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The requirement that a galaxy be stable against two main types of perturbation—barlike disturbances in
the plane of the galaxy and bending of that plane—imposes strong constraints on the admissible mass of
the halo, which is confined to the narrow range 1.0-2.5 < M,,,./Mg,, < 3-4. Some possible explanations
for the noncoplanar structure in the central regions of galaxies are mentioned.

PACS numbers: 98.50.Eb

1. INTRODUC TION

I the velocity distribution of the stars in a system is
sufficiently anisotropic, a hose-pipe instability can occur,
causing the plane of symmetry of the stellar system to
bend.!»? We have pointed out in a previous letter?® that the
presence of an extended halo should increase the velocity
dispersion of the stars in the plane and thereby exert a
destabilizing influence on the system. The question arises,
then, of determining an upper limit My max on the mass of
the halo such that the system will still be stable. A lower
limit on the halo mass is set by the condition that the sys-
tem be stable against barlike perturbations.*8 Ogtriker
and Peebles’ estimate this limit as Mh min = (1.0-2.5) Mg,
where My is the mass of the disk component. Thus a sta-
ble stellar system may have a halo whose mass is con-
fined to the range Mp min € Mh € Mp max-

Our primary aim in this paper is to estimate Mh max®

but the results we shall obtain may have other apphcations
as well. Let us briefly mention some of them.

At the present time the chief problem concerning the
spiral structure of galaxies is generally conceded to be
posed by the source that generates the density waves.?
One promising mechanism for exciting these waves is
thought to be a standing barlike wave at the center of the
galaxy. However, excitation of the barlike mode is itself
impeded by the presence of a large spherical subsystem
acting like a massive halo around the flat component. The
departures from circular rotational velocity observed in
the cenfral parts of galaxies are probably associated with
bending of the flat subsystem.,

As another application, one is able to estimate the
maximum flattening of elliptical (weakly rotating) galaxies
from the criterion of stability against bending and barlike
distortion: c/a 30.3.

In Sec. 2 we shall analyze the stability of bending os-
cillations for a model homogeneous stellar ellipsoid with
a spherical halo. The degree to which our stability cri-
teria are of universal application will be considered in
Sec. 3, where we also generalize the Ostriker —Peebles
criterion’ for stability of a disk against barlike perturba-
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tions to the case of systems of finite thickness. The results
obtained are discussed in Sec. 4. In an Appendix we derive
equations for the membrane oscillations of a collisionless
disk. )

2. STABILITY OF BENDING OSCILLATIONS FOR
ELLIPSOID WITH HALO

Let us model a galaxy as a spheroid with semiaxes a
and ¢, homogeneous in density, composed of stars, and
embedded in an extended halo, also homogeneous, and
spherical in shape. The gravitational potential within a
spheroid is expressed by ®,=!/,Q*(z*+y*) +'/,0.’2*>. It con-
sists of the potential of the halo and of the spheroid itself:
QL=GM\/a’+QF, o’=GMy/a’+os, where G is the gravita-
tional constant; Q4% wq® depend on the density of the ellip-
soid and the lengths of its semiaxes (explicit equations for
them may be found, for example, in the recent book by
Fridman and one of us?. ’

The moments of the distribution function — quantities
that we are hopeful of evaluating = take the form

=t (1) (A-Pla =), (o Ba) =7, B=0r,
v_zstlzmozc:(i'_rz/az_zz/cz) . )

The parameter Y here denotes the ratio of the angular
velocity of the centroid to the circular velocity (2 =< 1); r,
@, z are cylindrical coordinates; and a bar represents an
average over the distribution function.

We shall confine attention to three modes ($; denotes
the perturbation in the potential):

a. The dome mode m =0:

®,=z(az*+br*+d). 2)
b. The mode m = 1:

O, =z (2+iy) (ar*+bs?). 3)
c. The saddle mode m = 2:

®,=az(ztiy)z 4)

The names "dome" and "saddle” allude to the shape of the
perturbation in the plane of symmetry of the ellipsoid. The
coefficients @, b, d depend on time alone, as e-lwt,
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FIG. 2. Regions of instability in the
(ug, uy) plane for the saddle mode.
Instability occurs in the domain be-
tween the line uy + uy = 0.5 and the
curves representing selected halo mas-
ses Mp = pMd.
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These modes are of interest primarily because they
are the ones of largest scale and, as a rule, should there-
fore by the most "hazardous™ from the standpoint of loss
of stability. Furthermore, it is natural to expect that the
behavior of such large-scale modes as these, involving the
system as a whole, will be governed by a small number of
"slobal®™ system parameters. Hence the results we shall
obtain from analysis of the simplest homogeneous models
should not change too much if we turn to other, more com-
plicated models. This contention is supported, for exam-
ple, by the universality of the criterion for stability of flat
galaxies against barlike perturbations.” On the other hand,
an investigation of the stability against the modes men-
tioned above does not demand a specific distribution func-
tion for the system; it suffices to know the values of the
moments (1). For the homogeneous ellipsoids we are.con-
sidering, the expressions for the moments (1) willbe deter-
mined uniquely if we merely assume that the velocity dis-
persion in the plane of rotation is isotropic. This assump-
tion will in any event hold for systems with nearly circu-
lar orbits.%®

We shall follow the standard technique of stability
analysis.®»!® From the equations for the Lagrangian dis-
placements X, Y, Z, we first express these quantities in
terms of the perturbed potential &;. We then calculate the
density perturbation p; and the normal displacement of the
boundary. Upon solving Poisson's equation and comparing
the resulting potential with the initial potentials (2)-(4), we
arrive at a system of equations linear in the coefficients
that occur in the potential. By setting the determinant of
this system equal to zero we obtain the dispersion rela-
tion we require.
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The dispersion equations? for the modes (2)-(4) have
been solved numerically. The results are plotted? in
Figs. 1 and 2.

In Figs. la-c the abscissa is the flattening c/a of the
spheroid, and the ordinate is the quantity, ,?, which describes
the contribution of centrifugal forces to the equilibrium.
The quantity 1-v%is proportional to the velocity dispersion °
of the stars in the plane of rotation. The various curves in
Fig. 1 correspond to selected values of the parameter u =
Mp /M4, the ratio of the halo mass to the spheroid mass. It
is evident from Figs. la-c that in the disk limit each of the
modes will be unstable if the stellar velocity dispersion is
large enough. As the thickness of the spheroid increases
the region of instability first grows, that is, increasingly
"cool" systems become unstable; but then the instability
disappears rather quickly. The most significant effect is
the dependence of the limits of the instability region on the
mass of the halo: if the halo is sufficiently massive, sys-
tems with a small velocity dispersion in their plane may
become unstable. Here we see the destabilizing influence
of the halo. )

The curves drop off sharply for a thickness ¢ atwhich,
in the homogeneous model we have used, resonances occur
between the oscillation frequencies of the stars with
respect fo z and in the plane of rotation (x, y). Modes
m =0 and m = 2 have a resonance wy = 2§, while mode
m = 1 has a resonance wy = 3Q. It is, of course, the ideal-
ization of the model that makes the influence of thesereso-
nances so strong. For actual differentially rotating sys-
tems the curves will be smoother.

As Figs. la-c demonstrate, the saddle mode m = 2 is
not affected so much by the resonance. But this is the very
mode that has the largest region of instability with respect
to ¥%. We also observe that as the halo mass grows the
region of instability with respect to the parameter c/az be-
comes narrower; that is, only highly flattened systems will
be unstable. For the mode m = 2, however, even if the halo
is very massive (M, ~ 13Mg) the ellipsoid will remain un-
stable for axial ratios up to c/a ~ /15, a typical thickness
for the flat component of a spiral galaxy. Thus the saddle
mode stands out among the other membrane-type modes.
One will recall that a similar situation arises’ for pertur-
bations that do not bend the plane of symmetry: in such
cases as well the barlike mode m = 2 is distinguished.
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3. UNIVERSALITY OF STABILITY CRITERIA FOR
LARGE-SCALE MODES

In order to apply the results we have obtained to real
systems, it is convenient to represent them in a more uni-
versal form, one that does not depend on the special prop-
erties of the model. For this purpose we introduce the
parameters

=U/W, u~=UyJW, u,=UJW, t=T/W, (5)
where Ur,p,z denote the kinetic energy of random stellar
motion along the r, ¢, z axes, respectively; T is the rota—
tional energy of the galaxy; and W= [Wg| + 2U, represents
its potential energy, with Wy the interaction energy of the
. member stars among one another and U, the energy for
interaction of the stars with the halo. For a homogeneous

spherical halo, U,=— J.pdg;. (r*+2*)dV, the integration ex-

tending over the volume of the galaxy; py denotes the star
density. The virial theorem implies that

2(UAUAUAT) =|W,|+2U,, ©)
so that
utugtu =", o

For our model the parameters Ur 0,z and t are uniquely
related to the quantities p, c/z, ¥ and we can outline the
instability zone in the (uy, uz) plane, where uy = ur + Up =
2uy (see Fig, 2).

As a basis for subsequent application of our criteria

to real systems, we shall take the hypothesis that the limits:

of stability of a galaxy in the variables uy, u; depend only
on the parameter p = My/Mg and just weakly on the model.
As mentioned above, Ostriker and Peebles’ have made a
similar claim for the barlike mode. They give arguments
indicating that the barlike mode will be excited if t > top =
0.14 + 0.03, and they regard the quantity t,y as conserved
despite variations in the rotation curve and the halo mass.
We have tested this hypothesis for the model described in
Sec. 2, and we find that the proposed criterion remains
valid only in the disk limit. The dependence on the halo
mass is fairly strong, so that the uncertainty extends
beyond the limits indicated above.

We are, however, able to formulate a criterion for
excitation of the barlike mode for a system of arbitrary
thickness, although admittedly we no longer have univer-
sality with respect to halo mass:

o B (1) u<oter (1), : ®)
where o (n)=0.25 [1—(4—a)*/27a*] with a="/./(1+4p/3n).
Here g depends not on the flattening but on the mass of the
‘halo. For selected values of u we find S(0) = 0.69 = 0.01,
B(0.2) = 0.93 = 0.03, B(0.4) = 1.26 = 0.07. The criterion (8)
agrees with the Ostriker —Peebles criterion for ¢ = uy =
i = 0; in particular, we may infer that the model becomes
stable (even for a disk of zero thickness) if p ~ 1.1. For
an axial ratio c/a ® 1/20 the model will be stable if p > 1.0.

We turn now to the bending perturbations. Instability
criteria analogous to the condition (8) may here be formu-~
lated only in the case of the dome mode m =0:

i/zu_l_’i'ﬁ(p.) u,>acr(p,) . (9)
We can obtain the quantity oy () from the disk limit of the
dispersion relation, derived in the Appendix:

(0—mYQ)*=Q.2 (4T,"—2) ~1/,Q* (1—y*) x
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x[ 2ntm—1) Cntm)—m*—2]+Q:2, (10)
where Qn?= GMp/a®; the rp™ are expressed by Eq. (A16).
The dome mode corresponds to m = 0,n=2, For this
mode Eq. (10) gives o ="/,Q,—"/;(1—1*)Q*+Q:* and for
%e:="/.(1—7%) we obtain

ter="110(1+8p/15%) | (1+4p/3). a

In the case of the modes m =1 and m = 2, the criteria
cannot be written as a simple linear dependence on uy,
uy. A dependence of this type holds approximately only in

- the range of small u,.

To confirm our hypothesis that the stability criteria
are universal, we have investigated on a computer the sta-
bility of a disk with various rotation curves for the case
of the domelike mode. In the first model consxdered, the
disk has a surface density of the form!!

=M/ (22R") Z BUER, t12)

Rexi
where e=Y1—r%/R%, M and R denote the mass and radius of
the disk, and
5™ =(2n+1)/(2n—1),
(n)

b =[4(k—1) (n—k+1)/ (2k—1) (2n—2k—1) b,
The disk has an angular rotational velocity © such that

2 + M —
n+1 :n;G TG gy,
4n

where ‘y2 = 1 is defined as in Sec. 2. In the case n=1 this
model coincides with the model we have discussed above,
in which the criterion for instability with respect to the
dome mode takes the form u,='/,(1—y*)>%s or t <t =
0.125. We find that for n < 7,

Q(r)= 43

0.101<t.,<0.125. (14)
For the second model,!?

6=0, exp (—ar), (15)

Q*(r) =y*nGowa[I,(or/2) K, (ar/2) —I, (ar/2) K, (ar/2)],  (16)

where the I, K, are the corresponding cylindrical func—
tions. In this case the domelike mode becomes unstable
for

1<t =0.120. an

We see, then, that tor (or ugy) proves to be approximately
the same for models that differ very greatly.

4. DISCUSSION

Let us apply the results above to estimate an upper
limit on the mass of the halo. Setting c/az =~ 0.05-0.1,
(v,?)"=~35 km/sec, V = Qr ~ 200 km/sec, and taking as an
estimate (1—v°) = (1—6) v.*/V?~ (0.03--0.18), we find v* ~ 0.82-
0.97. Figure 1 shows that for such values of ¥* and ¢ in-
stability will set in if p = 3~4. For larger values of the
halo mass, the disk of the galaxy will become unstable.

Evidently, then, bending and barlike perturbations can
simultaneously be stabilized only if the halo has a mass
confined to a rather narrow interval. Adopting as a lower
limit’ a value My, ~ (1-2.5) Mgy, we obtain for the range of
admissible halo masses

(1.0—2.5) <M/ Mo< (3—4). (18)

One should recognize, however, as pointed out in Sec. 2,
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that if the halo mass considerably exceeds the upper limit
(18), the galaxy can still be stabilized by virtue of its fi-
nite thickness, For the same reason increasingly short-
wavelength menibrane modes will rapidly become stabil-
ized when finite flattening is taken into account.

The estimate we have obtained for the halo mass is a
consequence of the hypothesis that the Galaxy is stable
against bending. We know that the galactic plane is curved.
Following Hunter and Toomre,!! we may conjecture that
the curvature has nothing to do with instability but is
caused by the influence of the Magellanic Clouds. How-
ever, there is an alternative point of view: the warp might
represent a late phase in the development of unstable mem-
brane perturbations. In this event we would be confronted
with a nonlinear problem for determining the level to which
this instability has been stabilized and comparing thatlevel
with the observations.

For elliptical galaxies in which the rotation is weak,
we can use the criterion for stability against bending to
determine the maximum flattening c/z. If the halo mass is
zero, this value (see Fig. 1a) will be of order c/a ~ 0.3.
We obtain roughly the same estimate from the condition of
stability against the barlike mode.!3 As the mass M, in-
creases the lower limit on c/a will diminish.

APPENDIX: DERIVATION OF EQUATIONS FOR
MEMBRANE OSCILLATIONS OF AN INFINITELY THIN
COLLISIONLESS DISK

For a thin disk we may take the perturbed potential in
the form [r = (x, y), V= (vg, Vy)]

®,=a(r, t)z. (A1)
Let Z(v, r, t) denote the Lagrangian displacements of stars
in the middle of the plane z = 0. For simplicity we shall
regard the undisturbed potential in the plane z = 0 as quad-
ratic inr; thus &;= Qor¥2 [a generalization can readily
be made to the case of arbitrary &,(r)]. We then have for
Z the equation??!?

(D*+0¢?) Z=—00,/d2=—a, (42)
where w, denotes the frequency of vertical oscillation of

stars in the undisturbed state and
D—0/3t+v3/or—Qurd/ov. (A3)

In view of the small thickness of the disk, wy? > Q?, and
the solution of Eq. (A2) may be written in the form

1 Dy .
zZ=- ( 1- ) a.
@o? o2
A
For D% we easily obtain

D2a=[(8/9t +va/or)*—~Qy?rd/or]a.
Averaging the expression (A4) with the stellar dis-

(Ad)

(A5)

tribution function fy(r, v), which in turn is obtained by aver-

aging the distribution function fy(r, v, z, vz) of the ellip-
soid with respect to z, v,], we find
a } (A6)

a 1 a — 8 \* Py 0% a
- —+V—) +— —(Qo*—Q) 2z —
@o? ot 0 0z;0z dz;

Z=

where the "pressure” tensor

Py = j Fovi'va' dv', (A7)

v =¥(r) + v', ¥{r) denotes the velocity of the centroid, v(r) =

v, () = gr, and v' represents the peculiar velocities of the
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stars. Sums are to be taken over repeated indices; i, k =
1,2; andx; =X, X=Y.
The condition of equilibrium in the plane of rotation
gives
aprr
+

or r

Substituting Q,2=0? from Eq. (A8) into Eq. (A6), we obtain
the final expression

(A8B)

PP, a0 )
(") ——9 ( a“_gzr)=_ar(902_92).
r

Z= ! {a— 1 [(_?_+;i)za+.i_ip“ﬂ_ } (A9)
W2 o2 at ar g 0x; Oxy
We solve Eq. (A9) for a to obiain ‘ )
a4 _ 0 ‘
a=mo=Z+(—+v——)zZ+iLP.—a£- (A10)
at ar o Odz; Oz
On the other hand, Poisson's equation gives
a(r)=mozz+pgr (), (A11)
wherel!
(M) [Z(r") - Z(r)]
F _()=6 [{ar ———
@ _{ j e (A12)

From Eqs. (A1l) and (A12) we obtain the equation we
require for the vertical displacements h = Z of the disk:

0 NP 1 9 oh (A13)
( —+ vV) h—Fgr b~ ——— (p“?;) )
Equation (A13) will take a form of this type for a disk with
an arbitrary rotation law.

The dispersion relation is readily derived for Mac-
laurin disks with a distribution function

for= —— [(1—1®) (1-r%/R?) — v?] 7", (A14)
2ny1—72
It has the form?®!
(0= mYQ0) 2= Qe (4Tw—2—1/s(1—1?) [ @n+m) (2n + m—1) —m2—2]}.  (A15)
The eigenfunctions are here given by
1 n —
h(r)= —E-Pzn+m—1(i)e‘"‘°; E =Y1-r*/R?,
—_— 2r—1)!1(2n+2m—1)! (A16)

T2t [ (n ) (b m—1)1]2
Equation (A15) can be generalized to the case of super-
posed Maclaurin disks: 9

' )

fo= [ 4oy av, (117

-1

where f('w denotes the function fyy expressed in an inertial

reference frame (the equations given previouslyz’“' con-
tain errors):
(@ —myQo) 2={4I’,,’"—2—’/;(i—'{;) [2r+m—1) (2rn+m) + m?—2]
(A18)

—m? (=)} Qot,
with
1
"= _[A (ny"dr.
There is a trivial generalization to the case of a disk
with a halo:
(m_mvgo)z=gd’(4[‘,""_2)'_!/3902{(1_7—2) (A19)
x [ (2nt+m—1) 2rn+m) —m*—2] ——mz(F—vz)}+Qh‘,
where Q¢ = 04° + Qn’.

DThese equations are rather cumbersome and will not be given explicitly
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