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ABSTRACT 
An explanation is suggested for the occurrence of two nearly equal frequencies and associated beats 

in the light- and in the velocity-variations of the ß Canis Majoris stars. It is shown that if the ratio of 
the specific heats 7 is 1 6 and the star is rotating, any disturbance will excite two normal modes with 
nearly equal frequencies. 

I. INTRODUCTION 

In the two preceding papers (Chandrasekhar and Lebovitz 1962c, d; these papers will 
be referred to hereafter as “Paper I” and “Paper II,” respectively) we have determined 
the effect of rotation on the different modes of oscillation of a homogeneous compressible 
mass and of a distorted polytrope. The detailed results of these two papers confirm, 
what had in fact been disclosed by the general theory (Chandrasekhar and Lebovitz 
1962ú0, that a rotation couples two modes of oscillation which are, in the absence of 
rotation, purely radial and purely non-radial and, further, that a ratio of the specific 
heats 7 = 1.6 plays a critical role in this phenomenon. The explanation which we wish 
to suggest for the occurrence of multiple periods and beats in the ß Canis Majoris stars 
is on this theoretical basis; it clarifies and extends an earlier suggestion of ours (Chandra- 
sekhar and Lebovitz 19625). But first we shall briefly describe the nature of the cou- 
pling which is predicted and the origin of the critical role of 7 = 1.6. 

II. THE CASE WHEN ROTATION IS ABSENT 

For the sake of simplicity we shall describe the phenomena in the framework of the 
approximate theory in which the Lagrangian displacement £ is assumed to be a linear 
function of the co-ordinates. The arguments can be made more exact for the homoge- 
neous model considered in Paper I, and they can be made moré general for the others; 
but these refinements are not necessary for our present purposes. 

The two modes of oscillation which are coupled by rotation are, in the absence of 
rotation, characterized by the displacement 

í¡i = XRXi, ^2 = Xrx2j %3 = XrX3 CK-mode), (U 
and 

Zx^XsXi, %2=Xsx2, ¿3 = — 2XSXS (5-mode), (2) 

where XR and Xs are two arbitrary constants. The corresponding characteristic fre- 
quencies are (in the same approximation) 

a 2 R (37-4) m 
i 

and ^-4 m 
*51' 

(3) 

where SB is the gravitational potential energy and / is the moment of inertia of the con- 
figuration. 

The “radial” character of the displacement belonging to the Æ-mode and the sole- 
noidal character of the displacement belonging to the 5-mode are apparent from equa- 
tions (1) and (2). 

We notice that 
aR== as 7 = 1.6 . (4) 
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Therefore, when 7 = 1.6, the two characteristic frequencies coincide; and we have a 
case of degeneracy. Accordingly, in this case any linear combination of the proper solu- 
tions represented by equations (1) and (2) can be considered as belonging to the common 
characteristic frequency. This is the origin of the critical role of 7 = 1.6. 

III. THE CASE WHEN ROTATION IS PRESENT 

Now when the configuration is set in rotation, the R- and S-modes (as we have des- 
ignated them) get coupled, and the corresponding Lagrangian displacements are (cf. 
Paper II, eq. [98]) 

X Y rX2 , ^2= X rX2— Y rXi , Zz==ZrX3, (5) 
and 

Zi = XsXi-\-Ysx2 , Xsx2— YgXi , ^z—ZsXz, (6) 
where 

(ß^o), (?) 
¿ä As 

Y r = — 2i — XB, Ys=-2i-Xs, (8)1 

(Tr <TS 

and (tr and as are the corresponding characteristic frequencies. A general property of 
solutions (5) and (6) is (cf. Paper I, eq. [26]) 

(§f)(©= -i+0(i22) (ß-0). (9) 

So long as 7 7^ 1.6, the proper solutions for the two modes given by equations (5) and 
(6) reduce to those given by equations (1) and (2) when £2 —» 0. But this does not happen 
when 7 = 1.6: in this case, the proper solutions belonging to the two distinct frequencies 
of oscillation (when £2 is different from zero), in the limit £2 = 0, become determinate 
linear combinations of the solutions represented by equations (1) and (2). Thus, for the 
homogeneous compressible model (for which the foregoing arguments can be made 
exact; see Paper I, eqs. [50] and [51]), 

^ = 2.63, ^=-0.185, and FÄ=Fs = 0 (ß = 0);(io) 
Z r Zs 

and the corresponding limits are not very different for the distorted polytropes (see 
Paper II, Table 4i?). In other words, neither of the proper solutions belonging to the two 
distinct modes which obtain when £2^0 become even approximately radial when £2 —> 0: 
indeed, they are very far from being so. 

IV. THE SUGGESTED EXPLANATION 

The theoretical results summarized in Sections II and III suggest an explanation for 
the phenomenon of multiple periods and beats which is observed in the light- and in the 
velocity-variations of the ß Canis Majoris stars (cf. Ledoux and Walraven 1958, Sec. 25). 
Earjier attempts (cf. Ledoux 1951) to explain the same phenomenon postulated the 
excitation of non-radial modes {besides the radial modes) under the influence of rotation. 
But one is generally reluctant to accept suggestions which appeal directly to the excita- 
tion of non-radial modes (besides the radial modes) on the grounds that such modes 
should be highly damped relative to the radial modes and, further, that their excitation 
would be “difficult” in view of the possible source of such excitation being in the deep 
interior. These arguments do not apply to the present interpretation, which is based on 

1 The occurrence of the imaginary in these relations signifies only that the terms in the Ps, in eqs. 
(5) and (6), oscillate 90° out of phase relative to the terms in the X’s and the 
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the assumption that, for the stars in question, y = 1.6; for, on this assumption, the 
degeneracy of the unperturbed state (0 = 0) makes indeterminate the specification of 
the proper solution belonging to the fundamental mode of oscillation; and the removal 
of this degeneracy, by the slightest amount of rotation, leads to two normal modes 
neither of which is even remotely radial. The excitation of both modes by any disturbance 
(spherically symmetric or otherwise) is not only to be expected: it is natural under the 
circumstances. We can “picture” what will happen as follows. 

Consider a slowly rotating gaseous mass and suppose that it experiences a disturbance 
which has approximate spherical symmetry. The disturbance will set the mass into oscil- 
lations; and if 7 1.6, only those normal modes which have the character of radial 
pulsations (approximately) will be excited (in agreement with one’s normal expecta- 
tions). However, when 7 = 1.6, what will happen is quite different; for, in this case, the 
analysis of the original disturbance into normal modes must include the lowest modes, and 
neither of them, as we have seen, has a radial character. The excitation of the lowest 
modes with slightly different frequencies would appear to be inescapable, and, with 
their excitation, beats must ensue. 

While we have supposed that 7 = 1.6, an exact coincidence is not necessary for the fore- 
going explanation to be valid : it should clearly suffice if 

I7- 1.6 I =0( e2) ; (ii) 

for then the difference in the unperturbed values of <j% and 0-| would be “masked” by the 
displacements that each will undergo on account of rotation. It should be remembered 
in this connection that, in a star, 7 (allowing for the effects of radiation pressure and 
ionization) is not, strictly, a constant: it will be variable, and for our present purposes it 
should suffice if 7 takes the value 1.6 somewhere in the interior, so that condition (11) 
will be satisfied over a substantial part of the star. 

It remains to verify that the assumption of 7 = 1.6 is a reasonable one for the ß Canis 
Majoris stars. Now it is known that, for stars of solar mass, 7 is very nearly § throughout 
the interior; and that, for stars of larger mass, 7 will be less, on account of the greater 
importance of radiation pressure. It can be estimated2 on the basis of our current ideas 
on the physical conditions in the interiors of stars that a value of 7 = 1.6 will be attained 
among stars with masses 7-130; this is eminently reasonable for the ß Canis Majoris 
stars, which have spectral types and luminosity classes in the range Bl III-B2 IV. 

Finally, it should perhaps be stated that the particular value 7 = 1.6 has been deduced 
on the basis of a theory which is only approximate for configurations which are not strict- 
ly homogeneous. An exact theory may lead to a somewhat different value for 7, at which 
the kind of accidental degeneracy we have considered occurs. And the present interpre- 
tation will hold whenever such a degeneracy occurs. 
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the second author was supported in part by the United States Air Force under contract 
No. AF-49(638)-42, monitored by the Air Force Office of Scientific Research of the Air 
Research and Development Command. 
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