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ABSTRACT 

The redshift and apparent luminosity of any given galaxy are not constant with time for most models 
of the expanding universe. Redshifts decrease with time because of the braking action of the gravitational 
field in all exploding models, except for the one where the matter density is zero. Apparent luminosities 
decrease with time, except for the oscillating model in the contracting phase and for galaxies with very 
large AX/Xo values, because the distances between galaxies are increasing Redshifts increase with time for 
every galaxy in the steady-state model. 

The theory and numerical results of the deceleration are presented for four selected world models. 
For a galaxy with redshift z = AX/Xo = 0.4 at the present epoch, the change of redshift with time is found 
to be dcz/dt = —11 X 10-6 km/sec year for the oscillating model in the expanding phase at = +1; 
dcz/dt = —5.9 X 10-6 km/sec year for the Euclidean model; dcz/dt = —43 X 10-6 km/sec year for 
the hyperbolic model at g0 = 0 3516; and dcz/dt — +9 2 X 10“6 km/sec year for the steady-state model. 
These all assume that H“1 = 13 X 109 years at the present epoch With present optical techniques 
there is apparently no hope of detecting such small changes in redshift for time intervals smaller than 
107 years. If radio techniques are used with observation of the 21-cm H i line, the detection of a frequency 
shift of 3 X 10~2 cycles/sec year is required for the quoted deceleration of the oscillating case, which 
again appears to be impossible with present methods 

It should be possible to choose between various models of the expanding universe if 
the deceleration of a given galaxy could be measured. Precise predictions of the expected 
effect can be made for each of the presently available family of models, but, unfortu- 
nately, the expected change in s = AX/Xo for reasonable observing times (say 100 years) 
is exceedingly small. Nevertheless, the predictions are interesting, since they form part 
of the available theory for the evolution of the universe. Section I gives the theory of the 
change of z with time, Section II gives the theory of the change of apparent luminosity 
with time, and Section HI gives the results of numerical calculation. 

I. THEORY OF DECELERATION 

Any model which accepts homogeneity and isotropy admits of the well-known Robert- 
son-Walker line element 

ds2 = c2dt2 — R2(t)du2, (U 
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320 ALLAN SANDAGE Vol. 136 

where du2 represents an auxiliary three-space of constant Riemannian curvature, is a 
function of the dimensionless co-moving space co-ordinates, and is independent of time. 
In detail, du2 can be expressed as 

du2 = T—~b~~2 ^ 02 + sin2 6 d(j)2 ), (2) 
X K T y 

where k is the curvature index taking values of +1, 0, or —1 for elliptic, Euclidean, or 
hyperbolic space. For any light-track it is assumed that ds2 = 0, which, from equation 
(1), leads to 

u = 
/•‘o dt 

A fJJ) 
= Constant, (3) 

where to is the time of light-reception by an observer on earth, and h is the time of light- 
emission by the galaxy in question. Because the co-ordinates r, 6, and are co-moving, u 
is a constant (independent of time) for any particular galaxy and can be computed when 
R(t) is known. For radial tracks of photons, dd = d<j> = 0, and u is obtained in terms of 
the co-ordinate r from equation (2) as 

u 
-i 

dr 

Vl - kr- 
— cit* — 1 sm' r, r, sinh-1 r for Æ = + 1, 0, or — 1 (4) 

where the observer is at r = 0. 
The redshift, 2, is given explicitly by the equation 

1+ z = — 1+ Ri 
(5) 

which is obtained from equation (3) by considering the ratio of A¿0 to A¿i of light-pulses 
sent out between time h and h + A¿i and received between time to and to + A/0. In 
equation (5), Ro is the value of the spatial dilatation factor at the time of light-reception, 
/o, and R\ is its value at light-emission, h. 

All the foregoing is, of course, well known and is given only for orientation in what fol- 
lows. It is well to point out again that all these relations are very general. They do not 
depend on any specific dynamics or field equations but only on the geometrical assump- 
tions of homogeneity and isotropy and on the properties of light-tracks. 

We now address the problem of finding the change of z with time for various models 
when the dynamics are specified (cf. Friedman 1922, eqs. [4] and [5], or Robertson 1933, 
eq. [3.2]) by the Einstein field equations. The general solution of the dynamical equations 
is given in parametric form (cf. Sandage 1961&, hereafter called “Paper 11”) by 

R = a(l — cos0), / = — ( 0 — sin0), (6) 
. c 

for Æ = + 1, where the constant a = 4 tt G p Rs/3c2 and where 0 is the development 
angle. For the case k = — 1, 

For k = 0 

R = a (cosh0 —■ 1 ), / = —(sinh 0 — 0). 
c 

R= (67rGpR3)V3¿2/3 . 

(7) 

(8) 

a) Models with k — ±\ 

Consider, first, the change of z with time for the models with Æ = ± 1. Let the devel- 
opment angle at the time of observation be 0o, which can be found from equation (12) or 
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(13) of Paper II, once the deceleration parameter qQ is known. The angle 0i (the develop- 
ment angle when light left a particular galaxy of redshift 2) can be found from 

1 — cos 0o 
1 — cos0i’ 

(9) 

which follows from equations (5) and (6). Therefore, both 0O and 0i are known, once <70 
and 20 are given. Consequently, the invariant u is known for the galaxy in question be- 
cause equations (3), (6), and (7) require that 

w = 0o — 0i = Constant for all time . (io) 

Consider, now, some new epoch of observation ¿0, i in the future (or past) when qQ is 
different. Denote the development angle at this new epoch by 0o, i and the angle when 

Fig. 1.—Illustrates the procedure for finding áz in an oscillating universe. The dotted curve is the 
[R, 0] relation of eq. (6). The present epoch is taken, for illustration, at <70 = 4-1. For a galaxy whose 
present redshift is 2 = 0 4, eq (10) requires that 0O — 0i = 0.28975. The redshift of this galaxy at the 
future epoch when g0 = 2.5 is found by marking the same difference angle back along the [i?, 0] track 
and using eq. (9) at this new epoch. 

light left the galaxy in question by 0i, If ¿0, % is specified, 0o, i is found from equation 
(12) or (13) of Paper II because £0, i is known. Then 01, ¿ is found from equation (10), 
which requires 0O — 0i = 0o, i — 0i, and the new redshift is computed from 

1 + — 
1 — COS 00, 
1 — COS01, 

i 
~ » 
i 

(9') 

which solves the problem. For k = —1, replace “cos” by “cosh” in equations (9) and 

(9')- 
The procedure is graphically illustrated in Figure 1, which gives R versus 0 obtained 

from equation (6), for the oscillating model with Æ = +1. The situation shown is for an 
assumed present epoch at £0 = +1 (0o = tt/2) and for a galaxy whose present redshift is 
2 = 0.4. We look out in space to an angle 0i, such that 0o — 0i = 0.28975, which follows 
from equation (9) with \ + z = 1.4. If this same galaxy is observed at some arbitrary 
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time ¿o, % in the future, say when <70, i = 2.5, we still look out in space through the same 
difference angle 0O -- 0i = 0.28975, but at this time the ratio of the two values of R— 
shown as the ends of the solid bar on the i£(¿)-curve—is only 1.18834, which shows that 
^ = 0.18834. 

To compute the deceleration in c.g.s. units, it is necessary to know the time interval 
between the corresponding values of #o. The time scale in the Æ = +1 model is obtained 
from equation (6), which gives 

T 
¿ = 7r-( 0 — sin0), (H) 

ZTT 

where T is the oscillation time of the model (0 = 27r). In the calculations it is convenient 
to work in the dimensionless ratio t/T, where t can later be calibrated in seconds, once T 
is known as follows. Substitution of equation (21) of Paper II into equation (11) gives 

r = 2x^0 
2o >0.5. (12) 

For example, if = 13 X 109 years when <70 = 1 in the expanding phase, then T = 
8.2 X 1010 years. In half this time, the expansion will stop and contraction begin. 

The hyperbolic model {k — — 1) has no natural time unit such as T because the ex- 
pansion never stops. But again it is convenient to work in dimensionless units such as 
//¿(tt), where /(x) is the time to reach 0 = x. Equation (7) shows that 

ÍÍÜ = - A a 3) 
¿(x) 8.40715 

for any arbitrary 0. The time ¿(x) can be expressed in seconds from knowledge of the 
Hubble parameter at 0 = x and from the value of g at 0 = x. From equation (11) of 
Paper II, g(x) = 0.079413, and equation (22) of the same paper gives 

¿(x) 
0.86539 

H{ir) * 
(14) 

The Hubble parameter is not known a priori at ^(x), but it is presumably known at the 
present epoch h for which <70 is known, and H{tt) can be found from the observed Ha 
value, using the known value of ço and equation (8) of Paper II. The method is illustrated 
in Section HI, where the decelerations are given in c.g.s. units. 

b) The Euclidean Model (k = 0) 

As usual, let to be the present epoch and h the time at which light left a particular 
galaxy in question. Follow this galaxy into the future to a new time of observation ti and 
let the times of reception and emission of light at this future epoch be U and tx, re- 
spectively. These definitions are illustrated in Figure 2, which plots R(t) = t2/z. 

After integration and divison by to, the invariant of equation (3) requires that 

(15) 

The ratio ti/to for any galaxy whose redshift at time to is Zo is found from equation (5), 
which shows that 

1 + £0 = (16) 

The ratio h/to is the independent variable which can be chosen arbitrarily to make pre- 
dictions for any desired time h in the future. Therefore, tx/to can be found from equation 
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(15) for the galaxy in question. The redshift of this galaxy observed at time ti is then 
given by equation (5) as 

i + ^ = ItY/3 = 
2/3 

(17) 

which solves the problem. 
Figure 2 illustrates the case for a galaxy with z = 0.4 at time /0. We require the red- 

shift at a time U/Iq = 2 in the future. From equation (16) /o/¿i = 1.6565. Equation (15) 
then gives tx/U = 1.3495, which, when substituted in equation (17), requires that Zi = 
0.2999. The time interval h — to can be expressed in seconds, once the Hubble time Hq1 

is known at time to and when the ratio ti/to is specified. Section III gives the decelerations 
in c.g.s. units. 

Fig. 2.—Same as Fig. 1, but for the Euclidean model. The definitions of the various times used in the 
text are shown The case illustrated is for a galaxy with z = 0.4 at the present epoch, which requires, 
from eq. (16), that to/h — 1 6565. The future epoch is chosen such that k/to = 2, which requires, from 
eq. (15), that k/tx = 1.3495. Equation (17) then gives z% = 0 2999. 

With R = Be111 and 

equation (3) requires that 

c) The Steady-State Model 

1 + z0 

u = e //¿0 = Constant, 
Bri 

(18) 

(19) 

where again to is the present epoch and h is the time when light was emitted. Consider, 
now, a new time of observation to, i in the future, such that 

to, % — to fiH 1, (20) 

where n is an independent variable and is equal to the number of Hubble times we project 
into the future. Multiply equation (20) by H and use equation (19) at the two epochs of 
observation to and h to obtain 

Zi = enz0 (2i) 
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for the answer. This is the only case of the four which requires an acceleration rather than 
deceleration. The physical reason for deceleration in the exploding models is clearly the 
braking action of the gravitational field. However, each galaxy in the steady-state model 
is accelerating, which can be accomplished only by the constant application of a repul- 
sive force. Many workers have considered this to be a weakness in the usual formulation 
of the steady-state model because no physical theory for the origin of this repulsive force 
is given, except in the case of the “electric universe,, of Lyttleton and Bondi (1959), 
which has apparently run into difficulty (Swann 1961). 

II. THE CHANGE OF APPARENT LUMINOSITY WITH TIME 

Because the distances to galaxies are presently increasing, the apparent luminosities 
must become fainter with time. The decrease is independent of, and superposed on, any 
secular change due to the evolution of the stellar content. Only the change due to increas- 
ing distance is considered in this section. 

Tolman (1930) and later Robertson (1938) showed that the apparent bolometric 
luminosity / of a galaxy observed at time ¿o is given by 

47rR2r2(1+ z)2’ 

where r is related to u by equation (4). For illustration, consider the oscillating model 
with Æ = +1 and r = sin u. Converting equation (22) to astronomical magnitude, sub- 
stituting equation (6) for R0, equation (10) for uy equation (9) for 1 + 2, and considering 
L to be constant with time, gives 

""bol (23) 

This is the general equation, of which Mattig’s result (1958; Sandage 1961a, eq. [24]) is an 
important special case, obtained as follows. Substitution of 

c sin 0o 
a( 1 — cos0o)2 (24) 

(Paper II, eq. [7]) in equation (23) gives 

sin 0o sin ( 00“ ^i)] _i ç 
"#0(1-0)50!) V 

(25) 

as an equivalent statement of equation (23). We assume that the world model is a priori 
unspecified and must be determined from an observation of go using the magnitude-red- 
shift relation by the method of Paper I (Sandage 1961a). We therefore look at all models 
satisfying equation (25) which have the same numerical value of #o, found from observa- 
tion of the real world. We now show that equation (25) reduces to Mattig’s equation (13) 
(1958) for the [m, z, go] relation if c and #o are absorbed in the constant term. The follow- 
ing relations have been, or can be, derived from equations (12) and (16) of Paper II: 

cos 0o =   (26) 
go 

sin 0o 
_ ( 2 g0 — 1 ) V2 

_ z + cos0Q go(2 — 1) + 1 

go ( 1 + z) co^-l+z 

(27) 

(28) 
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sin 0i 
_ ( 2 ç0 — 1 )1/2 ( 2 ç0 2 + 1 ) 1/2 

These last four equations require that 

#o ( 1 + z) 

Qo z (ço—l)[(2ço2+l)1/2—1] 

(29) 

(30) 

which is identical with Mattig’s (1958) equation (12) when the relation between Ho, R0, 
and qo is substituted from equation (10') of Sandage (1961a). Finally, substitution of 
equations (27), (28), and (30) in equation (25), and considering cHq'1 to be constant, gives 

i»bol = 5 log -I { ?oz+ ( ço- 1)[ (2ç0z + 1)1/2- Il } +C, (31) 

*0 

which was to be proved. 
Although equation (31) is correct for the analysis of the [m, z] data obtained at the 

present epoch, it cannot be used to follow the evolution of a model universe with time 
because Ho is not a constant. To follow the change of m for a given galaxy as the universe 
unfolds, we must use equation (23), which implicitly contains the variation of Ho. All 
parameters are known at all times in equation (23) for galaxies with redshift z by using 
the analysis of Section I and equations (26) and (28). The calculations based on equation 
(23) are given in the next section. Similar results for the k — model follow in a 
straightforward way by replacing the circular functions with hyperbolic functions. 

III. NUMERICAL RESULTS AND INTERPRETATION 

a) The Oscillating Case 

Table 1 gives the numerical results for the [z, t], and [m, t] relations for the oscillating 
model (k = +1, 0.5). In making the computation, it was convenient to consider qo 
as the independent variable rather than time, but, for any given qo value, the dimension- 
less time intervals t/T were found from equations (11) and (27). The calculations were 
begun by assuming various z values at #o = +1 and following galaxies with these z 
values backward and forward in time. Each row of the table refers to a given galaxy; 
therefore, the variation of z and m is found by reading across the table in any given row. 
The final row shows the t/T value for the particular qo value. Figure 3 gives the resulting 
[z, t] relation. 

The magnitudes were computed from equation (23) with C = 20.266 to conform with 
the normalization of Paper I and with a absorbed into the constant. It will be recalled 
that this normalization is based on observational data for the first brightest galaxy in the 
great clusters and refers to an mr — kr zero point. 

The oscillating model is the most interesting of thè four because it predicts that the 
expansion will eventually stop (at 0 = tt, g0 = 

00 ), and contraction will begin. The red- 
shift of each galaxy will eventually drop to zero, and a blueshift will then begin. However, 
because of the finite speed of light, the observed reversal from redshift to blueshift takes 
place at different times for different galaxies. There will exist a time when the nearby 
galaxies appear to be approaching while more distant galaxies are still receding. This 
remarkable situation can be computed by the methods of Sections I and II. An illustra- 
tion of the expected [m, z\ relation is given in Table 2 for the time when q0 = 5 in the 
contracting phase (see Fig. 1 of Paper II). The magnitudes are computed from equation 
(23) with C = 20.266. The situation can also be seen in Figure 3 of this paper in the 
neighborhood of go — 13 to go — 4 in the contracting phase, where, at a given time of 
observation, both negative and positive redshifts exist. 
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t/T 

Fig. 3.—The change of redshift with time for the oscillating model. The abscissa gives t/T, where T 
is the total oscillation time of the model T can be expressed in seconds from eq. (12) when //o and #o 
are known. Values of go for various phases t/T are shown above the abscissa. 

TABLE 2 

The Predicted Redshift-Magnitude Relation 
for g0 = 5 in Contracting Phase 
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Another interesting special case exists for this model at go = 00 when the expansion of 
the universe has ceased. Even though i? = 0, all observed galaxies still exhibit a redshift 
because light left each galaxy at a time when Ri < R0 = jRmax. Furthermore, the magni- 
tude-redshift relation at this time has a slope of 2.5 rather than 5, which is usually 
expected. This follows from equation (23) which requires, when do = tt, that 

mr-kr=5 log (~ smM+ 20-266. 
\ 1 — cos 61/ 

Equation (28) then gives 

1 — cos = 
1+z' 

and therefore 
. 2 V 2 

Sln01=__ 

Equation (32) then reduces to 

Mr — kr = 2.5 log z + 23.276 . 

(32) 

(33) 

Finally, it is of interest to compute the expected deceleration in c.g.s. units. Figure 3 
shows that the deceleration is greatest in those galaxies with the largest redshifts. The 
practical limit of the 200-inch telescope for the observation of redshifts is about z = 0.4. 
Then consider a galaxy with z = 0.4, observed at a time when qo = 1 (t/T — 0.09084), 
in a model where ^ö1 = 13 X 109 years. The change in redshift in the interval from g0 

= 

1 to go = 1.6 is 0.144 (see Table 1). The corresponding time interval is 0.07280r = 
5.95 X 109 years by equations (11) and (12). These numbers give an average deceleration 
over the time interval of 

Ac z 
= — 0.73 cm/sec year = — 7.3 X 10-6 km/sec year. 

Taking the limit for infinitesimal time intervals gives cdz/dt = —11 X 10-6 km/sec year 
by the considerations in the appendix, and this appears to be far below the level of any 
technique of measurement. If we take an optimistic view of the present accuracy of opti- 
cal determinations of redshift, a change of 10 km/sec might possibly be detected for a 
galaxy with z = 0.4 if emission lines are present. If deceleration were the only cause of 
velocity changes, it would take 0.9 X 106 years before a change of 10 km/sec would occur. 
Another possible technique of observation would be to use the 21-cm radio emission line 
of neutral hydrogen. If this line were observed in a galaxy whose redshift was z = 0.4, 
the frequency of the light should increase at the rate of 3 X 10-2 cycle/sec per year, 
which again is far outside the limit of stable detection with today’s conventional equip- 
ment. The accuracy of the measurement would have to be about one part in 1011 for a 
1-year measuring interval. 

b) The Hyperbolic Model 

Calculations for Æ = — 1 are given in Table 3 and are illustrated in Figure 4, where the 
times along the abscissa are t/t{Tc) and where values of go are shown above the axis. 
The magnitudes are computed from the analogue of equation (23) valid for this case: 

mhol =5 
(cosh 0o — 1 )2 sinh (00—01 

(cosh0i — 1 ; 
(34) 

where C was taken to be 21.938. This follows from an arbitrary normalization that re- 
quires mr — kr for a galaxy with z = 0.02 at the time when g0 = 0.3516 [///(tt) = 
0.03895] to be the same as a galaxy at z = 0.02 when g0 = +1 for the ß = +1 model. 
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330 ALLAN SANDAGE 

A sample deceleration calculation for a galaxy at s = 0.4 at the time when £o = 
0.3516 [do = 70° and t/t(Tr) = 0.03895] gives 

^ -7-— =-“3X10-6 km/sec year 
At 

for the average deceleration in the time interval from 6 = 70° to 0 = 80°. To obtain this 
number we have assumed that Hq1 = 13 X 109 years at the epoch when qo = 0.3516 
(0O = 70°) and, therefore, from equation (8) of Paper II that 

Tj ( 7 n0 'v 

^-f-V-= 21*1324 or 2.747 X 1011 years. 

Fig. 4.—Change of redshift with time for the hyperbolic model. The time scale is expressed in terms 
of t{ic). Values of go for various times are also shown. 
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Fig. 5.—Change of redshift with time for the Euclidean model 

Fig 6—Change of redshift with time for the steady-state model 
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EXPANDING UNIVERSES 333 

Equation (14) then gives /(tt) = 2.377 X 1011 years, and the above deceleration follows 
from Table 3. Again taking the limit for infinitesimal time intervals gives 

d z 
c -jj = — 4.2 X 10~6 km/sec years 

by the considerations in the appendix. 

c) The Euclidean Model 

Figure 5 and Table 4 give the data for this model. Magnitudes were not computed 
because they follow the same general pattern as for the hyperbolic model. The decelera- 
tion of a galaxy which is observed with z = 0.4 at the present epoch and accepting = 
13 X 109 years is 

= — 5.9 X 10“6 km/sec year. 

d) The Steady-State Model 

Figure 6 shows the acceleration of galaxies for the steady-state model. Equation (21) 
gives 

Acz__ cz<s(en— \ )E 
At n 

or 
.. Acz d{cz) Tr hm -T-— = —-t:— = c zqH . ►o At dt 

(35) 

For 30 = 0.4 and #01 = 13 X 109 years, 

d(cz) 
df~ 

+ 9.2 X 10-6 km/sec year. 

IV. CONCLUSION 

1. The foregoing considerations show that an “ideal” deceleration test exists between 
the exploding and the steady-state models in the sense that the sign of the effect is re- 
versed. However, for the test to be useful, it would seem that a precision redshift cata- 
logue must be stored away for the order of 107 years before an answer can be found be- 
cause the decelerations are so small by terrestrial standards. 

2. For all models, except the oscillating case, it will become more and more difficult to 
obtain observational information from the universe because the apparent luminosities of 
galaxies decrease with time. Indeed, if the oscillating case is excluded, there will be a 
time in the very distant future when most galaxies will recede beyond the limit of easy 
observation and when data for extragalactic astronomy must be collected from ancient 
literature. 
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