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The nonlinear instability of a Maclaurin disk of stars surrounded by
a giant halo

An analysis is given of the stability of a galaxy, modeled as a rotating Maclaurin disk, against nonradial
“affine” perturbations in the presence of an extended, nonoscillating halo of uniform density. A criterion is
obtained for linear stability of the disk. In the nonlinear case the criterion holds only up to a certain value of
the critical angular rotational velocity; beyond that value the nonlinear stabilization effect gradually falls
behind the linear stabilization. If the angular rotational velocity has its maximum possible value (no velocity
dispersion), the disk will be unstable even when surrounded by a massive halo.

PACS numbers: 98.50.Cz

1. Research carried out in the past few years has
shown that when studying the dynamics of giant spiral
galaxies, one should take their spherical components
into account. Among the flat model spiral galaxies in
dynamical equilibrium, the phase model in the form of a
circular Maclaurin disk is of special interest.! Several
authors have investigated its linear stability.”™* Antonov
and the author® have made a nonlinear analysis of the
stability of such a model against perturbations that pre-
serve the homogeneity of the corresponding space density,
and have established that the criterion for stability of
nonradial oscillations having an arbitrary amplitude takes
exactly the same form as in the linear approximation.

It is natural to expect that a disk which itself is stable
will remain so if it is embedded in a halo,® even in the
nonlinear case. The latter conjecture will be substantiated
below. But when a halo is introduced we may enter the
domain of large angular rotational velocities for the disk,
and our previous arguments and estimates® might no
longer be entirely valid. We would point out that Kalnajs?
has also discussed the oscillations of a disk accompanied
by a halo, but he did not obtain an explicit analytic form
for the linear stability criterion for nonradial oscillations.
We shall here analyze the stability of a Maclaurin disk
against nonradial perturbations in the presence of a non-
oscillating (passive) spherical subsystem of uniform den-
sity; we take into account the distinction between the
linear and nonlinear cases.

Since all the oscillations to be considered will take
place in the plane of the disk itself, the gravitational
potential of the surrounding halo may be expressed in the
form @(z, y)=—(2n/3)Gp.r* (po=const, r*=z*+y*), which
excludes the z component. Thus the halo may take the
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shape of a sphere or an ellipsoid of revolution. The
gravitational potential of the equilibrium Maclaurin disk
in its own (x, y) plane will be U(x, y) =—na*Ga,?/4R,,
where o, is the surface density at the center of the disk
and Rg is the disk radius. Introducing the dimensionless
parameter p=®/U and the normalization (4n/3)Gp,+=*
Go./2R,=1, we may write the gravitational potentials

as

s )

U(I,y)= —m.

7.2
—w, O (z,y)=

2. Nonradial oscillations will cause a circular disk
to take on an elliptical shape in the disturbed state. Let
a(t), b(t) denote the major and minor semiaxes of the
disturbed disk, respectively; then provided the volume
density remains homogeneous,’ the surface density of
the disk will be given by o(x, y, t) = const(l ~ x%/a%~
y/bHt/2,

To establish a criterion for the linear stability of
nonradial oscillations, we shall make use of the principle
of varying the energy functionall® E=Mv*2+W,+¥,,
where M is the total mass of the disk, the superior bar
represents a phase average,

2R’M

_ ds @)
5n(1+p)

Vs(a®+s) (b*+s)

I
© ey B

denotes the potential energy of the elliptical disk, and

uM o — 3)

v, =—[[e@yo@y, Bdedy =
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is the energy of disk—halo interaction. Since the kinetic
energy is independent of p, its minimization will give
the same result as before,’ and we will have
E (%a_eznz)z +_e;_
M 4m? 4

- 2(m*+n?) £
(m*—n?)?

4mn

—WYE —402 +

1
ﬁ(W"-I_‘Pdh) = H(m,n,e,pn).

Here c¢,=2R,Q/5, with Q the ratio of the centroid veloc-
ity to the circular velocity of a star (0<Q<1), m=

()" ()", n=()"~ ()"
:R2/625 . We shall later need the following station-
ary values of the parameters:

2R, —  (2u—1R:

my=-——, ne=0, E,=2Vc,, H,= (5)
¥5 5(1+u)

Regarding n as small and expanding the function H
in powers of n? to an accuracy of order n?, we obtain

H(m’ n, e, P')=Hl(m: “’) +n3H3(m: €, [L)+0(n’), (6)
where
2 3 &
Ho(mp——t SR AR Q)
4(14p)  5V5m(1+p) 25m?
6R,*Q 16R," ————
H,(m,e, )——+—————e2—-———YQ(1 —Q¥e
« T s e
LR R v ®
25m* 5Y5m*(1+pu) 1+p

It will readily be seen that Hy(m, 1) = Hy(m,, 1),
and in H, we may set m =m,. We now have to make use
of the fact that the critical state corresponds to the point
where there exist two coalescent roots of the equation
Hy(my, e, 1) = 0 with respect to argument e. Solving this
equation subject to the condition (8H./0€)mem=0 s W€
obtain the required critical value of Q:

g (wy= ]/ 1— A2 (Bt )"

486 (1+u) ©)

According to Eq. (9), if ¢ > 1/2 the disk will be linearly
" stable against nonradial oscillations for arbitrary Q. In

the case p =0 we arrive at the standard result Q* =

vi25/486. If p > 0 we will have Q' (u)>Q"(0).

3. Now let us see whether Eq. (9) holds true for
oscillations of large amplitude. For this purpose it is
convenient to begin the analysis with the inequality (34)
of our previous paper.® In the halo case this relation will

take the form (
R} 1—Q? 21 o?
H-Hz—- | —— (19— =g —— 201902+
° 125m2[ 1—a ( T 19) 64Q'a+190 1]
P 1—-2u) R,? + 2
_ P | U-2nR: L pUtam o (10)
(Itpm  5(1+p) 4(1+p)
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an expression which is obtained from the inequality (4)
above by minimizing with respect to £{. In the relation
(10), @ =n¥m? (0 < @ < 1) and

(4+p)mw, 4303'5 dg
M 5Y5x (1+q)7q(1 e) (1)

1_ 2
oma(22LY'.
1+g¢
First we shall show that if the disk is in weak rota-
tion, with © < vi25/486, then the halo will act as a sta-
bilizing factor whatever the amplitude of the oscillations.

That is to say, the part of the expression II responsible
for the presence of the halo,

P(a)y=—

11 [ Pla)+ (Ha) e 5 ] a2

will be positive for arbitrary a=[0, 1] . In fact, the
bracketed quantity in the expression (12) is a monotoni-
cally increases function of « and its smallest value corre-
sponds to the point a = 0, so that we will have

4R  m* 3RS 2R\ 1 R,
o el
5¥sm 4 5

— —+ —__.—) > Q0.
V5 4 V5m

Because of the halo the value of @ may now increase
to 1. According to Eq. (9), in the case p=1/2 we can
have a disk rotating at the maximum possible angular
velocity, @ =1. Let us test the behavior of nonlinear
oscillations in this case. The expression (10) for II will
become

4R, 2 (1+a)
———P + 2, 13
T(m, @) = == (25—16a) (@) S m 13)
We readily see that d°P/da*>0, 6°I1/da*<0 for any

a={0, 1] ; that is the function II(m, @) will be convex
with respect to «. It therefore suffices to determine the
signs of II(m, o) at the points ¢ =0 and ¢ =1, For a =0,
the quantity

4R} 8R,? m?

H(m, O)—'—————_—+—-
25m*  15¥5m 12
2 2
=(m—-—-2R°) ( L, B LB )>o. (14)
¥5 12 3¥5m  5m?

When o =1, we find

P(1)= 2R, j'

— =400, II(m,1)=—oo, (15)
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FIG. 1, Critical value Q* of the
angula rotational velocity as a
function of the parameter p = & /U,
The domain of nonlinear instability
is shaded; the dashed curve represents
the Q *(u) branch inthe nonlinear
case,
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