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Equations of motion are derived in the weak-field, slow-motion approximation for a binary system whose
components are extended and spherically symmetric. The post-Newtonian approximation (PNA) method is
used; the equations include all the conservative pre-radiative terms as well as the first [~ (v/c)’] relativistic
correction for radiation damping. Analysis of the residual terms yields constraints on the small PNA

parameters such that the equations of motion will remain applicable. Each binary component is characterized
by a single parameter, the Tolman mass. Since the equations hold true for bodies of arbitrary compactness,
they may be applied even to binary neutron stars or black holes.

1. INTRODUCTION

A complete solution to the problem of two bodies
moving in mutual orbit, including the conservative cor-
rection terms and the gravitational-wave reaction, would
be useful in practice and of fundamental value. In the
wake of the 1974 discovery! of PSR 1913 + 16, a pulsar
belonging to a binary system in which relativistic effects
are particularly strong (the ratio v/c ~10 -3, where v is
the characteristic orbital velocity and ¢ is the speed of
light), many investigators have been working on this sub-
ject.

Among the results have been the first neutron-star
mass determination,?’® measurements of radio-signal
delay in a gravitational field® (an effect hitherto observed
only through radar experiments in the solar system), and
the discovery that the PSR 1913 + 16 orbital period is
steadily growing shorter,? presumably because of energy
loss to gravitational waves, This last conclusion relies
on the agreement between the pulsar observations and
theoretical calculations of how the orbit parameters
should evolve, as based on the expressions for the gravi-

“tational -wave flux? or on an extrapolation of the wave

solution to the near zone.’:

These methods, however, are incapable of fully de-
scribing the binary motion, since they wholly ignore the
conservative relativistic corrections, and even in the
radiative approximation they provide information only on
the secular terms. Furthermore, the approaches pre-
viously adopted all involve extra assumptions, which often
are open to doubt. What is needed here is a method for
deriving the equations of motion of isolated bodies directly
from the Einstein equations.

Three different procedures are currently available
for obtaining the equations of motion: the Einstein-—
Infeld—Hoffman (EIH) method,’ the matched asymptotic~
expansion approach,? 1 and the post-Newtonian approxi-
mation (PNA) introduced by Fok.!! Systematic exposi-
tions of the PNA method will be found in the literature
Refs. 12-14), This method has several drawbacks; in
particular, divergent integrals come into play!® because
the near-zone metric does not have an analytic depen-
dence on the small parameter occurring in the expansion,
A suitable expansion with respect to the parameter can
eliminate the divergent terms, 7

16
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In this paper, the author extends recent PNA analy-
sis of the equations of motion of isolated bodies,!? orig-
inally undertaken in order to obtain the radiation damping
force and to integrate the equations of motion including
terms of the order (v/c)®>, Equations of motion will be
derived for a pair of spherically symmetric extended
bodies, with full allowance for all the conservative pre-
radiative [~ (v/c)?, (v/c)!] terms as well as the first
[~(v/c)’] correction for braking by gravitational radia-
tion., The calculations presuppose slow motions and a
weak field, Estimates will be given for the residuals, and
constraints will be placed on the parameters of binary
systems to which our equations of motion are applicable.
We shall find that the equations depend neither on the in-
ternal structure nor the compactness of the orbiting
bodies; the sole parameter that enters is the mass, This
is an important result, for it suggests that the equations
of motion we shall obtain can be applied to study the be-
havior of objects ranging all the way from conventional
stars and planets to black holes.

The PNA method employed in this investigation has
certain advantages over the EIH and asymptotic-matching
methods, since it does enable us to deduce the metric
and the equations of motion directly from the Einstein
equations. Computational difficulties are a notorious
feature of the EIH method: one has to invoke various
regularization techniques'®~? in order to make meaning-
ful any functions that become infinite along the world
lines. As yet it is unclear whether or not these regular-
ization procedures yield the same equations of motion
in the (v/c)* and (v/c)® approximations,?® Still, despite
its shortcomings the EIH approach (as well as the asymp-
totic-matching method) is probably superior to the PNA
method in accurately describing the motion of black holes,

o

The paper is organized as follows. In Sec. 2 we shall
outline the principles of the PNA method and shall specify
what assumptions and limitations on the binary-system
parameters are entailed by our premise that the bodies
are spherically symmetric and nonrotating, and by our
neglect of terms in the equations of motion that are of
the same order as the ratio of the bodies' diameter to
the size of the whole system. In Sec. 3 we determine the
center of inertia of each body as well as its velocity and
acceleration. The virial theorem will be proved to order
(v/c)? for the case of two isolated bodies, and its implica-
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tions will be set forth. We have also thought it advisable
to define and to evaluate in Sec, 3 the Tolman mass, for
this is the sole parameter that appears in the equations
of motion,

In Sec. 4 a procedure will be described for establish-
ing the equations of motion, To unify the picture and to
make it complete we give explicitly the results obtained
in the zeroth-order post-Newtonian approximation
[~(v/c)’, designated PNA 0] and in PNA 1 [ ~(v/c)?].
Corrections to the equations of motion for PNA 2 [~ (v/
c)*] are calculated in Sec. 5, and the explicit form of the
force is obtained. Section 6 presents a derivation of the
radiation damping force, generalizing the expression
giveninthe latter by Frishchuk and the author!® to the
case of unbounded orbits,

2., POST-NEWTONIAN APPROXIMATION

Let the matter energy-momentum tensor have the
form appropriate to an ideal fluid!):
Tw=(pc*+p) w*u"—pg™ 2.1)

p=p(1+Il/¢*), (2.2)

where i denotes the energy density in a comoving ref-
erence frame, the isotropic pressure p is related to p
by the equation of state p = p(i), u# = dx# /ds represents

the 4-velocity of a fluid element, and the internal energy

II of that element is related to p, ¢4 by the equation

1
dH+pd( _) =0. 2.3)
w
Now introduce the auxiliary quantities
=Y —gg"—n, @.4)

where gh? is the metric tensor and n*V¥ =diag (1, -1,
—1, 1) represents the Minkowski metric. The Einstein
equations are solvable in a harmonic coordinate system,
as specified by the condition

,Y,‘:"= 0 (2.9)
In this coordinate system the Einstein equations take the
form!4

165G
Oy = —C“—A 2.6)

4
where A»=g— ¢ BV o 0B __ i pg VB
T AL et e R

0= (—g) (I*+t), O=0"9,0,
thV representing the Landau—Lifshitz pseudotensor,?

Equation (2.6) may be written as an integral equation:
yHV = (165 G/chHO- AHVY, where O signifies the retarded
integral operator in Minkowski space., Upon expanding the
retarded time with respect to the small parameter v/c,
we obtain the following formal integro-differential equa-
tion from this integral equation: .

©

4G —-1)"
™ (x, t)=7 =1

— 11 (0,°A"),
s nle 2.7

L(f)= .[d’yf(y, t) |z—y|™ 2.8
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In Eq. (2.7) the time derivatives have been left beneath
the integral sign, as suggested by Ehlers.?® Asg far ag
the (v/c)® approximation, this practice does not introduce
any divergent integrals.!?:2

Commencing our evaluation of the metric with the
quantities - yHY =0 and performing three successive it-

(0) ,
erations in Eq. (2.7),

2U 1 1 K 1
foo=tm =t QUAAD ) F A0 F - goo + — guto (),
R X)
aw, 1 1
gu=—3 : +?AJ?’+—C—G—AO‘?’ +o(c=?), (2.10)

2U 1 1
gn=— (1+7)5m+?1‘1{(;)+—c‘5'.4§:) +o(c™®), (2.11)

where U = GI1(p),® = GLy(ov? + p U + 3/,p),

1
=5 I1_,(U), W:=GI_(pv.), (2.12)
4G &I, 2G | d‘I 2G d°
RO kR Do Tl T2 22 d?
L I T Jovatas,
5 d*l; 2G d*l,
A;(J)=2G ik -8 et o= 1 3
13 dts 3 6 k de® ) Itk R.! pz ‘rk d T,
vi=cu'/u’. (2.13)

Anderson and Decanio? give expressions for the other
tensor components. Equations (2.9)-(2.11), however,
do not yet constitute solutions of the Einstein relations;
for that purpose we have to substitute the metric (2.9)-
(2.11) into the equations of motion and to determine

P (x, t), vi(x, t) as functions of time,

The equations of motion are

O=T" =% A Tog T+ T, 2T, (2.14)

When the Christoffel symbols and the energy-momentum
tensor components are introduced, Eqgs. (2.14) become
(Refs. 12, 13, 27, and 28)

1 1 1
P,t=—(pvn),x+?k+?q+c—5‘3+0 (c_u>’ (2°15)
LW - 2.16
(pU{),‘=—'&”J+—c—zk;+ ?q,--l-——c—;s.--l-o (C ), ( . )
1
’01,=pv,v,-+pc;,-+—[ZU,,-U,,-—G.-j(V U)z] (2.17)
8nG

The quantities k, g, s, ki, q;, Si are functionals of p and
the vK and their derivatives.

We shall be applying Eqgs. (2.9)-(2.17) to trace the
motion of two isolated bodies that form a binary system,
have a similar mass M and characteristic size R, and are
separated by a distance L. Accordingly, along with the
original parameter € = g, ~ v/c ~ (GM £%L)Y/2 « 1, the
problem will contain another small characteristic quantity,
the "compactness" parameter &£, ~ (GM/c’R)Y/% « 1, which
measures how closely the size of the body approximates
its gravitational radius Ry = 2GM/c?., We shall assume
that 6 = R/L « 1; consequently &, < ¢&,. The parameter
0 describes how nearly the two bodies resemble point
masses.

To facilitate the calculations we should like to treat
the bodies as spherically symmetric, and nonrotating in
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a comoving reference frame. Whether this simplification
is justified has to be decided by special arguments: mu-
tual tides will distort the spherical shape of the bodies,
imposing a further constraint on the parameter 6, already
bounded below by the value Rg/L ~ ¢ +%; and secondly, one
cannot regard the angular rotation speed as arbitrarily
small, for it must be at least as large® as v ~ £,2(GM /

L3 /2.
As for the tides,” the distortion

(48, ~ %)

tid

2.18)

in the contour of the bodies will produce a tidal force
which in the PNA 0 case is of order
R\’ GM*

Fon () L (2.19)
the Love number « depending on the density distribution
inside the bodies® (» = 0,001-0.1 for conventional stars).
In order for a spherically symmetric configuration not
to be tidally distorted, this tidal force should be much
smaller than the radiation force, which may be estimated
from Eq. (2.16):

F';-ad"’(l]c—)5 e

, 2.20
= (2.20)

The requirement that Fijq <« Fp,q therefore imposes on
6 the additional constraint

5<< —-‘/s.f_
T (2.21)
which is consistent with our previous lower bound on &,

The existence of a minimum angular rotation speed
v will also cause the bodies to depart from spherical
symmetry®;

AR vR? ( v\*( R\?
aty vE (2 (E) . 2.22
(%) ~=~(=) (1) @.22)
In PNA 0 the corresponding force is of order®
Frot"’('A—R') (i)z%. (2'23)
R L L

Tot

From the estimates (2.21), (2.22) one can readily show
that Feurl < Fpyq. Furthermore, the angular velocity »
will generate a force?® F ~ (VR/cL)ZGM2 in the PNA 1

case, and an estimate for v indicates that F « Frage

Thus if the inequality (2.21) is satisfied, we may re-
gard the bodies as retaining spherical symmetry to the
requisite accuracy, and as not rotating, But these prop-
erties will not ensure that the bodies may be treated as
mass points —that terms of order R/L or higher in the
equations may be ignored. Actually the multipole expan-
sions of the metric coefficients in the equations of motion
will produce extra terms of order g% 6*GM% L? in PNA 1
and ~ £,%6GM% L? in PNA 2, The condition (2.21) is not
enough to make these terms small compared with the ra-
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diation force Fy,q; for that purpose we need the stronger
inequal ity

el 2)"

We shall in fact assume that the parameter 6 satisfies
this last inequality, and accordingly we shall ignore

all terms in the equations of motion that are ~ (R/L) or
higher,

(2.24)

Equations describing the motion of the bodies as a
whole can now be obtained from Eq. (2.16) by integrating
over the spherically symmetric volumes which the non-
rotating bodies occupy. In so doing, we regard the co-
ordinates x!, x%, x% as Cartesian, since the background
spacetime is taken to be flat, In this background space-
time we specify 10 potentials y#¥ related by the gauge
conditions (2.5), a density p (x, t) and three velocity com-
ponents vi(x, t). These quantities are determined by Egs.
(2.6) and (2,14). Such an approach to relativity theory is
more reminiscent of ordinary celestial mechanics than
of field theory. Grishchuk et al,®! have recently developed
the methods systematically, generalizing them to the case
of a curved spacetime,

3. TOLMAN MASS, CENTER OF INERTIA, VIRIAL
THEOREM

Henceforth an important role in our discussion will
be played by the Tolman mass, for in deriving the equa-
tions of motion we find it arising in a natural way as the
sole parameter that describes a member of the binary
system. Let us therefore briefly review its properties.

The Tolman mass of anisolated static source is defined
by the expression?

2 —_ 1
=—c—2£ d“"xY—-gs(goo”T,W—?Tm“), (3.1)
where s stands for "static." Substituting into Eq. (3.1)
the components (2,9)~(2.11) and (2,1) of the metric and
energy-momentum tensors, we obtain

M= jd’x[p+—1€—z(2pU+3p)+%7pU2] +o(c~°). (3.2)

In place of the density p we will later find it con-
venient to use the invariant density p* = uu™v'—g. Tlhe
density p* satisfies the exact equation of continuity“

p.F (p'va) x=0.

Furthermore, for any sufficiently smooth function f(x, t)
we may write the ecuation

(3.3)

—ypf(x t)d'z S p ——d3

(al (a)

(3.4)

where d/dt = 8 /ot + vk(B/axk), while (a) means that the
integral extends over the volume of body a. The proper-
ties of p* make it helpful in calculations, so we shall
convert all p -~containing quantities to . p¥, using the ex-
pression®

( —H-)(uol’—_g)“=p' 1——21 —1v2+3U—H)—
¢t 4
1

2
1(1
(L2
¢\ 8 2

y 15 1 (3.5)
U—2—U2 —4p "Wh—?Akk))}—i-o(c"“).
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Here the quantities

U=U+c*U+c*U+o(c?),
0 2 4
W=W+c*W +o(c™),
0 2
O=0+c*Q+o(c*),

0 2

x=xF+cxto(c), (3.6)
0 2

I=IIc*II+o(c™*),

where

M=I(p*), a II=— (ivz+3U) p/p° [29].
0 2 2 0

The remaining terms in the expansions (3.6) can easily
be derived from Egs. (2.12) and (3.5).

We now define the rest mass of body e by the ex-

pressiont!

me= 5 p'd’r.
Since Eq (3.4) holds, the mass m, remains constant

throughout the motion. We can therefore define the cen-
ter of inertia x,! of body @ by means of the formula

(3.7)

Mala' = j p'z'd’z.

(a)

(3.8)

On differentiating with respect to time and applying Eq.
(3.4), we readily obtain the velocity v,1 and acceleration

agt of the center of inertia:

Mald= Sp'v"dax,
(a)

(3.9)

muaa = S o '—dsx’
(a)

Note that the velocity of any fluid element of @ may
be written as vi = v, i + vl, where v,1 is the velocity of
the center of inertia of @ [Eq. (3.9)] and vi denotes the
velocity of a fluid element relative to the center of in-
ertia, A direct calculation indicates that since we can
neglect the effects of tidal and rotational forces on the
orbital motion, we need not include the relative velocity
v1 in the calculations, but may set vi = val. Accordingly
vl may be taken outside the integration sign.

(3.10)

We now proceed to establish the virial theorem to
terms of order (v/c)?. For this purpose we use Eq. (3.5)
to replace the density p in Eq. (2.16) by p*, and we multi-
ply that equation scalarly by the quantity r,1 = x! ~x,1.
We then integrate the result over the volume of body a.

In view of the constraints on the binary-system param-
eters we obtain

1
] — o iUan—0a(VoUs)?1d%
8alo® (p) + SHGI[)[le , EJ Jk +(VoUa)?]

1 -
A uti (o 5 80 (U~ 8l 0TIV
e

425, Gme

3 Io( U)_!_'_‘Guzvalo (PU)_'_‘UaUahIO (P Ua)}

(3.11)
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where rE(rkrk)‘l” rkEr.wh=$a.h—$bk, [oa (f)ES jdsx'
{a)
If we contract over the spatial indices in Eq. (3.11)
we find

1 - 1 1{
_ U =—1(p'U.)=31"(p) + = 31.°(pU.
SJTG({(V Oa)dz 21 (po )=31(p) o o(po)

1, }

— vl (o U,) [ .

317 0(90)
(3.12)

On differentiating Egs. (3.11), (3.12) with respect to time,
we arrive at the relations

+1°(p*U*) —14° (9'1}[0]

112G

—hm——-mw»

2
_“Gm,,(’* ")———(v.,'*aa") ]Io (o U), (3.13)

1[ 1 ..,
at (4nG5U“U“d3x) c* 1_5_% Ve
1 2
+Eva Qq —E(S‘h(vu /2% ) ]Ioﬂ(p'loju)- (3'14)

Equations (3.11)-(3.14) will be used in the next section,
when we perform PNA 1 and PNA 2 calculations,

When Eq. (3.2) for the Tolman mass is reexpressed

in terms of p* by means of the static virial theorem,
we obtain

1( 1 )
— 3 . = .H____ -U
M 5‘”{" Ta\ellm el (3.15)

+ ’17 (-1- p‘Uz—p'I'[U-i-p'l'L,) } +o(c=?)
c 2 0 00 2

As will be shown below, the expression (3,15) follows di-
rectly from the equations of motion, representing the
sole parameter that characterizes a given body. Direct
computation indicates that the mass M a+ Mp will remain
constant throughout the orbital motion —a corollary of
Egs. (2.16), (3.4) and the constraints on the binary-sys-
tem parameters,

4, NEWTONIAN AND POST-NEWTONIAN EQUATIONS
OF MOTION

Although this section presents few new results, it is
needed to round out the picture and to illustrate the pro-
cedure for deriving the equations of motion,

We begin by substituting p* for the p in Egs. (2.16),
using Egs. (3.5), (3.6). As a result we obtain

(pv') i+ (p"v'vt)

11
0

1

—q;" + 1—531‘=0 (¢,
¢

4.1)

where the ¢ terms (n =0, 2, 4, 5) combine small quan-
tities of the same order, the coefficients ki *, q;*, s;*
being functionals of p*, the vl, and their derivatives.

To establish the equations of motion for the center
of inertia of body @, we integrate Eqs, (4.1) over the vol-
ume of a. In doing so we have to distinguish between the
inner part of the potentials U, Wi, &, X (the part due to
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the body @ itself) and the outer part!!’?® (resulting from
body b). We break down the outer part of the potentials
into multipole series; in view of the constraint (2.24) on
the parameter 8, we retain in the expansions just as
many terms as are needed to ensure that the equations
of motion gain no terms of order R /L or higher,

Next we evaluate all the integrals explicitly, using
the definitions (3.7)-(3.10), Eq. (3.4), and various trans-
formations of the integrands, to be described below.
Some of these transformations give rise to additional
expansions in inverse powers of c. We group the terms
occurring in those expansions together with the terms
of corresponding order in Eqgs. (4.1).

Once the integrals have been calculated we can re-
duce the terms of this kind and use the virial theorem
[Eq. (3.12)] to transform the terms that contain the in-
tegral I)(p). As a result we find that although static
terms, which describe the bodies' internal structure
and depend on the compactness parameter &,, do occur
in the equations of motion in various combinations (de-
pending on what analytic coefficient contains them), they
are so grouped that they can be written as products of
the bodies' Tolman masses., Thus the Tolman mass
emerges naturally in the equations of motion through
direct calculation, making it the natural parameter to
characterize the binary motion,

The equations obtained in this manner demonstrate
that the relativistic corrections to the Newtonian equa-
tions of motion depend not only on the coordinates of the
bodies' centers of inertia but also on their derivatives,
up to the fifth order, We can lower the order of the
higher derivatives by using the post-Newtonian equations
of motion in the (v/c)* terms and the Newtonian equations
in the (v/c)?, (v/c)® terms, With this step we will have
completed our derivation of the equations of motion.

Now let us examine the calculation process more
carefully, Integration of the Newtonian terms in Egs.
(4.1) yields the Newtonian equations of motion for the
bodies' centers of inertia:

G
e, (4.2)

Meas' = —
-

The integral of the p,i will vanish because the pressure
is zero on the surface of the bodies, while the integral
of the inner part of the p'oU.« term will vanish due to

the antisymmetry of the integrand.

For the k;* term, integration yields the equations
of motion in the first post-Newtonian approximation, In
performing the integration we transform the j pU. d°x

0
(a)
term occurring in k;* according to the relation®®

ij dPr=-3 ij d*z—4 jp Ud3
(a) @ (@ (4.3)

the p i term then bemg replaced by means of Ey. (4.1),
carried to order (v/c)’. The extra term 4/c* J.ki Ud'z

that arises in this way appears in the PNA 2 equatmns
of motion. The transformation (4.3) serves to reduce the
static terms in the PNA 1, 2 equations of motion to a
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form symmetric with regard to interchange of the in-
dices @, b. As a consequence, all the integrals that de-
pend only on the inner parts of the potentials U, W;, @,
x will cancel out in the corresponding approximations.

After having evaluated the integrals of the ki* , we '
can use the virial theorem (3.12) to reduce the static
terms (describing the bodies' internal structure) to the
form

G R 1 1

7["7,.110[)(9'1_[ —7P.Ub) +ml® (p H —-——p U ) I
( 2G*m,*

rk

e

1[Gm, .
-— [-r—:nr‘lob(3pUb+p‘HUb+p‘U,,2) + r
0 00 0
4+ 1 Gm
3 0
where the symbol (@ — b) designates terms of order (v/c)
obtained from the preceding terms by interchanging a
and'b. Upon applying Egs. (3.12)-(3.14) we find that the
dynamic terms depending on the bodies' internal struc-
ture become

Bevir ) 1@ U + @) |, (1)

1 . ( 1 17 2 4

—a' | pIl ——p* —_]— — i {7afnae

c? s fo\ P r% p) o gj" )+ po [45 Vo' (va*a.*) Z-gvuzaa ]Io (s 5],).
(4.5)

The (v/c)* terms in Eqs. (4.4), (4.5) enter into the PNA 2
equations.

By combining the Newtonian terms in Eq. (4.2) with
the post-Newtonian terms in Eqgs. (4.4), (4.5) we can
refine the value of the mass occurring in the PNA 1 equa-
tions of motion, by carrying the Tolman-mass definition
(3.15) to terms of order (v/c)?, inclusive. As a result
the compactness parameter will be eliminated from the
PNA 1 equations. After the order of the second deriva-
tives has been lowered, the PNA 0, 1 equations of mo-
tion will take the form?-%,11,19,20=22,29

. _GM.
M= an =+ F (™ v v, (4.6)
@
({’:a.' = —m%zin—b [(4v.,“v,,"—v¢2—20b’ + %—(n"vb") z
(4.7)
+5 514 G0 Dyt (4) ~8() (v—or9 |

where ni= ri/r,
5. POST -POST-NEWTONIAN EQUATIONS OF MOTION

To derive the equations of motion in the post-post-
Newtonian approximation is a most complicated jobs: not
only do the equations contain more terms, but one has
to evaluate the nonlinear terms that describe the self-
action of the gravitational field.

The calculations for the PNA 2. case are carried out
in much the same way as for PNA 0 and 1. In PNA 2 we
may consider that

Gma(ra ‘
?a=4:w jp'g dg +~r () ,  Ma(rs) =4nj p'E*dE, (5.1)
re e 0
Wo’a"=4nGva‘ jp‘& dg + Gma(re) A (5.2)
e Ta
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Ka=—GMMa(Ta) ro—4nG S p'EdE

0 Ta

(5.3)
G . 4G [ .
B [ e
. and that the relations
j‘ E(ra)riid’z= j ¢ (ra)ra‘rdra” d°z=0, (5.4)
(a) a
. 1
5 Lra)rara d? =—3—6m j E(ro)rs &'z, (5.5)

(a) (a)

. 1
j{;(r,) ra'ratrere! d°z= 1—5—(6‘,.6,.,+6;,.6,,,+6f,6k,,) 5. C(ra)rd &z
a (a) (5.6)
are satisfied, where ¢ (ra ) represents a certain smooth
function depending on r, alone. Incidentally, in the pre-
ceding approximations these formulas are not exact, be-

cause they omit the (v/c)? terms which result from the
Lorentzian and gravitational contractions of the bodies.

In our calculations we shall need the following quan-
tity, appearing in the Aij(4):

1

1 1
—_ - wiles) F— 1 (Us U,
4n1—1(Uo,iU;,J) 4“1—‘(?'?”) . 1(0?:.0 b )

1
b UV L (UL ). 5.7)
4n 0 0 4n 0 0

The first and second integrals in Eq. (5.7) were eval -
uated by Fok'!:

1 . 1 . .
Ol = (rr o ) )+, 60

1 @mi(r) 8aG 1 [ 4ag?

qo(ru)_? e 3 r—aopma(g)gdg 3

¢ 5.9
X S p'ma(8)dE, (5.9)

1 Gmei(re) | 8nG 4 [

2\l } = -_——+ * a 3

utr)= = T T fom e
. (5.10)

2nG* u
F e

Ta

On computing the third and fourth integrals in Eq. (5.7)
we obtain

1G .
V{;"bé _/il—i(Ua,iUb_j):: ——()——anna'r’(xu'—FGma)
a4 0 0 ~ r
. 5.11)
16me , ., , . #lns (
___2_ - rny (Xb +Gmb) +G mambm,
where s =T, +Tp +Tqp, nai =rai/ra, Xg' = X4/ 0T,

and 9/ 9x 1 siigniﬁes differentiation with respect to the
parameter x !, Only the last term in the expression
(5.11) is evafuated in Fok's book, because he regarded

the first two terms in Eq. (5.11), resulting from the in~
tegration over the bodies' volumes, as small compared
with the third term (obtained from integration over the
space outside the bodies) in the event that R /L« 1, From
the exact solution (5.11) we see, however, that this will
not be so, and we can eagily understand why not, In the
integration of the third term the integrand function is of
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order 1/1°% whereas the volume of integration is ~ L%;
hence the integral we obtain will be <~ 142, On the other
hand, when we integrate the first and second terms in Eq.
(5.11) the integrand function will be ~1/R%L2, while the
volume of integration is R3, so the integrals will be quan-
tities of order 1/L2, the same as for the third integral,

The most difficult integral to calculate is the quantity

. 1
) O (N AT

(a)

L (5.12)
= -
= 4IIZG,£ OU,h'n.I—i (Ej,hq.n) E]a,‘d xX.
To evaluate it we have used the relations
ra're" 3*Ins 1 r ( ry" ror™ . )

Gz izt 2 N + , 5,13
red 0zt oz, 2 r Fairs rart rart ( )
r'r® 9°Ims 1 7'»"( T o~ ) .
et Ozat 0z 2T \rir, i e 7 (5.14)

together with the rule for differentiating homogeneous
functions @ (x) of equal degree —k —2 in 3-space®:

(— AR B
'6_®1’= (,22 ) + ( 1) . b} 6(1‘) ‘¢ (D (.’E) xMzt ., .. xn/dSh
ox! az'/ ¢ El dz™az™...o0x"

(5.15)

where (08 / E)xi)g represents the derivative of ®(x) com-
puted by the conventional rules, o designates a surface
surrounding the singular point, and 6 (r) is the Dirac
delta—function,

With Egs. (5.13)-(5.15) we can reduce all the terms
in Eq. (5.12) not describing the bodies' internal structure

to the form Idax r.’r,°, where B, C are certain integers.

e
We evaluate all the integrals of this kind by means of the
following Fourier representations® of the functions r aB,

I‘b :
B+3\. (C+3 B+C+3
1jd3 rB c n‘h F( 2 )F( Z)F(_ 2 ),.B+C+3
—_— x a T _ — -
dn * 4 T(=B/2)T(—C/2)T((B+C+6)/2)
(5.16)

The integrals in Eq, (5.12) that do characterize the inter-
nal structure can be calculated from Egs. (5.4)-(5.6).
Ultimately we find that the expression (5.12) becomes
G’mlm: . 2 Gm,

Gm.my®
i e
r° r 3 r

i

Q=

ril(p*U,%)
(5.17)
S 100U 418 (U .

2 Grt
+ 5 1 (UL (0T ——+

r

It is interesting to observe that in evaluating the ¢l
we gain terms of the form (Inr /T ,1,°)r gpl, only to find
that they cancel out in the final expression, These terms
appear because of the behavior of the expression (5.16) at
points where the functions r aB’ rbC have poles.

In just the same way as for the integral (5.12), we
can determine a number of other integrals in the PNA 2
equations of motion. Some of these may conveniently be
evaluated from the relations

1 1 1
——1I_,(gshs)=—1-.(gAh+hAg) + 5 gh,

4x 8at (5.18)
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where g, h represent certain smooth functions and the
I4 are given by

GI%, (P*[gb) (z=Va)
U (5.19)
_ 2 f 1 0 b (Ia) r”ll Py rpn
n=0 " I’l! AxzP1 9z ... dxPn e e
fn (Ta)—' '—“'2 (j.p §d§ + rl'n+£ S 0 Ez(n+i)d§) (5.20)
2
Lo (') (a=Vy) = ™4 ( ¢ IL"B 6’) . (5.21)
[}

The remaining integrals of the outer parts of the poten-
tials U, W;, &, x occurring in the PNA 2 equations of
motion can be evaluated by a multipole~expansion pro-
cedure similar to that used in calculating the PNA 1 in-
tegrals. All the integrals of the inner parts of the po-
tentials mutually cancel, In the PNA 2 case we also
have to allow for the terms of order (v/c)! in Egs. (4.3)-
(4.5).

By combining the PNA 2 terms that describe the
bodies' internal structure, we can refine the mass val~
ues occurring in Eqgs. (4.6), (4.7) so as to include the
(v/c)! terms in the Tolman-mass definition (3.15)., The
compactness parameter will thereby be eliminated from
the PNA 2 equations of motion., After lowering the order
of the second, third, and fourth derivatives in the (v/c)4
terms by means of the Newtonian equations (4.2), and
allowing for the extra terms that result from lowering
the order of the second derivatives in the (v/c)? terms
by means of the post-Newtonian equations of motion
(4.6), we find that the PNA 2 equations of motion take
the form

Fn ", v.,,v,,")+—F ‘et v,
(5.22)

where the mass M, is determined according to formula
(3.15), g;a is taken from (4,7) where, instead of mass m,

M= — rt—

GM.M,
r3

there appears Mg, and E)ia has the form:

Gm.m,
Fp=122
) r

9 3
rt [——21),,‘ - —18i(n"u,,“) “+ - (n*vs®) *vy* + 5 (n*vp*) to?
(4

|5
r [——-sz
4

G*mSm,

—2(d0e") *+4 (va'0s") 0 —6 (va"vy") (n've')* ]+ —

5 39 15
+ 27 o) 30 () (mPe?) — 2 (020) + o () — 2
2 2 2 4
2 2
+ _Grmam, el 402 —6 (*p,*) =4 (n*0.%) (nP0,7) —8 (vstvs*) +2 (n*0,%)?]
=
G*m, 57 9 Gm, .
+ -——’:llnir‘ ( vy me* — - MaMmp— 9mb’) + v—rzh’—(vﬂ’—vb’)

X[ -5 (r"vb") sz+ (Tkllbh) Uaz+4 (I*'b'ah') sz

+4(Pve¥) (v2P0,7) —6 (n*0.*) (rPua®)
—4 () (vr0) +— (P (o0 |

2 3 5
+M(va*—ub*) [%—(r"l{b")

r

63 G*mamy’ . -
- B | IR ) (200 20D ] (5.25)
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Damour's calculatt_ions22 by the EIH method yield an
expression for the g;a in full agreement with ours.

This circumstance proves the legitimacy of Damour's
regularization procedure. We would point out, however,
that Damour established only reduced equations of mo-
tion (5.23), that is, equations in which the order of the
higher derivatives was lowered by using the equations

of motion for the preceding approximations, Our ap-
plication of the PNA method has enabled us to derive the
complete equations, including the higher derivatives, As
a result we are able to obtain the complete Lagrangian of
the two-body problem in the PNA 2 case, unlike Damour,
who evaluated only part of the full Lagrangian,?

The left-hand member of Eqgs. (5.22) and the first
term on the right-hand side of the same equations have
also been determined through the PNA method by Breuer
and Rudolph,?®

6. RADIATIVE APPROXIMATION; RADIATION FRICTION

We conclude by amplifying the account of the radia-
tion damping force given in our preliminary latter,!® and
by supplying some pertinent details of the calculations.

When p is replaced by p*, no extra terms are in-
troduced in the s; in Eys. (4.1). The reason is that Eq,
(3.5) contains no terms13 or order (v/ c) or (v/ ¢)®. Ac-
cordingly s;* = s; = sl. Several authors have obtained
expressions 3’27'3§ for the radiative force density sl; a
comparison we have made indicates that they are all
equivalent. We shall use Chandrasekhar and Esposito's
expression13 for si, which becomes, after some straight-
forward transformations,!?

2G
smgoe (2810 + Loy
1 0B, 3
+— P DS) 9z ’:l 'R)‘D;as)xh
1 (5)
+ 201w+ T & Joue d“r——j 02"y’ d'z ] (6.1)

where an expression for the I is included in Eqgs, (2.13),

L= J. p'z*z’ d°z, Di=3Iu— 8ulyps, By,

~6J o' (9) @) @y oy @y, 17, = & Tam

dxk is given by Eq. (2.17), and a dot connotes a time
derivative,

It is not hard to evaluate Iji_, , p; to requisite ac-
curacy we have

2
In= Zmaxnk-ral, = § ] MeZa 2"

a=i qu=i

(6.2)
Similarly
2
72 d’z= 2 maxazvai-
amst

By integrating the si over the volume of body a we
obtain the gravitational-radiation reaction force F.
(5)

(6.3)

on that pody. Tne calculation is tacilitated by dividing
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.'Fi into two parts:
(5

=gy TR p,

(st matmy ) matmy o’ (6.4)
Fi= j s; &zt j s'd®z, (6.5)
(R ®

Feltfsaa-t{sa (6.6)

®  mal

b by

First let us evaluate Z)' . One can easily see that

9'=-——G(mu+m,,) [ L+ —=

%)

j'&uz‘ d’z—Z———jpz v? d""z]

(6.7)

The second term in the expression (6.7) contains the in-
tegral | (vU)i .
transform it (;:o read 4nGj p‘[o]x‘ d’z. We then find without
difficulty that

2
jﬁm:‘ dz= Zma:cu" (v.,‘ - 71 Gm, ),
n=1

r

On integrating it by parts we can

(6.8)

where we have made use of the virial theorem (3.12),
whereby the terms depending on the bodies' internal
structure cancel out. An evaluation of the derivatives
in Eq. (6.7) shows that the .Z; * depend on the coordi-

nates and derivatives of the centers of inertia, up to

fifth order. On lowering the order of the derivatives in

the (5‘; ', using the Newtonian equations of motion, we
5

obtain

4 Gmgmy, (mg —my) (r,,z _ 2Gm, ) 7 6.9)

> =
® 5 mg -+ my r

where my = mg + my,
To calculate the force g) we have to calculate the
integral § 9B

operations and applying the Newtonian equations of mo-
tion, we find that

j’ . 9Bn

ot —

7 APr=38m.n'ntE, —m.S™E. —mb' &,
z

d’ Performing some straightforward

(6.10)

(a)

If we substitute the expression (6.10) into Eq, (6.6), we
readily see that

m G[ ! D“’r,+21(”r.+¥l(a) ] (6.11)

This expression for (1:)’_ has been obtained independent-

ly by Linet.3* Upon evaluating the derivatives in Eq.
(6.11) we arrive at an expression depending on the co-
ordinates of the bodies' centers of inertia and their de-
rivatives of all orders through the fifth. Lowering the
order by means of the Newtonian equations, we find:

Pl e — G3mgmy, (mg 4 my) 8t ﬁ Fri
(5) rd 3
L8 Gmmy (%me .\ (6.12)
5 me + my ( r T )r )
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The total radiation damping force is Low given by
Eq. (6.4):

2
Fd =‘é"G ___‘( 2%—“ ) (ri—3rr')
(5) 5 r

G’m.’mb( 7 ..
+8 = —3—rr rF )

(6.13)

This expression for the force (f;n‘ is appropriate to

any motions that satisfy the restrictions set forth in Sec,
2. For the case of bounded orbits the radiation friction
has been calculated in our previous letter,!® where we
used the equation

Gm, 2Gm,
Qay r

— 2, (6.14)

expressing the Newtonian law of conservation of orbital
energy. Schafer®® has applied the EIH method to calcu-
late the radiative damping force in a nonharmonic co-
ordinate system: Damour,? in harmonic coordinates.
Damour's expression for this force agrees with Eq.
(6.13), which we have derived by the PNA method.

In final form, the equations of motion of two extended
bodies comprising a binary system are

oMM, 1

M it E (*, va", v’

' (6.15)
ERCLALE

where the terms (F;.* in the force (n = 2, 4, 5) are
n

given by Eqs. (4.7), (5.23), (6.13), respectively, with the
mass m, replaced by M,. Equations (6.15) contain only
one parameter, the Tolman mass of the binary compo- ...
nents; there is no dependence on the compactness param-
eter, which automatically falls out of the equations of mo-
tion as the concept of mass is successively refined in
each new approximation. As we have intimated, this is

a persuasive argument that Eqs. (6.15) may be employed
to describe the motion of any objects, even neutron stars
or black holes.

Equations (6.15) also imply that the inertial mass
of each component is equal to its gravitational mass, to
within terms of order (v/c)’. The absence of any (v/c)
terms in Eqs. (6.15) suggests that dipole gravitational
waves do not exist in the general-relativistic context,
The force (f;ai will produce a secular change in the

orbital period of a binary system!®:3 due to the quadru-
pole gravitational radiation, an effect confirmed to 4%
accuracy by observations® of the binary pulsar 1913 + 16,

For discussions of this topic I am very grateful to
L. P, Grishchuk,.
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Doppler shifting of a distant light source in a Schwarzschild

gravitational field
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Moscow Institute of Electronic Mechanical Engineering
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For three limiting cases of relative placement of a light source, a gravitational lens, and the observer,
equations are established that describe the lens chromatic properties. The results have direct applications to
experimental tests of general relativity and to the discovery of dark gravitating bodies.

1. INTRODUCTION

When a ray of light passes through a Schwarzschild
gravitational field, its frequency will shift; in other words,
the gravitational lens will have chromatic properties., In
discussing this effect we shall regard the frequency
emitted by the distant light source as unknown, and shall
inquire only as to how the frequency perceived by the ob-
server ought to depend on the position and motion of both
the source and the observer in the reference frame of the
gravitating body (although, of course, we allow for the
difference in gravitational potential at different points
of the field), If any clues about the source frequency
should in fact be available, the chances of correctly in-
terpreting the relations to be obtained would be rather
better.

In the post-Newtonian approximation, the ratio of
the light (or any electromagnetic vibration) frequency
v, measured by the observer after the ray has passed
through a Schwarzschild field to the frequency v, emitted
by the source may be written as

Vi 1—(1/¢) (P, +pSi+apR,) 1
v A+ (1/¢) (Py+uS.tapR,) t

where p = GM/c? is the gravitational radius!) of the
spherically symmetric body that is generating the field
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(M is the body's mass, G is the gravitational constant, ¢
is the speed of light); « is an arbitrary real number,
whose choice serves to fix the coordinate system being
used; and the quantities Py, Py, S, S,, Ry, R, are functions
of the coordinates and velocities of the source and the
observer,.

These functions are expressed by

1
P = a[ (k—cos A)F—ryi, sin A cos 1],

1
P, =U[ (1—k cos A) #;+kraat; sin A cos I, ],
S, _2 [ (k—i)-fi __ (k+1)a,sinAcos ], ]
Q Ty 1+cos A
Sz=_i[ (k—i)é—— (k+1) i, sinAcos ], ]
Q r 1+cos A

sin A F
R, = 7 [ k(k—i)r—‘ sin A+ (1—k cos A—k? cos A+k°) iz, cos 1,] ,
1
sin A 7
Ry=— T[ k(k-—i)T’- sin A+ (4—% cos A—k® cos A+k%) 1z, cos Iz] ,
2

Q=VYk*+1—2kcosh, k=rr,. 2)

In Egs. (2) the r; are the moduli of the observer (i =1)
and source (i = 2) radius vectors in a coordinate system
centered on the gravitating body; A denotes the angle
between the two vectors; the I'j, U; are respectively the
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