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I. INTRODUCTION 

The interpretation of most pulsating X-ray sources 
as accreting neutron stars, based on the qualitative 
features of their spectra and their secular spin-up 
rates, is now relatively secure. The period changes 
observed in these sources are of some importance 
because they offer the possibility of a direct, quanti- 
tative comparison of theoretical predictions with 
accurate observations. Furthermore, an understanding 
of this phenomenon would provide an important tool 
for exploring other outstanding problems, such as the 
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characteristics of mass transfer in binaries and the 
properties of neutron stars. Thus, for example, obser- 
vations of secular period changes probe the average 
circulation of the accreting plasma at the magneto- 
spheric boundary, the strength of the star’s dipole field, 
and the size of its moment of inertia, while measure- 
ments of short-term period fluctuations probe the 
stability of the accretion flow, the relative inertial 
moments of the crust and superfluid neutron core, and 
the frequencies of internal collective modes (Lamb 
1977; Lamb, Pines, and Shaham 1978a, b). 

This is the third in a series of papers in which we are 
developing a quantitative theory of accretion flows and 
period changes in pulsating X-ray sources. In the first 
paper (Ghosh, Lamb, and Pethick 1977, hereafter 
Paper I) we investigated the flow of accreting plasma 
and the configuration of the magnetic field inside the 
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ABSTRACT 
We use the solutions of the two-dimensional hydromagnetic equations obtained previously to 

calculate the torque on a magnetic neutron star accreting from a Keplerian disk. We find that the 
magnetic coupling between the star and the plasma outside the inner edge of the disk is appreciable. 
As a result of this coupling the spin-up torque on fast rotators is substantially less than that on 
slow rotators; for sufficiently high stellar angular velocities or sufficiently low accretion rates this 
coupling dominates that due to the plasma and the magnetic field at the inner edge of the disk, 
braking the star’s rotation even while accretion, and hence X-ray emission, continues. 

We apply these results to pulsating X-ray sources, and show that the observed secular spin-up 
rates of all the sources in which this rate has been measured can be accounted for quantitatively 
if one assumes that these sources are accreting from Keplerian disks and have magnetic moments 
~ 1029-1032 gauss cm3. The reduction of the torque on fast rotators provides a natural explanation 
of the spin-up rate of Her X-l, which is much below that expected for slow rotators. We show 
further that a simple relation between the secular spin-up rate — P and the quantity PL3/7 

adequately represents almost all the observational data, P and L being the pulse period and the 
luminosity of the source, respectively. This “universal” relation enables one to estimate any 
one of the parameters P, P, and L for a given source if the other two are known. We show that 
the short-term period fluctuations observed in Her X-l, Cen X-3, Vela X-l, and X Per can be 
accounted for quite naturally as consequences of torque variations caused by fluctuations in the 
mass transfer rate. We also indicate how the spin-down torque at low luminosities found here 
may account for the paradoxical existence of a large number of long-period sources with short 
spin-up time scales. Finally, we stress the need for a sequence of simultaneous period and 
luminosity measurements of each source. Such measurements would provide a direct check on 
our theory, as well as valuable information about both the spin evolution of pulsating sources 
and temporal variations in the mass transfer process in accreting X-ray binaries. 
Subject headings: hydromagnetics — stars: accretion — stars: magnetic — stars: neutron — 
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magnetosphere. There we showed that the early 
dimensional estimate (Pringle and Rees 1972; Lamb, 
Pethick, and Pines 1973) of the sign and magnitude 
of the torque on slowly rotating neutron stars is 
correct if the transition zone at the magnetospheric 
boundary is narrow and that in this case this same 
estimate is also approximately correct even for fast 
rotators. This result argued strongly that the transition 
zone is in fact broad, since otherwise the behavior of 
Her X-l, which almost certainly is accreting from a 
disk but has a secular spin-up rate ~ 40 times smaller 
than that predicted by the slow rotator estimate 
(Eisner and Lamb 1976), would be difficult to under- 
stand. Thus the results of Paper I underlined the 
importance of calculating the size and structure of the 
transition zone. 

In a second paper (Ghosh and Lamb 1979, hereafter 
Paper II) we investigated the interaction between the 
stellar magnetic field and the disk plasma at the 
magnetospheric boundary. We found that, due to 
growth of the Kelvin-Helmholtz instability, turbulent 
diffusion, and magnetic field reconnection, the 
magnetospheric field readily invades the disk over a 
broad region near its inner edge. Assuming a station- 
ary axisymmetric flow and treating the slippage of the 
stellar field lines through the disk plasma by an effec- 
tive conductivity, we obtained solutions to the two- 
dimensional hydromagnetic equations which describe 
the radial and vertical structure of the transition zone. 
These solutions show that the inner radius of the 
transition zone is located where the integrated stress 
of the stellar magnetic field becomes comparable to 
the integrated material stress of the disk plasma, while 
the outer radius is located where the electrical 
currents flowing in the transition zone screen the 
stellar magnetic field to zero. The transition zone 
itself is composed of two qualitatively different parts, 
a broad outer part where the angular velocity is 
Keplerian, and a narrow inner part where it departs 
significantly from the Keplerian value. 

In the present paper we use the accretion flow 
solutions obtained in Paper II to calculate the torque 
on the neutron star and discuss the implications for 
pulsating X-ray sources. In § II we describe the method 
we use to determine the accretion torque, discuss the 
results of this calculation, and compare our results 
with those of other workers, including Scharlemann 
(1978) and Ichimaru (1978). We discuss the general 
problem of interpreting period changes in pulsating 
X-ray sources in § III. In § IV we consider the limited 
evidence regarding accretion flow patterns which is 
provided by the relatively sparse period and X-ray 
flux measurements that have been made thus far, while 
in § V we estimate the dipole magnetic moments of 
nine pulsating X-ray sources by fitting the theoretical 
spin-up equation to estimates of the average lumin- 
osity and spin-up rate of each source. Accretion theory 
predicts that fluctuations in the mass accretion rate will 
cause fluctuations in both the accretion luminosity and 
the accretion torque. In §VI we show that torque 
variations that arise in this way can easily be large 
enough to account for the period wandering observed 

in the well-studied pulsating sources, if these sources 
are fed by disks. In § VII we consider the numerous 
long-period sources with relatively short spin-up times 
and describe how the existence of many such sources 
may be understood, given the braking torque found in 
the present calculations. Finally, in §VIII we sum- 
marize our results and point to a number of critical 
observations. A brief account of our results has been 
given previously in Ghosh and Lamb (1978a). 

II. THE ACCRETION TORQUE 

In this section, we use the two-dimensional flow 
solutions found in Paper II to calculate the accretion 
torque N acting on a magnetic neutron star accreting 
matter from a disk. First, we outline the method of 
calculation. Next, we explain the results in physical 
terms, describe the behavior of the torque as a function 
of the rotation period P, and the mass accretion rate 
tif, and discuss the generality of this behavior. Finally 
we compare our results with other work. 

a) Method of Calculation 

As in Paper II we assume that the stellar magnetic 
field is dipolar with moment ¡jl, and that the flow is 
steady and has axial symmetry everywhere. We 
generally use cylindrical coordinates (m, </>, z) centered 
on the neutron star and aligned with the stellar 
rotation axis, but sometimes also refer to the distance 
r = (m2 + z2)112 from the center of the star (note 
that in the disk plane, r = m). 

Figure 1 shows schematically the character of the 
flow solutions obtained in Paper II. Between the 
unperturbed accretion disk and the magnetosphere 
there is a broad transition zone where the stellar 
magnetic field threads the disk. This zone divides into 
two parts, a broad outer part stretching from the 
screening radius rs inward to r0, and a narrow inner 
part or boundary layer between r0 and the corotation 
radius rco, inside which plasma is forced to corotate 
with the star. The angular velocity is Keplerian out- 
side r0 but then falls sharply to the stellar angular 
velocity at rco. Matter flows from the disk plane 
toward the star along the bundle of magnetic field 
lines that thread the boundary layer. 

For steady accretion, the torque on the star is given 
by the integral of the angular momentum flux across 
any surface, S, enclosing the star. If the flow is also 
axisymmetric, this integral may be written in the form 
(Lamb 1977) 

AT = J ^ - pvpm2Q + m -MS, (1) 

which displays explicitly the various stresses that 
contribute to the total torque. Here p is the mass 
density, vp the poloidal velocity, and Ü the angular 
velocity of the plasma, and B# are the poloidal and 
azimuthal components of the magnetic field, rj is the 
effective dynamic viscosity, and n is a unit outward 
normal. The three terms on the right-hand side of 
equation (1) represent, in turn, the contributions of 
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Fig. 1.—Side view of the accretion flow and the surfaces used to evaluate eq. (1), showing the transition region, composed of a 
broad outer zone where the angular velocity is Keplerian and a narrow boundary layer where it departs significantly from the 
Keplerian value, and the region of magnetospheric flow. The width 8 = r0 — rco of the boundary layer is typically ~ 0.04ro (see 
text). Si is a cylindrical surface of radius r0 and height 2h while S2 is composed of two plane surfaces just above and below the disk 
and S3 comprises two hemispherical surfaces located at infinity. 

the material, magnetic, and viscous stresses to the 
accretion torque. We note that the relative sizes of 
these three contributions depend on the surface used 
to evaluate the integral. Ultimately, however, the 
angular momentum flux is carried entirely by the 
magnetic stress in the sense that the other two con- 
tributions to the torque are completely negligible 
compared to the magnetic torque if the integral is 
evaluated on a surface that lies close to the surface 
of the neutron star. 

In evaluating equation (1), it is convenient to choose 
the surface shown in Figure 1, which is composed of 
three parts: (1) a cylindrical surface S-l of height 2h 
located at the radius rQ that separates the boundary 
layer from the outer transition zone, (2) a surface Si 
consisting of two sheets running just above and 
below the disk from r0 to infinity, and (3) two hemi- 
spherical surfaces at infinity. Here h is the semi- 
thickness of the disk. The integral over S1 gives the 
torque Niri that is eventually communicated to the star 
by the magnetic field lines that thread the inner transi- 
tion zone, while the integral over S? gives the torque 
Août communicated by the magnetic field lines that 
thread the outer transition zone. The integral over S3 
vanishes. 

To an excellent approximation the torque Aln is 
given by the material stress on Su since the viscous 
stress on S1 is negligible by comparison (see §V of 
Paper II) while the magnetic stress has no component 
perpendicular to Si. Now the angular velocity of the 
plasma at r0 is closely Keplerian, by definition, so that 

Ain - -pvrr0
2Q.K(r0)-2'7Tr0>2h 

= M(GMr0)
112 = A0 , (2) 

where QK(0 = (GM/r3)112 is the Keplerian angular 
velocity at r in terms of the mass M of the neutron star. 
The torque Aout, on the other hand, is given by the 
magnetic stress on S2, since the material stress on S2 
is negligible (no matter crosses it) while the viscous 

stress has no component perpendicular to Thus 

Í (rB2BJ47T)dS. (3) 
Js2 

On combining contributions (2) and (3), one finds 
for the total torque on the star the result 

A= A0+ f8 y0(r)B2(r)r2dr , (4) 

where 

Vd) — —(B<i)/Bz)z=h = (BJB^z^ (5) 

is the average azimuthal pitch of the stellar magnetic 
field at the upper and lower surfaces of the disk and rs 
is the outer radius of the transition zone, beyond which 
the stellar field is screened to zero. Equation (4) can be 
evaluated by using the poloidal magnetic field Bz(r) 
given by equations (39)-(41) of Paper II and the 
azimuthal pitch, y^(r), given by equation (37) of that 
paper. The result is 

A = n(œs)N0 , (6) 

where the dimensionless accretion torque, 

n(ojs) = 1 + i(l - «O-1 

x £ b0Uy)(y-m - ^)y-31li0dy, (7) 

depends only on the fastness parameter (Eisner and 
Lamb 1977), 

œs = Qslo) > (8) 

and the dimensionless outer radius of the transition 
zone, ys = rs/r0. The function b0VLt(y) is the dimension- 
less poloidal magnetic field in the outer transition zone 
given by equation (40) of Paper II. 
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b) Results 

The dimensionless accretion torque n is primarily a 
function of the fastness parameter œs, a fact we have 
emphasized by explicitly displaying this dependence 
in equation (7). For slow rotators (oo? « 1), one has 
n(o)s) £ 1.4. For faster rotators spinning in the same 
direction as the disk flow, n decreases with increasing 
œs and vanishes at a certain critical fastness ouc; for 
lOg > ojC9 ft is negative and becomes increasingly so 
with increasing cus. Finally, for o)s greater than a 
certain maximum fastness a>max (typically #0.95) there 
are no stationary solutions to the two-dimensional 
flow equations of Paper II, and the torque on the 
star cannot be calculated in the manner described 
here. 

The behavior of « as a function of cus can be under- 
stood as follows. The total accretion torque is the 
sum of the torque Nin eventually communicated to 
the star by the field lines that thread the inner transi- 
tion zone and the torque Aout due to the twisted field 
lines threading the outer transition zone. Nin always 
acts to spin up a star rotating in the same sense as the 
disk flow, whereas Aout can have either sign. This is 
because the azimuthal pitch of the field lines threading 
the outer transition zone changes sign at the radius 

rc = (GM/Q.S2)113 , (9) 

where the angular velocity ¡QK of the disk plasma is the 
same as that of the star, as shown in Figure 2a. The 
contribution to the torque from the field lines thread- 
ing the disk between r0 and rc is positive whereas the 
contribution from the field lines threading the disk 
between rc and rs is negative. For slow rotators, 
r0 « rc, the positive part dominates the negative, and 
Nont adds a further spin-up torque æ 0.4A0 to the 
torque Nin which is equal to In contrast, for fast 
rotators r0 ~ rc, the negative part dominates, and 7VoUt 
contributes a spin-down torque which partly cancels 

Am. For sufficiently fast rotators, the spin-down 
torque contributed by AoUt dominates the spin-up 
torque contributed by Aln and there is a net spin-down 
torque on the star. The contribution to Aout made by 
the field lines threading the disk interior to a given 
radius is shown in Figure 2b for three values of o)s. 

For ojs > cdmax, the equations describing steady, 
axisymmetric inflow within the boundary layer have 
no solution (see § V of Paper II). The reason for this 
is that the centrifugal force and the force due to the 
magnetic pressure gradient, which is also outward, are 
so large that radial inflow is halted at r0 in a distance 
small compared to the boundary layer width 8. We 
speculate that unsteady accretion may occur for 
values of oos larger than but comparable to wmax, 
while for œs » a>max, disk accretion may cease alto- 
gether (compare Davidson and Ostriker 1973 and 
Lamb, Pethick, and Pines 1973). 

In addition to its strong dependence on cjs, the 
accretion torque also depends weakly on the four 
boundary layer constants Cb, C^, Cp, and y0 introduced 
in Paper II, through the weak dependence of ys on 
these constants.4 Although these constants are not 
determined by our model, appropriate values are 
expected to be of order unity. In order to give the 
reader a feeling for the uncertainty in the torque 
which stems from our lack of knowledge of the precise 
structure of the boundary layer, we show in Figures 
3 and 4 the dependence of the torque curve n(œs) and 
the critical fastness œc on the value of y0, the constant 
to which they are most sensitive. Figure 3 shows that 
n is essentially independent of y0 for low angular 
velocities (ws ^ 0) but becomes more sensitive to y0 
as the angular velocity increases; however, even at the 
highest angular velocity for which there are stationary 

4 Actually, o>s is also weakly dependent on the boundary 
layer constants, only three of which are linearly independent 
(see Paper II). 

Fig. 2.—Magnetic coupling between the outer transition zone and the star, (a) Azimuthal magnetic pitch in the outer transition 
zone as a function of the dimensionless radius y = r/r0, for a star of fastness = 0.3. The corotation point is at yc. {b) Contribution 
to the torque N0Xlt made by that part of the outer transition zone which is interior to radius y, in units of the total torque A0ut, 
for three values of o>s. 
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DIMENSIONLESS STELLAR ANGULAR VELOCITY 

Fig. 3.—The dimensionless torque « as a function of the 
dimensionless stellar angular velocity or fastness <os, for five 
values of the magnetic pitch in the boundary layer, y0. Each 
curve is labeled with the corresponding value of the pitch. 
Those parts of the curves which continue off the bottom of the 
figure for large cos are shown as dashed curves on the reduced 
scale at right. The termination of each curve at the maximum 
fastness c*>max for which a steady flow is possible, is indicated 
by a dot. 

flow solutions (cos = cumax), n varies only by a factor 
~2.7 for values of y0 in the range 0.5-2. The critical 
fastness o>c is even less sensitive to y0, varying by only 
20-30% for values of y0 in the range 0.5-2, as shown 
in Figure 4.5 The boundary layer structure, and hence 
n, is significantly less sensitive to the other boundary 

6 A simple analytic approximation to a>c, accurate to 170 
for values of œc in the interval 0-0.8, is provided by the root 
of the equation 

«0.0986(0.25 4- O.22coc)y0
0 123 = <oc(l - wc)

0173 , 
where a is the viscosity parameter of the disk. 

MAGNETIC PITCH IN THE BOUNDARY LAYER 
Fig. 4.—The critical value o)c of the dimensionless stellar 

angular velocity or fastness parameter, as a function of the 
magnetic pitch in the boundary layer, y0. 

layer constants (see Fig. 1 of Paper II). Thus the lack 
of precise knowledge of the boundary layer structure 
introduces a negligible uncertainty in the torque on 
slow rotators and only a moderate uncertainty in the 
torque on fast rotators. Throughout the remainder of 
this paper we shall assume Cb = 2.5, Cp = 2, and 
y0 = 1, the same values adopted for the bulk of the 
calculations presented in Paper II. 

Once the boundary layer constants are fixed, ys is a 
function only of ws (see Paper II) and hence the 
accretion torque N depends only on œs and N0. A 
useful approximate expression for the dimensionless 
torque is 

n(tos) 

x 1.39{1 - oüs[4.03(1 - tus)
0*173 - 0.878]}(1 - a>s)-\ 

(10) 

which is accurate to within 5% for 0 < < 0.9. 
The fastness parameter ws can be expressed in 

terms of /z, M, Q,s, and by using expression (30) of 
Paper II for r0, namely, 

To ^ 0.52rA
(0) = 0.52/z4/7(2GM) "117tif~ 2/7 . (11) 

Here rA
(0) is the characteristic Alfvén radius for 

spherical accretion (Eisner and Lamb 1977). On sub- 
stituting this expression into equation (8) one obtains 

o)s = i.^p-^r^WW^o)"5'7, (12) 

where P is the spin period in seconds, is til in units 
of 1017 g s_1, and /z30 is /z in units of 1030 gauss cm3. 
In equations (11) and (12) and those that follow, one 
should use a value of /z slightly larger than the un- 
screened dipole moment of the neutron star since the 
screening currents flowing in the boundary layer 
enhance the magnetic field within the magnetosphere. 
An accurate determination of the appropriate correc- 
tion factor, which is expected to be of order unity (see 
Paper II), must await a detailed calculation of the 
accretion flow between r0 and the flow-alignment 
radius 77 (again see Paper II). 

c) Discussion 

Equations (2) and (10)-(12) show that the accretion 
torque on a neutron star of given mass and magnetic 
moment depends on both the mass accretion rate, til, 
and the star’s spin period, P, through the dependence 
of N0, r0, and o>s on these quantities. However, the 
behavior of the accretion torque can be simply de- 
scribed in the two following situations of some astro- 
physical interest. 

Consider first a star rotating in the same direction 
as the disk and accreting at a constant rate. Such a star 
can experience either spin-up or spin-down, depending 
on its spin period. If P is sufficiently long, cus is small 
compared to unity, and the star experiences a strong 
spin-up torque ~ 1.4Af0. As P decreases, œs increases, 
and the spin-up torque falls, vanishing at the critical 
spin period Pc at which o>s = o>c. If, on the other hand, 
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P is less than Pc, the star experiences a spin-down 
torque. As P increases, o>s decreases, and the spin- 
down torque diminishes, vanishing at Pc. Thus the 
spin period of such a star will approach the critical 
period Pc that corresponds to its accretion rate, and 
will then remain there. For P less than the period Pmin 
at which o)s = comax, accretion, if it occurs, is not 
steady. 

In contrast, the accretion torque on a star of con- 
stant spin period varies with the accretion rate as 
shown in Figure 5. If ^ is sufficiently large, ws is 
small compared to unity, defining the star as a slow 
rotator, and the star experiences a strong spin-up 
torque ~1.4Ao. As tif decreases, the fastness o)s 
increases, and the spin-up torque falls, vanishing at the 
critical accretion rate at which ws = wc. For 
accretion rates less than mc, the star experiences a 
spin-down torque, the magnitude of which increases 
steadily until Ki reaches the minimum accretion rate 
Kimin consistent with steady accretion. At this accre- 
tion rate cus = ajmax. If accretion continues at mass 
flow rates less than it is not steady. 

To what extent does this behavior depend on the 
approximations inherent in the present model and to 
what extent is it likely to be a general feature of disk 
accretion? We consider the generality of our results 
first in the context of stationary axisymmetric flows 
and then in the wider context of more general flows. 

As discussed in Paper II, the structure of the transi- 
tion zone that forms the basis for our calculation of 

MASS ACCRETION RATE (IQ17 g s”') 

Fig. 5.—The dimensionless accretion torque n on model 
neutron stars of selected periods as a function of the mass 
accretion rate M, in units of 1017gs"1, or the accretion 
luminosity L, in units of 1037 ergs s'1. Each star has a magnetic 
moment ¡jl = 1030 gauss cm3 and a mass M = 1.3 M0, and has 
been constructed using the TI equation of state of Pandhari- 
pande, Pines, and Smith (1976). The period of each star is 
written on the corresponding curve. The periods are those of 
the sources SMC X-l, Her X-l, Cen X-3, and A0535 + 26. 
Those parts of the solid curves that go off scale for low 
accretion rates are shown as dashed curves on the reduced 
scale at right. The termination of each curve at the minimum 
accretion rate consistent with steady inflow is marked by a dot. 
The light solid line above the curve for 104 s is the asymptotic 
behavior obtained in the slow rotation limit, P oo. 

the torque, namely a narrow inner zone where most 
of the screening occurs together with a broad outer 
zone where the residual stellar flux threads the disk, 
appears to be a general feature of steady axisymmetric 
disk accretion. Moreover, the radius of the inner edge 
of the disk and the width of the inner transition zone 
do not depend on the details of the dissipative process 
in the boundary layer, but only on the approximate 
isotropy of the effective conductivity and the reason- 
able assumption that ~ 1 at the radius r0 where 
the magnetic field begins to control the flow. Thus the 
contribution of Nin to the total torque is accurately 
given by equations (2) and (11). In contrast, Aout 
depends on the configuration of the magnetic field in 
the outer transition zone. Although the fraction 
(~0.2) of the total stellar flux that threads the outer 
transition zone appears to be relatively insensitive to 
the structure of the boundary layer, the azimuthal 
magnetic pitch in the outer zone is sensitive to the 
details of the magnetic field dissipation process there. 
Furthermore, according to the present model of the 
outer transition zone the azimuthal pitch increases 
steeply with radius beyond the disk corotation point. 
As a result, for some values of œs a substantial contri- 
bution to Août comes from radii as large as 10-20ro, 
where the pitch is very large. Therefore, should 
improvements in the model lead to a smaller outer 
transition zone (see Paper II), A0ut would be somewhat 
reduced and œc somewhat increased. 

These considerations suggest that for slow rotators, 
where Ain and Aout are additive and A0ut is small, the 
torque given by the present model is likely to be fairly 
accurate. For fast rotators, on the other hand, and 
Août have opposite signs, A0ut is large, and the present 
calculation is likely to be less accurate. Nevertheless, 
the qualitative behavior of the torque found here, 
including the braking torque on fast rotators, appears 
to be a general feature of steady axisymmetric disk 
accretion. 

Finally, consider briefly the torque produced by 
more general accretion flows. In reality, disk accretion 
by aligned rotators is probably unsteady, at least on 
sufficiently small spatial and temporal scales. Even so, 
stationary flow models may provide an adequate 
description of the average accretion torque. In the case 
of oblique rotators, the flow is of necessity time- 
dependent and the coupling between the star and the 
disk altered from that of the aligned case (see Paper II). 
Nevertheless, we expect the qualitative structure of the 
flow to be similar to that of the present model, with a 
relatively narrow shear boundary layer and a more 
extended region where the disk and the star are 
magnetically coupled. If so, the accretion torque will 
be qualitatively similar to that found here. 

d) Comparison with Other Work 

The accretion torque on magnetic neutron stars was 
considered in the very first work on such stars. Lamb, 
Pethick, and Pines (1973; see also Pringle and Rees 
1972) gave arguments which showed that the torque 
on slow rotators accreting from a disk is ~A0. In 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
7 

9A
pJ

. 
. .

23
4 

. .
29

6G
 

302 GHOSH AND LAMB Vol. 234 

comparing observed changes in the rotation rates of 
accreting neutron stars with this theoretical estimate, 
Eisner and Lamb (1976) drew attention to the fact 
that Her X-l, which almost certainly is accreting from 
a disk, has a spin-up rate ~40 times smaller than that 
which would correspond to the torque A0. As a 
possible explanation of this discrepancy they noted 
that if Her X-l were a fast rotator (ws ~ 1), the 
magnetic and viscous stresses at the inner edge of the 
disk would tend to cancel the material stress there 
even if matter were not ejected, so that the total torque 
would be less than the material torque N0. They 
argued further that as the fast rotation limit is ap- 
proached (a)s -> 1), the magnetic and viscous stresses 
might more than offset the material stress, causing a 
net braking torque on the star even while accretion 
continues. 

Motivated in part by this discrepancy, in Paper I 
we sought to make the torque argument of Lamb, 
Pethick, and Pines more precise. There we showed that 
for a steady axisymmetric flow with a general depend- 
ence of D on r outside the Alfvén surface, the total 
torque is ~^frA

2Q(rA) if (1) the effective viscosity at 
rA is less than a certain reference value or (2) the 
transition zone has a width less than or equal to its 
radius, magnetic stresses within it are negligible, and 
the stellar angular velocity is less than ^(rA). For stars 
accreting from a disk we showed further that if the 
transition zone were narrow compared to its radius, 
then the total accretion torque would be bounded 
above by the torque 

Nm&x = N0 (13) 

and below by the torque 

Nmin = i(l + o>s)N0 + O(h/r0)
2 . (14) 

Thus, for disks rotating in the same sense as the star, 
a narrow transition zone would imply a spin-up 
torque ~N0 even on fast rotators. This result argued 
strongly that the transition zone in disk accretion must 
be broad, since otherwise the Her X-l spin-up rate 
would be extremely difficult to understand. 

As an alternative way to resolve the apparent dis- 
crepancy between the torque N0 expected to act on 
slow rotators and the much smaller torque apparently 
experienced by Her X-l and some other accreting 
neutron stars, Scharlemann (1978) suggested that the 
transition zone in disk accretion is narrow (width ~ 
height) but that the torque is always comparable to 

N, ee Aiïr0
2£ls - œsN0 . 

On this basis Scharlemann argued that all seven of the 
stars that he considered, including Her X-l, were slow 
rotators with weak dipole magnetic fields. Unfor- 
tunately, this suggestion cannot be correct, for the 
following reason. Scharlemann showed that if one 
makes the ad hoc assumption that the magnetic field 
lines threading the neutron star all have positive pitch 
(y# > 0), then the accretion torque cannot be less than 
Nl9 but did not show that the torque could ever 
be achieved. In fact, for a narrow boundary layer and 

slow rotation the accretion torque can never be as 
small as Nl9 since it is bounded below by the much 
larger torque Amln, as shown in Paper I (a torque as 
small as Nx would require a substantial violation of 
energy conservation). 

In Ghosh and Lamb (1978a) and Paper II we showed 
that there need not be any discrepancy between the 
predicted and observed spin-up rates of sources like 
Her X-l, since the transition zone in disk accretion 
generally is not narrow, but is instead rather broad. 
Hence the bounds (13) and (14) do not apply. Here 
we have used the two-dimensional hydromagnetic flow 
solutions obtained in Paper II to calculate the accretion 
torque on the star. These calculations show that the 
magnetic coupling between the disk and the star due 
to the stellar field lines that thread the disk in the outer 
transition zone is appreciable and can be the dominant 
component of the accretion torque when the stellar 
angular velocity is high. The coupling via these field 
lines increases the spin-up torque on slow rotators, but 
reduces the torque on fast rotators and may even cause 
the total torque to become negative (braking the star’s 
rotation) if the angular velocity is sufficiently high. 

Recently Ichimaru (1978) attempted a calculation of 
the torque on a neutron star accreting from a disk. 
Unfortunately, Ichimaru’s model is defective in 
important respects, some of which were noted in 
Paper II. Among those which are the most serious for 
his calculation of the accretion torque are the follow- 
ing. First, Ichimaru’s equation (29) assumes that the 
flux of angular momentum toward the star is exactly 
zero. This assumption is far too restrictive; it implies 
that there is never any change in the angular momen- 
tum of the star and hence that the neutron star gener- 
ally spins down as it accretes, since the added matter 
increases the star’s moment of inertia. Second, 
Ichimaru assumes that the transition zone is narrow 
but that the torque on the star can be much less than 
the lower bound Amin given above. As noted above, 
this would require a substantial violation of energy 
conservation. 

In closing this comparison with previous work, we 
note that the spin-down torque on fast rotators found 
here is quite distinct from possible spin-down torques 
associated with ejection of matter by very fast rotators 
which have been discussed previously by several 
authors (Davidson and Ostriker 1973; Illarionov and 
Sunyaev 1975; Fabian 1975; Shakura 1975; Kundt 
1976; Savonije and van den Heuvel 1977). The spin- 
down torque found here operates on stars with angular 
velocities which lie between the critical angular 
velocity and the maximum allowable angular velocity 
consistent with steady accretion, does not involve any 
mass ejection from the vicinity of the neutron star, 
and acts even while steady accretion continues. On the 
other hand, both the magnetic spin-down torque 
suggested by Davidson and Ostriker (1973) and the 
“propeller” spin-down torques suggested by Illarionov 
and Sunyaev (1975) and Shakura (1975) were assumed 
to operate only on very fast rotators (cüs > 1), and both 
involve mass ejection from the vicinity of the neutron 
star in an essential way. Nevertheless, at the maximum 
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allowable fastness, ojmSiX, the torque calculated here 
roughly agrees with the spin-down torques conjectured 
by Davidson and Ostriker, Illarionov and Sunyaev, 
and Shakura, evaluated at tus = 1 (at this fastness all 
the latter torques are equal). Thus it may be possible 
to develop a consistent description of the torque on 
rotating stars by using the present model for o)s < l 
and models involving some mass ejection for ojs > l. 

III. INTERPRETING PERIOD CHANGES IN 
PULSATING X-RAY SOURCES 

Most, and perhaps all, pulsating X-ray sources 
other than pulsars are accreting neutron stars in which 
the pulsation period is the rotation period of the 
neutron star crust (see Lamb 1977). In all sources that 
have been studied carefully, the pulsation period has 
been found to change with time (see Schreier 1977). 
These changes are thought to be due to changes in the 
angular momentum, and hence the rotation period, of 
the crust. According to current ideas, the change in 
period over a sufficiently long time is due to the action 
of the external accretion torque (Pringle and Rees 
1972; Lamb, Pethick, and Pines 1973), while period 
fluctuations on shorter time scales are caused either by 
fluctuations in the accretion torque (Eisner and Lamb 
1976) or by variations in the torque exerted on the 
crust by the liquid interior (Lamb, Pines, and Shaham 
1978a). 

The external torque depends on the inflow rate and 
flow pattern of the accreting plasma, while the internal 
torque depends on the strength and nature of the 
coupling between the liquid interior and the crust. 
The response of the neutron star to a torque acting on 
the crust, whether external or internal, is expected to 
depend on the dynamical properties of the star: the 
“applied signal” represented by the torque is, in 
effect, “filtered” by the coupled crust-core system to 
produce an “output” represented by changes in the 
pulsation period. Thus, a detailed study of period 
changes in a given X-ray source can provide valuable 
information both about the properties of the accretion 
flow onto the star and about the properties of the star 
itself. 

In the following subsections we first describe the 
nature of the interpretational problem in more detail, 
outline a possible solution, and discuss the comparison 
of theory with observation. We then consider the 
pulsation period changes predicted by current models 
of Keplerian and non-Keplerian accretion flows. 
Finally, we summarize how the goals listed above can 
be accomplished. 

a) The Nature of the Problem and a Possible Solution 

Period measurements made at intervals ranging 
from days to years have been reported for nine of the 
17 presently known pulsating X-ray sources (see 
Giacconi 1974; Fabbiano and Schreier 1977; Mason 
1977; Ögelman et al 1977; Rappaport and Joss 1977; 
Schreier 1977; White, Mason, and Sanford 1977; 
Becker et al 1978 ; Charles et al 1978 ; Rappaport et al. 
1978; Boynton and Deeter 1979; Jernigan and Nugent 

Fig. 6.—The behavior of the pulsation period of Cen X-3, 
showing the short-term period fluctuations and secular period 
decrease. Note the period increase of 1972 September- 
October. After Fabbiano and Schreier (1977). 

1979). The sources whose period derivatives have been 
measured in this way have so far been found to be 
spinning up, over the long term. In addition, the four 
sources that have been studied most carefully (Her 
X-l, Cen X-3, Vela X-l, and X Per) show substantial 
short-term period fluctuations with occasional episodes 
of spin down. Figure 6 shows the behavior of Cen X-3, 
which is typical. Figure 7 shows recent data on Vela 
X-l which suggest that its period behavior is similar 
to that of Her X-l, Cen X-3, and X Per. 

The interpretation of these period changes is compli- 
cated by the fact that the response of the neutron star 
interior is not known a priori. Hence, such changes 
might be due either to the internal and external torques 
acting at the time, or to the response of the star to 
previous values of these torques. If the change in the 
rotation rate were smooth and the total observing 
interval were long, the likelihood that the star was 

DATE OF PERIOD DETERMINATION 

Fig. 7.—The behavior of the pulsation period of Vela X-l, 
showing the short-term period fluctuations and secular period 
decrease. Note the period increase of 1975 November. After 
Becker et al. (1978). 
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still responding to earlier values of these torques would 
be less, although the interpretation would still be 
ambiguous. In fact, the period changes in those 
sources that have been studied carefully are observed 
to be highly irregular. 

Recently, Lamb, Pines, and Shaham (1978a) pointed 
out that if the torque fluctuations that cause the short- 
term period variations can be described by a simple 
noise process, then these interpretational difficulties 
can be overcome by using the period variations 
themselves to determine the dynamical response of the 
neutron star. These authors further suggested that 
either white or red torque fluctuations are physically 
plausible models and showed that the available data 
on Her X-l and Cen X-3 are consistent with either 
type of torque noise. Motivated by these studies, 
Boynton and Deeter (1979) used the Uhuru data on Her 
X-l to compute the power density spectrum of the 
pulse phase fluctuations in this source. They find that 
the torque fluctuations in Her X-l are describable as 
white noise over a wide range of frequencies and derive 
significant constraints on the dynamical response of 
the neutron star from their analysis. Thus, this method 
of determining the neutron star response appears quite 
promising. Use of this method requires a dense, 
regular sequence of pulse phase measurements. 

Measurements of the short-term behavior of the 
pulse phase and X-ray flux also provide the best type 
of data for probing the accretion flow pattern and the 
large-scale structure of the magnetosphere. First, 
accretion theory predicts that the change in spin 
period between two observations depends sensitively 
on the behavior of the accretion luminosity L during 
the interval. If L is highly variable, as it often is, spot 
checks at widely spaced times may lead to very large 
errors in the inferred luminosity history L{t). Such 
errors can be minimized by measuring the period and 
flux at frequent intervals. Second, theoretical models 
necessarily include a number of poorly known param- 
eters, such as the mass, radius, effective moment of 
inertia, and magnetic dipole moment of the star. 
Although the uncertainty in these parameters does not 
permit one to fit every possible value of P, P, and L, in 
practice the possibility of adjusting some of these 
parameters introduces a substantial degree of freedom. 
If only the average values of P and L are known, there 
is often not enough information to test the theory. 
However, once these parameters are determined, there 
is no more freedom, so that additional measurements 
of P, P, and L provide a quantitative test of the theory. 
Finally, since the effective inertial moment of the star 
generally is not constant, one must combine the 
theoretical relation for the accretion torque as a 
function of X-ray luminosity with the observed 
luminosity behavior L{t) and a dynamical model of 
the neutron star crust and core in order to solve for the 
predicted period behavior P(t) of the neutron star 
crust. Only then can a comparison be made with the 
observed period behavior. This procedure can be 
carried out only if a dense, regular sequence of period 
and flux measurements is available. 

In summary, only studies of the short-term behavior 

of the pulse phase and flux of neutron star X-ray 
sources seem likely to provide the type of data re- 
quired to test current theoretical models of their 
magnetospheres and interiors. 

b) Comparing Theory and Observation 

Although measurement of pulse period fluctuations 
appears to be the most promising method for obtain- 
ing information about the magnetospheric structure 
and accretion flow pattern of a given source, the 
extraction of this information from such measurements 
clearly requires some care. First, the period fluctuations 
must be shown to be due to fluctuations in the accre- 
tion torque rather than internal torques. Second, the 
response of the neutron star must be considered in 
interpreting the data, since the response time of the 
liquid interior may be comparable to the time scale 
for changes in the accretion torque. 

Accretion torque fluctuations can potentially be 
identified by searching for correlated changes in the 
pulse period P and the X-ray flux F at Earth, since 
accretion theory predicts that fluctuations in the mass 
accretion rate will cause fluctuations in both the 
accretion luminosity and the accretion torque; 
correlated changes in P and F are much less likely if 
the period changes are caused by internal torque 
fluctuations.6 Fluctuations in the accretion rate 
appear quite natural and, as we show in § VI, can 
produce torque variations large enough to account for 
for the period wandering observed in the well-studied 
pulsating sources. We shall therefore focus on torque 
variations that arise in this way. 

To the extent that the dominant torque variations 
can be described by a simple noise process, one can 
disentangle the variations in the torque from the time- 
dependent response of the star in the manner described 
by Lamb, Pines, and Shaham (1978a). Once this is 
accomplished, a sequence of pulse period and X-ray 
flux measurements can potentially be used to (1) con- 
firm that the X-ray source is indeed a neutron star, 
(2) determine whether the source is fed by a Keplerian 
accretion disk or by some other accretion flow pattern, 
(3) test quantitatively the theory of disk accretion, 
(4) determine accurately the dipole moment of the 
X-ray star, and (5) establish the nature of the accretion 
torque fluctuations. 

The first step in achieving these goals is to construct 
a theoretical relation between the X-ray flux F{t) at 
Earth and the pulse period P(t). Such a relation can 
be constructed if one has available (1) a relation 
between Fand the accretion luminosity L, (2) a relation 
between L and the mass accretion rate Ñ, (3) a rela- 
tion between 7# and the torque V, and (4) a model for the 
change in the rotation of the neutron star crust caused 
by N. Assuming that the X-ray flux at Earth accurately 
reflects the X-ray luminosity and that the latter is 

6 We emphasize that the absence of correlated changes 
would not necessarily imply that accretion torque fluctuations 
are absent, since accretion flow variations different from those 
considered here could conceivably produce a change in the 
torque with little or no change in the mass accretion rate. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
7 

9A
pJ

. 
. .

23
4 

. .
29

6G
 

No. 1, 1979 ACCRETION BY NEUTRON STARS 305 

essentially the accretion luminosity L, then F = 
L/47tZ)2, where D is the distance to the source, while 
L = KiiGMjR). One can then turn to accretion theory 
for a relation between Ki and A, such as equation (6). 
Finally, the stellar properties required to determine 
the change in the rotation period P of the neutron star 
crust produced by the torque N are fixed by the power 
density spectrum of pulse phase fluctuations. 

Once a theoretical relation between F(t) and P{t) 
has been constructed, it can be tested by comparison 
with a sequence of X-ray flux and pulse period 
measurements. To illustrate how this approach can 
be applied, we shall discuss briefly the spin-up equa- 
tions given by accretion theory {a) for disk-fed sources 
and (b) for sources that accrete matter which has in- 
sufficient angular momentum to form a disk, which we 
refer to as “wind-fed” sources.7 For simplicity we 
shall assume that the neutron star responds like a rigid 
body with an effective moment of inertia IefU but we 
note that such a simple model can only be justified by a 
measurement of the dynamical response of the star 
over the time scales of interest. 

c) Accretion from a Disk 

To the extent that the effective inertial moment of 
the neutron star is constant, the model of disk accre- 
tion described in Paper II predicts a simple relation 
between the spin-up rate, —P, and the quantity />L3/7, 
for a given source. This relation follows from equation 
(2) and the equation for the change in the stellar 
angular velocity Q.s produced by the torque N. If we 
neglect the typically small effect of the change in the 
effective moment of inertia due to accretion (see 
Paper I), the latter becomes Ùs = N/Ieff. Combining 
these two equations yields 

-P = 5.0 x lO-5ii30
2l7n(œs)S1(M)(PL37

31,7)2 s yr1, 

(15) 

where the function «(o)s) is given by equation (7) or, 
approximately, by equation (10), and 

cos * L35^30
611 S2(M)(PL31^rl. (16) 

Here 

S.iM) = (17) 

and 
S2(M) = R6-

Qi\MIMQy™ (18) 

are structure functions that depend on the mass, 
equation of state, and dynamical response of the 
neutron star. L37 is the accretion luminosity in units 
of 1037 ergs s“1, P6 is the stellar radius R in units of 
106 cm, and /45 is /eff in units of 1045 g cm2. Since n 
depends only on œs (see § II) and cos scales as (PL3/7)_1, 
as shown by equation (16), the value of P for a star of 

7 Note that a neutron star whose binary companion is 
losing matter via a wind need not be wind-fed, since the matter 
that is accreted may still have sufficient angular momentum to 
form a disk (see, for example, Petterson 1978; Savonije 1978). 

Fig. 8.—The theoretical relation between the spin-up rate 
—P of a 1.3 M© PPS neutron star and the quantity PL3/7, for 
five values of the stellar dipole magnetic moment, /¿. Each 
curve is labeled with the corresponding value of the magnetic 
moment in units of 1030 gauss cm3. The units of —P, P, and 
L are s yr-1, s, and 1037 ergs s_1, respectively. 

given mass and magnetic moment is a function only of 
PL311. 

The character of the relation between — P and PL311 

is shown in Figure 8. For large values of PL317, the 
star is a slow rotator (ojs « 1), n(cüs) is approximately 
constant (see eq. [10]), and —P scales as (PL317)2. 
Thus, in a plot of log (—P) versus log (PL317), equation 
(15) predicts a straight line of slope 2 in the region of 
slow rotation. As PL317 decreases, the fastness param- 
eter cos becomes larger, h(ojs) decreases, and log (—P) 
falls below the extrapolation of this line. Finally, at 
the value of PL317 for which œs = œc, P vanishes and 
log (—P) diverges. The value of PL317 at which the 
spin-up curve begins to fall below the extrapolated 
straight line depends on the magnetic moment of the 
star, and scales as y,617. 

d) Accretion from a Wind 

When an accretion disk does not form, as may 
happen if the neutron star accretes from a wind, the 
radial velocity of the accreting plasma near the 
accretion capture radius ra is expected to be large, its 
shear is expected to be small, and the stellar magnetic 
field is expected to be confined to the interior of a 
magnetospheric cavity whose radius is much smaller 
than ra (Lamb, Pethick, and Pines 1973; Arons and 
Lea 1976; Eisner and Lamb 1977). As a result, if the 
surface in equation (1) is placed at ra, the material 
stress completely dominates and the torque is just 

n = ma, (i9) 

where til is the mass capture rate and la is the specific 
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angular momentum of the accreting plasma at ra. The 
capture rate is given by 

iCi = 7TpwvQra
2 , (20) 

where pw is the wind density and v0
2 x vOTh

2 + vw
2 + 

cs
2 is the square of the capture velocity. Here vorh is 

the orbital velocity of the neutron star and vw and cs 
are the wind velocity with respect to the companion 
star and the local sound speed, evaluated at ra. The 
specific angular momentum la can be expressed as 
(Shapiro and Lightman 1976) 

la x $avor,b(rJa)2 , (21) 

where a is the binary separation. Finally, the capture 
radius is given by 

ra = tt2GM/v0
2) , (22) 

where £ is a parameter of order unity. Thus equation 
(19) can be rewritten as 

N = iT2e{2GMypwv0^POT^ , (23) 

where Porb is the orbital period of the binary system. 
An equation for wind accretion analogous to equation 
(15) for disk accretion is 

-P = 3.8 x 10“5P6(M/Afo)_1/45'
1 

x (7a/1017 cm2 s 1)P2Z/37 s yr 1. (24) 

P is independent of the stellar magnetic moment 
because the magnetosphere plays no role in deter- 
mining either tii or la. 

As the physical properties of the wind change in 
time, both P and L will vary. The behavior of P as a 
function of L depends on how and v0 vary with 
changes in the wind : 

1. The wind density pw varies but vQ = const. This 
will be the case if forb

2 » vw
2 + cs

2. In this case ra = 
const., la = const., oc />w, and — Pec L. 

2. The velocity v0 varies but pw = const. In this case 
ra v0~

2, la oc ^o-4, ^Toc ^q-3, and —P oc L7/3. 
3. Both pw and v0 vary, but pwv0 = const. In this case 

ra oc Pw29 la oc Pw^9 M oc Pw^9 and — P oc L2. 
The theory of winds in X-ray binaries is not suffi- 

ciently well developed to determine which of these (or 
other) possibilities for the variation of pw and v0 is 
correct (Conti 1978; Vitello 1979). Thus, at present 
wind theory cannot predict the behavior of P as a 
function of L for a given source. 

e) Summary 

These results point to the importance of obtaining a 
frequent, regular sequence of period and flux measure- 
ments in developing an understanding of a given 
source. Such a sequence can provide information 
about the accretion flow pattern and the X-ray star 
that is impossible to obtain from average values or 
from any single measurement. 

If the effective moment of inertia of the neutron star 
is essentially constant over the time scales of interest, 
it is appropriate to plot the pbserved values of P, P, 
and L on a graph of log(—P) vs. log(PL3/7). If the 

result can be described qualitatively by equation (15), 
this would constitute strong evidence that the X-ray 
source is a neutron star which is disk-fed and that the 
period variations are due largely to variations in the 
mass accretion rate. The shape of the curve would 
then give the size of the dipole magnetic moment and 
the stellar structure functions *Si(M) and S2(M), while 
a detailed comparison of the data with the theoretical 
curve would provide a quantitative test of the theory. 

If the inertial moment is not constant over the time 
scales of interest, one must instead combine the more 
fundamental equation for the accretion torque as a 
function of the mass accretion rate, equation (6), with 
the relation between til and L, the observed luminosity 
behavior L(t) oï the star, and the equations of motion 
of the neutron star crust and core, in order to solve 
for the rotation rate of the crust. The solution can 
then be compared with the observed period behavior 
P{t) of the crust. Once again, if there is qualitative 
agreement between the predicted and observed period 
behavior, this would be strong evidence that the 
source is a disk-fed neutron star and that the period 
variations are due largely to variations in the mass 
accretion rate, and would allow a determination of the 
magnetic moment and structure of the star, as well as 
a quantitative test of the theory. 

Finally, a search of pulse arrival times for relatively 
rare, very large pulse phase changes might allow one 
to resolve the torque noise process. If the noise process 
can be at least partially resolved, a detailed comparison 
of the time history of the pulse period and X-ray flux 
with the theoretical model can confirm that the largest 
torque fluctuations are caused by fluctuations in the 
mass accretion rate and determine the sign distribu- 
tion of these torque excursions, their characteristic 
rise and fall times, and their mean rate of occurrence 
as a function of size. This information can then be 
compared with the expected properties of accretion 
torque fluctuations. 

In the following sections we examine in turn the 
evidence furnished by the currently available data 
regarding accretion flow patterns, neutron star mag- 
netic fields, and the origin of pulse period fluctuations. 
Where the value of Teii is needed, we take it to be the 
inertial moment of the whole star. 

IV. ACCRETION FROM DISKS OR WINDS ? 

In the previous section we have seen that a sequence 
of accurate period and luminosity measurements can 
establish unambiguously whether any given source 
is accreting from a disk. Unfortunately, such sequences 
are not yet available. Nevertheless, some evidence on 
accretion flow patterns can be obtained by comparing 
the currently available time-average values of P, P, 
and L with theoretical predictions for a collection of 
sources. In the present section we consider this 
evidence. 

a) The Disk Hypothesis 

If we consider a collection of pulsating X-ray 
sources, equation (15) predicts that they would all lie 
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Fig. 9.—The theoretical relation between the spin-up rate, 
—P, and the quantity PL3/7, superposed on the data for nine 
pulsating X-ray sources. The units of — P, P, and L are s yr-1, 
s, and 1037 ergss_1, respectively. Shown are the theoretical 
curves for three values of the stellar magnetic moment, 
assuming a 1.3 M© PPS model for all neutron stars. Each curve 
is labeled with the corresponding value of the magnetic 
moment, in units of 1030 gauss cm3. Shaded area, region 
spanned by the theoretical curves for 0.3 < ^3o < 4.5. 
Dashed line, theoretical curve for ft3o = 0.48, which gives a 
rough best fit to the data. Because the curves corresponding 
to different magnetic moments cross (see text), the upper 
boundary of the shaded region is defined by the envelope of 
the curves {light solid line). 

on the same curve —P = /(PL3/7) if they all had (1) 
the same mass and (2) the same magnetic moment. 
Although all pulsating X-ray sources are not expected 
to have identical masses and magnetic moments, there 
should still be a correlation between P and PL3/7 if the 
spread in masses and magnetic moments is not too 
large. It is therefore interesting to plot the logarithms 
of the observed values of —P against the logarithms 
of the observed values of PL3/7, as in Figures 9 and 10. 
Such a plot tends to order the sources according to 
their fastness, since for fixed M and /x the fastness 
parameter w& is a function only of PL3/7. The data 
used in constructing these figures are given in Table 1. 

The effect of varying the stellar magnetic moment is 
shown in Figure 9, which displays the function 
f(PL311) for M = 1.3 M0, assuming the tensor inter- 
action (TI) equation of state of Pandharipande, Pines, 
and Smith (1976, hereafter PPS), and various values 
of the stellar magnetic moment. Also shown are the 
observed data on nine pulsating X-ray sources. The 
curve for ^30 = 0.48 is a rough best fit to the data. 
Except for Vela X-l = 4U 0900—40, all the sources 
lie in the region spanned by the curves corresponding 
to values of /x30 in the range 0.3-4.5. Note that the 
curves for different values of /x cross one another, so 
that the upper edge of this region is given by the 
envelope of the various curves, which is indicated by 
the light solid line in the figure. The crossing of 

Fig. 10.—Same as Fig. 9, but showing the effect of varying 
the neutron star mass, assuming a stellar magnetic moment 
^30 = 0.48 and the PPS equation of state for all stars. Each 
curve is labeled with the corresponding value of M/M©. 
Shaded area, region spanned by the theoretical curves for 
0.5 < MlM0 < 1.9. Dashed line, theoretical curve for M/M© 
= 1.3, which gives a rough best fit to the data. Because the 
curves corresponding to different stellar masses cross, the 
upper boundary of the shaded region is defined by the envelope 
of the curves {light solid line). 

the curves for different values of /x occurs because the 
higher moment gives the larger torque and hence.the 
larger spin-up rate in the slow rotator region (large 
values of PL3/7), but also gives the larger critical value 
of PL3/7 (see eq. [16]), so that the spin-up rate in the 
fast rotator region falls more rapidly for the higher 
moment than for the lower one. 

The effect of varying the stellar mass is illustrated 
in Figure 10, which shows the function /(PL3/7) for 
/x3o = 0.48, the best-fit value of Figure 9, and various 
values of the stellar mass, again assuming the TI 
equation of state. Once again the curves for different 
masses cross one another. All sources except Vela X-l 
lie in the region spanned by stellar masses in the range 
0.5-1.9 Mq (the latter is the maximum stable mass for 
stars obeying the TI equation of state). 

b) The Wind Hypothesis 

Even though wind theory is not sufficiently advanced 
to predict the behavior of P as a function of the 
luminosity of any given source (see § III), nevertheless 
the wind hypothesis does, under some conditions, 
predict a correlation between P and other observable 
quantities when one compares a collection of sources, 
and it is therefore interesting to see if there is any 
evidence for such a correlation in the currently avail- 
able data. In particular, the terminal velocities of 
winds from early-type stars like the massive com- 
panions of possibly wind-fed neutron stars are usually 
comparable to the escape velocities from these stars 
(Castor, Abbott, and Klein 1975; Abbott 1978). 
Moreover, the companion star must be inside its 
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Roche lobe, and the wind velocity near its terminal 
value at the accretion capture radius, if the flow is not 
to form an accretion disk around the neutron star (see 
Petterson 1978). Hence one expects vw ~ vesc, where 
vesc = (2GMC/RC)

112 in terms of the mass Mc and 
radius Rc of the companion star. In addition, in most 
of these systems the binary separation a is comparable 
to Rc, so that the neutron star orbital velocity tf0rb is 
also comparable to vesc. Thus, if the local sound speed 
cs < (vw

2 + vorh
2)ll2

9 then the characteristic capture 
velocity v0 (see § III) will scale from system to system 
as vesc (Shapiro and Lightman 1976). And equation 
(24) can be rewritten in terms of the spin-up time 
scale Ts = —P/P as 

PLTS — /Porb > (25) 
where the function /is given by 

/= (2GMIef{/R)q2Rc 
2y ~4:, (26) 

with q — MJM and 

y * ei2[(vw/vesc)
2 + (vorh/vesc)

2]-^2. (27) 
Since the above scaling yields y ^ const., equation (25) 
predicts a correlation between the X-ray source 
properties P, L, TS9 and M, and the binary system 
properties Porh9 Mc, RC9 and y. Given the current 
observational uncertainties in the quantities that enter 
/, one cannot hope to evaluate it for each individual 
source. However, to the extent that it also is roughly 
constant, there should be a correlation between 
PLTS and Porb* 

Figure 11 shows the currently available data for 
seven well-studied X-ray sources on a plot of 
log (PLTS) against log (Porb)* The data used in con- 
structing this figure are given in Table 1. Also shown 
in the figure is the straight line 

log [P(s)L37Ts(y)] = log [PorbW] + 3.82 , (28) 

Fig. 11.—Observed values of the quantity PLTS plotted 
against observed values of the binary orbital period Port» for 
seven pulsating X-ray sources. The units of P, L, Ps, and Porb 
are seconds, 1037 ergss_1, years, and days, respectively. The 
straight line is the theoretical relation expected for wind-fed 
sources if ^ = 15, Pc = 25 P0, and y = 1 (see text). The 22h 

X-ray period is shown for X Per, although the evidence 
suggests that it is not the binary period (see Table 1). 

which corresponds to # = 15 (see Cowley 1977), 
Rc = 25 P0 (see Ziótkowski 1977), and y = 1. 
Although the observed values of PLTS lie within an 
order of magnitude of the values expected theoretic- 
ally, there is little evidence for any correlation with 

TABLE 1 
Observed Properties of Nine Pulsating X-Ray Sources a 

Mean L _ Binary Period 
Source P(s) (1037 ergs s"1) Ps (years) (days) 

4U 0115-73 = SMCX-1  0.71 50 (1.3 ± 0.4) x 103 3.89 
4U 1653 + 35 = Her X-l   1.24 1 (3.3 ± 0.6) x 105 1.70 
4U 0115 + 63  3.6b >0.9c’d -3.1 x 104e 24.3d 

4U 1118-60 = CenX-3  4.84 5 (3.6 ± 0.6) x 103 2.09 
A0535 + 26  104 6 29 ± 8 >20e 

4U 1728-24 = GX 1+4  121 4 50 ± 13 
4U 0900-40 = Vela X-l  283 0.1 (1.0 ± 0.4) x 104f 8.97 
4U 1223-62 = GX 301-2  700 0.3 120 + 60 23e 

4U 0352 + 30 = XPer  836 4 x 10"4 (5.9 ± 1.5) x 103* 0.9h 

a From Rappaport and Joss 1977, unless otherwise noted. 
b Cominsky e/ a/. 1978. 
c Johnston et al. 1978. 
d Rappaport a/. 1978. 
6 Bradt, Doxsey, and Jernigan 1979. 
f Becker et al. 1918. 
e White, Mason, and Sanford 1977; Jernigan and Nugent 1979. 
b This period corresponds to a variation sometimes seen in the X-ray flux (see White et al. 1975 and Culhane et al. 

1976), although current evidence suggests that it is not the binary period. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
7 

9A
pJ

. 
. .

23
4 

. .
29

6G
 

No. 1, 1979 ACCRETION BY NEUTRON STARS 309 

P0Th (the 22h X-ray variation sometimes observed in 
X Per is shown in the figure, although present evidence 
suggests that it is not the binary period of the source; 
if this point is given a low weight, there is no evidence 
for any increase of PLTS with ^orb)* 

c) Discussion 

Figures 9 and 10 show that the present theory of 
disk accretion taken together with the available 
observational data is consistent with a relatively 
narrow range (~1 decade) of stellar magnetic 
moments for a given stellar mass or, alternatively, a 
narrow range (~ a factor of 4) of stellar masses for a 
given magnetic moment. The only source for which 
this is not the case is Vela X-l which either has a much 
larger magnetic moment than the other sources or is 
not accreting from a disk. 

Observational support for the existence of a signif- 
icant region where the disk is magnetically coupled to 
the star and, ipso facto, support for the disk hypoth- 
esis comes from the fact that the full torque given by 
the present model (eq. [6]), which predicts a steep fall 
in —P for fast rotators, fits the data significantly 
better than the torque N0 (eq. [2]).8 If we exclude 
4U 0900—40, then for a fixed mass and neutron star 
equation of state the present torque model can 
achieve agreement with the remaining sources with a 
factor of 15 variation in /z, while for fixed /z the model 
can achieve agreement with a factor of 3.8 variation 
in M. For comparison, the torque V0, which neglects 
the disk-star magnetic coupling, would require, for a 
fixed mass and equation of state, a factor of 200 (if 
Her X-l is excluded) or of 105 (if Her X-l is included) 
variation in ¿z in order to achieve a similar agreement, 
while for fixed /z a factor of 20 (Her X-l excluded) or 
of 103 (Her X-l included) variation in M would be 
required, were this possible. The fall in — P at small 
values of PL3/7, which is responsible for the better 
agreement of the present torque model with observa- 
tion, is not expected in wind-fed sources. Conversely, 
the current observational data do not show the 
correlation with POTh that might be expected for wind- 
fed sources, although the observational uncertainties 
are large and may mask such a correlation. 

Considered as a group, the currently measured 
pulsating X-ray sources are remarkably well described 
by a single “universal” relation between P, P, and L, 
obtained from equation (15) by assuming that all 
are 1.3 M0 neutron stars with 5 x 1029 gauss cm3 

dipole moments accreting from disks. Although all 
pulsating sources are not actually expected to have 
identical masses and dipole moments, the good agree- 
ment of this relation with the data collected so far 
suggests that it holds approximately for almost all 
sources. If so, then given the values of two of the 
three quantities, P, P, and L for a particular source, 

8 For this reason, plotting log (—P/P) against log (PL6/7), 
which tends to intermix fast rotators with slow ones, produces 
a markedly larger scatter in the data (see, for example, 
Rappaport and Joss 1977) than does a plot of log(—P) 
against log (PL317), which orders sources according to fastness. 

one can use this relation to estimate the value of the 
third parameter. The good agreement of this relation 
with the data also argues strongly that the nine sources 
considered here are indeed neutron stars, since the 
corresponding relation for magnetic white dwarfs 
predicts values of P which are several orders of mag- 
nitude smaller than the values observed in these sources 
(see Lamb 1977). 

In summary, the striking agreement between the 
present torque model and the average spin-up rates of 
eight of the nine currently measured sources that is 
indicated in Figure 10 and the apparent absence of 
any similar correlation in Figure 11 suggests that 
these eight sources are disk-fed. In the remaining 
sections of the present paper we shall therefore adopt 
the disk hypothesis. However, given our limited 
knowledge of the magnetic moments, wind conditions, 
and binary system parameters of these sources, this 
evidence is far from decisive, a situation which under- 
scores the importance of carrying out the potentially 
conclusive studies outlined in § III. 

V. NEUTRON STAR MAGNETIC FIELDS 

In § III we showed that a sequence of accurate period 
and luminosity measurements can establish unam- 
biguously that a given X-ray star is accreting from a 
disk and that such a sequence can then be used to 
determine accurately the magnetic moment of the star. 
Even without data of this quality, a first estimate of 
the magnetic moment can be obtained by fitting the 
theoretical spin-up equation to the average luminosity 
and spin-up rate of the source derived from the 
relatively sparse period determinations and X-ray 
flux measurements currently available (note, however, 
the cautionary remarks in § Ilh/). In the present 
section we assume that all the observed sources are 
disk-fed and use their average spin-up time scales to 
infer their dipole moments. 

a) Spin-up Time Scale 

According to equation (15), the spin-up time scale 
Ts = —PjP predicted by the present disk accretion 
model is 

Ts = 2.0 x 10V3o-2/7«-%-^37-6/7yr, (29) 

where n is given by equation (7), and S1 by equation 
(17). These equations show that for a given source 
(specified by a spin period P and luminosity L) and a 
given neutron star model (specified by a mass M, 
radius R, and effective inertial moment /eff), the pre- 
dicted value of Ts depends only on the magnetic 
moment /z of the star. 

The behavior of Ts as a function of ¡a for a given 
source and neutron star model is illustrated in Figures 
12 and 13, which show the functions Ts(p) that corre- 
spond to the observed parameters of the sources Her 
X-l, GX 1+4, and X Per, for the TI neutron star 
models of PPS. For small values of /z, one has 
Ts oc /z-2/7 and hence Ts decreases with increasing 
this is the region of slow rotation. As ¡a is further 
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GX 1+4 MAGNETIC MOMENT (I030gauss cm3) 

Fig. 12.—Spin-up time scale for GX 1+4 = 4U 1728 — 24 
{top curves) and Her X-l {bottom curves). Solid curves, 
theoretical spin-up time scales Ts{p) for a 1.3 M© PPS neutron 
star. Dashed lines, observed average spin-up time scales Ts. 
Theoretical and observed spin-up time scales agree at the 
points marked by circles. A filled circle indicates the physically 
acceptable solution for Her X-l. For GX 1+4, both solutions 
are physically acceptable. 

increased, Ts passes through a minimum and then 
begins to rise; the region of rising Ts is that of fast 
rotation. Finally, as /x approaches the critical value 
¡jlc at which o)s = cüc, the accretion torque vanishes and 
hence Ts diverges. Thus, given a particular X-ray 
source with an observed average spin-up time scale 
Ts and a particular neutron star model, either there are 
two values of /x for which the theory gives a spin-up 
time scale in agreement with the observed value, if 

Fig. 13—Same as Fig. 12, but for 4U 0352 + 30 = XPer. 
Solid curve, theoretical spin-up time scale Ts{il) for a 1.3 M© 
PPS neutron star. Dot-dashed curve, theoretical spin-up time 
scale Ts{p) for a 0.7 M© PPS neutron star. Dashed line, 
observed average spin-up time scale Ts. A filled circle indicates 
the spin-up time scale and magnetic moment given in Table 2. 

Ts lies above the minimum of the theoretical curve 
rs(/x), or there are none, if Ts lies below the minimum.9 

When there are two solutions for /x, one is a “slow 
rotator” solution whereas the other corresponds to a 
“fast rotator.” In practice, one of these two solutions 
can often be ruled out on other grounds; for example, 
a value of /x which corresponds to an inner disk radius 
rQ less than or equal to the stellar radius R can be 

9 A single_value of n can also give agreement in the special 
case where Ts exactly equals the minimum value of Ts{fi). This 
is the case for SMC X-l. 

TABLE 2 
Derived Parameters of Nine Pulsating X-Ray Sources a 

Slow Rotator Solution Fast Rotator Solution 

Source ^3ob ro(108 cm) a>s n30
b r0 (108 cm) a>s 

SMC X-l     0.50 0.36 0.11 0.50 0.36 0.11 
Her X-l  (2.4 x 10"5) (3.8 x 10"3) (6.9 x 10"5) 0.47 1.1 0.35 
4U 0115 + 63  2.9 x 10"3 (?) 6.0 x 10-2(?) 1.5 x 10~3 (?) 1.4 2.0 0.30 
CenX-3  1.0 x 10-2(?) 7.4 x 10"2(?) 1.6 x 10~3(?) 4.5 2.4 0.29 
A0535 + 26    IJ. L9 9.7 x IQ"3 148 17 0.25 
GX 1+4     093 JL1 3.4 x IQ"3 170 21 0.29 
Vela X-l      (2.7 x 10"5) (7.8 x 10"3) (9.0 x 10"7) 86 40 0.35 
GX 301-2  03 L2 6.7 x 10~4 394 70 0.31 
XPer     4.8° 38 0.10 4.8C 38 0.10 

a Observed properties are taken from Table 1. 
b For each source, the stellar magnetic moment was adjusted to obtain the best possible agreement between the observed value 

of Ts and the theoretical value of Ts for a 1.3 M© PPS neutron star. In general, two values of the moment give agreement for those 
sources for which an exact agreement is possible. For SMC X-l these two values of fi coincide, as the observed value of Ts exactly 
equals the minimum theoretical value. The slow rotator solutions for Her X-l and Vela X-l (enclosed in parentheses) are ruled out 
because the corresponding inner disk radii would lie inside the neutron star. The slow rotator solutions for Cen X-3 and 4U 0115 + 63 
are suspect because the corresponding inner disk radii would lie close to the stellar surface. If one chooses the underlined solutions 
for A0535 + 26, GX 1+4, and GX 301—2, then the magnetic moments of all sources except Vela X-l would lie within an order of 
magnitude of one another. The inferred magnetic moments listed here differ slightly from the preliminary values reported in Ghosh 
and Lamb (1978a) because our preliminary calculations did not incorporate the self-consistency condition (eq. [34] of Paper II) 
between the four constants Cb, C^, Cp, and y0. 

c For X Per, exact agreement between the observed and calculated values of Ts was not possible for a 1.3 M© PPS neutron star, 
since the minimum theoretical value, 1.5 x 104 years, was somewhat greater than the observed value, 5.9 x 103 years. The agree- 
ment is, however, well within the observational uncertainties (see text). The value of p given for this source corresponds to the 
minimum theoretical value of 7+ 
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rejected (in Fig. 12 the “slow rotator” solution for 
Her X-l is such a case). 

b) Inferred Dipole Moments 

As noted in §111, period measurements over 
relatively long time scales (~ months-years) have been 
made for nine of the 16 currently known pulsating 
X-ray sources. For each of these nine sources we have 
attempted to match the theoretical spin-up time scale 
given by equations (7), (17), and (29) to the observed 
average spin-up time scale by assuming that the 
neutron star has a mass of 1.3 M0 and obeys the TI 
equation of state of PPS, and then adjusting /z. The 
results are summarized in Table 2. Two solutions for 
/z, corresponding to slow and fast rotation, are possible 
for all sources except SMC X-l, for which only a 
single value of p fits the observations [Ts happens to 
equal the minimum value of Ts(/z)], and X Per, for 
which no solution is possible given the current 
estimate of the mean source luminosity and the 
neutron star model chosen here [Ts lies below the 
minimum value of the curve Ts(p)]. The case of X Per 
is discussed further below. 

Among those sources for which two solutions for /z 
are possible, the slow rotator solution is definitely 
ruled out for the two sources Her X-l and Vela X-l 
since it would imply that the inner radius of the disk 
lies inside the stellar surface. The rejected solutions 
are enclosed in parentheses in Table 2. In addition, the 
slow rotator solutions for Cen X-3 and 4U 0115 + 63 
are very suspect, though not completely ruled out, 
since they correspond to inner disk radii only a few 
times larger than the stellar radius, and channelling 
of matter by the stellar magnetic field may be marginal 
in such a situation. For the other sources that admit 
of two solutions, there is as yet no compelling reason 
for rejecting either of them. 

c) Discussion 

First, consider the sources Vela X-l and X Per, 
which are somewhat exceptional and deserve further 
comment. 

In order to fit the relatively long spin-up time scale 
of Vela X-l, a magnetic moment ~ 10-102 times 
larger than that inferred for the other sources is re- 
quired. While such a large magnetic moment is 
certainly allowed by our current understanding of 
neutron star magnetic fields, the fact that Vela X-l 
alone requires such a large value of /z suggests the 
alternative possibility that Vela X-l is wind-fed 
rather than disk-fed (Lamb 1977), in which case it 
could have a relatively long spin-up time scale even if 
its magnetic moment were similar to those of the other 
sources. 
_ For X Per, on the other hand, the observed value of 
rs, 5.9 x 103 yr, lies somewhat below the minimum of 
the theoretical curve, which corresponds to 1.5 x 104 

yr, and hence no solution is possible for current 
estimates of the mean source luminosity and the 
neutron star model chosen here (see Fig. 13; the 

value of /z given in Table 2 corresponds to the mini- 
mum of the theoretical curve). However, the present 
lack of intersection is not significant, since there are 
major uncertainties in several of the input parameters 
upon which the theoretical curve depends. First, the 
mean luminosity of the source over several years, 
which is required in the calculation, is very poorly 
known at present. The uncertainty in the current 
estimate (~4 x 1033 ergs s_1) of the mean luminosity 
of X Per is not known. For the sake of definiteness, 
Rappaport and Joss (1977) assumed a plausible but 
arbitrary uncertainty of a factor of 3 in the mean 
luminosities of all sources, including X Per. If this 
uncertainty in luminosity is accepted, then solutions 
for X Per exist for values of the mean luminosity 
within this range but a factor of ~2.5 less than the 
estimate adopted by Rappaport and Joss. Second, for 
the sake of definiteness we assumed that all sources, 
including X Per, have a mass of 1.3 M0. This is the 
approximate value inferred for Her X-l, the only 
source for which a fairly precise determination of this 
quantity is at present available (Middleditch and 
Nelson 1976; Bahcall and Chester 1977). However, 
the present observational bounds on the neutron star 
masses in other X-ray sources are very wide (Joss and 
Rappaport 1976; Avni 1978; Bahcall 1978). For a 
large range of values of the stellar mass within these 
bounds, the minimum theoretical value of Ts for X Per 
is below the observed value, giving two solutions. An 
example is presented in Figure 13, which shows the 
theoretical curves Ts{f) corresponding to both 0.7 M0 
and 1.3 M0 neutron stars. The former gives two solu- 
tions. Third, we assumed that neutron star matter 
follows the TI equation of state of PPS. However, the 
range of equations of state given by current conven- 
tional theories of many-body nuclear physics (see 
Baym and Pethick 1975, 1979) is wide enough to bring 
the minimum theoretical value of Ts well below the 
observed value for somewhat softer, but quite accept- 
able, equations of state, even for the values of 
luminosity and mass adopted here. 

These remarks show that an acceptable fit is possible 
for all nine measured sources for magnetic moments 
in the range 3 x 1029-4 x 1032 gauss cm3. Such 
magnetic moments are consistent with our present 
meager knowledge of neutron star formation and 
evolution, and we therefore conclude that the ob- 
servational data on these sources are consistent with 
their being disk-fed, although the secular change in 
period and the average luminosity are not by them- 
selves sufficient to demonstrate that they are accreting 
from disks. If they are disk-fed, the possible value or 
values of /z for these sources are those given in Table 2. 
We note, however, that the inferred value of p depends 
sensitively on the mean X-ray luminosity, averaged 
over the months or years involved in the secular spin- 
up time scale determination and that for many sources 
this important observational quantity is poorly known. 

Furthermore, Table 2 shows that by adopting the 
acceptable solution for those sources in which only 
one solution is acceptable and then choosing one of 
the solutions for those sources in which two solutions 
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are acceptable, one can find a set of solutions with 
magnetic moments all lying within the relatively 
narrow range ~5 x 1029-5 x 1030 gauss cm3, that is 
consistent with the data on all the measured sources 
except Vela X-l. Where two are acceptable, the 
solution that corresponds to this set is underlined in 
Table 2. The fact that such a set of stellar magnetic 
moments can be found explains why the “universal” 
relation between the parameters P and PL3/7 given in 
§ IV, which assumes a single value of /x for all sources, 
describes the observational data so well. 

Finally, we remark that the comparatively large 
dipole magnetic moments inferred for these accreting 
neutron stars (including Her X-l, which may be as 
old as ~ 108 years) argues against the universality of 
rapid magnetic field decay, a hypothesis that has been 
widely discussed as a possible explanation for some 
observed properties of pulsars (Gunn and Ostriker 
1970; Lyne, Ritchings, and Smith 1975; Flowers and 
Ruderman 1977; Fujimura and Kennel 1979). The fact 
that the dipole moment inferred for Her X-l is, 
nevertheless, substantially weaker than would be 
deduced by assuming that the stellar surface field 
inferred from apparent cyclotron features in the X-ray 
spectrum (Trümper et al. 1978) is dipolar in character, 
suggests that the surface field strength is largely in 
higher multipole moments (Lamb 1978). Eisner and 
Lamb (1976) have argued on different grounds that the 
surface magnetic fields of some X-ray stars are complex. 
The presence of higher multipole moments, which tend 
to decay faster than the dipole moment, would further 
constrain the magnetic field decay time scales in these 
sources. 

These preliminary conclusions can be tested by a 
detailed comparison of the theoretical spin-up 
equation with sequences of accurate period and X-ray 
flux measurements, as discussed in § III. 

VI. THE ORIGIN OF PULSE PERIOD FLUCTUATIONS 

The well-studied pulsating X-ray sources have all 
been shown to exhibit short-term fluctuations or 
irregularities in their pulsation periods in addition 
to a secular spin-up trend. One possible explanation 
of this phenomenon is that it is caused by fluctuations 
in the accretion torque (Lamb, Pines, and Shaham 
1976, 1978a, ti). Here we show that if the present 
model applies, then torque fluctuations of the required 
size can be caused by fluctuations in the mass accretion 
rate. Since fluctuations in the accretion rate cause 
similar fluctuations in the luminosity of the source, 
this possibility can be checked directly by observation. 

In order to relate the fluctuations in til to period and 
luminosity fluctuations, one needs a relation between 
til and L, a relation between tii and V, and a model for 
the response of the neutron star to N. If we assume disk 
accretion and restrict ourselves to fluctuations on time 
scales longer than the inflow time through the transi- 
tion zone (<3s) and the free-fall time from the 
inner radius of the disk (< 0.1 s), the stationary flow 
solutions presented in Paper II apply and the torque N 
as a function of til is given by equations (6) and (7). 

Thus, for a source of given P, L, M, and /x, these two 
equations, plus the accretion luminosity equation 
L = (GMIR)til and the neutron star equation of state, 
relate the relative fluctuation in the torque, S7V/V, to 
the relative fluctuation in the accretion luminosity, 
8L/L. At the same time, the stellar model relates the 
relative fluctuation in the spin change rate, &P/P, to 
the relative fluctuation in the torque, SN/N. Hence one 
has a relation between SP/P and SL/L. In Table 3 we 
give the ratio of SP/P to SL/L for the nine pulsating 
X-ray sources listed in Table 2, based on the choice of 
parameters given there and the assumption that the 
star responds as a rigid body. The behavior of fast 
rotators differs greatly from that of slow rotators. For 
slow rotators, one has SP/P ~ SL/L, whereas for fast 
rotators SP/P may be orders of magnitude larger than 
SL/L. As examples, the chosen parameters give 
SP/P = 2.SSL/L for Cen X-3, whereas for Her X-l, 
whose angular velocity is very close to the critical value, 
fluctuations in the accretion luminosity correspond to 
fluctuations in P which are 70 times larger. 

Adopting the statistical description of torque 
fluctuations developed by Lamb, Pines, and Shaham 
(1978a) and the two-component model of the stellar 
response (Baym et al. 1969), and assuming a crustal 
moment of inertia comparable to that of the core, the 
condition for spin-down episodes to occur from time 
to time is that the root-mean-square relative torque 
fluctuation <(8A/A)2>1/2 should exceed {T/T^){RT)~112, 
for type 1 torque fluctuations (which correspond to 
white noise in A), or (RT) ~112, for type 2 fluctuations 
(which correspond to white noise in the time deriv- 
ative of the torque, Ñ). Here R is the average rate of 
torque fluctuation events, T1 is the duration of a type 1 
event, and T (typically ~ 3 x 107 to 108 s) is the length 
of the observing period. 

In Her X-l, for example, the observational data 
show two spin-down episodes over a period ~ 14 
months (Giacconi 1974). According to the above con- 
dition and the results in Table 3, type 1 fluctuations in 
tii of relative size Stil/tii ~ 1 occurring about once 
every 103 s and lasting ~2 x 103 s would account for 
these episodes. Alternatively, type 2 fluctuations at the 
same rate but of relative size ~10'4 would suffice. 
In Cen X-3, on the other hand, Table 3 indicates that 
substantially larger fluctuations in tii are needed to 

TABLE 3 
Ratios of Fluctuations in P to Fluctuations in 

Luminosity Predicted by the Present Model 

Source (8P/P)/(8L/L) 

SMC X-l  1.0 
Her X-l  70 
4U 0115+ 63  3.2 
Cen X-3  2.8 
A0535 + 26  0.86 
4U 1728-24  0.86 
4U 0900-40  60 
4U 1223-62  0.86 
4U 0352+ 30  1.0 
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account for the spin-down episode observed in 1972 
September-October (Fabbiano and Schreier 1977). 
There the observations lasted for a period ~ 21 months. 
Thus a type 1 fluctuation of relative size Stif/tâ ~ 1 
occurring once every 105 s and lasting ~8 x 105 s 
would suflice, as would type 2 fluctuations of relative 
size ~10-2 occurring at the same rate. Of course, 
fluctuations on shorter and longer time scales are also 
possible. If the observed period variations are caused 
by fluctuations in til, the accretion luminosity should 
display similar fluctuations, with periods of reduced 
luminosity associated with periods of slower spin-up 
or, if the fluctuation is large enough, spin-down. We 
note that Fabbiano and Schreier have reported a 
possible decrease of relative size 8L/L ~ 0.5 in the 
X-ray luminosity of Cen X-3 during the spin-down 
episode of 1972 September-October. 

VII. THE NATURE OF THE LONG-PERIOD SOURCES 

A large fraction of the known pulsating X-ray sources 
have long periods (> 102 s) but are observed to be 
spinning up on time scales ( ~ 50-100 years) which are 
extremely short compared to their expected lifetimes 
as bright X-ray sources ( ~ 103-106 years ; compare van 
den Heuvel 1977; Amnuel and Guseinov 1976; 
Ziólkowski 1977; and Savonije 1978). Examples 
include A0535 + 26, GX 1+4, and GX 301-2. This 
apparent paradox has been noted and discussed 
previously by numerous authors (see Illarionov and 
Sunyaev 1975; Lamb, Lamb, and Arnett 1975; Fabian 
1975; Wickramasinghe and Whelan 1975; Kundt 
1976; Lea 1976; Lipunov and Shakura 1976; Savonije 
and van den Heuvel 1977; Paper I; Holloway, Kundt 
and Wang 1978; Davies, Fabian, and Pringle 1979; 
Wang 1979). Almost all of these discussions have 
focused on mechanisms for producing a long period 
at the onset of accretion, when X-ray emission first 
begins. However, given the very short observed 
time scales noted above and the significant fraction of 
potential X-ray binaries which are actually emitting 
X-rays (see van den Heuvel 1977; Ziólkowski 1977), it 
appears that the slow rotation of many pulsating X- 
ray sources must somehow be maintained over 
evolutionary time scales, even though they are acted 
upon by strong spin-up torques. If so, the principal 
issue is how the sources maintain their long periods, 
rather than how these are produced initially; indeed, 
the solution of the former problem may partially solve 
the latter problem as well. As discussed in § IV, the 
existence of a universal relation between P and PLm 

which adequately reproduces almost all the available 
observational data suggests that most of the observed 
sources are accreting from disks. Thus, whatever the 
mechanism by which slow rotation is maintained, it 
should probably function for accreting sources with 
orbital rather than radial inflow. 

The braking torque on fast rotators found in the 
present calculation suggests one way that slow spin 
rates can be maintained (Ghosh and Lamb 1978a). 
Thus, if a pulsating X-ray source has recurrent “low” 

states during which the accretion rate is much reduced, 
it would be subjected to strong, recurrent spin-down 
torques. Although the published data on the luminosity 
behavior of the long-period sources is extremely scant 
at present, there is some evidence for variations by 
factors ~ 30 or more (S. Holt, private communication). 
Depending on the luminosities in alternating high and 
low states and the relative durations of such states, 
the spin-down that occurs during the low states can, on 
average, equal or even exceed the spin-up that occurs 
during the high states. If the spin-down on average 
equals the spin-up, a neutron star born with a relatively 
long spin period or spun down to that period just after 
birth by electromagnetic and particle emission prior 
to the start of accretion will be maintained with a long 
spin period during much of its life as an accreting 
X-ray source. If the spin-down actually exceeds the 
spin-up, on average, even a neutron star born with a 
relatively short rotation period will, during the course 
of its life as an X-ray source, be spun down to a long 
period. In either case, the source would be much more 
readily observed during high states, when it is spinning 
up, than during low states, when it is spinning down. 
This would acccmnt for the fact that all nine sources 
with measured P’s are usually observed to be spinning 
up. 

The mechanism for maintaining slow spin rates 
suggested here would produce cyclic variations in the 
spin period of a given source together with a slow drift 
in the mean period on a time scale related to the time 
scale of the binary evolution. The lengths of the cycles 
in P(t) would be determined by the durations of 
successive high and low states. Although in a certain 
sense this proposed mechanism simply transforms the 
problem of understanding the persistence of long spin 
periods into a problem of understanding the pattern 
in time of mass transfer in X-ray binaries, it can be 
directly tested independently of the development of the 
latter understanding. Thus, on a plot of observed 
luminosity versus spin period, such a source should 
trace out a nearly closed curve whose center drifts on 
an evolutionary time scale (Ghosh and Lamb 19786). 
Theoretical evolutionary paths of this type which are 
suitable for comparison with the behavior of observed 
sources have been computed and will be published 
elsewhere (Eisner, Ghosh, and Lamb 1979). Some 
evidence for this picture is provided by Vela X-l, 
which shows variations by a factor > 30 in luminosity 
together with alternating episodes of strong spin-up 
and spin-down (see Fig. 7), although as noted in § IV, 
this particular source may not be disk-fed. 

In closing this discussion, we remark that the spin- 
down torque during low states may involve both the 
braking torque on fast rotators found here and the 
braking torque on very fast rotators due to mass 
ejection which has been suggested by other authors 
(Davidson and Ostriker 1973; Illarionov and Sunyaev 
1975 ; Shakura 1975), if the mass accretion rate becomes 
sufficiently low. Our braking torque, which operates 
for values of o>s between the critical fastness, coc, and 
the maximum allowable fastness for steady accretion, 
cüjjiax ^ 1, and involves no mass ejection from the 
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vicinity of the magnetosphere, would act at luminosi- 
ties between those corresponding to these two values 
of the fastness, whereas the braking torque suggested 
by the above authors, which is assumed to operate for 
<*>s > wmax and to involve mass ejection from the 
vicinity of the magnetosphere, would act at luminosi- 
ties below that corresponding to œs = a>max. 

VIH. CONCLUDING REMARKS 

In Paper I we showed that no model of axisym- 
metric stationary disk accretion by magnetic stars 
which involves a thin transition zone between the disk 
and the magnetosphere can produce an accretion 
torque significantly less than M(GMr0)112 and hence 
that such models cannot account for the much smaller 
accretion torque acting on Her X-l. In Paper II we 
showed that in fact the transition zone in disk accretion 
is broad, owing to invasion of the disk plasma by the 
stellar magnetic field via the Kelvin-Helmholtz in- 
stability, turbulent diffusion, and magnetic flux re- 
connection. In the present paper we have used the 
solutions to the two-dimensional hydromagnetic 
equations obtained in Paper II to calculate the torque 
on the star. We find (1) that the magnetic coupling 
between the star and the plasma in the outer transition 
zone is appreciable; (2) that as a result of this coupling 
the spin-up torque on fast rotators is substantially less 
than that on slow rotators; and (3) that for sufficiently 
high stellar angular velocities or sufficiently low mass 
accretion rates the rotation of the star can be braked 
while accretion continues. 

Applying these results to pulsating X-ray sources, 
we have shown that a star of given spin period rotating 
in the same direction as the disk can experience either 
spin-up or spin-down, depending on its luminosity. 
At high luminosities the star is a “slow rotator” and 
experiences a strong spin-up torque whereas at low 
luminosities it becomes a “fast rotator” and can 
experience a strong spin-down torque. If the accretion 
luminosity remains approximately constant, the spin 
period will eventually approach and then maintain the 
critical spin period at which the accretion torque 
vanishes. 

We have discussed the general problem of inter- 
preting period changes in pulsating X-ray sources and 
have described how one can disentangle the effect of 
the accretion torque from the effects of possible 
internal torques and the dynamical response of the 
neutron star utilizing a dense sequence of pulse period 
and X-ray flux measurements of each source. We have 
shown that the model of disk accretion developed in 
Paper II gives an equation for the accretion torque 
that can potentially be used to (1) establish the accretion 
flow pattern, (2) determine the properties of the X-ray 
star, and (3) establish the cause of pulse period 
fluctuations. 

We have also considered the limited evidence re- 
garding accretion flow patterns that is provided by the 
period and flux measurements that are currently 
available. Assuming that the effective inertial moments 
of the X-ray sources are roughly constant on the time 

scales of interest, disk-fed sources should show a 
particular correlation between —P and the quantity 
PL317, and such a correlation is in fact indicated by the 
data. On the other hand wind-fed sources should, 
given certain assumptions, show a linear correlation 
between PLTS and Porb, the orbital period of the binary 
system. The current observational data do not show 
such a correlation, although the observational un- 
certainties are large and may mask it at present. The 
striking agreement of the observational data with the 
theoretical spin-up equation for disk accretion and the 
apparent absence of any correlation of PLTS with Porh 
suggests that most of the currently measured sources 
are disk-fed. The current evidence is, however, far 
from conclusive, a situation which underlines the 
importance of obtaining a regular sequence of accurate 
period and flux measurements for each source. 

Assuming that a given source is disk-fed, its average 
luminosity and spin-up rate can be used to estimate its 
dipole magnetic moment. In most cases a single value 
of the magnetic moment is indicated, but in a few cases 
two solutions are possible. Acceptable solutions are 
possible for all the sources whose spin-up rates have 
so far been measured, including Her X-l, and yield 
magnetic moments in the range 3 x 1029-4 x 1032 

gauss cm3. Solutions that correspond to magnetic 
moments in the much narrower range 5 x 1029-5 x 
1030 gauss cm3 can be found for all sources except 
Vela X-l. The much larger magnetic moment required 
to fit Vela X-l may indicate that this source is not 
disk-fed. The substantial values of the inferred 
magnetic moments argue against rapid, universal 
magnetic field decay in neutron stars. These prelimin- 
ary conclusions can be tested by comparing the 
theoretical spin-up equation with regular sequences of 
accurate period and X-ray flux measurements. 

The short-term period fluctuations and spin-down 
episodes observed in Her X-l, Cen X-3, Vela X-l, and 
X Per follow naturally from the present model of disk 
accretion as consequences of fluctuations in the mass 
accretion rate. In particular, the model predicts a 
braking torque sufficient to account for the observed 
spin-down episodes without ejection of mass from the 
vicinity of the neutron star, if there is a reduction in 
the accretion rate. Fast rotators differ dramatically 
from slow rotators in the size of the relative P 
fluctuation, SP/P, that accompanies a given relative 
fluctuation SL/L in the accretion luminosity. For slow 
rotators one has 8P/P ~ 8L/L whereas for fast 
rotators 8P/P may be many orders of magnitude 
larger than 8L/L. Again, these predictions can be 
checked by comparison with a dense sequence of 
period and X-ray flux measurements. 

Finally, we have pointed out that an understanding 
of the statistics of the long period pulsating sources 
requires not only mechanisms leading to slow rotation 
at the onset of accretion, when X-ray emission first 
begins, but also a means for maintaining long periods 
in the face of strong spin-up torques. We have noted 
that the braking torque at low accretion rates found in 
the present calculations could provide an explanation, 
if these sources have recurrent periods of low lumin- 
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osity. The evolutionary tracks in the period-luminosity 
plane that are predicted by this hypothesis can be 
tested directly by comparison with a sequence of period 
and luminosity measurements. 

The results presented here point clearly to the 
critical need for a regular sequence of accurate period 
and X-ray flux measurements of a number of sources. 
At a minimum, such sequences would make possible 
a better estimate of the mean luminosity of these 
sources and hence allow a more accurate comparison 
with the secular period changes predicted by theory. 
Far more interestingly, a regular sequence of measure- 
ments of each source would allow a determination of 
the dynamical response of the neutron star and a 
direct comparison with the quantitative theory of the 

accretion torque presented here. Such a comparison 
would provide a check on the theory while at the same 
time establishing which of these sources are accreting 
from disks and which are not. Assuming that the 
theory is confirmed, the observations could be used to 
accurately determine the dipole magnetic field of the 
neutron star and to probe the nature of short-term 
fluctuations in the accretion flow. 

It is a pleasure to thank Professors P. Boynton, 
D. Q. Lamb, C. J. Pethick, and D. Pines for stimulat- 
ing discussions. One of us (F. K. L.) thanks Professor 
G. Garmire and the Department of Physics at Caltech 
for their warm hospitality. 
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