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ABSTRACT 
Quasi-periodic oscillations (QPOs) with frequencies in the range 5-50 Hz have recently been discovered in 

the intensity of more than half a dozen luminous X-ray stars. Random process models of the X-ray intensity 
time series provide a useful framework for analyzing the constraints imposed on physical models of QPO 
sources by measurements of the power-density spectra of their X-ray time series. Here we use this framework 
to study the effects on the power spectrum of several physical phenomena that may occur in the beat- 
frequency model. 

One phenomenon is changes in the envelopes and oscillation wave forms of the X-ray pulses produced by 
density and magnetic-field fluctuations in the boundary layer. We show that the shape of the wave form can 
profoundly affect the strength of the oscillations relative to the red noise as well as the relative strengths of the 
harmonics of the oscillation frequency. We also demonstrate the effects on the power spectrum of distributions 
in the lifetimes and orbital frequencies of the fluctuations and present closed expressions that include these 
effects and are suitable for fitting to observed power spectral data. 

Magnetospheric effects may impose nonuniform distributions of the times and initial stellar azimuths of the 
fluctuations. We illustrate the effects of nonuniform distributions of these quantities with some simple models. 
We show that variations in the rate of formation of fluctuations can produce peaks in the power spectrum at 
low frequencies where the red noise is strong. Interaction of the magnetosphere with persistent density pat- 
terns in the inner disk, fragmentation of larger scale fluctuations into smaller ones, and interaction between 
fluctuations may cause spatial clustering. We show that even very weak clustering can increase the strength of 
the oscillations relative to the red noise by one order of magnitude or more. 

Although motivated by the beat-frequency model, our analysis of QPO power spectra in terms of random 
processes may be used to constrain a wide variety of physical models. 
Subject headings: stars: accretion — stars: neutron — stars: X-rays — X-rays: binaries 

I. INTRODUCTION 

Relatively narrow peaks with centroid frequencies in the 
range 5-50 Hz have recently been discovered in power spectra 
of intensity time series from more than half a dozen very lumin- 
ous X-ray stars, including GX 5 — 1 (van der Klis et al. 
1985a, b; Eisner et al. 1986), Sco X-l (Middleditch and Pried- 
horsky 1986; van der Klis and Jansen 1986; van der Klis et al. 
1985c, 1986; Priedhorsky et al. 1986), Cyg X-2 (Hasinger et al. 
1985, 1986; Norris and Wood 1985, 1986; Hasinger 1986a, b; 
Eisner et al. 1986), GX 3 +1 (Lewin et al. 1986a, b), GX 17 + 2 
(Stella, Parmar, and White 1985, 1987; Langmeier et al. 1985; 
Stella 1986), GX 349 + 2 (Lewin et al. 1985; Cooke, Stella, and 
Ponman 1985; Stella 1986), and 4U 1820-30 (Stella, White, 
and Priedhorsky 1985, 1987; Stella 1986). Possibly similar 
peaks have been reported at lower frequencies in the “rapid 
burster” (Tawara et al. 1982; Stella et al. 1985; Stella 1986), 
4U 1626 — 67 (Joss, Avni, and Rappaport 1978; Li et al. 1980), 
Cyg X-3 (van der Klis and Jansen 1985), Terzan 2 (Belli et al. 
1986), Cir X-l (Tenant 1987), and GX 340 + 0 (van Paradijs 
et al. 1987).3 These so-called quasi-periodic oscillations 

1 Also at Space Science Laboratory, NASA/Marshall Space Flight Center. 
2 Also at Department of Astronomy, University of Illinois at Urbana- 

Champaign. 
3 Peaks have also been reported in power spectra of the optical and X-ray 

intensity from some cataclysmic variables. See Patterson (1979) and Cordova 
and Mason (1983). 

(QPOs) are often but not always observed in a given star. Even 
when observed, they are usually not readily apparent in the 
X-ray intensity time series. In the best-studied stars GX 5 — 1, 
Sco X-l, and Cyg X-2, the centroid frequency fp of the principal 
peak is strongly correlated with the source intensity (see van 
der Klis 1986). The peaks typically have an area that corre- 
sponds to ~ 1%-10% rms variations in the X-ray intensity. 

In most QPO sources, red noise is evident in the power 
spectrum at frequencies below fp. In GX 5 — 1 and Cyg X-2 the 
total apparent power in the red noise4 is comparable to or even 
greater than the total power in the oscillations. However, in 
Sco X-l, GX 17 + 2, and the “ rapid burster ” the total apparent 
power in the red noise appears to be much less than that in the 
oscillations. In GX 5 — 1, Sco X-l, and GX 17 + 2 red noise 
remains even when the oscillations are weak or absent. 

The appearance of peaks in the power density spectra of 
these sources does not necessarily imply the existence of a 
harmonic or deterministic component in the X-ray intensity 
time series (see, for example, the discussion of random autoreg- 
ressive processes by Scargle [1981]). However, most of the 
physical models so far proposed to account for the peaks 

4 Here and below we use the phrase total apparent power in the red noise to 
refer to estimates of the total power in the red noise made by integrating over 
all frequencies an empirical expression for the power density motivated by the 
spectrum seen in the observed frequency band. Such estimates may of course 
differ from the actual total power in the red noise. 
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assume they are produced by a harmonic component of the 
X-ray intensity time series. Proposals include loops of mag- 
netic flux in a strongly sheared boundary layer between the 
accretion disk and the surface of a slowly rotating non- 
magnetic neutron star (Hameury, King, and Lasota 1985), 
oscillations in an X-ray-induced corona above the accretion 
disk (Boyle, Fabian, and Guilbert 1986), and shockwaves at the 
magnetospheric boundary of a weakly magnetic neutron star 
(Morfill and Triimper 1986). One model that appears particu- 
larly promising at present is the so-called beat-frequency 
modulated-accretion (BFMA) model (Alpar and Shaham 1985; 
Lamb et al. 1985, hereafter Paper I; Lamb 1986). In this 
model, the QPO sources are assumed to be weakly magnetic 
neutron stars accreting from Keplerian disks in which there are 
density and magnetic-field fluctuations. Interaction of the mag- 
netosphere with the fluctuations in the inner disk causes the 
mass-accretion rate and hence the X-ray luminosity to vary at 
a harmonic of the beat frequency given by the difference 
between the frequency of revolution of the plasma in the mag- 
netospheric boundary layer and the rotation frequency of the 
star. 

The BFMA model appears attractive at present for several 
reasons. First, it makes a quantitative prediction of the QPO 
frequency. Second, the predicted frequency agrees with 
observed frequencies for neutron star rotation rates ~ 100 Hz 
and magnetic-field strengths ~ 109 G, values expected on the 
basis of earlier evolutionary arguments which suggest that the 
bright low-mass X-ray binaries are progenitors of the 100 Hz 
rotation-powered pulsars (see Alpar and Shaham 1985; van 
der Klis et al. 1985h; Paper I). Third, the narrowness of the 
QPO peaks is explained naturally by the narrowness of the 
magnetospheric boundary layer (Ghosh and Lamb 1979). 
Fourth, the variation of the beat frequency and source lumin- 
osity with mass accretion rate elegantly account for the 
observed variations of QPO frequency with accretion rate 
(Alpar and Shaham 1985; van der Klis et al. 1985b; Paper I; 
Priedhorsky 1986). Fifth, the model easily produces intensity 
variations at the QPO frequency comparable to the 5%- 
10% rms fractional variations observed (Paper I; Lamb 1986). 
Sixth, the model predicts that the oscillations and red noise 
should be most prominent in the (relatively hard) spectral com- 
ponent that comes from the neutron star (Paper I), in agree- 
ment with recent observational results (Hasinger 1986b; 
Priedhorsky et al. 1986; van der Klis et al. 1986; Lewin et al. 
1986b). Seventh, the small magnetosphere, relatively weak 
surface magnetic field, and thick inner disk of the beat fre- 
quency model provide an explanation of the profound 
observed differences between the QPO sources and accretion- 
powered pulsars, including the fact that pulsations at the spin 
frequency are weak or absent in the former and strong in the 
latter (Paper I; Lamb 1986; Brainerd and Lamb 1987). Finally, 
the model provides a clear conceptual framework for 
developing quantitative models of the X-ray intensity time 
series and power spectra observed in the QPO sources. 

If QPOs arise in the manner suggested by the BFMA model, 
the variation of the peak frequency with X-ray intensity 
depends on the spin rate and magnetic field of the neutron star 
and the gross properties of the mass and energy flows near the 
star, while the detailed shape of the spectrum, including the 
characteristics of the red noise and the shape of the oscillation 
peak or peaks, provides information about the physical pro- 
cesses taking place in the boundary layer between the disk and 
the magnetosphere and the properties of the accretion flow 

within the magnetosphere. Thus, if the BFMA model proves 
correct, quasi-periodic oscillations in bright X-ray stars are an 
extremely valuable probe of the boundary layers and magneto- 
spheres of weakly magnetic neutron stars. 

As explained in Paper I, the X-ray intensity time series pre- 
dicted by the BFMA model can be represented mathematically 
by a random process. This is because each fluctuation in the 
boundary layer may be regarded as giving rise to a disturbance 
of the X-ray intensity that lasts only for a finite time and has a 
component that varies at the beat frequency. The expected 
properties of the X-ray time series and the power-density spec- 
trum produced by a sequence of such pulses may then be calcu- 
lated using the theory of random processes, making possible a 
quantitative analysis of the constraints imposed on the physi- 
cal model by the available observations.5 

The random process analysis of Paper I showed that the 
strengths of the oscillations relative to the red noise are incon- 
sistent with any physical model in which disturbances of the 
X-ray emission are uncorrelated, have a sinusoidal wave form 
with nonzero mean, and persist only for a finite time (see also 
Lamb 1986). This conclusion has been strengthened by sub- 
sequent observational results, including the extension of power 
spectral observations of Sco X-l to frequencies as low as 
0.016 Hz (Priedhorsky et al. 1986) and estimates of the appar- 
ent total power in the red noise that are at least one order of 
magnitude smaller than the power in the oscillations (van der 
Klis and Jansen 1986; Priedhorsky et al. 1986; van der Klis 
et al. 1986). Paper I pointed out that several physical pheno- 
mena, including nonsinusoidal pulse wave forms, broad dis- 
tributions of pulse lifetimes extending to relatively long times, 
and correlations between pulses, could generate power spectra 
consistent with the observations then available. In the present 
paper we use random process models to study the effects of 
these and other phenomena that may occur in the beat- 
frequency model, comparing the power spectra they generate 
with current observational results. 

We show that the shape and mean value of the oscillating 
component of the X-ray pulse wave form profoundly affect the 
strength of the oscillations relative to the red noise. We also 
explore the effects on the power spectrum of distributions in 
the lifetimes and orbital frequencies of the fluctuations in the 
boundary layer and show that the lifetime distribution, espe- 
cially, can strongly affect the red-noise spectrum. We present 
closed expressions that include these effects and are suitable for 
fitting to observed power spectral data. Interaction of the mag- 
netosphere with persistent density patterns in the inner disk, 
fragmentation of larger scale fluctuations into smaller ones, 
and interaction between fluctuations may cause some of the 
fluctuations to be clustered. We show that even very weak 
spatial clustering can cause the total power in the oscillations 
to exceed that in the red noise by a large factor. We demon- 
strate that these phenomena can account for the power spectra 
observed to date. Moreover, changes in the wave forms of 
pulses, the lifetimes of fluctuations, and the degree of clustering 
can produce complex relationships between the properties of 
the red noise and the oscillations, as noted in Paper I. 

Finally, we consider some simple models that illustrate the 
effects on the power spectrum of nonuniform distributions of 

5 Here and below we use the term pulse to refer to a single event of finite 
duration that disturbs the X-ray intensity. This usage is consistent with the 
existing literature on random processes (see, for example, the review by Scargle 
[1981]). Individual pulse wave forms may have a periodic component. Our use 
here of the term pulse does not imply periodic pulsation. 
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the initial stellar azimuths and times of the fluctuations, which 
could be caused by their interaction with the magnetospheric 
field and plasma. We show also that variations in the rate of 
formation of fluctuations can produce peaks in the power spec- 
trum and that peaks caused by such variations can be discrimi- 
nated from peaks formed by oscillations in the pulse wave 
forms. Peaks caused by variations in the pulse rate are strong- 
est and hence most readily observed at low frequencies, where 
the red noise is strong. 

Although motivated by the BFMA model, our results have 
much wider applicability since, as pointed out by Lamb (1986), 
random processes can also be used to describe the X-ray inten- 
sity time series predicted by a variety of other QPO models. 
Therefore, in the following sections we make clear the types of 
physical models which give time series that can be represented 
by the random processes we consider. 

The remainder of the paper is organized as follows. In § II 
we summarize the relevant physical properties of the beat- 
frequency model and introduce the class of random processes 
we shall use to represent the X-ray intensity time series predict- 
ed by this model. We also note the conditions required for the 
X-ray flux given by other physical models to be represented by 
this class of random processes and introduce the relatively 
simple reference power spectrum to which we compare the 
more complicated spectra computed in later sections. In § III 
we discuss the dependence of the power-density spectrum on 
pulse shape. We introduce pulse-lifetime and orbital-frequency 
distributions and illustrate how these affect the power density 
spectrum in § IV. In § V we consider the effect of nonuniform 
initial-pulse-phase distributions and in § VI, nonuniform 
pulse-time distributions. In § VII we analyze the effect of a 
particular type of pulse-to-pulse correlation that may be 
natural in the context of the BFMA model and that greatly 
increases the power in the oscillations relative to that in the red 
noise. Readers not interested in the details of our calculations 
may turn directly to § VIII, where we summarize our results, 
compare them with current data, and suggest possibly fruitful 
new observations. Our conclusions are summarized in § IX. 

II. MODELS 

In this section we first summarize the relevant physical 
properties of the beat-frequency modulated-accretion model 
and then introduce the class of random processes we shall use 
to represent the X-ray intensity time series predicted by this 
model. We also introduce the relatively simple reference power 
spectrum to which we shall compare the more complex spectra 
of some later sections and give general expressions for the total 
power in the red noise and QPO peaks that we shall need later. 

a) Physical Model 
In the BFMA model, the QPO sources are assumed to be 

weakly magnetic neutron stars accreting from Keplerian disks 
at rates close to the Eddington critical rate. Because of the 
weak magnetic field and high accretion rate, the narrow 
boundary layer where the magnetosphere interacts strongly 
with the disk (Ghosh and Lamb 1979) lies at most a few stellar 
radii from the surface of the star. As indicated in Paper I, 
several physical mechanisms are expected to produce density 
and magnetic field fluctuations in the inner disk and the 
boundary layer. These include the Kelvin-Helmholtz insta- 
bility, thermal instabilities, and the so-called Parker instability. 
As a result of these mechanisms, the plasma in the boundary 
layer is expected to be spatially inhomogeneous, either because 

fluctuations are carried into the boundary layer from the inner 
disk or because they occur within the boundary layer. 

Consider first interaction of the magnetospheric field and 
plasma with fluctuations in which the plasma density is higher 
than average. The motion of such clumps through the magne- 
tosphere causes plasma to be stripped from them by the 
stresses exerted on their surfaces and by reconnection of their 
magnetic fields to the magnetospheric field. Once stripped 
from such clumps, plasma is quickly brought into corotation 
with the neutron star and accretes to the stellar surface, 
producing X-rays. Unless the magnetic field is axisymmetrical, 
aligned with the rotation axes of disk and star, and centered in 
the star, a given clump interacts with the magnetosphere more 
strongly at some stellar azimuths than at others. As a result, 
plasma is stripped from the clump at a higher rate at some 
azimuths than at others. 

The variation of the stripping rate with stellar azimuth 
causes the mass flux to the stellar surface contributed by the 
clump to vary periodically at one or more harmonics of the 
frequency with which the fluctuation moves around the mag- 
netosphere. This variation will occur at the fundamental if the 
stripping rate increases and decreases only once per circuit, or 
at an overtone if more than once. The frequency with which a 
given clump moves around the star is just the beat frequency 
coB given by the difference between the orbital frequency of 
the clump and the rotation frequency Qs of the star, that is, 

(üB = n, - ns. (i) 

We expect Qc to be &QK(r), the Keplerian frequency at the 
radius r of the clump. As discussed in Paper I, the widths Afp of 
the principal oscillation peaks observed in several sources are 
consistent with this expectation. 

If the existence of other density and magnetic-field fluctua- 
tions does not affect the stripping process, the disturbance in 
the mass flux from the boundary layer to the stellar surface 
produced by a single clump is just the mass flux stripped from 
the clump and hence is always positive. Even if the fluctuations 
within the boundary layer are randomly distributed in stellar 
azimuth (see Fig. 1), there will always be a slight excess at some 
azimuth, causing the mass flux from the boundary layer and 
hence the X-ray luminosity of the star to vary at the 
frequency coB. 

The interaction of the magnetospheric field and plasma with 
a fluctuation in which the plasma density is less than average is 
similar, except that the disturbance in the mass flux to the 
stellar surface and hence the disturbance in the X-ray intensity 
produced by such a void is negative. However, the amplitude 
of such voids and their distribution in space is constrained by 
the fact that the plasma density in the boundary layer cannot 
be negative. When this local constraint is applied to all parts of 
the boundary layer, it guarantees that the intensity, which 
reflects accretion of plasma from the entire layer, is positive. 
The result of a random distribution of both clumps and voids 
is again a mass flux to the stellar surface that varies period- 
ically at one or more harmonics of the beat frequency. 

In reality, the variation of the magnetospheric field with 
stellar azimuth is likely to impose nonrandom variations of the 
properties of the fluctuations. Also, interactions between fluc- 
tuations are likely to produce correlations in their rates of 
occurrence, positions, and other properties. If, for example, the 
presence of a given density fluctuation affects other fluctua- 
tions, the structure of the magnetosphere, and the stripping 
rate, then the disturbance of the mass flux and the X-ray lumin- 
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MAGNETOSPHERIC RANDOMLY 
BOUNDARY LAYER DISTRIBUTED 

FLUCTUATIONS 

Fig. 1.—Top view of the narrow boundary layer at the inner edge of the disk from which plasma flows to the surface of the neutron star, showing a random 
distribution of density fluctuations. In the frame of the star, a given fluctuation moves with azimuthal velocity rœB(r) and radial velocity vr. 

osity caused by the given clump (void) need not be positive 
(negative) at all times, since enhanced accretion from one 
stellar azimuth may suppress accretion from another, and vice 
versa. If so, the mean value of the X-ray pulses produced by 
fluctuations may be reduced. In principle, the mean value of 
the pulses could even be zero, if clumps cause voids on the 
opposite side of the magnetosphere and vice versa. 

Several mechanisms may cause fluctuations in the boundary 
layer to be spatially clustered. For example, interaction of the 
magnetosphere with persistent density variations in the inner 
disk (see Zurek and Benz 1986) may cause density fluctuations 
to enter the boundary layer at more or less random times but 
at the azimuths of the density variations in the inner disk, 
producing spatial clustering of fluctuations in the boundary 
layer. Interaction of the magnetosphere with larger fluctua- 
tions in the inner disk may cause them to fragment into smaller 
but more numerous fluctuations that are spatially clustered. If 
the existence of a slight local excess of plasma orbiting in the 
boundary layer enhances the rate at which plasma in the inner 
disk enters the boundary layer at the azimuth of the excess, 
variations in density within the boundary layer will persist. 
Finally, interaction between fluctuations within the boundary 
layer may cause them to cluster. If any of these mechanisms 
operate, there will be some spatial clustering of fluctuations 
within the boundary layer, as shown in Figure 2. 

b) Random Process Model 
The physical picture just described suggests that the X-ray 

intensity time series I(t) of the source can be represented as a 

series of pulses, each describing the disturbance of the mean 
X-ray intensity caused by a single density fluctuation in the 
boundary layer in the presence of other fluctuations. We shall 
assume that a single realization of the time series may be 
written as a superposition of the disturbances of the intensity 
caused by the individual fluctuations, that is, 

I(t) = I0+ t Fit-U), (2) 
i — oo 

where I0 is a possible constant intensity produced by emission 
from the disk or accretion to the star of plasma not in fluctua- 
tions, F is the wave form of the disturbance of the X-ray inten- 
sity produced by a single fluctuation, and is the time of the 
X-ray pulse produced by the ith fluctuation. In order to be 
physical, I(t) must be positive at all times. As noted above, this 
is guaranteed in the BFMA model by the fact that the inward 
mass flux from the boundary layer is positive. 

Our assumption that the X-ray intensity time series can be 
represented by a superposition of pulses still allows us to take 
into account interactions between the fluctuations and the 
magnetosphere as well as any interactions between the fluctua- 
tions themselves that can be described in terms of pulse-to- 
pulse correlations of the times, initial phases, and other 
properties of the individual pulses F(t). Other types of inter- 
actions between the fluctuations, for example, interactions that 
would require a multiplication of the individual pulse wave 
forms, cannot be described by a time series of this form. 
However, interactions between fluctuations described by 
multiplication of pulse wave forms would produce sidebands, 
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MAGNETOSPHERIC CLUSTER OF 
BOUNDARY LAYER FLUCTUATIONS 

Fig. 2.—View as in Fig. 1, illustrating spatial clustering of density fluctuations caused, for example, by fragmentation of larger fluctuations into smaller ones as 
fluctuations drift from the inner disk into the boundary layer. 

even if the beat frequencies of all the fluctuations were the 
same. Thus, for a large number of fluctuations the power in the 
oscillations would be spread over a large number of sidebands, 
producing a broad excess of power rather than a single, well- 
defined peak. While this type of interaction may be relevant to 
QPO spectra in which the oscillation peak is very broad, it will 
not be considered further in the present paper. 

Any arbitrary pulse wave form F(t) can be expressed as a 
harmonic series in the frequencies /„, where /„ = n/x in terms of 
the duration t of the pulse. However, one aspect of the BFMA 
model is that it suggests a particular class of pulse shapes. On 
physical grounds, one may expect that the disturbance of the 
X-ray intensity caused by a single fluctuation will increase and 
decrease over the lifetime t of the fluctuation, and that the 
disturbance will have components that oscillate at one or more 
harmonics of the beat frequency fB = coB/2n. Harmonics of fB 
may appear either because the interaction between a fluctua- 
tion and the magnetosphere varies more than once per circuit 
around the magnetosphere or because the oscillating com- 
ponent of the pulse wave form produced by the interaction 
does not have a purely sinusoidal shape, or both. 

To the extent that each fluctuation within the boundary 
layer drifts radially inward, its orbital frequency, and hence the 
beat frequency corresponding to it, will increase slightly during 
its lifetime. As discussed further in § VIII, unless the change AfB 
in the beat frequency is large compared to 1/t, this increase in 
fB only produces small-amplitude wiggles in the wings of the 
oscillation peak. Since fits of model power spectra to observed 
power spectra indicate that AfB is not large compared to 1/t, 

and since we wish to focus in this paper on important ques- 
tions concerning the large-scale features of the power spec- 
trum, we shall take fB to be constant in time. 

Motivated by these considerations, we assume the pulse F(t) 
may be written as the product of an envelope function G(t) that 
describes the rise and fall of the pulse and a modulation function 
H(t) that describes the variation of the pulse wave form at fB 
and its overtones, that is, 

F(t) = G(t)H(t), (3) 

where G(t) is positive and normalized according to 

^G(t)dt = t (4) 

and 

H(t) = A + X Bn cos [n(2nfB t + 4>) + a„] . (5) 
n = 1 

Here t is measured from the origin of time of the pulse, 0 is the 
pulse phase at i = 0, and a„ is the relative phase of the nth 
harmonic in the pulse wave form. The initial phase 0 is equal 
to the initial stellar azimuth of the fluctuation that produces 
the pulse. The values of the variables t, A, Bn,fB, 0, and a„ in 
the ith pulse in the series (2) will be denoted by the subscript i. 
We assume that the values of these variables in a collection of 
pulses are distributed according to probability densities to be 
specified. Of particular interest to us are situations in which 
some of these variables are correlated. 
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If all fluctuations are increases in density and the only dis- 
turbance of the X-ray intensity is that produced by the mass 
flux to the stellar surface contributed by accretion from such 
fluctuations, all pulses F(t) and hence all modulation functions 
H(t) must be positive at all times. On the other hand, if some 
fluctuations are decreases in density or if accretion of plasma 
from one azimuth suppresses accretion from another, some 
modulation functions may be negative all or part of the time. 
The distributions of the parameters in H(t) and the distribution 
of pulses in time are then constrained by the requirement that 
I(t) have zero probability of becoming negative. Even if some 
disturbances F(t) are positive at some times and negative at 
others, most wave forms will not have zero mean [i.e., At in 
H(t) will not be zero] unless some mechanism acts to “ tune ” 
the wave forms to have zero mean. 

The key assumptions incorporated in equations (2)-{5) are 
(a) the X-ray intensity time series may be expressed as a con- 
stant intensity plus a sum of pulses, (b) the shapes of the pulses 
may be expressed as harmonic series in the pulse phase, (c) the 
increase in pulse phase is proportional to /Bi, where fB is some 
basic frequency that can be treated as constant in time. 

c) Reference Spectrum 
In the following sections it will be helpful to have a relatively 

simple power-density spectrum with which to compare the 
more complex spectra derived there. For this purpose we shall 
use the power-density spectrum of the X-ray intensity time 
series (2) that results if the pulse times ^ and initial phases </>,• 
are uncorrelated and uniformly distributed, and if the distribu- 
tions of A, Bn, ocn,fB, and t are uncorrelated and independent of 
time. Uniform distributions of ^ and 0; are appropriate if the 
fluctuations enter the boundary layer or form within it at com- 
pletely random times and at completely random stellar azi- 
muths. The resulting reference spectrum may be written (cf. 
Paper I and Rice 1954) 

<P(/)>ref = 2</>2<5(/) + 2</> + 2v<A2>| S(f)\2 

v 00 

+ ~ I <ß„2)[l s(f- nfB) I2 + I S(/+ nfB) I2] , (6) Z n = 1 
where v is the pulse rate and S(/) is the Fourier transform of 
the envelope function G(i). The angle brackets in equation (6) 
denote an average over an ensemble of realizations of the time 
series (2). The assumption that is uniformly distributed 
implies that v is independent of time. Because all distributions 
have been assumed time-independent, the average of the inten- 
sity over a long time interval is equal to the average </) of the 
intensity over an ensemble of time series. Furthermore, </> = 
I0 + <AT)<A), where (A) = vt is the mean number of pulses 
in time t. 

The terms on the right side of equation (6) may be inter- 
preted as follows. The first term is the power at zero frequency 
arising from the nonzero mean intensity. The second term 
describes the power density of the Poisson noise due to photon 
counting statistics whereas the third term, proportional to 
I S(f) I2, represents the power density of the excess noise caused 
by variations in the photon arrival rate produced by the 
nonzero means of some pulses. The power density of this latter 
component of the spectrum is almost constant at frequencies 
/<^ l/27n; but rolls off at higher frequencies, giving a red spec- 
trum. We therefore refer to it below as the red-noise com- 
ponent. The terms proportional to |S(/ — nfB)\

2 describe the 
power density near fB and its overtones produced by any oscil- 

lating components in the pulse wave form. The terms pro- 
portional to |5(/ + nfB)\

2 can be neglected for most envelope 
functions of interest. The function S(f) includes the “ lifetime ” 
broadening (HWHM AfL = 1/27tt) produced by the finite dura- 
tion t of each pulse. Note that the shape of the red-noise spec- 
trum is the same as the shape of the wings of the oscillation 
peaks. 

For the reference spectrum, the total power in the zero- 
frequency, red noise, and various oscillating components is 

■-r 
<P(f)>df, 

: 2v</l2> \S(f)\2df, 

(7) 

(8) 

and 
f oo r+ 00 

p„ = b<B2„y I I S(f— nfg)\2dfx jv(BZ') \S(f)\2df. (9) 
Jo J— oo 

The fractional rms intensity variation caused by the red noise 
is yRN = (PRN/P0)1/2 whereas that caused by the oscillation at fn 

is y„ = (Pn/Po)112- 
At some points in the following sections we shall also make 

use of a simplified reference spectrum, namely, the particular 
example of the reference spectrum (6) that is produced by a 
purely sinusoidal modulation function. For such a modulation 
function, all the coefficients Bn vanish except for one. We 
denote the frequency of the resulting single peak in the power 
spectrum fp and the power density <F(/))ref i- 

III. EFFECT OF PULSE SHAPE 

The total power in the red noise and in the oscillations 
depends on the shape of the pulse envelope whereas the ratio of 
the power in the oscillations to that in the red noise is sensitive 
to the mean value of the pulse and its harmonic content. In this 
section we illustrate this behavior with random processes in 
which the pulse time and initial phase are uniformly distrib- 
uted and uncorrelated and the other parameters describing the 
pulse shape are independent of time. With these simplifying 
assumptions the power-density spectrum is the reference spec- 
trum of equation (6). 

a) Dependence of Spectrum on Envelope Function 
In order to illustrate the effect of the shape of the pulse 

envelope on the power spectrum, we compare in Table 1 the 
spectral function |SC/*)!2 and the total power in the red noise 

TABLE 1 
Effect of Envelope Function on Power Spectrum 

Power Density Exponential Rectangular 
or Total Powera Envelope15 Envelope0 

<A2><iV> 
KB2„XN> 

\S(f)\2 

Pr 
P„ 

1 + (27T/T)2 

i<^2><JV> 
i<B2

nXN> 
a PRN and Pn denote the total power in the red-noise 

component and nth harmonic peak, respectively. 
b G(t) — 6(t) exp ( —í/t); <iV> = vt is the mean number of 

pulses occurring in time t. 
c G{t) =1, 0<í<t;0, |í|>t; <iV> = vt is the mean 

number of pulses occurring in time t. 
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and nth harmonic for reference spectra produced by pulses 
with exponential envelopes of decay time t and pulses with 
rectangular envelopes of duration t. Both envelope functions 
have been normalized according to equation (4). Note that for 
a given modulation function, the ratio of the total power in the 
red noise to that in the oscillations does not depend on the shape 
of the envelope function. However, the total power in these spec- 
tral components, and hence their power density relative to the 
Poissonian noise, does depend weakly on the shape of G(t). 

b) Dependence of Spectrum on Modulation Function 
The ratio of the power in the oscillations to that in the red 

noise depends on both the mean value and the harmonic 
content of the modulation function. For example, if the mean 
value of every disturbance of the X-ray intensity is zero = 0 
in eq. [5] for all i), then <A2> = 0 and there is no red noise at 
all (see Table 1). However, if any of the pulses have nonzero 
mean, red noise is unavoidable. In the case of a purely sinus- 
oidal modulation function (Bn ^ 0 for only one value of n, say 
m), the requirement that each pulse be positive at all times 
(H > 0) implies At > Bmi and hence PRN > 2Pm. Although the 
red noise may be suppressed to some extent by interactions 
between fluctuations and the magnetosphere that reduce <A¿) 
(see § II), to suppress the red noise by a large factor in this way 
requires finely tuned interaction and hence appears unlikely. 

On the other hand, even for pulses that are positive at all 
times, the total power in the oscillations may be larger than 
that in the red noise if the modulation function is sharply 
peaked. To illustrate this effect, consider the modulation func- 
tion 

H(i) = Aq cos2* [fbifß t + 0)/2] . (10) 

Here the parameter g is a measure of the degree to which the 
oscillations are peaked in time : larger values of q correspond 
to oscillations that are sharper. The total power in the peaks at 
the beat frequency and its overtones, relative to the total power 
in the red noise, is listed in Table 2 for values of q ranging from 
1 to 5. The more sharply peaked are the oscillations, the 
greater is the power in the oscillations relative to that in the red 
noise. For g > 3, the power in the fundamental exceeds that in 
the red noise. This increase in the strength of the fundamental 
relative to the red noise is, of course, accompanied by the 
appearance of power at overtones of the beat frequency. 

The effect on the power density spectrum is illustrated in 

6 Here and in all the other spectra displayed below, the power density has 
been normalized by dividing by the mean intensity </> in order to facilitate 
comparison with observational results (see Leahy et al. 1983). For the same 
reason, has been adjusted to keep </) the same for all spectra. 

TABLE 2 
Effect of Modulation Function on Power Spectrum3 

Q ^RN ^2 P3 P* 
1   1 0.50 
2   1 0.89 0.056 
3......... 1 1.13 0.18 0.005 
4   1 1.28 0.32 0.026 4 x 10"4 

5   1 1.39 0.45 0.064 0.003 3 x 10"5 

3 For the modulation function H(t) = Aq cos29 [(2tc/bí + </>)/2]. Here Pl5 
P2, and P3 are the total power in the peaks at^ = fB,f2 = 2/B, ... ,/5 = 5/B. 
All powers have been normalized to the total power PRN in the red-noise 
component of the spectrum. 

Log Frequency (Hz) 
Fig. 3.—Sample power spectra illustrating the effect of the sharpness in 

time of the oscillations in the pulse wave form on the power spectrum, 
(u) Spectrum for the modulation function of eq. (10) with q = l.(b) Spectrum 
for the modulation function of equation (10) with q = 3. The Poissonian noise, 
the red noise, and the oscillation peaks at one or more harmonics of/B may be 
clearly seen. Both spectra assume an exponential envelope function, fB = 20 
Hz, t = 0.0853 s, and 2<,42>1/2/t = 469. The q = 3 spectrum agrees qualitat- 
ively with the 0.1-1000 Hz spectrum of GX 5 -1 reported in Fig. 4a of van der 
Klis et al (1985b). Note the increase in the power at the fundamental as well as 
the appearance of power at the first overtone as q increases (for q = 3, the peak 
at the second overtone is too small to be seen clearly here). 

Figure 3, which shows the spectra corresponding to g = 1 and 
g = 3, assuming an exponential envelope function.6 The 
increase in the power in the oscillations relative to that in the 
red noise as q changes from 1 to 3 may be clearly seen, as well 
as the appearance of a peak at the first overtone (the power in 
the second overtone is too small to be seen clearly in this 
figure). The spectrum of Figure 3b agrees qualitatively with the 
spectrum of GX 5 — 1 reported by van der Klis et al. (1985h) at 
2277-2486 counts per second. 

IV. EFFECTS OF FREQUENCY AND LIFETIME DISTRIBUTIONS 

Up to now, we have assumed that the orbital frequencies 
and lifetimes of all fluctuations in the boundary layer are the 
same. If this were true, the beat frequency fB and the pulse 
duration t would be the same for all pulses. However, both 
physical arguments and the observed spectra suggest there 
should be a spread in the values of both quantities. In this 
section we illustrate the effect of such spreads on the power 
spectrum with several relatively simple models. Analytical 
expressions suitable for fitting to observed spectra are given in 
the Appendix. 

There are two physical phenomena that may be expected to 
require the introduction of a distribution of beat frequencies. 
First, fluctuations may form at different radii within the 
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boundary layer. At different radii, the fluctuations have differ- 
ent orbital velocities, due to the variation of the Keplerian 
orbital velocity with radius, and hence their beat frequencies 
are different. To the extent that the radius and hence the beat 
frequency of each fluctuation is constant, this phenomenon 
may be described accurately by introducing a distribution of 
beat frequencies that reflects the radial distribution of fluctua- 
tions. 

Second, fluctuations entering the boundary layer or forming 
there may be expected to drift radially inward. In this case, the 
radius and hence the beat frequency of each fluctuation 
changes slightly with time. If the change in frequency is small 
compared to 1/t, this phenomenon may be described accu- 
rately by introducing a distribution of beat frequencies that 
reflects the time that each fluctuation spends at a given radius. 
However, if the change in frequency is not small, this phenome- 
non causes wiggles to appear in the wings of the oscillation 
peaks (Alpar 1986). This phenomenon is discussed in more 
detail in § VIII. 

Both phenomena arise from the azimuthal velocity shear in 
the boundary layer and contribute to the breadth of the oscil- 
lation peaks in the power spectrum. We therefore refer to both 
phenomena as shear broadening. The finite lifetime of the fluc- 
tuations and hence of the X-ray pulses they produce also con- 
tributes to the width of the oscillation peaks. The lifetime of the 
fluctuations also has a major effect on the shape of the red- 
noise component of the power spectrum. On physical grounds 
we expect a distribution of fluctuation lifetimes rather than a 
single lifetime for all fluctuations. 

The effect on the power spectrum of spreads in the beat 
frequencies and lifetimes of the density fluctuations is obtained 
by averaging equation (6) over the appropriate joint distribu- 
tion function p(lfB — </b)]/A/ä, t). In the red-noise term, 
the result is that |S(/)|2 is replaced by the averaged func- 
tion <|S(/)|2>, where only the average over the r-distri- 
bution is relevant, since S(f) is independent of fB. In the 
oscillation terms, the averaging process is equivalent to con- 
volving I S(f- nfB) |2 with p(\_fB - </B>]/A/B, t). Thus, if both 
\S(f—nfB)\

2 and the beat-frequency distribution may be 
approximated by Lorentzians (or Gaussians), the averaged 
peak shape is a Lorentzian (or Gaussian). The result is that the 
averaged power density spectrum <P(/)>ave has peaks at/„ = 
K/bX where </B) is the average beat frequency, with 
HWHMs that are, loosely speaking, the sum of the width ÁfL 
produced by the finite duration of the pulse and the width nAfB 
caused by the spread AfB in beat frequencies. Note that lifetime 
broadening affects all the peaks equally whereas the effect of 
shear broadening increases linearly with harmonic number n. 

The characteristics of the power spectra reported so far for 
GX 5 — 1 and Cyg X-2 may be reproduced by relatively simple 
distributions. For simplicity we therefore assume that fB and t 
are uncorrelated so that p(fB, t) may be written p(/b)p(t). Fits 
of reference spectra to the spectra reported in GX 5 — 1 (see 
Paper I) indicate that the width of the/B-distribution is narrow 
compared to fB itself. Thus, the /^-distribution should be rep- 
resented by a function that is fairly sharply peaked. In order to 
eliminate the envelope function as a source of variation from 
one spectrum to another we shall adopt the same envelope 
function for all the power spectra that we plot as well as for the 
analytic calculations described in the Appendix. Since an expo- 
nential envelope function appears adequate to describe most of 
the data available at present we adopt it. Having made this 
choice, the averaging calculations are greatly simplified if we 

choose a Lorentzian beat-frequency distribution, since then the 
convolution property noted above may be used. We therefore 
assume that p(fB) can be adequately represented by the dis- 
tribution 

p{fB) = ^ (A/B)2 + (/B - </B»
2 • (11} 

Here AfB is the HWHM of the /^-distribution. 
According to van der Klis et al (1985a, b\ in GX 5 — 1 the 

power density increases smoothly with decreasing frequency 
down to the lowest frequencies (~0.03 Hz) that have been 
observed. In order to reproduce such a spectrum with the ran- 
dom-process model of § II, the distribution in pulse duration 
must be relatively broad. We therefore model the t- 
distribution as a power law, namely, 

p(r) = 0 , T <Tt 

= KT~m, (12) 

= 0 , T > T2 

where the constant K is chosen to normalize the distribution to 
unit area. 

The Appendix summarizes the steps involved in averaging 
equation (6) over the distributions (11) and (12) and provides 
analytical expressions suitable for fitting to observed spectra. 
The effects on the power spectrum of these frequency and life- 
time distributions are illustrated in Figures 4-6. 

Figure 4 shows how the power spectrum is affected by 
changes in the power-law index m of the lifetime distribution 
with t1 and t2 fixed. Larger positive values of m correspond to 
lifetime distributions that fall more steeply with increasing life- 
time and hence shorter mean lives. Shorter mean lives produce 
broader oscillation peaks, slower increases in the power 
density of the red-noise component at low frequency, and— 
since the spectral function \S(f)\2 is oct2 at low frequency— 
less power density in the red noise there. For the same reason, 
the total power in the oscillations, and hence the power density 
in the peaks relative to the power density in the Poissonian 
noise, decreases rapidly with decreasing mean t. The spectrum 
shown in Figure 4c agrees qualitatively with that reported by 
van der Klis et al. (1985h) for GX 5 — 1 at 2277-2486 counts per 
second. 

Figure 5 illustrates how the spectrum is affected by changes 
in the width of the lifetime distribution, if the power-law index 
of the distribution is fixed and moderately large (m = 3). 
Except for Figure 5c, these spectra show what happens when 
Ti is progressively decreased while t2 is held fixed. For m = 3, 
the mean life decreases with decreasing for fixed t2, again 
causing the oscillation peaks to broaden, the red-noise spec- 
trum to flatten, and the oscillations to weaken. Comparison of 
Figures 5b and 5c shows clearly that the shape of the red-noise 
spectrum at low frequencies is sensitive to the lifetimes of the 
longest lived pulses, even if the lifetime distribution is steeply 
decreasing: the red-noise power density rises with decreasing 
frequency down to / » l/27rr2 and then flattens at still lower 
frequencies. The spectrum of Figure 5b agrees qualitatively 
with the spectrum of GX 5 — 1 mentioned above. 

Finally, Figure 6 illustrates the effect of a spread in beat 
frequencies on the power spectrum. For the (Lorentzian) dis- 
tribution assumed here, changes in the width of the beat- 
frequency distribution affect equally the relative widths Afjfn 
of the fundamental and the overtones. The beat-frequency dis- 
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Log Frequency (Hz) 
Fig. 4.—Sample power spectra illustrating the effect of the power-law index 

of the fluctuation lifetime distribution on the spectrum of the red noise and the 
height of the oscillation peaks, (a) m = 1. (b) m = 2. {c) m = 3. {d) m = 4. All 
four spectra assume an exponential envelope function, the modulation func- 
tion of equation (10) with (7 = 3, the Lorentzian beat-frequency distribution 
(11) with </B> = 20 Hz and A/B = 0.8 Hz, the power-law lifetime distribution 
(12) with t! = 0.05 s and i2 = 10 s, and 2v<A2>/</> = 400. 

tribution has no effect on the red-noise component of the spec- 
trum. 

V. EFFECT OF NONUNIFORM PHASE DISTRIBUTIONS 

The variation of the magnetospheric field and plasma 
density with azimuth around the boundary layer (see § lia) 
may cause fluctuations to drift from the inner disk into the 
boundary layer preferentially at certain azimuths. Such a situ- 
ation may be described in the framework of the random 
process model of § II by a nonuniform distribution p^-) of the 
phases </>,• of the X-ray intensity disturbances caused by the 
fluctuations, at the times ^ that they are produced. If pifii) is 
nonuniform, the oscillation and red-noise amplitudes interfere, 
distorting the shape of the power-density spectrum with 
respect to the reference spectrum. In the present section we 
examine this effect. 

In order to show clearly the effect of the distribution of pulse 
phases on the spectrum, we consider the simple case of a purely 
sinusoidal modulation function, namely, 

H(t) — A B cos (27tfp t H- ncj)) , (13) 

where fp is the nth harmonic of the beat frequency/B. We 
assume that the density fluctuations occur at random times 
(i.e., that ti is uniformly distributed in time), that and are 
uncorrelated, and that the distributions of the initial phases 
are the same for all pulses. Then the power spectrum of the 
time series (2) with the envelope function (4) is 

<P(/)> = <P(/)>refl 

+ 2v{AB} Real <¡ [S(/)S*(/-/p) + S*(/)S(/ +/,)] 

I 
x pWe-^tdcl) 

+ v<52> Real |^(/-/p)S*(/+/p) e^pi^dcf) 

(14) 

Here <i>(/))ref ! is the simplified reference spectrum defined at 

Log Frequency (HZ) 
Fig. 5.—Sample power spectra illustrating the effect of the width of the 

fluctuation lifetime distribution on the spectrum of the red noise and the height 
of the oscillation peaks, {a) t1 = 0.075 s, t2 = 10 s. (b) t1 = 0.05 s, t2 = 10 s. (c) 
t1 = 0.05 s, t2 = 0.5 s. (d) Ti = 0.025 s, t2 = 10 s. All four spectra assume an 
exponental envelope function, the modulation function of eq. (10) with q = 3, 
the Lorentzian beat-frequency distribution (11) with </B> = 20 Hz and AfB = 
0.8 Hz, the power-law lifetime distribution (12) with m = 3, and 2v<A2)/ 
</> = 400. 
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Fig. 6.—Sample power spectra illustrating the effect of the beat-frequency 
distribution on the shape of the oscillation peaks, (a) AfB = 0 Hz. (b) AfB =1.6 
Hz. (c) AfB = 3.2 Hz. All three spectra assume an exponential envelope func- 
tion, the modulation function of eq. (10) with q = 3, the Lorentzian beat- 
frequency distribution (11) with </B> = 20 Hz, the power-law lifetime 
distribution (12) with t1 = 0.05 s, t2 = 10 s, and m = 3, and 2v<A2)/ 
</> = 400. 

the end of § II, S*(/) is the complex conjugate of S(f), and p((/)) 
is the distribution of initial phases, normalized according to 

If the initial phases </> are uniformly distributed, p((j)) = l/2n 
and the last two terms in equation (14) vanish. However, if the 
0; are not uniformly distributed, these two terms usually do 
not vanish. Thus, they describe the effect of nonuniformity in 
the initial phase distribution. 

We can make a quantitative estimate of the distortion of the 
spectrum caused by a nonuniform distribution of initial phases 
in the special case of fluctuations which are all regions of 
above-average plasma density. In this case the disturbance of 
the X-ray intensity caused by each fluctuation is positive at all 
times, A must equal or exceed B in equation (13) for every 
pulse, the second term on the right side of equation (14) is 
comparable to or greater than the third term, and we can 
estimate the distortion by comparing this term with the red 
noise and QPO term in the simple reference spectrum. The 
largest distortion occurs at / æ fp, where the second term is 
&(B/A)\S(fp)/S{0)\ compared to the red-noise term in the 
simple reference spectrum and ~4(A/B)\S(fp)/S(0)\ compared 
to the QPO term. Since | S(fp) | < | S(0) |, the distortion of the 
red-noise spectrum is always less than unity. Similarly, if the 
fluctuation lifetime is long (t > l/2nfp) and A & B, then 
|S(/P)I 15(0) I and the distortion of the QPO peak is small; 

however, if t < l/2nfB, the distortion will be of order unity or 
greater. If t 1/2tc/b but A^> B, the distortion may be sub- 
stantial, depending on the values of 2nfBT and A/B, but the 
total power in the QPO is small compared to that in the red 
noise. 

In order to get more of a feeling for the size and character of 
the distortions produced by nonuniform initial phase distribu- 
tions, consider the extreme situation in which all fluctuations 
form within the boundary layer or enter it at the same stellar 
azimuth (j)0. The initial phase distribution that describes this 
situation is 

P(<P) = <5W> - <£o) • (16) 

Figure 7 shows the resulting spectra, for A = B and </>0 = 0°, 
90°, 180°, and 270°. 

The shape of the spectrum near the valley in the power 
density created by the fall of the red-noise power density and 
the rise of the QPO power density with increasing frequency 
appears to be the most sensitive diagnostic of the distribution 
of initial pulse phases. This valley becomes considerably deeper 
(shallower) than in the reference spectrum for </>0 = 0° (180°), 
due to destructive (constructive) interference between the red 
noise and QPO amplitudes. This effect is particularly strong 
when t is small, since in this case the red noise and QPO 
components of the spectrum tend to overlap. 

For 00 = 0° (180°) the shape of the QPO peak is also 
affected by the distribution of initial pulse phases, becoming 
asymmetric due to the decrease (increase) in the power density 
at frequencies just below fB and a corresponding increase 
(decrease) in the power density just above; as a result, the 

Fig. 7.—Sample power spectra showing the effect of nonuniform distribu- 
tions of the initial stellar azimuths (j)0 of fluctuations in the boundary layer, (n) 
Comparison of spectra with (p0 = 90° and 270° with the reference spectrum R. 
{b) Comparison of spectra with 0O = 0° and 180° with the reference spectrum 
R. All spectra assume an exponential envelope function, the modulation func- 
tion of eq. (13) with fp = 20 Hz, t = 0.04 s, <B2)/(A2} = 1, and 2(A2)112/ 
t = 1500. 
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centroid frequency of the QPO peak is displaced slightly to 
higher (lower) frequency. On the other hand, for = 90° or 
270° the shape of the peak at fp remains almost the same as in 
the reference spectrum, although the overall power density in 
the red noise and QPO components is slightly decreased 
(increased). 

VI. EFFECT OF NONUNIFORM TIME DISTRIBUTIONS 

A nonuniform distribution of pulse times, produced by 
variations in the rate at which fluctuations enter the boundary 
layer, can produce features in the power-density spectrum even 
if the time-averaged mass accretion rate, and hence the mean 
X-ray intensity, remains constant. The effect of nonuniform 
pulse rates may be studied by considering nonuniform dis- 
tributions of the pulse time if. In order to illustrate the effect 
that such nonuniform distributions can have on the power 
spectrum, we consider the simple case in which there is no 
correlation between the initial phase </>; and the time ^ of the 
ith pulse, the distributions of initial phases and times are the 
same for all pulses, the initial phases are uniformly distributed, 
and the modulation function is purely sinusoidal, as in 
equation (13). 

Averaging the Fourier transform of the intensity time series 
produced by exactly N density fluctuations over the uniform 
phase distribution gives 

\S„(f)\2 = Ai\S(f)\\N + R) + ^ 

xiV[|S(/-/p)|
2 + |S(/+/p)|

2], (17) 

where A and B have been assumed, for simplicity, to have the 
same values for all pulses. The term that describes the effect of 
a possibly nonuniform ^-distribution is 

N N 
R = Y^e~i2Kfi'tj~tk) . 

j*k 
(18) 

If the irdistribution is uniform, R vanishes after equation (17) 
is averaged with respect to i,-. 

Equation (17) shows that the ^-distribution does not affect 
the oscillation peak but only the red-noise spectrum. Averag- 
ing R over an arbitrary ^-distribution pT(t) yields 

fT 

^ = J PAh)^! 
'T N N 

PA^n)^n XX6 

JO j*k 
i2nf (tj-tk) 

= N(N - 1) 
Í 

pT(t)e~i2*ftdt 
2 
>0, (19) 

where pT(t) is normalized according to 

pAt)dt = 1 (20) 
Jo 

and the measurement time interval T has been assumed much 
longer than t. The result (19) shows that any nonuniformity in 
the tr distribution can only increase the strength of the red noise. 

Consider now two specific examples of nonuniform 
^-distributions that illustrate the effects of clustering of fluctua- 
tions in time. First, suppose that a cluster of n fluctuations 
arises within the boundary layer or enters it at time tcj. Assume 
that the initial stellar azimuths of the fluctuations are uni- 
formly distributed and that the times tcj at which the clusters 
enter the boundary layer are uniformly distributed in time. 

Then the power spectrum is 

W)> = <?0:)>refi+2v<^>2(|^-l)|S(/)|2, (21) 

where v is the time-averaged rate at which fluctuations enter 
the boundary layer over time T. (P(f)yre{1 is given by 
<^(/)>ref i with O} and v replaced by </> and <v>. The result 
(21) shows that the shape of the red noise spectrum is unaf- 
fected, but its strength is increased by the factor (<n2)/ 
<n> - l)«^>2/<^2». 

Second, suppose the probability of a fluctuation entering the 
boundary layer varies periodically in time according to the 
distribution 

PrW = |; (1 + h cos 2nf0 0 > (22) 

where a is a constant chosen so that pT(t) satisfies equation (20). 
The resulting power spectrum is 

W)> = W)>refi + 2v(Ay2\S(f0)l
2iv(by2S(f-f0). (23) 

In a more realistic model the peak at f0 produced by the oscil- 
lations in the pulse rate would be broadened. Note that the 
peak at f0 can in principle be distinguished from the peak at fp 

produced by the oscillations in the pulse wave forms by the fact 
that its width is independent of the shape of the red-noise 
spectrum. Since the strength of the feature at f0 is proportional 
to I S(f0) I2, such a feature will be most apparent if it is on the 
shoulder of the red noise, where | S(f) |2 is relatively large. An 
example of such a spectrum is shown in Figure 8. 

VII. EFFECTS OF CORRELATIONS BETWEEN PHASE AND TIME 

As mentioned in § II, several mechanisms may cause fluctua- 
tions in the boundary layer to be spatially clustered. For 
example, interaction of the magnetosphere with persistent 
density patterns in the inner disk (see Zurek and Benz 1986) 
may cause the density of plasma in the boundary layer to vary 
in phase with the density variation in the inner disk, producing 

Fig. 8.—Sample power spectrum showing how periodic variation of the 
pulse rate produces a peak in the spectrum in addition to the QPO peaks. This 
example assumes an exponential envelope function, the modulation function of 
eq. (10) with q = 3 and fB = 20 Hz, t = 0.0853 s, 2v(A2)/(I) = 400, f0 = 5 
Hz, A/0 = 1 Hz, (b)2v = 30, and (A2) = (A)2. 
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spatial clustering of fluctuations in the boundary layer. Inter- 
action of the magnetosphere with larger fluctuations in the 
inner disk may cause them to fragment into smaller but more 
numerous fluctuations. If these drift into the boundary layer at 
random times but at the azimuth of the larger fluctuation from 
which they came, there will be a local excess of fluctuations at 
the position where the original larger fluctuation would have 
been. Similarly, if the existence of a slight local excess of plasma 
orbiting in the boundary layer causes, by loading nearby mag- 
netospheric-field lines with plasma or some other mechanism, 
an enhancement in the rate of plasma entry from the inner disk 
into the boundary layer at the instantaneous azimuth of the 
excess, the excess density may persist. The resulting spatial 
clusters of fluctuations create pulse-to-pulse correlations in the 
phases of the oscillating components of the X-ray pulses they 
produce. Even a small correlation of this type can have a dra- 
matic effect on the power spectrum, greatly increasing the 
power in the oscillation peaks relative to that in the red noise. 

As a simple example of this effect, consider a model in which 
the phases of the y'th and kth pulses with origins in time at tj 
and tk satisfy 

<t>j -<t>k = 2ít/B(íj - tk), (24) 

with tj and tk uniformly distributed in time. The phase correla- 
tion (24) between X-ray pulses corresponds physically to a 
local enhancement in the density of fluctuations in the bound- 
ary layer at a position comoving with the plasma orbiting 
there, as in Figure 2, caused by fluctuations entering the 
boundary layer at the instantaneous azimuth of the cluster. 
The assumption that tj and tk are uniformly distributed in time 
means that the fluctuations enter the boundary layer at 
random times; equation (24) then implies that although they 
enter at fixed azimuths in the frame corotating with the bound- 
ary layer plasma, they enter at random azimuths in the frame of 
the star.7 

As an illustration of the behavior that results from spatial 
clustering, let us assume as before an exponential envelope 
function and the modulation function of equation (5). In order 
to understand the nature of the X-ray intensity time series, it 
may be helpful to consider first the autocorrelation function of 
the intensity since in the physical model described in § II this 
function simply reflects the time development of the plasma 
density-density correlation function in the boundary layer at 
the azimuth(s) at which the accretion rate to the stellar surface 
is relatively large. The intensity autocorrelation function is 

<4'(At)> = </><5(Ai) + </>2 + 

x ^(A2) + { £ <ß„2> cos (2nnfBAi)J 

x + ¿/KAT)2 t <Bn>2 cos (2nnfB At). (25) 
n = 1 

The terms in this function may be understood as follows. The 
first term represents the autocorrelation of the Poissonian 
noise. The second describes the mean intensity, which is inde- 
pendent of the lag Ai. The third term, which is proportional to 
<iV>, represents the correlation of the wave forms produced by 
the individual fluctuations with themselves. This “ incoherent ” 

7 The times tj and tk can be uniformly distributed only while the cluster 
persists. On time scales longer than the lifetime of the cluster its appearance 
and disappearance, and the resulting nonuniform distribution of pulse times, 
will be apparent, causing an increase in the red-noise power density at fre- 
quencies comparable to the inverse of the cluster lifetime. 

term decays exponentially in a time t due to the disappearance 
of the individual fluctuations on this time scale. The fourth 
term, which is proportional to r¡(N}2, describes the fact that 
oscillations persist with the same phase as long as the cluster 
persists. This “ coherent ” term is present because new fluctua- 
tions that enter an existing cluster contribute an oscillating 
X-ray intensity with the same phase as the existing oscillations. 
Since by assumption these new fluctuations enter at random 
times, there is no corresponding “ coherent ” term produced by 
the mean intensity of the individual pulses. The correlation 
coefficient rj expresses the degree of clustering of the fluctua- 
tions (see below). 

An example of the behavior of the normalized correlation 
function <'P'(At)> = [^(At)) - </><5i - </>2]/[<JV><X2>/2] 
is shown in Figure 9. The correlation is of course a maximum 
at Ai = 0. It falls slightly for lags At æ t, as the autocorrelation 
of the pulses produced by the individual fluctuations is lost, 
due to their gradual disappearance; however, a high degree of 
correlation persists in the oscillations, because the oscillating 
components of the pulses produced by the new fluctuations are 
in phase with those produced by the fluctuations that have 
disappeared. This correlation persists as long as the local 
enhancement in the density of fluctuations persists. 

The power spectrum corresponding to the autocorrelation 
function of equation (25) is 

<P(f)> = <P(f)}rci + hm1 £ nfB), (26) 
n=l 

where the first term on the right is the “incoherent” reference 
spectrum of equation (6). The second term, which we refer to as 
the coherent QPO spectrum, represents the additional power 
at the harmonics / = nfB produced by spatial clustering of fluc- 
tuations in the boundary layer. 

The spectrum (26) illustrates two important effects of clus- 
tering. First, it increases the strength of the quasi-periodic 
oscillations relative to the red noise in the spectrum. This is 
because the power in the coherent spectrum is proportional to 
<iV>2, whereas the power in the incoherent spectrum, which 
includes the incoherent oscillations and the red noise, is pro- 

pio. 9.—Autocorrelation function for the simplified model discussed in the 
text, showing the effects of pulse-to-pulse correlations in the phases of the 
oscillating components in the pulse wave forms. This example assumes an 
exponential envelope function, the modulation function of equation (10) with 
q=l and /B = 20 Hz, t = 0.1 s, (A2} = <A>2, and 2<A2>1/2/t = 469. The 
correlation strength parameter rjv is 35. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
87

A
pJ

. 
. .

31
8.

 .
76

73
 

No. 2, 1987 QUASI-PERIODIC OSCILLATIONS IN X-RAY STARS 779 

portional to <Af>. The ratio of the power in the QPO peak to 
the power in the red noise is (l/2)(<ß2>/<^2>) + rj(N}((B)2/ 
{A2}). Thus, if there are as expected many fluctuations in the 
boundary layer (see Paper I), the power in the QPO peak may 
be much greater than the power in the red noise, even for a 
small amount of clustering. For example, if there are m clusters 
in the boundary layer each with an angular extent less than 90° 
(see Fig. 2) and containing altogether a fraction £ of all the 
density fluctuations, then g = Ç2/m. 

Second, the widths of the coherent QPO peaks do not 
depend on the lifetimes of the individual fluctuations but only 
on the lifetimes of the clusters (assumed infinite in the simple 
model of eq. [25]). Thus, the lifetimes t of the individual fluc- 
tuations and the spread Afc in the orbital frequencies of the 
fluctuations affect different components of the spectrum : t 
determines the location of the shoulder in the red-noise spec- 
trum, whereas Afc determines the spread AfB in beat fre- 
quencies and hence the widths of the QPO peaks. This 
contrasts with the incoherent spectra discussed previously, in 
which both t and AfB contribute to the widths of the QPO 
peaks. The lifetime distribution does affect the strength of the 
coherent component of the spectrum through the relation 
(iV) = v<t>. Although the widths of the peaks in the coherent 
spectrum are less than those in the incoherent spectrum, the 
relative strengths of the various harmonics of the beat fre- 
quency are the same in the two spectra. 

In reality, shear broadening will cause the QPO peaks to 
have finite widths, even if the clusters were to persist indefi- 
nitely. For example, if the beat frequencies of the fluctuations 
are distributed according to equation (11) and the individual 
fluctuations have lifetimes distributed according to equation 
(12), the power spectrum of the intensity time series is 

1 00 

<P(f)> = <^(/)>ave + x rjv2g(m, t15 t2) £ <£„>2 
Z n=l 

x 
nAfß  f  

n (nA/B)
2 + (/-n</*»2’ 

(27) 

where <P(/))ave is the averaged power density spectrum 
defined in § IV, 

g(m, Ti, t2) = K X\-{m-2)dT , 
Jn 

(28) 

and AfB is the width of the beat-frequency distribution. This 
spectrum is displayed graphically in Figure 10, for the wave 
form of equation (13), with <AT) = 100 and r¡ = 0.035. 

VIII. DISCUSSION 
The beat-frequency modulated-accretion (BFMA) model of 

quasi-periodic oscillations in luminous X-ray stars appears 
especially attractive at present for the reasons summarized in 
§ I. Several new observational results provide additional 
support for the model (see also Brainerd, Lamb, and Shibazaki 
1987). Evidence that the QPO photons in Cyg X-2 and GX 
5 — 1 are harder than typical photons emitted by these sources 
(Hasinger 1986h; van der Klis 1986) supports the prediction of 
the BFMA model that the QPOs are oscillations in the emis- 
sion from the neutron star, which is expected to have a rela- 
tively hard spectrum, rather than in the emission from the disk, 
which is expected to have a softer spectrum. Evidence that the 
QPO photons from Cyg X-2 are comptonized by passing 
through a scattering cloud of optical depth ~3-15 and radius 

Fig. 10.—Model power spectra showing the effects of pulse-to-pulse correl- 
ations in the phases of the oscillating components of the pulses, {a) No correla- 
tions, A/b = 0.8 Hz, 2v(A2y/(iy = 400. (b) Correlation coefficient rjv = 35, 
AfB = 2 Hz, (A2} = {Ay2, 2v{A2y/(iy = 20. Both curves assume an expo- 
nential envelope function, the modulation function of eq. (10) with q = 3, the 
Lorentzian beat-frequency distribution (11) with </B> = 20 Hz, and the 
power-law lifetime distribution (12) with ^ = 0.05 s, t2 = 10 s, and m = 3. 

~100 km (Hasinger 1986h) supports earlier theoretical argu- 
ments based in part on the BFMA model (Lamb 1986; see also 
Paper I) that the neutron star and magnetosphere are 
immersed in a central scattering cloud of this optical depth and 
radius. Similar evidence of comptonization has recently been 
reported in GX 5 — 1 (van der Klis 1987). Such a cloud strongly 
suppresses pulsations at the stellar spin frequency without sig- 
nificantly affecting QPOs produced, as in the BFMA model, by 
modulation of the stellar luminosity (see Paper I; Lamb 1986; 
Brainerd and Lamb 1987; Brainerd, Lamb, and Shibazaki 
1987). Thus, while detection of weak pulsations at the spin 
frequency remains a key observation that would confirm the 
BFMA model, there is now direct observational evidence for 
the presence of a central scattering cloud that explains the 
weakness of such pulsations. 

As noted in § I, at high accretion rates the beat frequency 
model quantitatively reproduces (see Paper I) the strong posi- 
tive correlation of QPO frequency with total ~ 1-20 keV X-ray 
intensity observed in GX 5-1 (van der Klis et al 1985h) 
and Cyg X-2 (Hasinger et al 1986). However, in Sco X-l the 
QPO frequency shows a strong positive correlation with inten- 
sity at some times but a weak negative correlation at others 
(Middleditch and Priedhorsky 1986; van der Klis and Jansen 
1986; Priedhorsky et al 1986; van der Klis et al 1985c, 1986). 
This second branch of the frequency-intensity curve can be 
explained naturally within the beat-frequency model if the acc- 
retion rate in Sco X-l continues to decrease on the negative 
correlation branch (Priedhorsky 1986). As shown by Ghosh 
and Lamb (1979; see their Fig. 4), at low mass accretion rates 
the inner disk is heated by energy pumped into the disk by 
magnetic stresses. In accretion-powered pulsars this heating 
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contributes at most a few percent of the luminosity of the 
system, since the radius of the magnetosphere is ~ 20-100 
times the radius of the star. In the beat frequency model of 
QPOs, on the other hand, this heating can contribute a lumin- 
osity comparable to that of the system, since the radius of the 
magnetosphere is typically only a few times the radius of the 
star. In this interpretation, the QPO frequency continues to 
decrease with decreasing mass flux as predicted by the BFMA 
model ; at high accretion rates the accretion luminosity domi- 
nates the total luminosity, which therefore decreases with 
decreasing mass flux, but as the accretion rate becomes lower 
the luminosity eventually increases slightly due to the energy 
supplied by the rotation of the star, creating the second 
(negative correlation) branch of the frequency-intensity curve. 

In the present section we first summarize the key results 
obtained in our theoretical study of QPO power-density 
spectra and then compare these results with the observational 
data on QPO power spectra available at present. 

a) Summary of Theoretical Results 
Pulse waveform.—The duration of the X-ray pulse, which is 

described by the envelope function, affects the shape of the 
red-noise component of the power spectrum and the width of 
any incoherent oscillation peaks. For pulses lasting a time t, 
the red-noise power density rises with decreasing frequency 
down to/æ I/Ittt and then flattens (see Fig. 3). The finite 
lifetimes of the pulses also contribute a partial width A/l ä 
1/2tct to the total widths of any incoherent oscillation peaks in 
the power spectrum but do not contribute to the widths of any 
coherent peaks. The lifetimes of the pulses also affect the total 
power in the red noise and the oscillations, which both scale as 
t2 for constant 2<A2>v/</>. For a given modulation function, 
the shape of the envelope function has a weak effect on the 
total power in the red noise and the oscillations but does not 
affect the ratio of the total power in the red noise to that in the 
oscillations. 

Overtones of the beat frequency may appear in the modula- 
tion function for two reasons. First, a fluctuation orbiting the 
magnetosphere may produce more than one maximum and 
minimum in the X-ray intensity per circuit. Second, the varia- 
tion of the X-ray intensity with the stellar azimuth of the fluc- 
tuation may not be sinusoidal. There is a possibility of 
observationally distinguishing between these two causes of 
overtones, since a nonsinusoidal variation in intensity with 
fluctuation azimuth produces a spectrum in which higher over- 
tones are progressively weaker, whereas if a fluctuation pro- 
duces more than one maximum or minimum per circuit, the 
power in one or more overtones may exceed that in the funda- 
mental. 

For a given envelope function, both the mean value of the 
modulation function and its harmonic content strongly affect 
the ratio of the total power in the red noise to that in the peak 
at the fundamental oscillation frequency. The power in the red 
noise is proportional to the square of the mean value of the 
pulse, whereas the power in the oscillations is independent of 
the mean value. Thus if the mean value is very small, the total 
power in the red noise can be small compared to that in the 
oscillations. However, this requires a “finely tuned” pulse 
wave form and therefore appears unlikely. 

Even if the mean value is not small, for sufficiently sharply 
peaked oscillations in the pulse wave form the total power in 
the fundamental oscillation peak can exceed that in the red 
noise (see Fig. 3). However, a strong fundamental oscillation 

produced by this effect is necessarily accompanied by signifi- 
cant power in overtones. Moreover, as the power in the funda- 
mental peak increases relative to that in the red noise, the 
strengths of the overtones relative to the fundamental increase 
rapidly (see Table 2). Changes in the mean value or harmonic 
content of the pulses can change the red noise to fundamental 
oscillation power ratio even without changes in other proper- 
ties of the source. 

Fluctuation lifetime distribution.—The distribution of the 
lifetimes of the density and magnetic-field fluctuations in the 
boundary layer (and hence the durations of the X-ray pulses 
they produce) affects both the spectrum of the red-noise com- 
ponent and the shape of any incoherent QPO peaks in the 
power spectrum. 

As noted above, if the distribution of fluctuation lifetimes is 
narrow (all fluctuations have approximately the same lifetime 
t) the red-noise power density rises with decreasing frequency 
down to / « 1/2tüt and then flattens. For an exponential 
envelope, the power in the red noise above 1/27tt is about half 
the total power in the red noise and hence approximately equal 
to the power in a single incoherent oscillation peak. If instead 
the distribution of fluctuation lifetimes is broad, the red-noise 
spectrum can continue to rise smoothly down to frequencies 
comparable to the inverse lifetime of the longest-lived fluctua- 
tions (see Figs. 4 and 5). Moreover, if the mean fluctuation 
lifetime greatly exceeds 1/2te/p, much of the power in the red 
noise is shifted to frequencies small compared to fp. 

As a result of this shift of power density to low frequencies, a 
broad lifetime distribution in which most of the lifetimes are 
long can make the apparent total power in the red noise appear 
small, even though the actual total power in the red noise is 
relatively large. For example, if fp = 20 Hz and most fluctua- 
tions live ~ 10 s, the red-noise power above 2 Hz (= 0.1/p) is 
only ~ 1 % of the power in the oscillations while that above 
0.2 Hz (= 0.0l/p) is still only ~ 10% of the power in the oscil- 
lations. Obviously, changes in the distribution of fluctuation 
lifetimes can change the total observed power in the red noise 
relative to that in the oscillations dramatically without chang- 
ing other properties of the source. 

Although the distribution of fluctuation lifetimes affects the 
shape of any incoherent oscillation peaks in the power spec- 
trum, this effect is much less dramatic than the effect on the 
red-noise spectrum. The distribution of fluctuation lifetimes 
has no effect on the shape of any coherent peaks. Thus, the 
shape of the red-noise component of the spectrum provides the 
most direct evidence concerning the lifetime distribution. 

Orbital frequency distribution.—The distribution of the 
orbital frequencies of the fluctuations in the boundary layer 
affects the shapes of both incoherent and coherent oscillation 
peaks but not the shape of the red-noise component. A spread 
A/c in the orbital frequencies causes a spread AfB in the beat 
frequencies of the fluctuations, which contributes a partial 
width nAfg to the total width of the peak at the nth harmonic 
(see Fig. 6). As noted in § IV, one physical cause of a spread in 
orbital frequencies is that fluctuations may form at different 
radii in the boundary layer, where the angular velocity of the 
circulating flow is different. The effect on the power spectrum 
of the spread in the radii at which the fluctuations orbit within 
the boundary layer can be described accurately by a distribu- 
tion of beat frequencies that reflects the radial distribution of 
the fluctuations. 

Another physical cause of a spread in orbital frequencies is 
the inward drift of density fluctuations that enter the boundary 
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layer or form within it. As a result of this drift, the radius and 
hence the beat frequency of each fluctuation changes with time. 
This frequency modulation of the pulse wave form causes 
wiggles to appear in the wings of the oscillation peaks (see 
Alpar 1986). For example, if the beat frequency increases lin- 
early with time there are valleys on the high-frequency side of 
the oscillation peak at the frequencies fn=fp + A/„, where 
4/* = (SrarA/iA/l)

1/2 and n = 1, 2, 3, ... is the number of the 
valley, counting from the center of the peak. For the valleys to 
occur in the central part of the peak rather than the far wings, 
and hence to have an amplitude that is an appreciable fraction 
of height of the main peak, requires AfJAfB < 1 or AfB > 
4nnAfL. This condition is equivalent to the statement that 
shear broadening strongly dominates lifetime broadening. 
Averaging the power spectrum over the actual distribution 
Pifa) of beat frequencies in the boundary layer does not 
provide an accurate description of this phenomenon. However, 
the modulation function (5) can be easily generalized to include 
this effect.8 

Nonuniform phase distributions.—If fluctuations enter the 
boundary layer or form within it more readily at some stellar 
azimuths than at others, due for example to the variation of the 
magnetospheric properties with azimuth, this will cause the 
initial phases of the pulses they produce to be nonuniformly 
distributed. Such a nonuniform distribution creates inter- 
ference between the red noise and oscillation Fourier ampli- 
tudes, distorting the high-frequency part of the red-noise 
spectrum and causing the oscillation peak to become asym- 
metric (see Fig. 7). Because the distortion is caused by inter- 
ference, it is most pronounced when the pulse duration is so 
short that the red-noise and oscillation components of the 
spectrum significantly overlap. For exponential pulses, the 
power density just below the oscillation peak is suppressed if 
the phase distribution peaks near (/> = 0° and enhanced if the 
distribution peaks near 0 = 180°. 

Since the power density of the red noise is suppressed at 
frequencies below the oscillation peak if the initial phase dis- 
tribution peaks near 0 = 0, a nonuniform distribution of initial 
stellar azimuths and hence of initial pulse phases can also alter 
the ratio of the apparent power in the red noise to that in the 
oscillations. However, this effect is generally small, as illus- 
trated by Figure 7. 

Variations in pulse rate.—Any nonuniformity in the distribu- 
tion of pulse times, which corresponds to a variation in the 
pulse rate, increases the power in the red noise. Periodic varia- 
tion of the pulse rate can cause a peak in the red-noise com- 
ponent of the spectrum that is unrelated to the oscillating wave 
form of the pulses (see Fig. 8). A peak in the red noise caused 
by oscillation of the pulse rate can in principle be distinguished 
from a peak produced by oscillation of the pulse wave forms in 
several ways. First, the width of the former can be independent 
of the shape of the red-noise spectrum whereas the width of the 
latter necessarily depends at least in part on it. Second, a peak 
in the red noise can only be strong at frequencies where the red 
noise is strong. Finally, the power of a peak in the red noise is 
necessarily proportional to the total power in the red noise. 
Such a peak can only be present when red noise is present. 

Pulse-to-pulse correlations.—Any spatial clustering of fluc- 
8 As noted by Alpar (1986), the spectra shown in his Figs. 2b and 2c, which 

illustrate the effect of radial drift, are plotted on a logarithmic scale and do not 
include the Poissonian noise component of the spectrum; as a result, the 
wiggles appear much more dramatic than they would if a realistic Poissonian 
noise power density were included. 

tuations in the boundary layer (see Fig. 2) creates pulse-to- 
pulse correlations in the phases of the oscillating components 
of the X-ray pulses produced by the clustered fluctuations. 
Such clustering may be caused by several mechanisms. For 
example, interaction of the magnetosphere with persistent 
regions of enhanced density in the inner disk may cause plasma 
to enter the boundary layer preferentially at certain azimuths, 
producing clusters of fluctuations at these azimuths. Such clus- 
tering may also occur if fluctuations just outside the boundary 
layer fragment into many smaller fluctuations which then drift 
into the boundary layer. Similarly, if the existence of a slight 
local excess of plasma orbiting in the boundary layer enhances 
the rate at which plasma in the inner disk enters the boundary 
layer at the instantaneous azimuth of the excess, excesses can 
persist, creating clusters of fluctuations. Finally, interaction 
between fluctuations within the boundary layer may cause 
them to cluster. 

Even a weak spatial correlation can increase the total power 
in the oscillations relative to that in the red noise by a factor of 
10 or more. For example, if there are 100 fluctuations in the 
boundary layer and 50% of them are divided among seven 
clusters, so that there are about seven fluctuations in each 
cluster, and if <£>2 » <B2) ä 2<A2>, the total power in the 
QPO peak is ~10 times that in the red noise (see Fig. 10). 
Obviously, variations in the degree of clustering can change 
the power ratio substantially without changing the other 
properties of the source. 

We stress that although our work has been motivated by the 
beat-frequency model, our results apply equally well to other 
physical models that satisfy the assumptions listed at the end of 
§ lib and therefore predict X-ray intensity time series that can 
be represented by the random processes that we have con- 
sidered. 

b) Comparison with Observation 

QPO to red-noise power ratio.—In the luminous QPO X-ray 
sources so far discovered, the total power Pp in the principal 
oscillation peak is typically comparable to or greater than the 
total observed power in the red noise, when oscillations are 
observed. For example, when oscillations are observed in GX 
5 — 1 the total power in the oscillation peak is comparable to 
the power in the red noise above 0.5 Hz (van der Klis et al. 
1985a, b; Eisner et al. 1986). In Cyg X-2 the total power in the 
oscillation peak is also comparable to that in the red noise 
above 0.5 Hz at the lowest source intensities observed 
(Hasinger et al. 1985,1986). However, at the highest intensities, 
it declines to only ~ 15% of the power in the red noise above 
0.5 Hz. The total observed power in the red noise has also been 
reported to be comparable to that in the oscillation peak in 
GX 349 + 2 (Cooke, Stella, and Ponman 1985), GX 3 + 1 
(Lewin et al. 1986a, h), and at times in GX 17 + 2 (Stella, 
Parmar, and White 1985). 

In Sco X-l, the total power in the red noise above 0.016 Hz 
is sometimes less than 10% of that in the oscillations (van der 
Klis and Jansen 1986; Middleditch and Priedhorsky 1986; 
Priedhorsky et al. 1986; van der Klis et al. 1985c, 1986). The 
total observed power in the red noise has also been reported to 
be small at times in GX 17 + 2 (Langmeier et al. 1985) and in 
the “rapid burster” (Stella et al. 1985; Stella 1986). We note 
that presently available Sco X-l power spectra are based on 
data obtained with the EXOSAT xenon ME detectors, which 
are sensitive to photons in the energy range ~ 8-20 keV, an 
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energy range different from that used to observe the other 
sources and on the high-energy tail of the spectrum. 

The relative weakness of the red noise in all these sources is 
significant for any physical model of their X-ray intensity time 
series that can be modeled by a random process (Paper I; 
Lamb 1986; see also Eisner et al 1986). As explained in § III, 
random processes in which the pulses are positive at all times, 
uncorrelated, and purely sinusoidal produce power spectra in 
which the total power Pp in the principal oscillation peak is less 
than half the total power PRN in the red noise. Since spectra of 
this type do not agree with most of the QPO spectra observed 
to date, including the original spectra of GX 5 — 1, one or more 
of these simplifying assumptions must be discarded in 
developing random process models of QPOs. 

As mentioned in Paper I and considered in more detail in 
the present paper, apparent or even real QPO to red-noise 
power ratios comparable to or greater than unity can be 
caused by a variety of effects. These include (1) a fluctuation 
lifetime distribution that extends to relatively long lifetimes, 
which increases the power ratio in the observed frequency 
range, (2) nonsinusoidal pulse wave forms, (3) pulse-to-pulse 
correlations, and (4) suppression of the mean value of the 
pulses. The need for one or more of these effects was already 
stressed in Paper I. Indeed, both models of the GX 5 — 1 spec- 
trum presented in Paper I (see Fig. 5 of that paper) have real or 
apparent power ratios of order unity. In one model, a power 
ratio of order unity was caused by the shape of the pulse wave 
form; in the other model, by a distribution of pulse lifetimes 
that included a significant number of relatively long-lived 
pulses. 

The spectra of Figures 3b, 4c, and 5b in the present work 
give qualitative agreement with the spectra of GX 5 — 1 and 
Cyg X-2 reported by van der Klis et al (1985b) and Hasinger 
et al (1986). The agreement appears particularly good for life- 
time distributions that extend to lifetimes ~ 10 s and for shear 
broadening less than the lifetime broadening. Thus in these 
sources and others like them, a modestly peaked pulse wave 
form, a moderately broad distribution of pulse lifetimes, or 
some combination of these two mechanisms can account for 
the observed power ratio. Very long fluctuation lifetimes, pul- 
se-to-pulse correlation effects, and interactions between fluc- 
tuations and the magnetosphere that suppress the mean values 
of pulses may be present but are not required. 

It does not appear possible to account for the power ratios 
as large as 10 to 1 reported in Sco X-l (Priedhorsky et al 1986; 
van der Klis et al 1986) and some other sources solely by a 
peaked pulse wave form. Power ratios this large may be 
explained if most fluctuations persist as long as 60 s, or if some 
mechanism “ tunes ” fluctuations in the boundary layer so that 
the mean intensity of the pulses they produce is reduced by a 
factor of 3 or more. Perhaps a promising explanation is that 
there are persistent density variations in the inner disks of 
these sources (see, for example, Zurek and Benz 1986) or rela- 
tively few large fluctuations that fragment as they enter the 
boundary layer, contributing a few clusters of fluctuations to a 
much larger number of fluctuations that are not clustered. For 
example, Figure 10 shows what happens when seven larger 
fluctuations form seven clusters of about seven fragments each; 
50 other fluctuations are assumed to be randomly distributed 
making a total of 100 fluctuations in the boundary layer. This 
spectrum agrees qualitatively with the spectra of Sco X-l 
reported by Priedhorsky et al (1986) and van der Klis et al 
(1986). Note the strong enhancement of the QPO peak relative 

to the red noise (in this example, the power in the QPO peak is 
~ 10 times that in the red noise). The width of the peak can be 
much less than the characteristic width (~<1/27ct>) of the red- 
noise spectrum. If the percentage of fluctuations in clusters is 
larger or the number of clusters smaller, the increase in the 
power in the oscillations is still greater. 

Despite the fact that the significance of the strength of the 
oscillations in GX 5 — 1 and Cyg X-2 was already stressed in 
Paper I and examples of BFMA models that agree qualitat- 
ively with the observations of these sources given there, several 
authors (Hasinger 1986a; van der Klis and Jansen 1986) have 
mentioned the fact that the QPO power observed in GX 5 — 1 
and Cyg X-2 is sometimes comparable to the red-noise power 
as a possible difficulty for the BFMA model, based on their 
assumptions that the pulse wave form is purely sinusoidal, that 
all pulses have the same lifetime, and that there are no correla- 
tions between pulses. In our view, insistence on these assump- 
tions is not supported by the physics of the beat-frequency 
model. The weaker red noise observed in Sco X-l has been 
mentioned by other authors as a possible difficulty (van der 
Klis et al 1986). In view of the very weak clustering required to 
account for it, we do not regard it as a serious difficulty at 
present. We strongly encourage observers to make detailed 
power spectral observations that have the possibility of detect- 
ing the signatures of clustering discussed in § VII. 

Changes in power ratio.—At some times spectra of GX 5 — 1 
(van der Klis et al 1985b), GX 17 + 2 (Stella, Parmar, and 
White 1985), and Sco X-l (van der Klis et al 1985c; 
Middleditch and Priedhorsky 1986; van der Klis et al 1986) 
show substantial red noise but no apparent oscillations. 
Within the BFMA model such spectra could be caused by 
changes in the structure of the boundary layer that produce a 
smaller number of fluctuations, if the QPO peak is partially 
coherent, or reduce the amplitude of the oscillating component 
of the pulse wave form, or both. Such spectra could also be 
caused by a decrease in the mean lifetime of fluctuations that 
shifts red-noise power density to frequencies near the oscil- 
lation peak and spreads the oscillation peak over such a broad 
range of frequencies that it is no longer detectable as a distinct 
feature. 

Despite the fact that Paper I noted several mechanisms by 
which the power ratio could change in a given source with little 
or no change in other source properties, some authors 
(Hasinger 1986a; van der Klis and Jansen 1986) have men- 
tioned changes in the power ratio as a potential difficulty for 
the BFMA model, based on their assumptions that the harmo- 
nic content, lifetime distribution, and correlation properties of 
the pulses remain the same at all times. Again, these simplifying 
assumptions do not appear to be required by the physics of the 
BFMA model. 

Broad oscillation peaks.—Cooke, Stella, and Ponman (1985) 
have reported a very broad (fp » 5 Hz, À/p æ 15 Hz) oscil- 
lation peak in GX 349 + 2. In fitting random process models to 
spectra like this one it is essential to allow for shear as well as 
lifetime broadening of the oscillation peak. 

Structure in oscillation peaks.—A related question is whether 
there could be observable wiggles in the oscillation peaks of 
some sources caused by frequency modulation of the pulse 
wave form. Comparison of the spectra computed in the preced- 
ing sections with observed spectra that contain significant red 
noise indicates that shear broadening is less than or at most of 
the order of the lifetime broadening and hence that wiggles 
caused by frequency modulation should be negligible in these 
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spectra. However, shear broadening may exceed lifetime 
broadening in spectra in which the red noise is weak, if the 
weakness is caused by long-lived fluctuations. Thus, spectra 
with weak apparent red noise may present the best 
opportunity to observe wiggles in the wings of oscillation 
peaks. In order to investigate the possible presence of such 
structure, observations with high-frequency resolution will be 
required. Even then, relatively small changes in the boundary 
layer structure over the observing interval could smear out the 
wiggles, rendering them undetectable. 

Possible presence of overtones.—Possible overtones of the 
fundamental oscillation frequency have been reported in Cyg 
X-2 (Hasinger 1986b), Terzan 2 (Belli et al. 1986), and the 
“rapid burster” (Stella et al. 1986). Our calculations show that 
prominent overtones are to be expected in the beat-frequency 
model when the interaction of fluctuations with the magneto- 
sphere varies sharply with stellar azimuth. 

Appearance of peaks at ~5-(5 Hz.—Power spectral peaks at 
-5-6 Hz have been reported in Sco X-l (Middleditch and 
Priedhorsky 1986; Priedhorsky et al. 1986; van der Klis et al. 
1986), Cyg X-2 (Hasinger 1986b; Norris and Wood 1985,1986), 
and GX 5-1 (van der Klis 1986). In Sco X-l, the peak at this 
frequency appears to be the result of a smooth decrease in peak 
frequency with changes in the X-ray intensity and spectrum 
and hence is probably caused by the same physical mechanism 
that produces the peak when it is at higher frequencies. 

On the other hand, the peaks occasionally seen at — 5-6 Hz 
in Cyg X-2 and GX 5 — 1 appear to be a distinct phenomenon. 
When observed, these peaks are on the shoulder of the red- 
noise spectrum. Peaks like these, which appear only when red 
noise is present and at frequencies where the red noise is strong 
can be readily produced by variations in the pulse rate, as 
noted in § Villa. As discussed there, peaks produced by oscil- 
lations in the pulse rate can in principle be distinguished from 
peaks caused by oscillating pulse wave forms by the behavior 
of their width and by the fact that the total power in such peaks 
is proportional to the total power in the red noise. We encour- 
age analyses designed to test the hypothesis that these 
— 5-6 Hz peaks are caused by variations in the pulse rate. 

IX. CONCLUSIONS 
In the present paper we have considered a variety of par- 

tially random processes, in order to study the effects on the 
power-density spectrum of several physical phenomena that 
may occur in the beat-frequency model of QPOs. We have 
shown that the shape of the oscillating component of the X-ray 
pulse wave form can profoundly affect the strength of the oscil- 
lations relative to the red noise as well as the relative strengths 
of the harmonics of the oscillation frequency. We have also 
explored the effects on the power spectrum of distributions in 
the lifetimes and orbital frequencies of the density fluctuations 
in the boundary layer and shown that the lifetime distribution, 
especially, can strongly affect the spectrum of the red noise. We 
have presented closed expressions that include these effects and 
are suitable for fitting to observed power spectral data. Frag- 
mentation of fluctuations or interaction between fluctuations 

may cause some spatial clustering. We have shown that even 
very weak clustering can cause the total power in the oscil- 
lations to exceed that in the red noise by one order of magni- 
tude or more. Changes in the wave forms of pulses, the lifetimes 
of fluctuations, and the degree of clustering can produce a 
complicated relation between the strength of the red noise and 
that of the oscillations. 

We have also considered some simple models that illustrate 
the effects on the power spectrum of nonuniform distributions 
of the initial stellar azimuths and times of the density fluctua- 
tions, which could be caused by their interaction with the mag- 
netospheric field and plasma. We have shown that variations 
in the rate of formation of density fluctuations can cause a 
peak in the red-noise component of the power spectrum. A 
peak formed in this way can only be present when red noise is 
present and is strongest and hence most readily observed at the 
frequencies where the red noise is strongest. 

We have compared our theoretical power density spectra 
with currently available observed spectra of 5-50 Hz QPOs in 
luminous X-ray sources. The theoretical spectra are in quali- 
tative agreement with observed spectra, including those 
obtained in recent observations. Recent X-ray spectral obser- 
vations which show that the QPO photons in Cyg X-2 and GX 
5 — 1 are harder than typical photons support the beat- 
frequency modulated-accretion model. Recent direct evidence 
for central scattering clouds in Cyg X-2 and GX 5 — 1, of the 
size and optical depth suggested earlier on the basis of the 
beat-frequency model, provides additional support. We con- 
clude that the beat-frequency model remains highly promising. 
Detection of weak pulsations at the neutron star spin fre- 
quency remains a key observation that would confirm this 
model. 

Although motivated by the beat-frequency model, our 
power spectral models have much wider applicability since, as 
pointed out by Lamb (1986), random processes can also be 
used to describe the X-ray intensity time series predicted by a 
variety of other QPO models. Therefore, we encourage obser- 
vers to fit these models to their data and report the resulting 
parameters as a compact and physically meaningful way of sum- 
marizing observations. Reporting observations in this way 
would make it much easier to compare observations of differ- 
ent sources and different observations of the same source. 
Obviously, the results of such fits can also be used to constrain 
physical models. 
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APPENDIX 

AVERAGING OVER FREQUENCY AND LIFETIME DISTRIBUTIONS 

In this appendix we summarize the steps involved in averaging the reference spectrum (6) over the frequency and lifetime 
distributions (11) and (12). 

The full expression for the power-density spectrum averaged over the frequency and lifetime distributions may be obtained by 
replacing the function | S(f ± nfB)\

2 in equation (6) by the averaged function <| S(f ± nfB) |2)ave. As explained in § IV, for simplicity 
we assume an exponential envelope function. Then |S(/)|2 has the Lorentzian form shown in Table 1. It is convenient to first 
average \S(f) |2 over the beat-frequency distribution (11), since the result may be written as a single expression, namely, 

^p(fB)\S(f±nfB)\
2dfB = 

(1 + 2nnAfBT) 
I2n(f± n</B»]2 + (T"1 + 2nnAfB)2 ' 

(Al) 

Next, we average the result (Al) over the lifetime distribution (eq. [12]). Different expressions result, depending on the value of the 
power-law index m in the distribution. Here we give expressions corresponding to m = 1,2, 3, and 4. 

m = 1 : 

<\S(f±nfB)\
2\vc=Í

CO ÍZ2p(fB)p(r)\S(f±nfB)\
2dfBdx 

JO Jti 

, K0 - Je + 2 in 6) - ^ nr [ -1 + <’'Ae,,>‘ ~ (p ± 'l<‘a,>)2]i'}. 

where K = 1/ln co = 2nf, {coB} = 2n(fBy, and AcoB — 2nAfB, 

D = (œ ± n<coB»
2 + (nAoöß)2 , 

r(a) ± n(fijB))2 + (t2 1 + nAa>a)2~| 
11 L(a> ± n(a>By)2 + (Tf1 + nAcoB)2] ’ 

and 

U = l-—ritan“1 (— 
cd ± n(œB} l_ \(o û 

+ nAcojA _ ! / T2 1 + nA(DB i tan i  
-i 2  

CD ± n(œBy J_ ± n(œBy / 

Note that 1/ -► 0 as co -► — n<coB> (for plus signs in expression [A5]) and + n<coB) (for minus signs in expression [A5]). 
m — 2: 

<|S(/±n/B)2|>ave = K|^[ß + 2 1n^ + l-^sL^U 

where now K = — Ti)* 
m = 3: 

<1 S{f ± nfB) |2>ave = , 

where K = 2(t1t2)2/(tI — if), 
m = 4: 

<1 S(f± nfB) |2>ave = 
1 - t2- 7 - ^ Q-(m± n<œB»

2t/] , 

(A2) 

(A3) 

(A4) 

(A5) 

(A6) 

(A7) 

(A8) 

where X = 3/(1/tJ — I/t^). 
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