determined by the length of time 
that grains have been collecting or piling up. However, these 
possibilities for grain velocity reversal and piling up violate our 
assumption of steady state flow. Since we are unwilling in this 
paper to eliminate the steady flow assumption, we must only 
consider cases for which grains are never stationary with 
respect to the central star. Since large grains have the largest 
drift velocity (see eq. [38]) we must decrease the largest grain 
sizes to ensure that all grains flow inward. 

The second reason for additional grain modifications is the 
radiative deceleration of the flow which was not accounted for 
in § V. Our estimates for the grain abundances were there 
calculated by momentum considerations at the outer bound- 
ary. To find the velocity of gas at the inner boundary, it is 
necessary to carry out the full radiation transfer- 
hydrodynamic calculations. Using our estimate of § V for the 
grain abundances we find the gas flow is brought to a halt 
before the grains are destroyed. It is necessary, therefore, to 
reduce further the grain abundances to allow infall to continue. 
We did not examine the full range of abundances between 
one-fourth and one-eighth of the Galactic value, but simply 
chose to use this abundance. We do not consider one-eighth to 
be a firm limiting value, but consider that a substantial 
reduction in dust abundances is necessary for the very massive 
stars to form. 

d) Evolution of the Grain Size Distribution 
Figure 9 shows the grain size distributions for the graphites 

and silicates at a number of locations in the flow. These posi- 
tions are indicated in Figures 6a and 6b. At the outer boundary 
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Fig. 9.—Evolution of the grain size distribution for our 100 M0 model. 
Circled numbers refer to the radial distances from which the distributions are 
plotted (see Figs. 6a and 6b). Curves are shown for graphite {solid) and silicate 
(dotted) grain size distributions at four locations in the inflow. Silicates are 
completely destroyed before the inflow reaches the radial distance labeled “ 4.” 

both compositions are distributed in size as a power law pro- 
portional to a~3 5 between the minimum, a_, and maximum, 
a+, grain sizes. In determining the grain abundances at the 
outer boundary we assumed that all grains and the gas have 
the same inflow speeds. As inflow proceeds, the larger silicate 
grains slow down relative to the gas, and this causes the abun- 
dances of the larger silicate grain sizes to increase by ~45%. 
Shown is the silicate distribution from a point at the start of 
the steep velocity decrease. The original small-size silicate 
grains are destroyed, but grains of moderate size have 
decreased in radius to take their place. The largest silicate 
grains are too cool to suffer appreciable sublimation, and their 
relative grain to gas speeds cause their abundances to increase 
slightly. The change in the graphite distribution from that at 
the outer boundary to this location in the flow is negligibly 
small and has therefore not been plotted. Also shown are the 
distributions just prior to the destruction of the silicates and 
just prior to the destruction of graphites. The largest silicate 
grains remain relatively unchanged until they are finally 
destroyed by sublimination. The drift velocities of the largest 
graphite grains, however, cause their number abundances to 
increase by about a factor of 5. We conclude that the grain 
distribution at the shell’s inner edge is much different than the 
distribution at the outer boundary. The number of small grains 
is greatly diminished, while the large grain population may 
even increase because of their slower infall speeds. 

e) Very Large Grains 
Thus far we have considered conditions for star formation 

that require decreases in the sizes of grains relative to the 

MRN mixture. An alternative solution is also possible. Con- 
sider the coagulation of grains at the outer boundary of the 
cloud. Let us assume that the coagulation does not change the 
gas-to-dust mass ratio and the size distribution remains pro- 
portional to a-3,5. If the initial grains are very large, then infall 
will not be impeded because the outward radiative force tends 
to be proportional to ¡n(a)a2da, and, while the grain area 
increases with grain radius as a2, the grain abundance 
decreases as a-3 5. Two constraints on our large grain popu- 
lation must be satisfied to allow infall. The first constraint 
requires that the outward radiative acceleration on the gas due 
to the collection of grains must be less than the inward gravita- 
tional acceleration. This constraint for the case of decreasing 
grain sizes was discussed in § V (F < 1, eq. [10]). The second 
constraint requires that the large grains be flowing inward 
relative to the central star. An outward motion of grains tends 
to increase the dust density due to a “ snow plow ” effect and 
eventually halts the accretion flow (Yorke 1980). The outward 
grain motion led to the end of the accretion phase for the 
10 Mq model calculated by Yorke. As we shall see, this second 
constraint imposes a more stringent limitation on the size of 
large grains. 

Let us first discuss the effects on the radiation pressure 
opacity per gram of gas fcgf, resulting from grain coagulation. 
The opacity from the ensemble of grains is a function of the 
grain cross section, C&r = na2Qÿ, integrated over all sizes: 

Kg'oc J Aia~3 5na2Q1ljda9 (39) 

where A* is the scale factor for material of composition i. To 
evaluate equation (39) we need to know the limits of integra- 
tion aL, a+, and the behavior of Qg with grain size. The limits 
of integration are obtained from the requirement that the 
grain-to-gas mass ratio remain constant as grains grow: 

A/fi . /V+ 4 k y gram _ Ata~3 5 - na3Pida — = constant, (40) 
Algas JaL ^ 

where pt is the density of grain material i. This condition can be 
expressed simply in terms of the minimum and maximum grain 
radii: 

a^l2 — a1!2 = constant. (41) 

For an initial MRN distribution the “constant” = 
(0.25 /un)1/2 — (0.005 /mi)1/2 = 4.29 x 10"L 

Next consider the behavior of Qg with grain size and its 
effect on the opacity Kg. In the Rayleigh limit {a < kßri) the 
efficiency increases linearly with grain radius, and we see from 
equations (39) and (41) that the radiation pressure opacity 
remains constant. For larger grains {a « k/lri) the efficiency 
increases with grain radius faster than a10 and grain growth 
increases Kg. This is the case for initial clumping of the MRN 
distribution in a Trad = 1000 K radiation field. The efficiency 
increases with a until a A/27T, beyond which Qg « 1 
(assuming Qs « Q4 « 1 and g « 1). Equations (39) and (41) 
show that further increases in grain size decreases Kg due to 
the steep dependence of grain abundance with grain radius 
(cca~3 5). We find we can satisfy the outer boundary constraint 
of § V for the case of accretion onto a 100 M© core, M = 
1 x 10"3 Mq yr"1, at 7^ad = 1000 K using the DL abun- 
dances and a+ = 18 pm, a+ = 18 pm. 

We now discuss our second constraint, viz., that grains must 
flow inward relative to the central star. Using equations (32) 
and (33) (here the thermal terms can safely be ignored) and the 
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M = 1 x 10~3 yr_1 model parameters from Table 1, we find 
the a = 18 /mi grains are blown outward and would therefore 
halt the accretion flow, even though the opacity from the col- 
lection of grains, k%, is low enough to allow F < 1. We note, 
however, that the gravitational force on a grain is proportional 
to a3, so that by further grain growth the inward pull of gravity 
plus collisional drag can become larger than the outward radi- 
ative force. The minimal size grain, amin, for this to occur is 
found using the grain equation of motion (eq. [22]), and the 
assumption that grains move at their terminal velocity 

amin = ~ —\u\MnpiGM , (42) 

where g&r is of order unity. Table 4 lists amin for several accre- 
tion rates. We conclude that for the inward flow of both gas 
and grains the radius of a refractory grain would have to be 
larger than 100 /mi. Since we believe this grain size is rather 
large, we prefer the modifications of the MRN grain distribu- 
tion that decrease the grain sizes as disucssed in the previous 
sections. It is interesting, nevertheless, to note that accretion is 
allowed either for the case of very small or for very large grains 
but not for grains of intermediate sizes. To produce either just 
large or small grains would require some sort of precondition- 
ing of the protostellar cloud. 

/) Additional Core Mass Models 
In this section results for models of 60 M0 and 200 M0 

cores are presented, and some general trends in the relative 
importance of grain destruction processes are discussed. Table 
3 lists parameters and results for all three core masses con- 
sidered. As expected, the 200 M0 core requires a higher rate of 
mass inflow than the lower mass cores and the initial grain 
sizes and abundances decrease with increasing core mass. 

The ratio of the rate of sublimation to surface reactions, xSub> 
is also shown in Table 3, where we evaluate the destruction 
rates for the largest graphite grain at the point in the flow 
where 90%-95% of the mass of the grain has been removed. 
Also shown is the value of the drift-to-gas speed ratio, | vju \. 
A value of | vju \ = 1 means the grain is stationary with respect 
to the central star. Note that the ratio of the rate of subli- 
mation to surface reactions decreases for the highest core 
masses; that is, sublimation dominates grain destruction for 
the 60 Mq core, but surface reactions are comparable to subli- 
mation for the 100 and 200 M0 cores. This is because the grain 
temperatures for the higher mass cores are much too low for 
sublimation to dominate the grain destruction processes. This 
decrease in temperature with increasing core mass can be 

TABLE 4 
Minimum Grain Size in Geometric Limit: 

Core Mass = 100 M0 

M log Ltot
a Mtot

b uc amin
d 

{Mq yr l) (Lq) (Mq) (km s x) (/mi) 

5 x 10"3  6.386 3.85 x 102 3.46 1.04 x 103 

1 x lO"2...... 6.548 7.21 x 102 4.18 5.17 x 102 

2 x KT2.  6.759 1.40 x 103 5.15 1.19 x 102 

a Total core plus shock luminosity. 
b Total core plus shell mass. 
c Free-fall inflow speed onto Mtot. d Minimum inflowing grain size assuming composition is graphite, 

p = 2.26 g cm-3. 

understood by comparing the | vd/u | ratios. We see that grains 
are nearly brought to a halt in the 200 M0 model. Because of 
the slow infall speed, the grain abundances rapidly increase at 
the inner boundary, thereby shielding grains farther out from 
heating by the stellar radiation field. Grains therefore remain 
cooler in the higher mass models until the edge of the shell 
where grain temperatures rapidly increase to similar values for 
all three core masses considered. 

We also see that the lower grain temperatures produce 
overall lower destruction rates. However, even with the 
reduced rates, grains are destroyed at a larger distance from 
the central star for the higher mass cores. This increase in is 
a result of two effects. First, the larger luminosities can simply 
heat grains to destruction temperatures at larger distances 
from the core. Second, the slow grain infall speeds, found in the 
massive core models, increase the grain travel time. Therefore, 
grains are destroyed at larger distances even though the 
destruction rates are much lower. 

VIII. SUMMARY AND CONCLUSIONS 
Our investigation of the conditions necessary for the forma- 

tion of massive stars is summarized as follows : 
1. From a consideration of the radiative versus gravitational 

accelerations at the outer boundary of a protostellar accretion 
flow (§ Y a) we have found the minimum modifications to the 
standard MRN diffuse cloud grain mixture that will allow 
massive stars to form. The largest graphite grain size must be 
reduced to 0.05 /mi, which is 0.2 times the maximum size in the 
MRN mixture. The overall abundances must be reduced to 
one-fourth of the standard Galactic values as determined by 
DL. Clearly major modifications of a MRN mixture of grains 
is necessary before massive star formation will occur. 

2. Considering the momentum flux at the inner boundary of 
the dust shell (§ Yb), we find that inflow rates must be larger 
than 10“3 Mq yr-1. A protostellar cloud with initial turbu- 
lence greater than 3 km s-1 could possibly produce such a 
high rate of mass inflow. 

3. From our detailed modeling we find that the radiative 
deceleration of the flow imposes additional constraints on the 
grain size, abundance, and mass inflow rate. A 100 M0 core 
can continue accreting its surrounding envelope if the 
maximum graphite and silicate grain sizes are a+ = 0.02 /¿m 
and a + = 0.2 /mi and the overall abundances decreased to 
one-eighth of the standard Galactic value. The inflow rate is 
5 x 10“3 Mq yr-1. Note that although we must reduce the 
graphite abundance to allow inflow, we cannot eliminate it 
completely. This is because we need a material that will allow 
the inflow to accelerate to high speeds before absorbing the 
UV and visible radiation from the core. Silicates alone are 
destroyed at too large a radial distance and cannot shield the 
inflowing material. 

These findings seem to support the theory of shock-induced 
star formation (Elmegreen and Lada 1977). An external shock 
produced by a supernova (Assousa and Herbst 1980), spiral 
density wave (Woodward 1976), or ionization front (Elmegreen 
and Lada 1977) from a nearby stellar association may modify 
the grains and produce the conditions suitable for massive star 
formation. 

Alternatively, rotating infall may relieve some constraints 
imposed by spherical accretion. In this picture, the infrared 
radiative forces may not impede material flowing radially 
through an optically thick disk. Also the luminosity from acc- 
retion may be less than that in the spherical case (see Adams 
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and Shu 1986). However, it is not clear that infall directly onto 
a disk can be maintained unless the disk shadows infalling 
dusty material from a large fraction of the ultraviolet and 
visible radiation emitted by the core. Furthermore, the accre- 
tion luminosity remains low only for inefficient processing of 
material through the disk. Such a low efficiency builds up 
massive disks which may be unstable to fragmentation (Cassen 
et a/. 1981). 

There are several well-studied regions that are excellent can- 
didates for star formation by external triggering. A recent 
analysis of the velocity structure of the W3 molecular cloud by 
Thronson, Lada, and Hewagama (1985) indicates that star for- 
mation was induced by the expanding W4 ionization front. 
Also, the turbulent velocities found in the star-forming layer 
are high enough that if gravitational collapse occurs, it must 
have large rates of mass inflow. We note that this region is 
certainly producing massive stars since W3 IRS5 is one of the 
most luminous Galactic IR compact objects known. 

The 30 Doradus region in the LMC may be located at the 
point where a number of H i shells overlap (Canto et al 1980). 
These giant shells (>1000 pc) are driven by massive OB 
associations. The dust-to-gas ratio is also observed to be 
decreased by at least a factor of 4 from the Galactic value 
(Koornneef 1985). Additional modification of the grain dis- 
tribution by the expanding shells may have satisfied our condi- 
tions for very massive star formation in the 30 Dor region. 
Further study of grain destruction at molecular cloud bound- 
aries must be examined to see if the required grain distribution 
can be produced. 

We thank J. Mathis, E. Churchwell, P. Cassen, F. Shu, and 
D. Massa for helpful comments and suggestions. D. Cox was 
helpful in deriving the proof for the grain continuity equation. 
The calculations were carried out at the MADRAF computer 
facility at the University of Wisconsin-Madison. This research 
was supported in part by NASA grant NAGW-283. 

APPENDIX A 

OUTER BOUNDARY AND ESTIMATE OF MASS CONTAINED WITHIN SHELL 

From the gas equation of motion we have 

u(r)2 = ^u(r2)2 - I 2GM(r) ¿rj (A!) 

Substituting the expression for M(r), equation (12), into equation (Al) we find 

Using the gas continuity equation (11) and assuming that u(r2) equals the free-fall velocity onto the total core plus shell mass, i.e., 
M(r2) = M* + Mshell, the density at r is 

) 1/2 , , M (2GM(r2) fr 2G T fr , 
p(r)=^ - i [M*+4,11; p(r)dr_ 

An iterative loop to find M(r) is as follows : 
r2 

1. Pick the initial r2 to be the radius at which the gas density flowing onto the core mass alone is 10“19 g cm 

M 

-3. 

]2/3 

‘ 

2. We approximate the density as 

p{r) = 
M 

4n(2GM J1/2r3/2 ‘ 

3. Carry out the integral in equation (A3) to obtain a new estimate for p(r). 
4. Find a shell mass, and thus M(r2), from 

M shell 
-“"f 

r2p(r)dr . 

(A3) 

(A4) 

(A5) 

(A6) 

5. Repeat steps (3) and (4) until the density distribution is converged. 
6. The density at r2 is no longer equal to 10 19 g cm 3 because of the additional contribution of the shell mass in calculating 

u(r2). Using the gas continuity equation (11), estimate a new outer boundary, r2 : 

) 2/3 M 
47r[2GM(r2)]1/210 1-19 (A7) 

Since the outer boundary point has moved, we must redefine our radial grid to begin at the new r2. Repeat the density iteration. 
7. Iterate between step (2) and step (6) until both the outer boundary, r2, and density grid are converged. 
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APPENDIX B 

GRAIN CONTINUITY EQUATION 

Consider a discrete continuity equation for the case of fixed bin edges. Let n/r, t) equal the total number density of grains within 
bin j and ñ/a, r, t) equal the normalized distribution of grains within the bin. Then 

n(a, r, t) = rift-, tßjia, r, t) (Bl) 

is the number density of grains at radius r and time t with grain size between a and a + da. Note that in the main part of this paper 
the grain abundance has units of number of grains per hydrogen atom in the range a to a + da. To convert to a number density 
multiply the abundance by Xp/mH, where X is the mass fraction of hydrogen. The continuity equation for bin j is 

drij 
dt 

1 d ,2 , RjUj, (B2) 

where the second term on the right-hand side is the number of grains moving into rij from nj+ x due to ablation, the third term is the 
number of grains moving out of rij into nj_i due to ablation, and the fourth term is the number of grains vanishing from rij due to 
vaporization. 

To obtain the continuity equation for a continuous distribution divide equation (B2) by Aa = aj+1 — Uj and take the limit as 
Aa -► 0: 

dn(a, r, t) 
dt 

1 d 
~i jj~r [

r2"(a’ r> £)M«» r, t)] - t: '■» 0«] da 
Rn(a, r, t) . (B3) 

Consider the continuity equation for bins with variable boundaries. Let Nj equal the total number of grains within bin j : 

Nj = 
'aj+iit) 

aj(t) 
n(a, r, t)da . 

where the limits of integration are functions of time. From Leibniz’s rule 

dNj 
dt 

— n(a, r, t)da H- n(a, r, t)à 
ajit) Ct aj(t) 

Substituting equation (B3) into equation (B5), we have 

dNj 
dt 

]_d_ 
r2 dr 

r2n(a, r, i)w(a, r, t)da — n(a, r, t)à 
aj(t) 

aj+i(t) 

aj(t) 

'aj+1(t) 
Rn(a, r, t)da H- n(a, r, t)à 

aj(t) aj(t) 

(B4) 

(B5) 

(B6) 

Note that the second and fourth terms on the right-hand side cancel out. We define the average velocity and vaporization rates: 
JmOj+ Caj+l 

n(a, r, i)w(a, r, t)da/Nj, = Rn(a, r, t)da/Nj, 
aj Jaj 

and write the continuity equation (B6) as 

— — — (r2N w) — R N 
dt r2dt{ J j) J J' 

(B7) 

(B8) 

Our numerical calculations use the simplest form for w,-, that is, w(a, r, i) is not weighted by the grain number density across the 
bin: n(a, r, t) equals a constant over a bin, and w(a, r, t) is linear across a bin. The average velocity is then 

Wj = + w(aj+1)] . (B9) 

To calculate the average vaporization rate over bin j, we need to discretize the vaporization rate for the continuous distribution. 
First, bin all grains that will not be contained within bin j. From equation (37) we have 

n(a, r, t)R = n(a, r, t) £ Nkf7{vrel)a(a, (a)k) | wk - w(a) | , (BIO) 
k 

where (a)k is an average grain size over the bin and k is summed over all compositions and sizes. Next integrate the rate equation 
over grains that are contained within bin j. Substituting equations (B7) into equation (BIO) we obtain 

NJ Rj = Nj X NkMwj, wk)a«a)j, (a)k) \wk-Wj\, (Bl 1) 
k 

where the threshold function,/r is a function of the relative averaged bin velocities. In calculating the collision cross sections 
between bins the simplest average grain size is used : 

<a>, = !(«, +a,.+ 1). (B12) 
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Combining equations (Bll) and (B8) and setting partial time derivatives equal to zero as appropriate for a steady-state accretion 
flow, we find 

-¿^.(r2Njwj) = NjY,NkfT(Wj,wkM<a>j, <ayk)\wk-Wj\ . 

In terms of a discrete radial grid we finally obtain our grain continuity equation including vaporization : 

rn+l Wij,n+l^ij,n+l = rnWiuNij¡n CXp { ~ + (%„+i/Wy, „+- rn+1)} , 
where the n and n + 1 subscripts refer to decreasing radial distances in the inward integration. 

(B13) 

(B14) 
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