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ABSTRACT 

It is demonstrated that the spread in apparent magnitudes of RR Lyrae stars in M3 and in u 
Cen is real; the observed scatter in their apparent luminosities correlates with residuals in their 
periods as Awboi = 3A log P, where A log P is determined from either the period-temperature 
or the period-amplitude relation. As there is no systematic deviation of the abnormally bright 
or faint variables from the ridge lines of the amplitude-temperature relation in either cluster, it 
follows that amplitude is a unique function of depth of penetration into the instability strip. 
Observations show that amplitude is largest near the blue edge. Combining this A = g(Te) rela- 
tion with the correlation of magnitude and period residuals requires the existence of a period- 
luminosity-amplitude relation. This function, as it is known for M3, should permit absolute magni- 
tudes of any RR Lyrae star, pulsating in the fundamental mode, to be determined relative to 
those in M3, once only its period and amplitude are known. 
Subject headings: stars : RR Lyrae — stars : vai 

I. INTRODUCTION 

One explanation for the observed differences in the 
period distributions of RR Lyrae stars among globular 
clusters in the different Oosterhoff (1939, 1944) groups 
is that variables in clusters of the long-period group 
have brighter absolute magnitudes than those in the 
short (Sandage 1958). Evidence for this possibility is 
that (1) at any given temperature, the periods of 
RR Lyrae stars in M15 are longer than those in M3 by 
a well-determined period shift, (2) the same shift is 
required to make the period-amplitude relations of the 
two clusters coincide, and (3) no shift is required to 
make the amplitude-temperature correlations coincide. 
The data and conclusions are discussed by Sandage, 
Katern, and Sandage (1981, hereafter SKS), where it is 
shown that the observed correlations can be under- 
stood if (1) amplitude is a unique monotonie function 
of temperature within the instability strip, and (2) the 
variables in M15 are ~0.2 mag brighter than those in 
M3, provided that the stellar mass at a given period is 
the same in both clusters. 

However, the argument for luminosity differences 
between the M3 and M15 horizontal branches (HB) is 
not a direct proof, because SKS reached their conclusion 
by inference, using P(p)1/2 = Q with an assumed con- 
stant mass. As no adequately reliable measurement of 
HB absolute luminosities of the clusters is directly 
available,1 it is desirable to find a more straightforward 

1 The machinery (Eggen and Sandage 1959, 1962) of fitting the 
observed M3 and M15 dwarfs, corrected for blanketing, to a set 
of evolved fiducial main sequences with different zero points to 
account for different metallicities and helium abundances (Sand- 
age and Eggen 1959,1969) is simply too uncertain at the necessary 
level of ±0.2 mag to measure the HB luminosities of M3 and M15 
directly. A recent variation of these methods by Carney (1980) 
has given results similar to those derived previously (Sandage 
1970)—results that contradict the Oosterhoff period requirement 
and are therefore suspect. 

way to demonstrate the case that longer periods signal 
brighter absolute magnitudes either at constant tem- 
perature or, equivalently, at constant amplitude. It is 
shown in this Letter that such a direct proof follows by 
noting that the observed spread in luminosity of vari- 
ables in M3 and in co Cen correlates with their observed 
spread in period, individually. The advantage of the 
present demonstration is that the model is now applied 
to variables in a given cluster where the differences in 
absolute magnitude among the variables are observed 
directly. 

II. THE MODEL 

A schematic of the main features of the model, ap- 
plied to stars that vibrate in the fundamental mode, is 
shown in Figure 1. The lower diagram is a segment of 
the H-R diagram with the boundaries of the ab in- 
stability strip (assumed to be vertical) and the loci of 
constant period shown. From P(p)1/2 = Q with sensibly 
constant mass, the periods stand as Pi > Pj because 
brighter stars at a given temperature have larger radii 
and, hence, have the lower mean densities. A portion 
of the zero-age horizontal branch (ZAHB) of a par- 
ticular cluster is shown in black, with a typical variable 
j drawn as an open circle on its period line Pj. 

Suppose now that an intrinsic dispersion in lumi- 
nosity exists among the variables in the cluster, pre- 
sumably owing to evolution. One such brighter variable 
i is shown, assumed here to be at the same temperature 
as variable j. 

The upper panel shows amplitude as a function of 
position in the strip, going to zero at both boundaries 
but peaking close to the blue boundary as observed 
(SKS, and Fig. 4 discussed later here). From these ob- 
servations, amplitude is a function only of Te, hence 
Ai = Aj. 

Note other properties of the model. The bulk of the 
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Fig. 1.—(a) Schematic representation of amplitude as a func- 
tion of Te. (b) Model for the instability strip of the H-R diagram 
showing lines of constant period and a typical zero-age horizontal 
branch. A nonevolved variable j and a brighter variable i, as- 
sumed to be at the same temperature TV, are shown on their 
period lines Pi and Pj. 

variables are assumed to lie within the narrow confines 
of the ZAHB. Hence, there will be a very narrow period- 
color relation, defined by the intersection of the period 
lines with the ZAHB at various temperatures. For an 
infinitely narrow HB, the dispersion in the period-color 
correlation would be zero (assuming constant mass). 
But consider variable i at the same temperature as j. 
This star, with its abnormally long period Pi, will stand 
off both the mean period-color and period-amplitude 
relations defined by the majority of the variables on 
the ZAHB, but because Ai = Aj and Te

i = TV', will 
not deviate in the color-amplitude relation. 

Consider now the model quantitatively. Calculations 
by van Albada and Baker (1971), Iben and Huchra 
(1972), and Stellingwerf (1975) give nearly identical 
results for the variation of the pulsation parameter Q 
with mass, luminosity, and temperature for a wide 
variety of compositions. The relation of van Albada 
and Baker (1971) is 

log P = -0.34 Mboi - 0.68 log M/M0 

— 3.48 log Te + const., (1) 

for the fundamental period. The coefficients of the 
luminosity, mass, and temperature terms differ from 
— 0.30, —0.50, and —3.0 that would follow from 
P(p)1/2 = Q iî Q were strictly constant, using (p) ~ 
M/Rz, and L ^ R2Te

4. The reason is that Q is a slow 
function of L, M, and Te, according to the cited cal- 
culations. 

Consider first the case where the mass of all RR 
Lyrae stars is constant, independent of L, Te, and com- 

position. The lines of constant period, such as drawn 
in Figure 1 in the (wboi, log re)-plane, have the equa- 
tion 

Mboi = —3.00 log P — 10.24 log Te + const. (2) 

Hence variables in an assembly whose periods deviate 
from the mean period-color relation by A log P should 
also deviate in absolute magnitude by AMboi = — 3A 
log P, in the sense that longer periods require brighter 
absolute magnitudes. 

To what extent do mass variations cloud this con- 
clusion? Calculations (cf., Iben and Rood 1970; 
Sweigart and Gross 1976, and references therein) re- 
quire mass loss to be a free (variable) parameter for red 
giants at the He flash, so that the HB can be subse- 
quently populated throughout its large observed tem- 
perature range. However, the models admit only a tiny 
mass range of at most A log M « 0.03 within the 
RR Lyrae instability strip (see Fig. 1 of Sweigart and 
Gross, at, say, log Te = 3.83). From equation (1), these 
variations give a nearly negligible contribution to A log 
P compared with A log P — 0.06 that is often observed. 

More serious is a possible variation of M/MQ for 
ZAHB variables at a fixed Te as [Fe/H] is varied; higher 
mass is predicted at fixed Te for lower [Fe/H] (see 
Caloi, Castellani, and Tornambè 1978, Figs. 9 and 10), 
but the sense of the dependence requires an even 
greater AMboi difference between M3 and M15 than 
given by equation (2) (SKS, § VI). Furthermore, this 
predicted mass-metallicity effect is not detected using 
the a? Cen variables of different metallicity and, hence, 
may not in fact be a problem. 

III. THE OBSERVATIONS 

Detailed photometry exists for variables in M3 
(Roberts and Sandage 1955; Sandage 19816, hereafter 
Paper II) and in co Cen (Butler, Dickens, and Epps 
1978). The instability strip in Wboi, log Te is shown in 
Figure 2, based on a temperature scale of Bell, quoted 
by Butler et at. 

The variables show a dispersion in Wboi with a range2 

of 0.85 mag in co Cen and 0.30 mag in M3. Most of the 
dispersion is real, shown by noting that all the brighter 
stars have longer periods than fainter stars of the same 
temperature. The data and proof via the period- 
temperature relation are given elsewhere (Paper II). 
We give here a parallel proof using the period-amplitude 
relation which is equivalent to that using equation (2), 
since amplitude is a function of temperature alone. 

The left panels of Figure 3 give the observed period- 
amplitude relations for co Cen and M3, respectively. 
Note that the stars in Figure 2 which deviate in lumi- 
nosity from the mean also deviate in period at a given 
amplitude. The sense is that required by the model; 
bright stars have longer periods. 

2 The large difference in the ranges is believed to be due to 
different directions of travel along evolutionary tracks from the 
ZAHB for co Cen and M3 (see Sweigart and Gross 1976, Fig. 2, 
for an illustrative example). Such a difference is also suspected 
from the color overlap between the c and ab variables in co Cen 
and its lack in M3 (SKS). 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
8l

A
pJ

. 
. .

2 
4 4

L.
 .

23
3 

I i I i I  
3.88 3.84 3.80 

LOG T® 

Fig. 2.—The observed (wboi, log re)-diagrams for co Cen and M3. Particular bright and faint variables are identified. Type c RR Lyrae 
stars are filled circles; ah variables are crosses. Temperatures are on the scale by Roger Bell. Data for variables in co Cen are by Butler, 
Dickens, and Epps (1978). Those for M3 are from Roberts and Sandage (1955) and Sandage (19816). 

Fig. 3.—Observed period-amplitude relations for co Cen and M3 in panels (a) and (c). The correlations using the reduced periods log 
P + 0.336Awboi are in panels (6) and (d). The specific bright and faint stars marked in Fig. 2 are also marked here. 
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The expected period-luminosity-amplitude (P-L-A) 
relation for constant mass now follows by substituting 
the supposed Te = f(A) relation into equation (1) to 
obtain 

log P + 0.34Mboi = g(A) + const. (3) 

The test that such a relation exists is for the scatter in 
Figures 3a and 3c to decrease if the data are plotted 
with log P + 0.34wboi as the abscissa. Figures 3b and 
3d, so plotted, show a marked reduction in scatter; 
the remaining deviations are now of the order of the 
observational errors alone of ±0.1 mag for A b and 
~±0.1 mag for Wboi- 

We now again test the requirement that amplitude 
and temperature are uniquely related by plotting the 
color-amplitude relation for M3 in Figure 4. The stars 
that deviate most in Figures 2 and 3, also marked in 
Figure 4, show no deviation from the mean, proving 
that is not a function of L. Furthermore, as shown 
by SKS (their Fig. 11) for M3 and M15, and now for 
co Cen itself (Fig. 3b), where stars of different metallic- 
ities are plotted), the amplitude-temperature relations 
coincide for all stars, despite their large differences in 
[Fe/H]. Hence, ^ is neither a function of L or of 

Fig. 4.—Amplitude-temperature relation for M3. Stars that 
deviate in Mboi in Fig. 2 are marked here. No deviation of these 
stars occurs in this diagram. 

[Fe/H] at a given Te but, to the accuracy of the present 
data, depends principally on Te alone. 

IV. APPLICATION AND USES OF THE P-L-A RELATION 

There is no need to parametrize the g(A) relation of 
equation (3) so as to give the P-L-A relation analyti- 
cally. The graphical representation of Figure 3d for M3 
contains the total information. 

Equation (3) can be used to obtain the absolute mag- 
nitude of any RR Lyrae star with known P and Ab, as 
follows. (1) Adopt the M3 P, fttboh Ab relation in 
Figure 3d as fiducial. (2) For any given RR Lyrae, the 
deviation A log P is read directly from this diagram 
relative to the mean M3 line, at a given Ab- (3) From 
equation (3), the difference in absolute magnitude of 
this star from those of the same temperature in M3 is 
AMboi = 3A log P, in the sense that stars of longer 
period than the fiducial relation are brighter than the 
variables in M3. 

Two uses of individual absolute magnitudes for field 
RR Lyrae stars can be mentioned. (1) Reduction of 
the proper motion of any given variable to a common 
distance can now be made with an accuracy of ^±0.1 
mag. This should improve the homogeneity of the data 
for statistical parallax solutions and, hence, improve 
the zero point of Mbo\ for M3, leading most directly to 
the age of the globular cluster system. (2) It is known 
that Mboi of variables near the ZAHBs of a large sample 
of globular clusters is very tightly correlated with 
[Fe/H] (Fig. 4, Sandage 1981a, c, hereafter Paper III). 
Therefore, metallicities of most individual field RR 
Lyrae stars (except the few that are far evolved from 
their ZAHB) can perhaps be obtained knowing only 
their period and amplitude via equation (3). Hence, we 
may be able to study the chemical gradient in the high 
galactic halo directly from the RR Lyrae (P, Ab) pairs 
alone3 for very faint variables. 

3 The correlation of MboiHB with [Fe/H] for the system of 
galactic globular clusters has a different and more fundamental 
reason than the lack of such correlation in a given cluster, such 
as co Cen (§111). The cluster-to-cluster correlation is explained 
by a solution to the Oosterhoff problem developed in Paper III 
(which in outline is that: [1] all clusters are nearly the same age; 
[2] given different [Fe/H] values, Lto must differ according to the 
stellar models and, because AAfboi (TO — HB) =3.5 for all 
clusters regardless of metallicity, Lhb must also differ in the way 
that makes AfboiHB brighter for low-metallicity clusters; hence 
such clusters will have longer periods for their variables). The dis- 
persion of Mho\ within a given cluster is due to the much simpler 
cause of evolution itself from its particular ZAHB, and this 
AMboi is not correlated with [Fe/H]. 
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