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ABSTRACT 
Vortex creep theory is used to construct model noise power spectra for three physically distinct types of 

events which might give rise to pulsar timing noise: events which are a consequence of vortex unpinning, 
events which involve vortex unpinning along with some physical process in the pinning region other than 
vortex unpinning, and “external” events in which the initial frequency jumps responsible for noise do not 
involve any vortex unpinning. It is shown that for the first two types of events, relaxation processes in the 
pinning region give rise to structure in the observed power spectra, while for external events, noise power 
spectra are not significantly influenced by vortex creep. Our theoretical results are compared with the analysis 
by Boynton and Deeter of the power spectra of 25 pulsars. The absence of structure in the observed power 
spectra of the Crab and Vela pulsars within the range of time scales which characterize their postglitch behav- 
ior indicates that the pinning regions which play a role in postglitch behavior do not experience the small 
unpinning events leading to timing noise. This may, mean that one has a threshold for glitches produced by 
vortex unpinning, a threshold sufficiently large that vortex unpinning plays no observable role in the timing 
noise of these pulsars. For the remaining pulsars, our search for structure is carried out by using the observa- 
tional data to construct rejection contours in the (Q~\ log T)-plane; here Q is the fraction of a frequency jump 
which subsequently relaxes with a characteristic time t. There is at present no clear evidence of structure, but 
for many pulsars there remains a substantial region of (Q, r)-parameter space which is not yet explored. Our 
present results are consistent with the hypothesis that physical processes in regions external to the weak and 
superweak pinning regions so far explored in postglitch observations are responsible for the timing noise in 
pulsars; however, further observations will be required to place this conclusion on a firm footing. 
Subject headings: pulsars — stars: neutron 

I. INTRODUCTION 

The observed pulsation periods of pulsing X-ray sources and 
pulsars are interpreted as the rotational periods of the neutron 
star crust. Any fluctuation in this period, exhibited as timing 
noise, is indicative of a fluctuation in the rotation rate of the 
crust. This could arise from either external or internal torque 
variations. The external accretion torque noise is expected to 
dominate the timing noise from accreting binary X-ray sources 
(Lamb 1985), while internal torque variations represent a pos- 
sible cause of timing noise in pulsars. Timing noise in the Crab 
pulsar was first studied by Boynton et al (1972) and later by 
Groth (1975). Their analysis indicates that superposed on the 
smooth spin-down behavior, which is describable in terms of a 
low-degree polynomial, is a random fluctuation in pulse phase. 
This random component is in the form of a random walk in the 
rotation frequency for the Crab pulsar. A similar analysis by 
Cordes (1980) and Cordes and Helfand (1980) of the timing 
behavior of 50 pulsars establishes that timing noise is a general 
characteristic of many pulsars. A detailed analysis of 11 of the 
pulsars in that sample (Cordes and Helfand 1980) indicates 
that two pulsars show a random walk in rotation phase, two 
show a random walk in rotational acceleration, and the 
remaining candidates show a random walk in frequency. 

Lamb, Pines, and Shaham (1978a, b) have developed a theo- 
retical description, based on noise processes, of torque fluctua- 
tions responsible for the period variations. They have analyzed 
the response of a two-component star to such torque fluctua- 
tions and show how such a description can be used to deter- 
mine both the properties of the torque fluctuations and the 
internal structure of neutron stars. One particularly interesting 
application of their theory has been the use of timing noise 
data to place limits on the two-component model of neutron 
star structure (Boynton 1981). Cordes and Downs (1985) have 
analyzed the JPL data for some two dozen pulsars and have 
subjected long data stretches to a variety of tests to determine 
the statistical nature of timing activity. They find that for many 
pulsars simple random-walk processes comprising solely step 
functions in the phase or one of its derivatives are not consis- 
tent with the data, and that the processes have events in which 
steps in both the frequency and its derivative take place. An 
alternative approach to analyzing pulsar timing data, based on 
a systematic methodology for estimation of red power spectra, 
has been developed by Deeter and Boynton (1982). In Boynton 
and Deeter (1985) they use it to analyze the noise spectra of the 
JPL data for the same pulsars considered by Cordes and 
Downs; their representation, which leads to results which are 
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consistent with those of Cordes and Downs, is particularly 
convenient for comparison with the theoretical models we con- 
sider below. 

Timing noise analysis is also of great interest in view of the 
unprecedented stability of the millisecond pulsar PSR 
1937 + 21. Recently Blandford, Narayan, and Romani (1984) 
have carried out a noise analysis for the millisecond pulsar to 
estimate the sensitivity of fast pulsars as detectors of gravita- 
tional radiation and to find limits on the use of accurate arrival 
times to measure pulsar spin-down, position, proper motion, 
and distance, in the presence of a particular noise spectrum. 

The present paper is devoted to an examination of the pos- 
sible role of internal torque fluctuations in pulsar timing noise. 
The success of vortex creep theory (Alpar et al. 1984a) in 
explaining the postglitch behavior of the Vela pulsar PSR 
0833 — 45 (Alpar et al. 1984h), the Crab pulsar PSR 0531 + 21, 
and PSR 0525 + 21 (Alpar, Nandkumar, and Pines 1985) indi- 
cates that in these pulsars large-scale glitch behavior is domi- 
nated by the behavior of vortices in the crustal neutron 
superfluid. The pinning and unpinning of the superfluid vor- 
tices to the crustal nuclei gives rise to substantial internal 
torque variations. It seems natural, therefore, to explore 
whether small-scale internal torque fluctuations produced by 
the pinned crustal superfluid can be responsible for the 
observed timing noise. 

We begin investigating the contribution of vortex creep 
torque fluctuations to timing noise. As we shall see, vortex 
creep (the thermal motion of pinned vortices) depends expo- 
nentially on the departure öw of the frequency lag ca = Q — Qc 
from its steady state value; here Q is the rotational frequency of 
the pinned superfluid and Qc is that of the stellar crust. When- 
ever there is a change in either Q or Qc, the vortex creep 
process is altered. Hence, the fluctuations in the internal torque 
could be due to randomly occurring vortex unpinning events 
that change the superfluid rotation rate and the subsequent 
response of vortex creep; an alternative possibility is that pro- 
cesses external to the pinned superfluid affect the crustal 
angular velocity and evoke a vortex creep response. If the 
angular momentum transfer to the crust in such events is small 
enough so that individual events are not resolved, then a 
simple noise description is appropriate. 

In § II we review vortex creep theory and use it to construct 
model noise power spectra. In § III we compare these spectra 
with observations ; § IV contains our conclusions. 

II. VORTEX CREEP THEORY AND NOISE MODELS 

An event characterized by a sudden jump AQC in the crustal 
frequency will be accompanied by a change in the spin-down 
rate of the form 

AQc(i) = AQC 0(t) + AQC r(t), (2.1) 

where A0C r(i) is the response of the internal torques to the 
frequency jump AQC. This description is equally applicable to 
large-scale glitches and to small-scale events which cannot be 
resolved and make up the noise process. 

In vortex creep theory, the internal torque produced in 
response to a glitch by the crustal neutron superfluid in a given 
pinning layer takes the form 

relaxation time which describes its approach to steady state 
(Alpar ei a/. 1984a), 

WçA hgT 

ßPJi\^\' 
(2.3) 

Here (cocr)¿ is the maximum lag which can be supported by the 
pinning force, and (E^ is the pinning energy associated with 
region i. The postglitch delay time t0i is determined by the 
glitch-induced change in the angular velocity profile öwh 

tQi = ôcot(t = 0+)/1 I ; (2.4) 

AS\ / is given by the change in the internal torque produced 
by the event, 

AiV'M 
NjrM ¿Vin/«) ) 

Ic Ic ’ 
(2.5) 

if we assume that the pinned vortices were in a steady state 
prior to the event, then iVint(0

_) = I¡\ÚX\, which yields 

AiV(i) 
/,.|0J [e'0l/li - 

lc 1 + [e'0i/li - ’ 
(2.6) 

Ic is the moment of inertia of the crust and all components of 
the star that are coupled rigidly to the crust. On time scales 
longer than minutes, this includes the core superfluid, so that Ic 
is practically the total moment of inertia of the star for our 
purposes (Alpar, Langer, and Sauls 1984). 

We use equation (2.2) to calculate the response of the vortex 
creep torque to three physically distinct types of events: (1) the 
initial frequency jump is a consequence of vortex unpinning, (2) 
the initial frequency jump is produced by some physical 
process other than vortex unpinning but leads to the 
unpinning of some vortices, and (3) the event does not involve 
any vortex unpinning. In each case we compute the expected 
power spectrum for a constant representative value of t. We 
then consider to what extent the observed timing noise from 
pulsars can be interpreted in terms of these physically distinct 
types of events. 

a) Pure Unpinning Events 
We model the noise process as a series of events, each of 

which is a scaled down version of a pulsar glitch; in each event 
the moment of inertia of the regions through which the 
unpinned vortices move is very much smaller than the total 
moment of inertia of the pinned superfluid. Thus the number of 
vortices N that unpin is much smaller than those which unpin 
in a typical glitch, and these vortices recouple within a short 
distance. We assume that N vortices of uniform density ônG in 
a region G of width ôrG suddenly unpin, move outward 
through a region B, and repin in a region G', as shown in 
Figure la. The vortex density distribution through these 
regions G and G' is related to the number of vortices N by 

2nrSrG \ SnG | = 2nrôrG, \ SnG> | = N (2.7) 

and to the change in superfluid angular velocity in the region B 
by 

0Qb = NK/2nr2 . (2.8) 

(i2) 

where /* is the inertial* moment of the layers and t,- is the 

For uniform ônG and SnŒ, the superfluid angular velocity 
changes linearly in the regions G and G'; the profile of the 
change in superfluid angular velocity is shown in Figure lb. 
Here, k = h/2mn is the quantum of vorticity, 2 x 10-3 cm2 s -1 ; 
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(b) 
Fig. 1.—Change in vortex density dn resulting from the unpinning of N vortices in region G which then repin in region G'. (b) Resulting change <5Q in the 

superfluid rotation rate. 

and r, the distance from the rotation axis, is approximately the 
stellar radius. 

Such an event leads to an angular momentum transfer to the 
crust of magnitude 

AL = Ic AQC U = (I J! + Ib)ÔQb , (2.9) 

where /G, IG>, IB, and Ic are the moments of inertia of the 
regions G, G', B, and the crust respectively;/^ = /G + IG> \ and 
AQC>U is the jump in the rotation frequency of the crust due to 
unpinning. If 1A and IB are much smaller than Ip « 10-2/c, 
then 

AQCfU<10-20QB. (2.10) 

The change in the lag œ = Q — Qc is defined by öco = AQC 
+ <5Q. In the regions of the pinned superfluid through which 
no vortex motion has occurred, ôœ is determined solely by 
AQC u, while ôœ is determined by <5Q in the regions G, G', and B 
through which unpinned vortices have moved. Thus, on 
making use of equation (2.10), we find 

ôœ = AQc u, everywhere outside G, G'; and ß , (2.11a) 

ôœ = ôilB(r - aJ/ôrQ + AQC>U 

« ôilB(r — a^/ôrQ, in region G , (2.11b) 

ôœ = ôQb + Ailcu 

ä ôQb , in region Æ , (2.11c) 

ôœ = ôQB(a2 — r)/ôrG> + AQC>U 

« öQ.B(a2 — r)/ôrG' , in region G' . (2.1 Id) 

where AQC U as given by equation (2.9) is related to the coeffi- 
cients of AQC r. Note that the mean change in Ùc vanishes, 

,,oo 
AÙc(t)dt = 0 , (2.14) 

* o - 

and, from equation (2.14), 

lim {AQC(T) - AQc(0~)} = 0; (2.15) 
r^oo 

the jump in the crustal frequency relaxes back completely. 
Quite generally, one can introduce a parameter Q to character- 
ize the fraction of the frequency jump which subsequently 
relaxes, as was previously done in the two-component model of 
Baym et al (1969) : 

_ AÙcJt)dt 
(2.16) 

From equation (2.14) we see that a pure unpinning event has 
0 = 1. 

When t0 T, the timescale for the perturbation is small 
compared to the underlying time scale t of the creep process, 
and the response follows the initial unpinning event with an 
exponential relaxation of time constant t ; thus 

Ai\r(0 = 
1(Ia/2) + /*] ÔQBe-^e(t) 

(t0<T). (2.17) 

When t0 $> t, the large extent of unpinning alters the vortex 
creep in the regions G, G', and B : 

Equation (2.6) gives the response of the vortex creep torque to 
the change in lag given by equation (2.11c). The response to the 
changes in lag given by equations (2.11b) and (2.lid) is 
obtained by integrating AÙc r(t) in equation (2.6) over the 
regions G and G' ; it is 

AÙ'At > o+) = 
/B[¿U0(t) [e-'V^-l)] 

Ic [1 + e~,lx(eu>lT - 1)] 

_ e{ty 

where t0 = ôQB/\Ùao \ and IA = IG + IG,. The complete event 
(unpinning and response) is 

AÙc(t) = AQC uô(t) + AÙCfr(t), (2.13) 

1 - 
1 - t/íq ln [1 + (et0,x - l)e~f/T] 

1 - e-t/z (2.12) 

Aù {t) _ [^d - t/t0) + /B] i^,.. i m - ou -10)} 

x (í0 > i > t) . (2.18) 

The response of region B is nearly zero at i = 0; it begins to be 
appreciable around t & t0; the assumed linear variation in 
in regions G and G' leads to a gradual recoupling linear in t in 
these regions. 

We assume that the noise process consists of individual 
unpinning events followed by vortex creep response. We also 
assume that the unpinnings occur at random times i • and at a 
rate R such that during an interval T, the number of events 
obeys a Poisson distribution with a mean value RT, and the 
times ti are uniformly distributed for 0 < < T. The residual 
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in üc(í), after removal of an apppropriate polynomial contribu- 
tion, can be written as 

<5ñc(t) = X AÙc(t - t;) (2.19) 
i 

and has the form of shot noise (Lamb, Pines, and Shaham, 
1978a, b). Here shot noise denotes random occurrences of 
pulses of a particular shape. For simplicity, we assume that all 
events have the same value of the parameters IA, IB, tB, and i. 
The results can be generalized easily by replacing these param- 
eters with the appropriate moments of their distributions. For 
shot noise, we define 

S(co) = AQc(£) exp (iojfjdt ; (2.20) 
J- 00 

the power spectrum of the noise in the variable Q, Fn(/), where 
/ = (co/2n), is then 

Päf) = R\S(co)\2 , (2.21) 

following the treatment in Rice (1954). For infinite data 
stretches, i.e., T—► oo,/is a continuous variable; for T finite, 
the power given by equation (2.21) resides at discrete fre- 
quencies / = n/T, where n is an integer, For AÙc(t) given by 
equation (2.13), for any given t0 and t we get 

X £ ^Bd+toTjfcy-^lûjT 
fc = l lO)t0 

x Í rrr E1 - kB(l +iC0T’ W > (2-22) 
k=i K + L 

where 

A' = (1 - e-t0/t) , (2.23) 

B(a;b) = r(a)r(b)/r(a + b), (2.24) 

and F(a) is the gamma function. 
The noise spectrum takes a simple form in a number of cases 

of physical interest. Thus, one finds readily that for the limiting 
case of t0 <^t, 

S(a>) = AQC U ion/(I + icoz), (2.25) 

Pdf) = R(AncJ
2oj2r2/(l + oft2), (2.26) 

while for t0 s> t, and cot0 -4 1, 

SH = id a/6 + ¡b/2)/Ic)ÔÜb iœt0 , (2.27) 

Pdf) = Rida/6 + IB/2)/Ic]0%2oi2t0
2 , (2.28) 

and when t0 P z and cot0 g> 1, 

S(o>) = AÍ2C „ , (2.29) 

P^f) = R(AQC U)
2 . (2.30) 

The nature of these power spectra is easy to understand. 
When co is small, autocorrelation times are long compared to 
the time scale of the response (which is the larger of t0 and t), 
and each event is fully sampled; the event in Ü is the derivative 
of a ^-function, and the corresponding event in Q is a <5- 
function. Hence, the noise in Q appears white; Fq(/) is inde- 
pendent of frequency, and Pdf) is proportional to co2 for both 
i0 t (eq. [2.26] in the limit coz 1) and for t0 $> z (eq. [2.28]). 

I/t 

Log cu 

Fig. 2.—Logarithm of power density for a pure unpinning noise vs. 
logarithm of frequency. At co « 1/t, the spectrum changes from a slope 2 to 
slope 0. 

For large co, however, there is only a contribution from the 
unpinning part of the event, since the response time scales z or 
t0 only contain frequencies co less than t-1 or £0

_1. Therefore, 
for large co, the Û events consist of a series of (5-functions, and 
hence F^(/) = constant; one finds white noise in Q for 

> t" 1 (eq. [2.26] in the limit œz 1 and eq. [2.30]). 
Note the characteristic shoulder in the power spectrum at 

frequencies / æ 1/2tct or l/2nt0. Such a shoulder will emerge in 
an observational power spectrum if the range of autocorrela- 
tion times spanned by the data includes either the relaxation 
time t, if t > £0, or the ofifset time t0, if t0$> z. A plot of log 
Pdf) versus log co is given in Figure 2. 

b) Mixed Events 
When the initial frequency jump is initiated by physical pro- 

cesses other than vortex unpinning but leads to vortex 
unpinning, we denote the resulting events as “mixed events.” 
Such events could result, for example, from breaking of the 
inner crust lattice by pinned vortex lines, as proposed by 
Ruderman (1976) to explain giant glitches. Although the lattice 
may be too strong to make this a likely mechanism for glitches, 
local variations in the vortex density and pinning force involv- 
ing a small pocket of vortex lines could provide enough local 
stress to break the lattice and so give rise to unpinning and 
outward motion of the vortex lines. Pinned vortices exert a 
radial stress on the lattice; thus the moment of inertia of the 
lattice would change by a small amount ÔI, giving rise to a 
change in Qc; by contrast, unpinning leads to an increase 
AQC w. The effective change in Qc can be written as 

AQC/QC =(AQCJQC) - (ÔI/IC) = Q^AiWa , (2.31) 

where Q, as given by equation (2.16), characterizes the extent to 
which vortex unpinning plays a role in the event; as we have 
seen, Q = 1 corresponds to pure unpinning. A particularly 
interesting case is Q> 1, that is | AQC| A£lc u. Using the 
simple model of § lia for the regions through which vortex 
motion has occurred, we can write equation (2.31) as 

1(Ia/2) + IbWI x Qc/ÔQb . (2.32) 
A ß > 1 event might be initiated by a small-scale crustquake in 
which AQC is negative, with this change in Qc causing vortex 
unpinning. The motion of the vortices outward gives rise to a 
positive shift in Qc and may be expected to terminate when the 
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net change in Qc is zero. Such a sequence of events would be 
characterized by a sudden change in Ùc without an accom- 
panying step in Qc. 

We can write, for a mixed event, the intitial frequency 
increase followed by the response of the vortex creep torque as 

AQc(i) = Q-'AClcJit) + AQC r(f), (2.33) 

where AQC r(i) is given by equation (2.6). Note that a mixed 
event has a nonzero mean 

lim r AÙc(t)dt = (Q~1- 1)AQC U = (1 - Q)AQC , (2.34) 
r-oo Jo- 

which would show up as a DC component in the power. The 
full power spectrum for a process consisting of event with a 
nonzero mean is given by 

Pù(f) = RI S(œ) I2 + R2 I S(0)\20(f) . (2.35) 

Thus, the presence of a nonzero mean of the individual events 
does not affect the power spectrum at finite frequencies. We 
therefore continue to use equations (2.20) and (2.21) to calcu- 
late the power spectrum. 

The power spectrum for shot noise consisting of mixed 
events can be obtained from the results of § lia by replacing 
AQC u<5(i) by AQcS(t) and S(co) by S(co) + (1 — Q)AQC. Hence we 
have, for í0 T, 

S(œ) = AQC[(1 — Q) + icot]/(1 + icox), (2.36) 

P^f) = R(AQc)
2[(l -QŸ + (ft)t)2]/(l + «V), (2.37) 

and, for t0 g> t, and cot0 < 1, 

S(co) = [(Ia/6 + Ib/2)0Qb icot0 

+ (Q-1-l)(IA/2 + IBmB]/Ic, (2.38) 

Pdf) = Ä(Anc)
2(l - Q)2 

+ Q2L(Ia + UbWa + 2IB)Ÿco2t0
2 , (2.39) 

while for t0 > r, and a>i0 > 1, 

S(co) = AQC U + (Í - Q)AQC = AÍ2, , (2.40) 

Pdf) = R(AQC)
2 . (2.41) 

From equations (2.37), 2.39), and (2.41), we note that 

lim Pdf) = R(Ailc)
2(l - Q)2 , (2.42) 

co->0 

lim Pdf) = R(AQC)
2, (2.43) 

CO -► 00 

with the turnover occurring at co « 1/t if t > t0 or at co « l/i0 

if t0 T. For (1 — Q)2 > 1, the power spectrum has the form 
given in Figure 3a, while for (1 — Q)2 < 1, the power spectrum 
is that given in Figure 3b. The transition from one type of 
power spectrum to the other occurs at Q = 2, at which value 
the power spectrum is white noise. Note that pairs of values of 
Q, 2i and Q2, which satisfy the condition 

(1 - ßi) = “(I - Qi) (2.44) 

will yield the same power spectrum. Thus it suffices to consider 
— oo < 2 ^ 1 1° represent all formal possibilities, 
— oo < 2 < ^ The interval 1 < 2 ^ 2 is represented by 
0 < 2 < and 2<2<°oby—oo<2^0- 

We further note that the spectrum given by equation (2.37) 
for the case t0 <4 t has the same mathematical form as the 

Fig. 3.—Logarithmic of power density for noise resulting from mixed 
events, (a) when (1 - Q2) > 1 and (b) when (1 - g2) < 1. 

power spectrum obtained for the two-component model 
(Deeter 1981). However, in the two-component model of Baym 
et al (1969), the physical meaning of 2 as a fractional inertial 
moment restricts its values to the range 0 < 2 ^ 1 ; in the 
present description, all values of Q are possible. 

For large co (short time scales), only the initial portion 
AQcc)(i) is sampled from each event, and the spectrum appears 
white. Unlike the pure unpinning events, for mixed events, the 
behavior in the limit co-> 0 depends on Q, since at the corre- 
sponding long time scales, both the initial event and the 
response are sampled, and the power spectrum reflects the 
scaling between the initial event and the response. In this limit 
we have Pq(Q) = R(AQC)

2(1 — Q)2. The power spectrum at 
intermediate frequencies also depends on 2- F°r (1 — Q)2 > 1, 
the power density must decrease from co—> 0. There will be an 
intermediate range of frequencies (time scales) such that 
1 cot 11 — 21 • Since 121 1> the initial event AQC is 
nebligible in comparison to the response AQC u, while 1 cot 
means that this response is not sampled to relaxation. Thus the 
events are like step functions, and the power spectrum indeed 
has the random walk signature Pç^f) cc a)~2. The full spec- 
trum for 11 — 21 ^ 1 is sketched in Figure 3a. In the opposite 
range of Q values, (1 — Q)2 1, we approach the pure 
unpinning case, and P^if) oc co2 behavior obtains in the range 
of frequencies (time scales) (1 — Q)2 cot 1, as was discussed 
above (see Fig. 3b). 
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c) Events Without Vortex Unpinning 
If we consider sudden jumps in Qc which do not involve 

vortex motion, the only contribution of the pinned superfluid 
to the noise is the response of the vortex creep torques. In this 
case initially ôœ = AQC everywhere in the pinned superfluid 
and AQc>r(i) is given by 

Ai\,r(i) 
[(e,0/r - 

Ic 1 + (e‘0/t - l)e~‘,z ’ 

where t0 = ÁQ.J \ Ù, |. The 0 for this process is given by 

Q = IP/IC, (2.46) 

as one might expect for the response of the pinned superfluid to 
events external to the pinned superfluid. Since Ip/Ic « 10"2, 
the response is of negligible magnitude compared to the initial 
event. From equation (2.45) we obtain the power spectrum for 
the case t0 ^ t, 

S(co) = [1 - (y/c)(l/l + ^t)]AQc , (2.47) 

Pá(f) = Rmc)
2l(l - IP/IC)

2 + œV]/(l + co2t2) . (2.48) 

For the case t0 t, the spectra are, again, somewhat more 
complicated. However, in all cases, one obtains essentially 
white noise spectra. As equation (2.48) shows, the deviation 
from white noise is only of the order of (Ip/Ic) at a> æ t ~1 or 
(i0

-1). Since (Ip/Ic) « 10-2, deviations from white noise will 
not be observable. Note that here we have discussed a model 
where the power spectrum of the initial events is white noise. In 
general, for an arbitrary power spectrum of the initial events, 
the vortex creep response will introduce a deviation of order 
(2/p/2/c) only from that power spectrum. 

III. COMPARISON WITH OBSERVATIONS 

Boynton and Deeter (1985) have analyzed the noise power 
spectra of 23 pulsars in addition to the Crab and Vela pulsars. 
In computing the power spectra of these pulsars from their 
phase data, they have applied the power estimator techniques 
of Deeter and Boynton (1982) and Deeter (1984). They have 
applied clubic and quartic estimators to the phase residual 
data on a hierarchy of time scales descending by octaves from 
the entire length of the data span. Applying a cubic (quartic) 
estimator is equivalent to removing a quadratic (cubic) poly- 
nomial from the observed phase data. In the Vela pulsar a 
large secular cubic term has been observed both in its post- 
glitch relaxation data (Downs 1981) and in the noise spectrum 
analysis based on power estimator techniques (Boynton and 
Deeter 1984). The advantage of using quartic estimators is that 
the resulting noise power spectra are free from contamination 
by a secular cubic term. The power estimate at any given time 
scale is based on a large number of degrees of freedom, and the 
calculation of the power spectrum with one-octave frequency 
resolution allows one to examine theoretical models with this 
representation. 

The power spectra that have been constructed for pulsars 
span a frequency range of 2 x 10“4 to 1.6 x 10“2 day-1. The 
low-frequency limit is determined by the total length of the 
data span. The high-frequency limit is due to the counting 
statistics of the finite number of photons detected, as well as 
contributions from physical processes that lead to changes in 
pulse shape; both effects lead to white noise in the phase esti- 
mates. Pulse shape noise which is white in phase shows up as 
co4 noise when the noise power is described in terms of the 

Fig. 4.—Limitation on observability of intrinsic red phase noise dominated 
by pulse phase measurement uncertainty (from Deeter 1981). 

angular acceleration Q. The fluctuations introduced into the 
phase estimates from intrinsic noise dominates this white phase 
noise at low frequencies, while at high frequencies the opposite 
is true. The crossover frequency is the frequency at which both 
contributions are the same. At frequencies higher than the 
crossover frequency, the intrinsic noise becomes undetectable 
(Boynton and Deeter 1979). This is indicated schematically in 
Figure 4. Boynton and Deeter (1985) have emphasized this by 
indicating the expected contribution of white phase noise to 
power estimates when they plot the actual power spectra. For 
each pulsar, they have presented the noise power density spec- 
trum as the logarithm of power in the acceleration ñ as a 
function of logarithm of frequency. 

The observed power at any given frequency may be written 
as the sum of the observational noise and an intrinsic noise 
contribution, 

Pù(f) = Pinif) + ^obs(/) - (3.1) 

Boynton and Deeter (1985) have fitted a pure power-law spec- 
trum of the form Pin(f) = cfb to all the pulsars; they find a 
wide range of exponents. If there are candidates that exhibit a 
pure power-law spectrum with a slope of + 2, 0, or — 2, we can 
compare our theoretical models with these fits, because these 
are the piecewise power-law exponents that can be accomodat- 
ed in the context of our models (cf. eqs. [2.26], [2.37], and 
[2.48]). 

Relaxation processes in the regions responsible for noise will 
give rise to structure in the observed power spectra. From the 
power estimates at available frequencies, we can search for the 
presence of features in the power spectra which would provide 
information on relaxation time scales. One can then test for the 
presence of postglitch relaxation time scales in the noise power 
spectra. Their presence would clearly indicate if glitch and 
noise processes originate from the same regions of the star. 

We have compared our theoretical models with t0 t with 
the quartic estimator analysis by Boynton and Deeter (1985) of 
these 25 pulsars. There are several reasons for restricting the 
comparison to theoretical models with t0 t (eqs. [2.26], 
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[2.37], and [2.48]). These models are described by simple 
expressions involving two parameters, Q and t, up to a normal- 
ization that reflects the noise strength. Though obtained after a 
substantial effort in observation and data analysis, the power 
spectra do not permit one to make meaningful three-parameter 
fits (Q, t, and t0) to cover the general case. Furthermore, in the 
former case, we have an interesting hypothesis to test regarding 
the values of t, namely, we can search for the postglitch relax- 
ation times in noise data to see if the data are consistent with 
noise originating from the same regions of the star that charac- 
terize postglitch relaxation. In contrast to this, we have no 
handle on typical values of t0 (event sizes) ; we do not even have 
any evidence that single narrow range of t0 values can be 
expected. The other side of the coin is that in those cases where 
the data do not reject a i0 ^ T model with a certain t, that is 
with a shoulder at co ä t-1, an alternative model with t0' t' 
such that t0' « t of the first model will be comparable with the 
present data. Although the models with t0$> t are more com- 
plicated mathematically, qualitatively they are similar to the 
t0 <^t models. We work with the t0 t models, but this ambi- 
guity should be kept in mind in interpreting our results. 

Our approach is in the same spirit as that of Boynton’s 
(1981) work on the Crab pulsar. We quantify the range of 
theoretical parameters that are consistent with the data, by 
means of a hypothesis test (Lampton, Margon, and Bowyer 
1976) similar to the procedure used by Boynton (1981) in his 
analysis of the noise power spectra of the Crab pulsar and Her 
X-l. We examine the extent to which the observational data in 
the form of equation (3.1) may be fitted with a given theoretical 
model, for various values of the parameters Q and t ; we treat 
the noise strength R(AQC)

2 as a free parameter. The sum of the 
squared residuals for each fit is a measure of the accessibility of 
the chosen parameters in terms of x2 test. We express the x2 at 
a given point in terms of a percentage probability with which 
the parameters are rejected. We then plot these rejection con- 
tours of the observed power spectra in the Q1 versus log t 
plane. 

In considering the observed power spectra, we first note 

CREEP 203 

that for pulsars which are relatively quiet, i.e., which display 
little power in excess of the white phase noise, significant 
acceptance or rejection confidence contours cannot be 
obtained. Examples are the pulsars PSR 0031 — 37, PSR 
0628 — 28, PSR 1604 — 00, and PSR 2111 + 46. As a representa- 
tive of this class, the observed power spectrum of PSR 
0031 — 07 is shown in Figure 5. 

Next we note that there are some pulsars which show excess 
power only at low frequencies and are limited by white phase 
noise at higher frequencies. In the case of the five pulsars PSR 
0355 + 54, PSR 0950 + 08, PSR 1237 + 25, PSR 1818-04, and 
PSR 2217 + 47, the fit to theory will depend on the three lowest 
frequency points, and hence the parameter estimates will not 
be very reliable. As a representative of this class, the power 
spectrum of PSR 0950 + 08 is shown in Figure 6. 

We next consider those pulsars in which glitches have been 
observed and for which the detailed postglitch observations 
have been fitted with the vortex creep model; the Crab and 
Vela pulsars, and PSR 0525 + 21. Their observed noise power 
spectra are shown in Figures 7-9. The Crab power spectrum is 
consistent with white noise in Ù over the whole frequency 
range of observation, while that of the Vela pulsar is signifi- 
cantly red and that of PSR 0525 + 21 is rather blue. In the case 
of the Crab pulsar, very small values of t, say t < 1 day, and a 
value of ß æ 2 (or, equivalently, ß ä 0) are not significantly 
rejected by the data with greater than 30% confidence. 
However, in the case of the Vela pulsar, values of t in the range 
of 1-104 days are rejected with more than 98% confidence for 
all values of the parameter Q. In the case of PSR 0525 + 21, the 
observed relaxation time, t æ 150 days, is not rejected with 
greater than 60% confidence. The probability of rejection of 
given values of Q and t for the Crab pulsar and PSR 0525 + 21 
is shown in Figures 10 and 11 respectively. 

We may interpret these results in terms of the three pos- 
sibilities discussed in § II. We conclude that pure unpinning 
events are not responsible for the observed noise power spectra 
in the Crab and Vela pulsars because no structure is observed 
in the power spectra within the expected range of time scales, 

Fig. 5.—Logarithm of power density as a function of logarithm of cyclic frequency for the pulsar PSR 0031- 07. The left and right halves of the figure represent 
the noise power obtained using cubic and quartic estimators respectively. Note: There is hardly any excess power above pulse shape noise. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
8 

6A
pJ

. 
. .

31
1.

 .
19

7A
 

204 ALPAR ET AL. Vol. 311 

Fig. 6.—Logarithm of power density vs. logarithm of cyclic frequency for the pulsar PSR 0950 + 08. Note: There is excess power above pulse shape noise only at 
low frequencies. 

3 <t <60 days for Q = 1. It follows that there is not a contin- 
uous range of sizes of unpinning events from the glitches all the 
way down to unresolved events that lead to noise. In other 
words, in these and possibly other pulsars, in the regions of the 
star characterized by postglitch relaxation times, there exists a 
threshold for glitches. Since mixed events (ß 1) with a range 
of relaxation times consistent with those observed in postglitch 

Fig. 7.—Logarithm of power density vs. logarithm of cyclic frequency for 
the Crab pulsar. 

behavior would also lead to structure which is not observed, 
hypothesis (2) can also be ruled out, except for ß « 2 in the 
case of the Crab pulsar. Note, however, that mixed events with 
ß æ 2 cannot be distinguished from white noise in the power 
spectrum. On the other hand, the observations are consistent 
with hypothesis (3) : that the noise is due to physical processes 
in regions external to the pinning region. 

For the Crab pulsar, this conclusion differs from that 
reached by Boynton (1981). In the two-component model that 
Boynton was testing, the core superfluid, which constitutes a 
substantial portion of the star, is assumed to be responding on 
postglitch time scales to noise originating in the stellar crust, 
and hence structure at a significant level should be observable 
on the power spectrum at these time scales. In our present 
view, the core superfluid is dynamically part of the crust on 
time scales > minutes for the Crab and Vela pulsars, so that 
only the pinned crustal superfluid, with (Ip/Ic) » 10 “2, can par- 
ticipate in the response. Since Ip<^ Ic, structure in the timing 
noise associated with the pinned superfluid response is too 
weak to be observed. 

Finally, we note that in the case of PSR 0525 + 21, pure 
unpinning events from a superweak pinning region character- 
ized by a 150 day relaxation time cannot be ruled out at more 
than a 60% confidence level. 

There are 13 pulsars which have reasonable power in excess 
of pulse shape noise over the entire range of time scales of the 
observations, so that it is feasible to inquire to what extent the 
observed noise is consistent with one of the models considered 
in § II (Boynton and Deeter 1985). We find that in four of these 
pulsars, PSR 1706-16, PSR 1749-28, PSR 2021+51, and 
PSR 2045 — 16, the observed power spectra are quite compli- 
cated, in that there appear to be different local power-law 
exponents at different frequency ranges. Three of the four show 
a significant excess power at the lowest frequency. Our simple 
theoretical model is not capable of explaining the structure 
present in these spectra. For all four, the presence of any 
thermal creep relaxation time scales from a few days to a few 
thousand days for any value of the parameter ß is rejected by 
the data to greater than 90% confidence. In these pulsars, our 
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conclusions are once again that hypotheses (1) and (2) can be 
ruled out. In the case of hypothesis (3), the response of the 
pinning region will be unobservable, as indicated above. 

To interpret the results of Boynton and Deeter (1985) for the 
remaining nine pulsars, PSR 0329 + 54, PSR 0736 — 40, PSR 
0823 + 26, PSR 1133 + 16, PSR 1642-03, PSR 1911-04, PSR 
1929+10, PSR 1933 + 16, and PSR 2016 + 28, we consider a 
“ universal ” model for the relaxation times for all old pulsars. 
Under the hypothesis that the internal structure and the vortex 
pinning sites in pulsars are the same, the relaxation times in 

any given pulsar can be expressed in terms of its temperature 
and the spin-down rate (Alpar, Nandkumar, and Pines 1985). 
Moreover, making the assumption that heat dissipation due to 
vortex creep dominates all other processes in older pulsars, the 
relaxation times that would be observed in the postglitch 
behavior of such pulsars can be expressed in terms of the spin- 
down rate alone. Such an assumption has been shown to be 
consistent with the postglitch behavior of PSR 0525 + 21. We 
have calculated the rejection confidence contours in the ß“1 

versus log t plane; our results are given in Figures 12-20, 
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Fig. 10.— 
weak regions. 

LOG T (days) 
-Rejection confidence contours in the Q 1 vs, log t plane for the Crab pulsar. Crosses indicate estimated time scales corresponding to superweak and 

LOG T (days) 
Fig. 11.—Same as Fig. 10, for the pulsar PSR 0525 + 21 
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Fig. 13.—Same as Fig. 10, for the pulsar PSR 0736 — 40 
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Fig. 14.—Same as Fig. 10, for the pulsar PSR 0823 + 26 
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Fig. 16.—Same as Fig. 10, for the pulsar PSR 1642 — 03 

LOG T (days) 

Fig. 17.—Same as Fig. 10, for the pulsar PSR 1911—04 
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where the crosses indicate the estimated time scales corre- 
sponding to super weak and weak regions. We are led to 
inquire whether, in these pulsars, the regions of the star that 
are assumed to participate in any postglitch relaxation could 
make an observable contribution to noise processes. 

For three of this last set of nine pulsars, PSR 0329 + 54, PSR 
1133 + 16, and PSR 1933 + 16, a rather large range of relax- 
ation time scales is rejected to greater than 90% confidence. 
This range includes the “ extrapolated ” relaxation time corre- 
sponding to the weak pinning region in all three pulsars. There 
is a distinct range of parameter space which is not significantly 
rejected by the data and, for relaxation times within this range, 
the presence of noise due to pure unpinning, for example, from 
superweak pinning regions in these stars cannot be ruled out. 

For the remaining six pulsars, PSR 0736 — 40, PSR 
0823 + 26, PSR 1642-03, PSR 1911-04, PSR 1929+10, and 
PSR 2016 + 28, the rejection confidence contours show the 
opposite trend. For pure unpinning events there is a narrow 
range of relaxation time scales which are significantly rejected 
with more than 90% confidence; this range includes the relax- 
ation times corresponding to superweak pinning regions in 
four of these pulsars: PSR 0736 — 40, PSR 0823 + 26, PSR 
1642 — 03, and PSR 1929+10. In these pulsars, either hypothe- 
sis (1) restricted to the weak pinning regions or hypothesis (2) 
would be consistent. In the other two pulsars, PSR 1911—04, 
and PSR 2016 + 28, none of the three hypotheses can be reject- 
ed. 

IV. CONCLUDING REMARKS 

We have used vortex creep theory to construct model noise 
power spectra for three physically distinct types of events 
which might give rise to pulsar timing noise : “ pure ” events, in 
which vortex unpinning is the source of the initial frequency 
jump; “mixed” events, in which the initial frequency jump is 
produced by some physical process other than vortex 
unpinning but leads to the unpinning of some vortices; and 
“external” events, in which the initial frequency jumps 
responsible for noise do not involve any vortex unpinning. For 
the first two types of events, we find that relaxation processes 
in the region responsible for the noise will give rise to structure 
in the observed power spectra, while for external events, the 
resulting noise spectra will not be influenced by vortex creep. 
Hence observation of structure in noise power spectra would 
not only provide information on the relaxation times which 
characterize vortex creep but might also provide a clue as to 
the physical origin of the timing noise. 

We have compared our theoretical results with the observed 
power spectra of Boynton and Deeter (1985) for 25 pulsars. For 
those pulsars for which observational timing noise is such as to 
permit a comparison with our theoretical models, we have 
followed the “standard” Boynton and Deeter procedure of 
testing for structure in the data associated with various values 
of Q and t, while treating the noise strength as a free param- 
eter. This procedure enables us to obtain rejection probability 
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contours in the Q'1 versus log t plane. Our comparison of 
theory with observation for the Boynton-Deeter-JPL sample is 
given in Table 1. We comment briefly. 

For the Crab pulsar, since no structure is observed in the 
noise power spectrum within the expected ranges of time 
scales, 3 < T < 60 days, we conclude that neither pure nor 
mixed unpinning events with i0 t can be responsible for the 
observed timing noise. However, we cannot rule out the pre- 
sence of these relaxation times in a noise process with i0 t, 
such that the structure at t0 is beyond the range of observa- 
tional time scales. For the Vela pulsar, the shape of the 
observed spectrum rules out pure or mixed unpinning pro- 
cesses for t0 > t as well as for t0 z. Hence for the Vela pulsar, 
and possibly for all pulsars, there exists a threshold for glitches 
produced by vortex unpinning; put another way, in those parts 
of the weak and superweak pinning regions which have played 
a role in postglitch behavior, the energy barriers for vortex 
creep are such that one does not have a continuous family of 
glitches, from microglitches associated with the simultaneous 

ET AL. Vol. 311 

unpinning of a comparatively small number of vortex lines to 
the giant Vela glitches produced by catastrophic unpinning of 
a very large number of vortex lines. That threshold could be at 
or near the level of the smallest observed distinct micro- 
glitches: AQ/Q<10“10. It is possible that PSR 0521+21 
shows similar behavior; at present we know only that structure 
associated with the observed postglitch relaxation time is not 
rejected with greater than 60% confidence. Recall that where a 
t0 <^z spectrum with relaxation time t is not rejected, a t0' > t' 
spectrum with t0' in the same range as t is also viable. 

For the remaining pulsars, our searches for structure in the 
timing data which reflects the relaxation times extracted from 
our model (see Table 2) has thus far been inconclusive. The 
absence of observable structure over the time spans searched 
could, of course, indicate that vortex unpinning plays no obser- 
vable role in timing noise in these pulsars as well; it is also 
possible that our extrapolated relaxation times of Table 2 are 
not valid or that they apply only to postglitch relaxation and 
not to unpinning noise which originates from regions with 

TABLE 1 
Present Status of Timing Noise Observations and Theoretical Conclusions Based on 

Vortex Creep Theory 

Observational 
Characteristics 

Pulsar of Power Spectra Theoretical Conclusions 

PSR 0031-37 I 
PSR 0628-28 I 
PSR 1604-00 [ 
PSR 2111+46 ) 
PSR 0355 + 54 \ 
PSR 0950 + 08 
PSR 1237 + 25 \ 
PSR 1818-04 
PSR 2217 + 47 ! 
PSR 1706-16 ) 
PSR 1749-28 
PSR 2021 + 51 i 
PSR 2045-16 I 
PSR 0531 + 21 

(Crab pulsar) 

PSR 0833-45 
(Vela pulsar) . 

PSR 0525-21 

PSR 0329 + 54') 
PSR 1133 + 16 > 
PSR 1933 + 16 J 

PSR 0736-40 
PSR 0823 + 26 
PSR 1642-03 
PSR 1911-04 

PSR 1929+10 
PSR 2016 + 28 

Low noise level; white phase noise 
dominant at all frequencies 

(Excess power at low frequencies, 
< white phase noise dominant at 
[ high frequencies 

f Complicated power spectra with 
< different power-law exponents at 
(. different frequency ranges 

White noise in Ó over the entire I 
frequency range of observation > 

Spectrum significantly red in Ó 1 
Spectrum rather blue in Ó 

(No significant structure observed; 
< reasonable amount of power in 
t excess of white phase noise 

(Reasonable amount of power in 
< excess of white phase noise; no 
L obvious structure. 

Noise level too small to observe 
any possible structure 

Small number of low-frequency data 
points makes it impossible to draw 
any meaningful conclusion 

Neither pure nor mixed events can 
be responsible for observed 
timing noise 

Neither pure nor mixed events 
with the weak or the superweak 
postglitch relaxation times can 
be responsible for observed 
timing noisea 

Pure unpinning events from 
superweak region cannot be 
rejected with > 60% confidenceb 

Broad range of relaxation time 
scales rejected to > 90% 
confidence level; noise due to 
pure unpinning ecents in 
superweak region cannot be ruled 
out (or in)b 

Narrow range of relaxation time 
scales rejected to > 9% 
confidence level; pure unpinning 
events in weak pinning region or 
mixed events cannot be ruled out 
(or in).b 

Pure or mixed unpinning events in 
weak or superweak pinning regions 
cannot be ruled out (or in)b 

a For the Crab pulsar it is possible that postglitch relaxation times are present in unpinning noise, but t0P r 
and t0 is outside the observed range of time scales. 

b Alternatively, the hypothesis that i0 > t and t0 is in the observed range cannot be rejected. 
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TABLE 2 
Observed Q, Û and Predicted Relaxation Times t for the 
SUPERWEAK AND WEAK PINNING REGIONS FOR NlNE PULSARS 

Q Ù t(sw) t(w) 
Pulsar (rad s“1) (10-15 rad s-2) (days) (days) 

0329 + 54  8.79 25.21 111 2220 
0736 + 40  1.68 72.45 50 1000 
0823 + 26  11.84 37.45 82 1640 
1133 + 16  5.29 16.61 151 3020 
1642-03  16.20 74.32 49 980 
1911-04  7.61 37.40 82 1640 
1929 + 20  27.69 141.50 30 600 
1933 + 16   17.51 292.60 18 360 
2016 + 28  11.26 3.03 540 10800 

relaxation times t outside the observed range of time scales. 
Finally, postglitch relaxation times may also characterize the 
response to tiny unpinning events but may not show up in the 
power spectrum if t0 $> r and t0 lies outside the range of 
observed time scales. 

A distinct possibility is that physical processes in regions 
external to the weak and superweak regions so far explored 
observationally are responsible for the timing noise in all the 
pulsars studied. If this were the case, then, as we have noted, 
while vortex creep in the pinning regions could occur in 
response to individual events, its contribution to the resulting 
power spectrum would be too small to be distinguishable. The 
physical origin of the noise could then still be internal (e.g., in 
the core, in crust-core coupling, or in physical regions in which 
no appreciable pinning of vortices takes place) or external (in 

the outer magnetospheric gap, or more generally in the magne- 
tosphere as a whole). 

What future observations would be of interest? First of all, it 
would be desirable to extend the range of the power spectra, to 
both higher and lower frequencies. The high-frequency end is 
of special interest, since in this way one could learn whether 
vortex unpinning events in superweak pinning regions charac- 
terized by short ( < 1 day)relaxation times are contributing to 
timing noise. However, such an extension requires frequent 
(essentially, daily) observations, and data can be obtained in 
this fashion for only a few comparatively bright pulsars. By 
extending the low-frequency range, one would be able to 
search for noise originating in pure unpinning or mixed events 
in the weak pinning regions characterized by long (>2000 
days) relaxation times. Second, it would be desirable to expand 
the number of pulsars in the sample; in so doing, one would 
obtain better statistics on the absence of features in pulsar 
noise spectra, as well as acquiring sufficient data to enable one 
to examine the dependence of noise strength on both the pulsar 
period and its slowing-down time. 
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