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ABSTRACT 

Free-free, bound-free, and bound-bound Gaunt factors and oscillator strengths have been computed 
for electrons in a pure Coulomb potential. Numerical results are presented for a wide range of electron 
and photon energies. In addition, for the free-free case, average Gaunt factors and the rate of brems- 
strahlung production have been obtained as functions of temperature for a Boltzmann distribution of 
electron energies. 

I. INTRODUCTION 

For many problems in astrophysics and plasma physics, conditions of ionization are 
such that it is a reasonable approximation to treat the electrons as moving in a pure 
Coulomb potential (with perhaps an effective screened charge for the ion). In addition, 
of course, hydrogen plasmas, if they are not too dense, also satisfy this condition. For 
many years analytic formulae have been available for computing the radiative absorp- 
tion and emission properties of electrons in a Coulomb field (Sommerfeld 1953; Bethe 
and Salpeter 1956). These formulae involve hypergeometric functions with complex 
parameters. In this paper we have rewritten some of these formulae in forms more con- 
venient for numerical computation and have computed free-free, bound-free, and 
bound-bound Gaunt factors and oscillator strengths as a function of electron energies 
and photon frequencies. In addition, for the free-free case, suitable averages over a 
Boltzmann distribution have been performed to give the radiative properties for an 
ionized plasma as a function of temperature. Some similar results have been published 
by other authors (e.g., Berger 1956, 1957). The present calculations considerably extend 
this work, to cover a range of physical conditions adequate for most astrophysical and 
other applications. 

II. FREE-FREE TRANSITIONS 

The free-free absorption coefficients in a pure Coulomb field are readily computed 
from the formula for bremsstrahlung, using detailed balancing. The cross-section for 
absorption of a photon of energy hv by an electron of energy Ei = Wk\l2m^ which makes 
a transition to energy Ef = h2k}/2m, is related to the cross-section for emission of the 
photon hv by the electron Ef by the formula 

_ vf pf 
O' i, V—Of—►i, v , (1) 

£ Pi, v 

where v/ is the velocity of the final electron and p/ and p», ? are the density of states for 
the two final states: 

P/ = 2 X 47t 
mkf 

(27t) 3¿2 ’ 

Pi, 2 X 47t 
mki 

(2tt) zh2 2 X 47t 
2Tck c21 

(2) 

where the factors of 2 are for electron spin and photon polarizations and the free elec- 
trons are normalized to plane waves of unit density at infinity. 

167 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



168 W. J. KARZAS AND R. LATTER 

For bremsstrahlung, we have (Sommerfeld 1953; Biedenham 1956) 

j em   32 2 { e 'y kikf d (hv) ^-v r i’/j- 2 _i_7 2 i {j-) [(1 + 1) Tl+1, ¡ +Iti—i, d , (3) 

where 

(4) Ti',i = fo r^dryh'(r^d^tiiryE,) , 

and, asymptotically, 

. sin (Ær + ôz) 

*< r,—■ 

Equation (3) gives the total cross-section to emit an unpolarized photon in the energy 
range hv to hv + d(hv) for electrons of unit density. Thus, for absorption, using the same 
electron normalization, 

>2 7 2 2 
7 ab   fl Kf C , em 
dau v 

,2 / e2s\3 h2c2kf d (hv) 

=^■(0 mv2 hv J2[(l + l) mi, i+lu-i, d 
i=o 

3 
(5) 

_2^h¿ 2 ) 64 e\fRy\6 d(hv) 

X kikp [ (f + 1) T¡+i, j 1,¡] j , 

The sum can be explicitly evaluated (Sommerfeld 1953; Biedenham 1956), and we ob- 
tain a result in terms of hypergeometric functions, which can be expressed in several ways. 

One convenient way is (Biedenham 1956) 

2= [(^ + ¿2 + 2^2)«), 1; 0) 

- 2( 1 +1;2) V2 ( 1 + TJ2) v2 (0, 1; 1)] (0, 1; 0), (6) 

where 

(0, 1; l) = f r2dr l-t^ryEi) rl/i(r,E/), (7) 
*/ 0 7 

_Z e2 _ Z 
71 hv kao1 

and again 

For Coulomb wave functions, 

sin (& r + ô) 
Jzr 

(0, l;l) =-¿-11, 
K% Rrf 

(8) 
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RADIATIVE TRANSITIONS 169 

with 

i r ^kjkf i|r(/ + i+^)rg +1+^)1 
ll llUii-k,)*! r(2? + 2) (ki-kf) 

and the real function, Gi, is given by 

(9) 

Gi = 
kf — ki\ tii+iy 

kf -jr ki\ 
'^[l + l-iVfJ + l-ivï, 21 + 2-,-J^^] (10) 

If the argument of the hypergeometric function is greater than 1, this can be re- 
written as 

Gi— 
  I ki lî7,+î^T'i/0 7 T (ir]f Í7]i) F 4 kf ki "I 

kf + ki 

-l-l+iy 

X iFi^ + 1 —i-Qf, —l—irjf) 1 +ivi—iv/y— ] 
4:kfk, 

r Ak/ki 

(11) 

r(/ + 

Tdru-irif) T Ikfki “1 

1 +ivi) r (/ +1 -irif) L (kf-ki) 2J 

X2Fi[/ + 1 —iTUy—l — iyi, 1 +i'nf — iyim
J— ] I Ï 

in each of these cases it is possible to express the quantity Gi as a real series in the vari- 
able Akfki (kf — ki)~2 (see Appendix A). 

Thus we have 

x [(k}+kï+2kWf)/o-2¿/¿<a+^)1'za+’?/)i/¡7i]io 
2\ 1/2 2\ 1/2 

(12) 

This cross-section assumes that the electrons are normalized to unit density. More 
conveniently, we can normalize the initial electron wave functions on the energy scale 
(i.e., in terms of the number per unit volume per unit energy range). The pertinent 
relation is 

G’energy scale ^density scale 
mki 
2Ï2p‘ 

(13) 

Thus 

, _ v2 64 6,2 Ry 1 

VG/f, energy scale a0^> —ñT T~ “T“ 3 he hv TJiTJf 

X [ (v2i + Vf + 2i}2iV/) lo — 2r]irif(l +r¡2¡) 1/2 (1 + j/2) ^/i] I0 . 

The classical cross-section for free-free absorption is given by (Kramers 1923) 

, _ 27s 32,r g2 fRyY j f hv\ 
Öcrcla„: Energy .cale ~ ^ 3^/3 J~c J ® ) ■ 

(14) 

(IS) 
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170 W. J. KARZAS AND R. LATTER 

Thus the Gaunt factor is 

gff 
_ dtiff __ 2 \/3 

d&ci&BB irrjiTjf 
(Vi+ V/+ 2t)U/) h — 2îj<’ï/ (1 +VÙ,/z (1 +Vf) -fo, (!«) 

2\ l/2 2x 1/2 

where 

2 

^ËT5 

2 Z2Ry 
Vf Ef 

(17) 

Values of g/f are plotted in Figures 1 and 2 as functions of EilZ? and Aï'/Z2. 
To obtain the total absorption coefficient for a distribution of initial electron energies, 

we take the cross-section on the energy scale and multiply by the number of electrons/ 
unit energy. For the case of the Boltzmann distribution, this is 

dn _ \ 

dÉTW e~
Ei/kTX (number/unit volume) . (18) 

For many cases of interest in opacity computations the temperatures and densities 
are such that it is permissible to neglect the degeneracy of the electrons. This is not 

Fig. 1.—Free-free Gaunt factor versus incident electron energy for various photon energies 
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RADIATIVE TRANSITIONS 171 

true, however, of such stellar matter as the white dwarfs, for instance. In general, one 
ought to use the Fermi-Dirac distribution function rather than the Boltzmann; it is a 
straightforward matter to do the integration for any particular case of interest. Because 
of the difficulty in presenting the results of such calculations (which add a third parame- 
ter—the free energy—to the frequency and temperature dependence on the Gaunt fac- 
tor), we have limited ourselves to the Boltzmann distribution. 

In this case the average cross-section at temperature T for absorption of photons of 
frequency hv by free elctrons is 

<daffy = ^f e~Ei/kTdEid<Tff (Ei, Ei + hv) . 

In terms of the parameters 77, we have 

JL = 

(19) 

(20) 

-5 0 5 
Log hy/Z^Ry 

Fig. 2.—Free-free Gaunt factor versus photon energy for various incident electron energies 
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172 W. J. KARZAS AND R. LATTER 

so that we obtain, for the temperature-averaged free-free Gaunt factor, 

/OO / Jiy qi \ 
dxe-xgff[yi = ix-lft,— = -:^y (21) 

where 

hv . ZPRy 

kT' 7 kT ' 

This temperature-averaged Gaunt factor is plotted in Figures 3, 4, and 5. 

.1  I I I I I 1  
-30 -2.0 -1.0 0 1.0 2.0 3.0 

Log 

Fig. 3.—Temperature-averaged free-free Gaunt factor versus 7s = ZPRy/kT for various values of 
u = hv/kT. 
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RADIATIVE TRANSITIONS 173 

The Gaunt factors described above can also be used to compute the amount of energy 
emitted in the bremsstrahlung process. By comparing equations (3), (6), (9), and (16), 
we see that we can write the cross-section for an electron of energy ¿0, normalized to 
unit density at infinity, to emit a photon in the energy range hv to hv + dijtv) in terms 
of the free-free Gaunt factor: 

d<jQm lÓTT 

3 V3 

h2 d {hv) 

2 mEa hv 
gff {Ei —E0 — hv, Ef —Eq) . (22) 

The energy emitted per emit time is found by multiplying by hv and by the electron 
flux, nevo: ^ 

Fig. 4.—Temperature-averaged free-free Gaunt factor versus u = hv/kT for various values of 7* *= 
Z?Ry/kT. Note: The labeling of curve 2 from below should be 1X10-2 {not 1X10“1)- 
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, W _ e2 Y 7
2 ¿V 2 Y/2Ï7-1/2^ // ^ M «fr --y Z rc,, — ( — ) £0 d{hv)gff 

m \ZinJ 

128ir2/e2Y~2, z.(Eo\-V\ „ 
~ ivi te;z (w^o) te; • 

(23) 

To find the energy emitted per unit time by a Maxwellian distribution of electron 
energies, we average this spectrum: 

(W(v) )dv 
rdE^e-^W (v) dv 

•Shv 

PdEX 
l/2 -En/kT 

(24) 

Fig. 5.—Temperature-averaged free-free Gaunt factor versus u — hv/kT for various values of 7s = 
Z?Ry/kT. 

If we change to the integration variable Eq — hvm the numerator, we are evaluating 
exactly the same integral that gives the temperature-averaged Gaunt factor. Thus, 
after simplifying and rearranging the constants, we find 

<w{v) ydv=-Ê^z2n‘(^y2due-u{ë"{u’yî)) (25) 

= 1.42 X 10~27Z2neT
1/2du < gff (u, y2) ) ergs/sec , 

where u = hv/kT; y2 = Z^Ry/kT; and T is in degrees Kelvin in the second expression. 
The energy emitted per unit volume per unit time is found by multiplying by the 

density of positive ions which serve as targets for the bremsstrahlung production. To 
find the total energy emitted, we integrate over the photon spectrum. Thus 
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RADIATIVE TRANSITIONS 175 

/27rH’\V2 2%e6 

\ 3w / Shmc* 
< g// («, 72) > 

r oo (2o) 
= 1.42 X lO-^Z^^r1/2 / due-» ( gff (u, y2) >ergs/cm2 sec 

= e0 < g// (t2) > > 

where eo is the factor multiplying the integral and is the rate of energy production, 
assuming <g//> = 1 (see, e.g., formula [5-49] of Spitzer 1956). 

The integral, (gff (y2)) = e/eo, is plotted as a function of y2 in Figure 6. 

III. BOUND-FREE TRANSITIONS 

The bound-free (photoelectric) absorption coefficients in a pure Coulomb field are 
readily computed directly by using the appropriate Coulomb wave functions. Alterna- 
tively, they may be obtained by analytic continuation of the bound-bound oscillator 
strength formulae. We shall use the latter method here. 

Fig. 6.—Ratio of bremsstrahlung energy production to that calculated with unit Gaunt factor 
plotted versus t2 = ZP-Ry/kT. 
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176 W. J. KARZAS AND R. LATTER 

For a dipole electron transition from a bound state (w, Z) to a free (continuum) state 
(E = h2k2/2m), the total cross-section for absorption of an unpolarized photon of fre- 
quency v is given by (Gaunt 1930) 

Gnl—>E 
lÓTT2 e2 mkvY l + l , E, 1+U2, I 

3 hcnr\-2l + \Krnl ’ ^21 + 1 
(27) 

where 

Tni l±1 = f Sdrti!, i±i(r) rÿnlir), 

with wave function normalizations such that 

/r2dr \xl/„i (r) |2 = 1 , 

and, asymptotically, 

^ sin (^r + ôi) 

(28) 

Ÿe, i (r) 
kr 

(29) 

We must therefore evaluate the matrix element l±x. To do this, we first consider 
the radial matrix element between bound states: 

»' 
Tnl 

, l±l fr2dr\pn', ( ^) , (30) 

with the same normalization on bound wave functions as before. 
An explicit formula for this matrix element was given by Gordon (1929) in computing 

the bound-bound oscillator strengths. We show in Appendix B that this expression may, 
by analytic continuation, be used also for the bound-free case. 

In order to make this continuation, we first look at the form of the bound and free 
wave functions (Bethe and Salpeter 1956) : 

tmir) 
2Zy/2[T (rc+Z+l)-]1/2 (2Zr/na0) 

1 

na0) LT(n — l)2n\ (2Z + 1)! 
(31) 

X <TZr/no° 1F1 (i + 1 - 2/ + 2; —Y 
\ fl (Lq / 

ÏB.tir) = 1 r 1 (2kr)1 (l + l-ir,; 21 + 2-,-2ikr). 02) 

Here iF\ is the regular confluent hypergeometric function (a polynomial if the first 
parameter is a negative integer or zero), and 

Z = /Z2Ry\V2 

ka0 \ E J 
(33) 

As before, the bound wave functions have the usual normalization, while the free 
functions are asymptotically plane waves of unit density. 

We note that, apart from constants, the free wave function is just the bound wave 
function with n —» Specifically, 

i(r) 
2ik3 

T7J 
(34) 

Thus we wish to write the bound-bound matrix element in a form for which we can 
make the continuation ra—> e*T/V This form is (Gordon 1929) 
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RADIATIVE TRANSITIONS 177 

i', Z-l__ nl _ Ö0 22Z ÍT (W+ 1) F (^' +/) "I1/2 

,i T«-, ¡-i z (2;_i) iLrcw-orCw'-z + i) J 

X (w»0 1+1 (n + n’) _n_"' (« - «') (»' - n) ’1'-! j 2í'i[/ + 1 - 2/; (3S) 

(w — w') 2il- 

I ) 

(n — nf) 2J Í 

In Appendix B we show that this expression is valid if w is an integer > / + 1 and 
Re nln1 < 1, or, conversely, if w! is an integer > l and Re n*In < 1. 

Thus, in the first case, the formula is valid everywhere in the complex w'-plane outside 
a circle of radius njl centered at n' = n¡2. In particular, therefore, we may use it for 
n' = i-f]. Similarly, we may interchange n and w', let / —» / + 1, and use the formula for 
the transition / —> / + 1. These operations are carried out in Appendix C. We quote here 
the final results: 

_ Tre2 24W2(w+Z) !{[l2 + r?
2][22 + r?

2] . . .[(¿-1)2 + î72]} 
i—i — ^ (2/ + 1) [ (21 — Í) {(n—I — 1) [ 

^exp [ — 4t7 cot-1 p] p2Z+2 (36) 
X l _ e 2mj (1+p2) 2n~2 

X [Gi(l + 1 — n\ r}\ p) — (1 +P2) ~2Gi (l — 1 — n] T); p)]2 

(here the first expression in braces is set equal to 1 if /= 1) ; 

  tt e2 24l+6 (/+1)2 (n+l) l (V+y2) (22+rj2) . . . [(Z+DM-rj2] 
0ni-*E, i+i mcv 3 (2l-\-\) (2Z+1) ! (21+2) ! (n—l—\) ! [(/+1) 2+t/2] 2 

^expl —4r7 cot-1 p] p2l+Ar]2 

X (1 + p2)2w (37) 

X [ (Í+1 -«) Gi+1 (/+1 -^ ; p) +/4^r (/- w; ; p) ]'. 

Here p = 'n/n, and Gi and Gi+\ are real pol)momials in p, described in Appendix C. 
The total cross-section is given by 

0nl—>E — &nl—>E , l~l + Vnl^>E, l+l • 

Kramers’ semiclassical expression for the bound-free cross-section is 

24 
K e* 

(Tnl->E 
3 V3 mcv «\1 +PV 

(38) 

(39) 

The Gaunt factor is defined as the ratio of the cross-section to Kramers’ cross-section 
(Gaunt 1930): 

(40) 

These dimensionless Gaunt factors are most commonly used in opacity calculations. 
Values for the Gaunt factors from bound states n = 1 to n = 6 (and all pertinent l) and 
bound states n = 1 to w = 15 (averaged over l) to free states covering E/Z2 Ry from zero 
to 1012 are given in Table 1 and plotted in Figures 7-21. 
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TABLE 1 
Bound-free Gaunt Factors 

.» = 1.» = 2 

.1000 (13)* 

.1111 (12) 

.1000 (11) 
1111 (10) 
1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.4000 (5) 

.2041 
.1000 
.4444 (4) 
.2500 
.1111 
.4000 (3) 
.2041 
.1000 
.4444(2) 
.2500 
.1600 
.1111 
.6250 (1) 
.4000 
.2778 
.2041 
.1562 
.1235 
.1000 
.6944 (0) 
.4444 
.2500 
.1111 
.4000 (-1) 
.2041 
.1000 
.4444 (-2) 
.2500 
.1111 
.1000 (-3) 
.1111 (-4) 
.1000 (-5) 
.1111 (-6) 
.1000 (-7) 
.1111 (-8) 
.1000 ( -9) 
.1111 (-10) 
.1000 (-11) 
.1111 (-12) 
.1000 (-13) 
.1111 (-14) 
.1000 (-15) 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.4000 (5) 

.2041 

.1000 

.4445 (4) 

.2501 

.1112 

.4010 (3) 

.2051 

.1010 

.4544 (2) 

.2600 

.1700 

.1211 

.7250 (1) 

.5000 

.3778 

.3041 

.2562 

.2235 

.2000 

.1694 

.1444 

.1250 

.1111 
.1040 
.1020 
.1010 
.1004 
.1002 
.1001 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 

.6928 (-5) 

.2078 (-4) 

.6928 

.2078 (-3) 

.6926 

.2076 (-2) 

.6906 

.2059 (-1) 

.3410 

.4745 

.6715 

.9917 

.1302 (0) 

.1894 

.2971 

.3918 

.5129 
.6687 
.7800 
.8585 
.9129 
.9729 
.9939 
.9948 
.9856 
.9721 
.9571 
.9423 
.9157 
.8850 
.8531 
.8246 
.8076 
.8026 
.7999 
.7985 
.7980 
.7976 
.7973 
.7973 
.7973 
.7973 
.7973 
.7973 
.7973 
.7973 
.7973 
.7973 
.7973 
.7973 
.7973 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.4000 (5) 

.2041 

.1000 

.4445 (4) 

.2500 

.1111 

.4002 (3) 

.2043 

.1002 
.4469 (2) 
.2525 
.1625 
.1136- 
.6500 (1) 
.4250 
.3028 
.2291 
.1812 
.1485 
.1250 
.9444 (0) . 
.6944 
.5000 
.3611 
.2900 
.2704 
.2600 
.2541 
.2525 
.2511 
.2501 
.2500 
.25QO 
.2500 
.2500 
.2500 
.2500 
.2500 
.2500 
.2500 
.2500 
.2500 
.2500 

.2771 (-4) 

.8>14 

.2771 (-3) 

.8313 

.2770 (-2) 

.8306 

.2763 (-1) 

.8236 

.1364 (0) 

.1898 

.2686 

.3966 

.5207 

.7572 

.1187 (1) 

.1563 

.2042 

.2645 

.3059 

.3331 

.3497 

.3612 

.3553 

.3408 

.3225 

.3031 

.2842 

.2664 

.2354 

.2000 

.1626 

.1279 

.1067 

.1003 

.9686 (0) 

.9498 

.9431 

.9384 

.9349 

.9346 

.9346 

.9346 
-9346 
.9346 
.9346 
.9346 
.9346 
.9346 
.9346 
.9346 
.9346 

.6928 (-17) 

.1871 (-15) 

.6928 (-14) 

.1870 (-12) 

.6926 (-11) 

.1869 (-9) 

.6906 (-8) 

.1853 (-6) 

.8525 

.2325 (-5) 

.6714 

.2231 (-4) 

.5206 

.1703 (-3) 

.7411 

.1912 (-2) 

.5087 

.1477 (-1) 

.3019 

.5100 

.7642 

.1373 (0) 

.2055 

.2752 

.3423 

.4045 

.4607 

.5106 

.5925 

.6784 

.7587 

.8192 

.8459 

.8518 

.8545 

.8558 

.8562 

.8565 

.8567 

.8567 

.8567 

.8567 

.8567 

.8567 

.8567 

.8567 

.8567 

.8567 

.8567 

.8567 

.8567 

.6128 (-5) 

.2078 (-4) 

.6928 

.2078 (-3) 

.6926 

.2076 (-2) 

.6906 

.2059 (-1) 

.3410 

.4745 

.6715 
¿>918 
.1302 (0) 
.1894 
.2972 
.3923 
.5142 
.6724 
.7875 
Æ711 
.9316 
.1006 (1) 
.1043 
.1058 
.1063 
.1061 
.1056 
.1049 
.1033 
.1009 
.9755 (0) 
.9342 
.901L 
.8896 
.8830 
.8793 
.8779 
.8770 
.8763 
.8761 
.8761 
.8761 
.8761 
.8761 
.8761 
.8761 
.8761 
.8761 
.8761 
.8761 
.8761 

Electron 
Energy, 
E/Z*Ry 

Photon 
Energy, 
bv/Z*Ry 

Level, 
1j 

Photon 
Energy, 

bv/Z*Ry 
Level 

•The number in parentheses indicates the power of ten multiplying the entry and succeeding entries below. 
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TABLE 1—continued 
n=l 

Electron 
Energy, 
E/Z'Ry 

Photon 
Energy, 

bv/Z*Ry 

Level 

3j 3/> id 
.1000 (13)* 
.1111 (12) 
.1000 (11) 
.1111 (10) 
.1000 (9) 
.1111 (8) 
.1000 (7) 
.1111 (6) 
.4000 (5) 
.2041 
.1000 
.4444 (4) 
.2500 
.1111 
.4000 (3) 
.2041 
.1000 
.4444 (2) 
.2500 
.1600 
.1111 
.6250 (1) 
.4000 
.2778 
.2041 
.1562 
.1235 
.1000 
.6944 (0) 
.4444 
.2500 
.1111 
.4000 (-1) 
.2041 
.1000 
.4444 (-2) 
.2500 
.1111 
.1000 (-3) 
.1111 (-4) 
.1000 (-5) 
.1111 (-6) 
rlOOO (-7) 
.1111 (-8) 
.1000 (-9) 
.1111 (-10) 
.1000 (--11) 
.1111 (-12) 
.1000 (-13) 
.1111 (-14) 
.1000 (-15) 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.4000 (5) 

.2041 

.1000 

.4445 (4) 

.2500 

.1111 

.4001 (3) 

.2042 

.1001 

.4456 (2) 
.2511 
.1611 
.1122 
.6361 (1) 
.4111 
.2889 
.2152 
.1673 
.1346 
.1111 
.8056 (0) 
.5556 
.3611 
.2222 
.1511 
.1315 
.1211 
.1156 
.1136 
.1122 
.1112 
.1111 
.1111 
.1111 
.1111 
.1111 
.1111 
.1111 
.1111 
.1111 
.1111 
.1111 
.1111 

.6235 (-4) 

.1871 (-3) 

.6235 

.1870 (-2) 

.6233 

.1869 (-1) 

.6216 

.1853 (0) 

.3069 

.4270 

.6043 

.8924 

.1171 (1) 

.1704 

.2670 

.3516 

.4589 

.5939 

.6858 

.7453 

.7804 

.8009 

.7818 

.7428 

.6954 

.6458 

.5976 

.5524 

.4736 

.3834 

.2875 

.1976 

.1416 

.1246 

.1153 

.1102 

.1085 

.1072 

.1062 

.1062 

.1062 

.1062 

.1062 

.1062 

.1062 

.1062 

.1062 

.1062 

.1062 

.1062 

.1062 

.1848 (-16) 

.4988 (-15) 

.1847 (-13) 

.4988 (-12) 

.1847 (-10) 

.4984 (-9) 

.1842 (-7) 

.4942 (-6) 

.2273 (-5) 

.6199 

.1790 (-4) 

.5949 

.1388 (-3) 

.4541 

.1976 (-2) 

.5097 

.1355 (-1) 

.3930 

.8022 

.1352 (0) 
2021 
.3608 
.5357 
.7101 
.8732 
• 1019(1) 
.1144 
.1249 
.1402 
.1523 
.1559 
.1454 
.1277 
.1199 
.1150 
.1122 
.1111 
.1104 
.1098 
.1098 
.1098 
.1098 
.1098 
.1098 
.1098 
.1098 
.1098 
.1098 
.1098 
.1098 
.1098 

.1369 (-29) 

.3326 (-27) 

.1368 (-24) 

.3325 (-22) 

.1368 (-19) 

.3322 (-17) 

.1364 (-14) 

.3294 (-12) 

.4210 (-11) 

.2250 (-10) 

.1326 (-9) 

.9915 

.4113 (-8) 

.3027 (-7) 

.3658 (-6) 

.1849 (-5) 

.1003 (-4) 

.6542 

.2372 (-3) 

.6239 

.1340 (-2) 

.4236 

.9765 

.1849 (-1) 

.3064 

.4611 

.6460 

.8563 

.1332 (0) 

.2107 

.3332 

.5059 

.6531 

.7042 

.7333 

.7495 

.7552 

.7593 

.7623 

.7626 

.7626 

.7626 

.7626 

.7626 

.7626 

.7626 

.7626 

.7626 

.7626 

.7626 

.7626 

.6928 (-5) 

.2078 (-4) 

.6928 

.2078 (-3) 

.6926 
.2076 (-2) 
.6906 
.2059 (-1) 
.3410 
.4745 
.6715 
.9918 
.1302 (0) 
.1894 
.2973 
.3924 
.5144 
.6731 
.7889 
.8735 
.9352 
.1013 (1) 
.1053 
.1072 
.1081 
.1083 
.1081 
.1078 
.1068 
.1051 
.1024 
.9854 (0) 
.9458 
.9293 
.9189 
.9128 
.9105 
.9089 
.9076 
.9075 
.9075 
■9075 
.9075 
.9075 
.9075 
.9075 
.9075 
.9075 
.9075 
.9075 
.9075 

•The «yimh**«- in parentheses indicates the power of ten multiplying the entry and succeeding entries below. 
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TABLE 1—continued 
» = 4 

Electron 
Energy, 
E/Z*Ry 

Photon 
Energy, 
hv/Z'Ry 

Level 
4/> 

.1000 (13)* 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.4000 (5) 

.2041 

.1000 

.4444 (4) 

.2500 

.1111 

.4000 (3) 

.2041 

.1000 

.4444(2) 
.2500 
.1600 
.1111 
.6250 (1) 
.4000 
.2778 
.2041 
.1562 
.1235 
.1000 
.6944 (0) 
.4444 
.2500 
.1111 
.4000 (-1) 
.2041 
.1000 
.4444 (-2) 
.2900 
.1111 
.1000 (-3) 
.1111 (-4) 
.1000 (-5) 
.1111 (-6) 
.1000 (-7) 
.1111 (-8) 
.1000 (-9) 
.1111 (-10) 
.1000 (-11) 
.1111 (-12) 
.1000 (-13) 
.1111 (-14) 
.1000 (-15) 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.4000 (5) 

.2041 

.1000 

.4444 (4) 

.2500 

.1111 
.4001 (3) 
.2042 
.1001 
.4451 (2) 
.2506 
.1606 
.1117 
.6312 (1) 
.4062 
.2840 
.2103 
.1625 
.1297 
.1062 
.7569 (0) 
.5069 
.3125 
.1736 
.1025 
.8291 (-1) 
.7250 
.6694 
.6500 
.6361 
.6260 
.6251 
.6250 
.6250 
.6250 
.6250 
.6250 
.6250 
.6250 
.6250 
.6250 
.6250 
.6250 

.1109 (-3) 

.3326 

.1108 (-2) 

.3325 

.1108 (-1) 

.3322 

.1105 (0) 

.3294 

.5456 

.7591 

.1074 (1) 

.1586 

.2083 

.3028 

.4746 

.6250 

.8156 

.1055 (2) 

.1218 

.1322 

.1383 

.1417 

.1379 

.1306 

.1217 

.1125 

.1036 

.9526 (1) 

.8069 

.6397 

.4614 

.2929 

.1865 

.1539 

.1358 

.1259 

.1225 

.1200 

.1181 

.1180 

.1179 

.1179 

.1179 

.1179 

.1179 

.1179 

.1179 

.1179 

.1179 

.1179 

.11791 

.3464 (-16) 

.9353 (-15) 

.3464 (-13) 

.9352 (-12) 

.3463 (-10) 

.9344 (-9) 
•3453 (-7) 
.9265 (-6) 
.4263 (-5) 
.1162 (-4) 
.3357 
.1115 (-3) 
.2603 
.8515 
.3704 (-2) 
.9555 
.2540 (-1) 
.7364 
.1502 (0) 
.2530 
.3778 
.6730 
.9962 
.1316(1) 
.1611 
.1871 
.2090 
.2267 
.2512 
.2667 
.2617 
.2240 
.1734 
.1521 
.1388 
.1311 
.1283 
.1263 
.1248 
.1246 
.1246 
.1246 
.1246 
.1246 
.1246 
.1246 
.1246 
.1246 
.1246 
.1246 
.1246 

.3464 (-29) 
..8418 (-27) 
.3464 (-24) 
.8417 (-22) 
.3463 (-19) 
.8410 (-17) 
.3453 (-14) 
.8339 (-12) 
.1066 (-10) 
.5696 
.3357 (-9) 
.2510 (-8) 
.1041 (-7) 
.7663 
.9260 (-6) 
.4681 (-5) 
.2539 (-4) 
.1655 (-3) 
.5994 
.1575 (-2) 
.3381 
.1066 (-1) 
.2448 
.4617 
.7613 
.1140 (0) 
.1587 
.2090 
.3204 
.4945 
.7469 
.1035 (1) 
.1169 
.1173 
.1159 
.1146 
.1140 
.1135 
.1131 
.1131 
.1131 
.1131 
.1131 
.1131 
.1131 
.1131 
.1131 
.1131 
.1131 
.1131 
.1131 

.1155 (-35) 

.2525 (-32) 

.1154 (-28) 

.2523 (-25) 

.1151 (-21) 

.2502 ( -18) 

.8881 (-17) 

.9303 (-16) 

.1119 (-14) 

.1882 (-13) 

.1388 (-12) 

.2299 (-11) 

.7715 (-10) 

.7643 (-9) 

.8457 (-8) 

.1239 (-6) 

.7973 

.3270 (-5) 

.1009 (-4) 

.5629 

.2010 (-3) 

.5422 

.1207 (-2) 

.2340 

.4083 

.6566 

.1413 (-1) 

.3258 

.7987 

.1992 (0) 

.3808 

.4721 

.5335 

.5708 

.5848 

.5950 

.6026 

.6033 

.6034 

.6034 

.6034 

.6034 

.6034 

.6034 

.6034 

.6034 

.6034 

.6034 

.6034 

.6928 (-5) 

.2078 ( -4) 

.6928 

.2078 (-3) 

.6926 

.2076 (-2) 

.6906 

.2059 (-1) 

.3410 

.4745 

.6715 

.9918 

.1302 (0) 

.1894 

.2973 

.3924 

.5145 

.6733 

.7894 

.8745 

.9365 

.1015 (1) 

.1056 

.1077 

.1087 

.1091 

.1091 

.1089 

.1082 

.1069 

.1047 

.1014 

.9736 (0) 

.9542 

.9408 

.9323 

.9291 

.9267 

.9249 

.9248 

.9247 

.9247 

.9247 

.9247 

.9247 

.9247 

.9247 

.9247 

.9247 

.9247 

.9247 
*The number in parentheses indicates the power of ten multiplying the entry and succeeding entries below. 
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TABLE 1—continued 
» = 5 

Electron 
Energy, 
E/ZïRy 

Photon 
Energy, 
bv/Z'Ry 

Level 
5</ 

.1000 (13)* 

.1111 (12) 
.1000 (11) 
.1111 (10) 
.1000 (9) 
.1111 (8) 
.1000 (7) 
.1111 (6) 
.4000 (5) 
.2041 
.1000 
.4444 (4) 
.2500 
.1111 
.4000 (3) 
.2041 
.1000 
.4444 (2) 
.2500 
.1600 
.1111 
.6250 (1) 
.4000 
.217$ 
.2041 
.1562 
.1235 
.1000 
.6944 (0) 
.4444 
.2500 
.1111 
.4000 (-1) 
.2041 
.1000 
.4444 (-2) 
.2500 
.1111 
.1000 (-3) 
.1111 (-4) 
.1000 (-5) 
.1111 (-6) 
.1000 (-7) 
.1111 (-8) 
.1000 (-9) 
.1111 (-10) 
.1000 (-11) 
.1111 (-12) 
.1000 (-13) 
.1111 (-14) 
.1000 (-15) 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.4000 (5) 

.2041 

.1000 

.4444 (4) 

.2500 

.1111 

.4000 (3) 

.2041 

.1000 

.4448 (2) 
.2504 
.1604 
.1115 
.6290 (1) 
.4040 
.2818 
.2081 
.1602 
.1275 
.1040 
.7344 
.4844 
.2900 
.1511 
.8000 (-1) 
.6041 
.5000 
.4444 
.4250 
.4111 
.4010 
.4001 
.4000 
.4000 
.4000 
.4000 
.4000 
.4000 
.4000 
.4000 
.4000 
.4000 
.4000 

.1732 (-3) 

.5196 

.1732 (-2) 

.5196 

.1732 (-1) 

.5191 

.1727 (0) 

.5147 

.8525 

.1186 (1) 

.1679 

.2479 

.3254 

.4732 

.7415 

.9765 

.1274 (2) 

.1648 
.1902 
.2064 
.2158 
.2208 
.2146 
.2029 
.1888 
.1742 
.1600 
.1467 
.1235 
.9689 (1) 
.6845 
.4145 
.2422 
.1887 
.1588 
.1424 
.1366 
.1324 
.1293 
.1290 
.1290 
.1290 
.1290 
.1290 
.1290 
.1290 
.1290 
.1290 
.1290 
.1290 
.1290 

.5543 (-16) 

.1496 (-14) 

.5542 (-13) 

.1496 (-11) 

.5541 (-10) 

.1495 (-8) 

.5525 (-7) 

.1482 (-5) 

.6820 

.1860 (-4) 

.5371 

.1785 (-3) 

.4165 

.1362 (-2) 

.5927 

.1529 (-1) 

.4064 

.1178 (0) 

.2402 

.4045 

.6037 

.1074 (1) 

.1588 

.2094 

.2559 

.2964 

.3302 

.3573 

.3933 

.4127 

.3960 

.3220 

.2275 

.1878 

.1631 

.1488 

.1435 

.1397 ' 

.1369 

.1366 

.1366 

.1366 

.1366 

.1366 

.1366 

.1366 

.1366 

.1366 

.1366 

.1366 

.1366 

.6208 (-29) 

.1508 (-26) 

.6207 (-24) 

.1508 (<—21) 

.6206 (-19) 

.1507 (-16) 

.6188 ( — 14) 

.1494 (-11) 

.1910 (-10) 

.1021 (-9) 

.6016 

.4497 (-8) 

.1866 (-7) 

.1373 (-6) 

.1659 (-5) 

.8387 

.4549 (-4) 

.2964 (-3) 

.1073 (-2) 

.2820 

.6050 

.1904 (-1) 

.4368 

.8221 

.1352 (0) 

.2019 

.2804 

.3681 

.5603 

.8539 

.1258 (1) 

.1650 

.1690 

.1590 

.1492 

.1421 

.1392 

.1370 

.1354 

.1353 

.1352 

.1352 

.1352 

.1352 

.1352 

.1352 

.1352 

.1352 

.1352 

.1352 

.1352 

.3027 (-35) 

.6619 (-32) 

.3026 ( -28) 

.6614 ( — 25) 

.3017 (-21) 

.6558 ( -18) 

.2328 (-16) 

.2439 (-15) 

.2933 (-14) 

.4934 (-13) 

.3639 (-12) 

.6026 ( — 11) 

.2022 (-9) 

.2003 (-8) 

.2217 (-7) 

.3247 (-6) 

.2088 (-5) 
.8561 
.2640 (-4) 
.1471 (-3) 
.5243 
.1412 (-2) 
.3136 
.6061 
.1054 (^1) 
.1690 
.3610 
.8212 
.1961 (0) 
.4616 
.7969 
.9242 
.9890 
.1018 (1) 
.1027 
.1033 
.1036 
.1037 
.1037 
.1037 
.1037 
.1037 
.1037 
.1037 
.1037 
.1037 
.1037 
.1037 
.1037 

.1020 (-33) 

.5173 (-29) 

.1012 (-24) 

.9977 (-23) 

.2048 (-21) 

.5029 (-20) 

.1903 (-18) 

.2495 (-17) 

.9297 (-16) 

.8666 ( -14) 

.1682 (-12) 

.3798 (-11) 

.1251 (-9) 
.1430 (-8) 
.9149 
.4059 (-7) 
.4009 (-6) 
.2225 (-5) 
.8588 
.2584 (-4) 
.6484 
.1418 (-3) 
.2785 
.8425 
.2906 (-2) 
.1159 (-1) 
.5234 
.1706 (0) 
.2618 
.3383 
.3918 
.4132 
.4295 
.4418 
.4429 
.4431 
.4431 
.4431 
.4431 
.4431 
.4431 
.4431 
.4431 
.4431 
.4431 
.4431 

.6928 (-5) 
.2078 (-4) 
.6928 
.2078 (-3)' 
.6926 
.2076 (-2) 
.6906 
.2059 (-1) 
.3410 
.4745 
.6715 
.9918 
.1302 (0) 
.1894 
.2973 
.3924 
.5146 
.6734 
.7897 
.8747 
.9371 
.1016 (1) 
.1058 
.1080 
.1090 
.1095 
.1095 
.1094 
.1089 
.1Q78 
.1060 
.1030 
.9925 (0) 
.9719 
.9563 
.9458 
.9416 
.9385 
.9361 
.9358 
.9358 
.9358 
.9358 
.9358 
.9358 
.9358 
.9358 
.9358 
.9358 
.9358 
.9358 

•The number in parentheses indicates the power of ten multiplying the entry and succeeding entries below. 
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TABLE 1—continued 
n = 6 

Electron 
Energy, 
E/Z*Ry 

Photon 
Energy, 
bv/Z1Ry 

Level 
dr 6p 6d 6g 6b 

.1000 (13)* 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 
.1111 (8) 
.1000 (7) 
.1111 (6) 
.4000 (5) 
.2041 
.1000 
.4444 (4) 
.2500 
.1111 
.4000 (3) 
.2041 
.1000 
.4444 (2) 
.2500 
.1600 
.1111 
.6250(1) 
.4000 
.2778 
.2041 
.1562 
.1235 
.1000 
.6944 (0) 
.4444 
.2500 
.1111 
.4000 (-1) 
.2041 
.1000 
.4444 (-2) 
.2500 
.1111 
.1000 (-3) 
.1111 (-4) 
.1000 (-5) 
.1111 (-6) 
.1000 (-7) 
.1111 (-8) 
.1000 (-9) 
.1111 (-10) 
.1000 (-11) 
.1111 (-12) 
.1000 (-13) 
.1111 (-14) 
.1000 (-15) 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 
.1000 (9) 
.1111 (8) 
.1000 (7) 
.1111 (6) 
.4000 (5) 
.2041 
.1000 
.4444 (4) 
.2500 
.1111 
.4000 (3) 
.2041 
.1000 
.4447 (2) 
.2503 
.1603 
.1114 
.6278 (1) 
.4028 
.2806 
.2069 
.1590 
.1263 
.1028 
.7222 (0) 
.4722 
.2778 
.1389 
.6778 (-1) 
.4819 
.3778 
.3222 
.3028 
.2889 
.2788 
.2779 
.2778 
.2778 
.2778 
.2778 
.2778 
.2778 
.2778 
.2778 
.2778 
.2778 
.2778 

.2494 (-3) 

.7482 

.2494 (-2) 

.7482 
.2493 (-1) 
.7475 
.2486 (0) 
.7412 
.1228 (1) 
.1708 
.2417 
.3570 
.4686 
.6814 
.1068 (2) 
.1406 
.1835 
.2373 
.2737 
.2971 
.3106 
.3176 
.3085 
.2913 
.2709 
.2496 
.2289 
.2096 
.1759 
.1371 
.9570 (1) 
.5626 
.3091 
.2295 
.1847 
.1599 
.1510 
.1446 
.1399 
.1395 
.1395 
.1395 
.1395 
.1395 
.1395 
.1395 
.1395 
.1395 
.1395 
.1395 
.1395 

.8083 (-16) 

.2182 (-14) 

.8083 (-13) 

.2182 (-11) 

.8080 (-10) 
.2180 (-8) 
.8058 (-7) 
.2162 (-5) 
,9946 
.2712 (-4) 
.7833 
.2603 (-3) 
.6073 
.1987 (-2) 
.8643 
.2228 (-1) 
.5926 
.1717 (0) 
.3502 
.5895 
.8798 
.1564 (1) 
.2311 
.3045 
.3717 
.4300 
.4783 
.5167 
.5667 
.5908 
.5593 
.4406 
.2916 
.2288 
.1897 
.1667 
.1584 
.1522 
.1477 
.1473 
.1473 
.1473 
.1473 
.1473 
.1473 
.1473 
.1473 
.1473 
.1473 
.1473 
.1473 

.9580 (-29) 

.2328 (-26) 

.9579 (-24) 

.2328 (-21) 

.9577 (-19) 

.2326 (-16) 
,9550 (-14) 
.2306 (-11) 
.2947 (-10) 
.1575 (-9) 
.9284 
.6940 (-8) 
.2879 (-7) 
.2119 (-6) 
.2560 (-5) 
.1294 (-4) 
.7019 
.4573 (-3) 
.1656 (-2) 
.4349 
.9328 
.2934 (-1) 
.6724 
.1264 (0) 
.2077 
.3097 
.4294 
.5627 
.8531 
.1291 (1) 
.1875 
.2374 
.2267 
.2021 
.1804 
.1653 
.1594 
.1549 
.1514 
.1511 
.1511 
.1511 
.1511 
.1511 
.1511 
.1511 
.1511 
.1511 
.1511 
.1511 
.1511 

.5474 (-35) 

.1197 (-31) 

.5472 (-28) 

.1196 (-24) 

.5457 (-21) 

.1186 (-17) 

.4210 (-16) 

.4410 (-15) 

.5305 (-14) 

.8923 (-13) 

.6581 (-12) 

.1090 (-10) 

.3657 (-9) 

.3623 (-8) 

.4008 (-7) 

.5871 (-6) 

.3775 (-5) 

.1547 (-4) 

.4770 
.2656 (-3) 
.9458 
.2543 (-2) 
.5643 
.1089 (-1) 
.1891 
.3025 
.6434 
.1453 (0) 
.3417 
.7753 
.1243 (1) 
.1362 
.1384 
.1369 
.1357 
.1346 
.1337 
.1336 
.1336 
.1336 
.1336 
.1336 
.1336 
.1336 
.1336 
.1336 
.1336 
.1336 
.1336 

.2848 (-33) 

.1444 (-28) 

.2824 (-24) 

.2784 (-22) 

.5717 (-21) 

.1403 (-19) 

.5311 (-18) 

.6964 ( — 17) 

.2595 (-15) 

.2419 (-13) 

.4695 (-12) 

.1060 ( -10) 

.3492 (-9) 

.3989 (-8) 

.2552 (-7) 

.1132 (-6) 

.1117 (-5) 

.6880 

.2387 (-4) 

.7172 

.1797 (-3) 

.3924 

.7691 

.2316 (-2) 

.7926 

.3113 (-1) 

.1353 (0) 

.4086 

.5918 

.7250 

.8057 

.8348 

.8556 

.8707 

.8720 

.8722 
.8722 
.8722 
.8722 
.8722 
.8722 
.8722 
.8722 
.8722 
.8722 
.8722 

.2510 (-31) 

.6875 (-29) 

.2767 (-27) 

.1386 (-25) 

.1180 (-23) 

.2751 (-22) 

.2306 (-20) 

.5971 (-18) 

.2272 (-16) 

.1047 (-14) 

.7754 (-13) 

.1574 ( -11) 

.1572 (-10) 

.1003 (-9) 

.1757 (-8) 

.1518 (-7) 

.8404 

.3424 (-6) 

.1116 (-5) 

.8070 

.7391 

.3167 (-4) 

.1657 (-3) 

.1106 ( -2) 

.9618 

.5947 (-1) 

.1211 (0) 

.1§92 

.2464 

.2717 

.2918 

.3077 

.3091 

.3093 

.3093 

.3093 

.3093 

.3093 

.3093 

.3093 

.3093 

.3093 

.3093 

.3093 

.6928 (-5) 

.2078 (-4) 

.6928 

.2078 (-3) 

.6926 

.2076 (-2) 

.6906 

.2059 (-1) 

.3410 

.4745 

.6715 

.9918 

.1302 (0) 

.1894 

.2973 

.3924 

.5146 

.6735 

.7898 

.8750 

.9374 

.1017 (1) 

.1059 

.1081 

.1092 

.1097 

.1098 

.1097 

.1092 

.1083 

.1067 

.1041 

.1006 

.9851 (0) 

.9682 

.9560 

.9509 

.9470 
•9439 
.9436 
.9436 
.9436 
.9436 
.9436 
.9436 
.9436 
.9436 
.9436 
.9436 
.9436 
.9436 

•The number in parentheses indicates the power of ten multiplying the entry and succeeding entries below. 
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TABLE 1—continued 
» = 7, 8,9,10 

Electron 
Energy, 
E/Z2Ry 

Photon 
Energy, 
bv/Z2Ry 

Photon 
Energy, 

bv/Z*Ry 

Photon 
Energy, 
bv/ZtRy 

Photon 
Energy, 
bv/Z2Ry 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.4000 (5) 

.2041 

.1000 

.4444 (4) 

.2500 

.1111 

.4000 (3) 

.2041 

.1000 

.4444 (2) 
.2500 
.1600 
.1111 
.6250 (1) 
.4000 
.2778 
.2041 
.1562 
.1235 
.1000 
.6944 (0) 

.2500 

.1111 

.4000 (-1 

.2041 

.1000 

.4444 ( 

.2500 

.1111 

.1000 (-3) 

.1111 (-4) 

.1000 (-5) 

.1111 (-6) 

.1000 (-7) 

.1111 (-8) 

.1000 (-9) 

.1111 (-10) 

2) 

.1000 (- 

.1111 (- 
-11) 
-12) 

.1000 (-13) 

.1111 (-14) 

.1000 (-15) 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 
.1000 (9) 
.1111 (8) 
.1000 (7) 
.1111 (6) 
.4000 (5) 
.2041 
.1000 
.4444 (4) 
.2500 
.111; 
.4000 (3) 
.2041 
.1000 
.4446 (2) 
.2502 
.1602 
.1113 
.6270 (1) 
.4020 
.2798 
.2061 
.1582 
.1255 
.1020 
.7149 (0) 
.4649 
.2704 
.1315 
.6041 (-1) 
.4082 
.3041 
.2485 
.2291 
.2152 
.2051 
.2042 
.2041 
.2041 
.2041 
.2041 
.2041 
.2041 
.2041 
.2041 
.2041 
.2041 
.2041 

.6928 (-5) 

.2078 (-4) 

.6928 

.2078 (-3) 

.6926 

.2076 (-2) 

.6906 

.2059 (-1) 

.3410 

.4745 

.6715 

.9918 

.1302 (0) 

.1894 

.2973 

.3924 

.5146 

.6735 

.7899 

.8751 

.9376 

.1017 (1) 

.1060 

.1082 

.1093 

.1098 

.1099 

.1099 

.1095 

.1086 

.1071 

.1047 

.1015 

.9952 (0) 

.9776 

.9641 

.9582 

.9535 

.9498 

.9495 

.9494 

.9494 

.9494 

.9494 

.9494 

.9494 

.9494 

.9494 

.9494 

.9494 

.9494 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.4000 (5) 

.2041 

.1000 

.4444 (4) 
.2500 
.1111 
.4000 (3) 
.2041 
.1000 
.4446 (2) 
.2502 
.1602 
.1113 
.6266 (1) 
.4016 
.2794 
.2057 
.1578 
.1251 
.1016 
.7101 (0) 
.4601 
.2656 
.1267 
.5562 (-1) 
.3603 
.2562 
.2007 
.1812 
.1674 
.1572 
.1564 
.1563 
.1563 
.1563 
.1563 
.1563 
.1563 
.1563 
.1563 
.1563 
.1563 
.1563 

.6928 (-5) 

.2078 (-4) 

.6928 

.2078 (-3) 

.6926 

.2076 (-2) 

.6906 

.2059 (-1) 
MlO 
.4745 
.6715 
.9918 
.1302 (0) 
.1894 
.2973 
.3925 
.5146 
.6735 
.7899 
.8752 
.9377 
.1017 (1) 
.1060 
.1082 
.1094 
.1099 
.1100 
.1100 
.1096 
.1088 
.1074 
.1052 
.1022 
.1003 
.9853 (0) 
.9708 
.9642 
.9588 
.9544 
.9540 
.9540 
.9540 
.9540 
.9540 
.9540 
.9540 
.9540 
.9540 
.9540 
.9540 
.9540 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.4000 (5) 

.2041 

.1000 

.4444 (4) 

.2500 

.1111 

.4000 (3) 

.2041 

.1000 

.4446 (2) 
i2501 
.1601 
.1112 
.6262 (1) 
.4012 
.2790 
.2053 
.1575 
.1247 
.1012 
.7068 (0) 
.4568 
.2623 
.1235 
.5235 (-1) 
.3275 
.2235 
.1679 
.1485 
.1346 
.1245 
.1236 
.1235 
.1235 
.1235 
.1235 
.1235 
.1235 
.1235 
.1235 
.1235 
.1235 
.1235 

.6928 (-5) 

.2078 (-4) 

.6928 

.2078 (-3) 

.6926 

.2076 (-2) 

.6906 

.2059 (-1) 

.3410 

.4745 

.6715 

.9918 

.1302 (0) 

.1894 

.2973 

.3925 

.5146 

.6736 

.7899 

.9378 

.1056 

.9917 (0) 

.9632 

.9582 

.9577 

.9576 

.9576 

.9576 

.9576 

.9576 

.9576 

.9576 

.9576 

.9576 

.9576 

.9576 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.4000 (5) 

.2041 
4000 
.4444 (4) 
.2500 
.1111 
.4000 (3) 
.2041 
.1000 
.4445 (2) 
.2501 
.1601 
.1112 
.6260 (1) 
.4010 
.2788 
.2051 
.1572 
.1245 
.1010 
.7044 (0) 
.4544 
.2600 
.1211 
.5000 (-1) 
.3041 
.2000 
.1444 
.1250 
.1111 
.1010 
.1001 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 

.6728 (-5) 

.2078 (-4) 

.6928 

.2078 (-3) 

.6926 

.2076 (-2) 

.6906 

.2059 (-1) 

.3410 

.4745 

.6715 

.9918 

.1302 (0) 

.1894 

.2973 

.3925 

.5146 

.6736 

.7900 

.8753 

.9379 

.1018 (1) 

.1060 

.1083 

.1095 

.1100 

.1102 

.1101 

.1098 

.1091 

.1078 

.1058 

.1032 

.1014 

.9970 (0) 

.9814 

.9737 

.9666 

.9613 

.9607 

.9606 

.9606 

.9606 

.9606 

.9606 

.9606 

.9606 

.9606 

.9606 

.9606 

.9606 
*The number in parentheses indicates the power of ten multiplying the entry and succeeding entries below. 
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TABLE 1—continued 
» = 11,12,13,14,15 

Energy, 
E/Z*J?y 

Photon 
Energy, 

bv/Z*Ry 

Photon 
Energy, 
bv/Z*Ry 

Photon 
Energy, 
bv/Z*Rj 

13 
Photon 
Energy, 

bv/Z'Ry 
14 

Photon 
Energy, 

bv/PRy 
15 

.1000 (13)* 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.1000 ( 5) 

.1111 (4) 

.1000 (3) 

.1111 (2) 

.1000 (1) 

.1111 (0) 

.1000 (-1) 

.1111 (-2) 

.1000 (-3) 

.1111 (-4) 

.1000 (-5) 

.1111 (-6) 

.1000 (-7) 

.1111 (-8) 

.1000 (-9) 

.1111 (-10) 

.1000 (-11) 

.1111 ( — 12) 

.1000 (-13) 

.1111 (-14) 

.1000 (-15) 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.1000 (5) 

.1111 (4) 

.1000 (3) 

.1112(2) 

.1008 (1) 

.1194 (0) 

.1826 (-1) 

.9376 (-2) 

.8364 

.8276 

.8265 

.8265 
.8264 
.8264 
.8264 
.8264 
.8264 
.8264 
.8264 
.8264 
.8264 

.6928 (-5) 

.2078 (-4) 

.6928 

.2078 (-3) 

.6926 

.2076 (-2) 

.6906 

.2059 (-1) 

.6715 

.1894 (0) 

.5146 

.9379 

.1102 (1) 

.1060 

.1002 

.9703 (0) 

.9639 

.9633 

.9632 

.9632 

.9632 

.9632 

.9632 

.9632 

.9632 

.9632 

.9632 

.9632 

.9632 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.1000 (5) 

.1111 (4) 

.1000 (3) 

.1112(2) 

.1007 (1) 

.1181 (0) 

.1694 (-1) 

.8056 (-2) 

.7044 

.6956 

.6945 

.6945 

.6944 

.6944 

.6944 

.6944 

.6944 

.6944 

.6944 

.6944 

.6944 

.6928 (-5) 

.2078 (-4) 

.6928 

.2078 (-3) 

.6926 

.2076 (-2) 

.6906 

.2059 (-1) 

.6715 

.1894 (0) 

.5146 

.9379 

.1102 (1) 

.106* 

.1005 

.9732 (0) 

.9661 

.9654 

.9654 

.9653 

.9653 

.9653 

.9653 

.9653 

.9653 

.9653 

.9653 

.9653 

.9653 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.1000 (5) 

.1111 (4) 

.1000 (3) 

.1112(2) 

.1006 (I) 

.1170 (0) 

.1592 (-1) 
.7028 (-2) 
.6017 
.5928 
.5918 
.5917 
.5917 
.5917 
.5917 
.5917 
.5917 
.5917 

-.5917 
.5917 
.5917 

.6928 (-5) 

.2078 (-4) 

.6928 

.2078 (-3) 

.6926 

.2076 (-2) 

.6906 

.2059 (-1) 

.6715 

.1894 (0) 

.5146 

.9380 

.1102 (1) 

.1063 

.1008 

.9758 (0) 

.9681 

.9673 

.9672 

.9672 

.9672 

.9672 

.9672 

.9672 

.9672 

.9672 

.9672 

.9672 

.9672 

.1000(13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.1000 (5) 

.1111 (4) 

.1000 (3) 

.1112(2) 

.1005 (1) 

.1162 (0) 

.1510 (-1) 

.6213 (-2) 

.5202 

.5113 

.5103 

.5102 

.5102 

.5103 

.5103 

.5103 

.5103 

.5103 

.5103 

.5103 

.5103 

.6928 (-5) 

.2078 (-4) 

.6928 

.2078 (-3) 

.6926 

.2076 (-2) 

.6906 

.2059 (-1) 

.6715 

.1894 (0) 

.5146 

.9380 

.1103 (1) 

.1064 

.1011 

.9780 (0) 

.9698 

.9690 

.9689 

.9689 

.9689 

.9689 
9689 
.9689 
.9689 
.9689 
.9689 
•9689 
.9689 

.1000 (13) 

.1111 (12) 

.1000 (11) 

.1111 (10) 

.1000 (9) 

.1111 (8) 

.1000 (7) 

.1111 (6) 

.1000 (5) 

.1111 (4) 

.1000 (3) 

.1112(2) 

.1004 (1) 

.1156 (0) 

.1444 (-1) 

.5556 (-2) 

.4544 

.4456 

.4445 

.4445 

.6928 (-5) 

.2078 (-4) 

.6928 

.2078 (-3) 

.6926 

.2076 (-2) 

.6906 

.2059 (-1) 

.6715 

.1894 (0) 

.5146 

.9380 

.1103 (1) 

.1064 

.1014 

.9803 (0) 

.9714 

.9704 

.9703 

.9703 

.9703 

.9703 

.9703 

.9703 

.9703 

.9703 

.9703 

.9703 

.,9703 

*The number in parentheses indicates the power of ten multiplying the entry and succeeding entries below. 
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Fig. 7.—Bound-free Gaunt factor versus free electron energy for / = 0, » = 1-6 
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Fig. 8.—Bound-free Gaunt factor versus free electron energy for / = 0, « = 1-6 
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Fig. 9.—Bound-free Gaunt factor versus free electron energy for l = 1, » = 2-6 
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Fig. 10.—Bound-free Gaunt factor versus free electron energy for l = 1, » = 2-6 
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Fig. 11.—Bound-free Gaunt factor versus free electron energy for / = 2, » = 3-6 
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Fig. 12.—Bound-free Gaunt factor versus free electron energy for Z = 2, w = 3-6 
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Fig. 13.—Bound-free Gaunt factor versus free electron energy for l = 3, n = 4-6 
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Fig. 14.—^Bound-free Gaunt factor versus free electron energy for / = 3, n = 4r-6 
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Fig. 15.—Bound-free Gaunt factor versus free electron energy for / = 4, w = 5, 6 
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Fig. 16.—Bound-free Gaunt factor versus free electron energy for Í = 4, n = 5, 6 
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Fig. 17.—Bound-free Gaunt factor versus free electron energy for / = 5, » = 6 
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Fig. 18.—Bound-free Gaunt factor versus free electron energy for / = 5, n = 6 
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Fig. 19.—Bound-free Gaunt factor averaged over a shell versus free electron energy for n = 1-15 
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Fig. 21.—Bound-free Gaunt factor averaged over a shell versus free electron energy for n = 1-15 
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TABLE 2 
Bound-bound Oscillator Strengths 

1 = 0 

L,0 2,0 3,0 3,2 4,0 4,2 5,0 5,2 

.1387 (0) 

.2637 (-1) 

.9664 (-2) 
-.4646 
.2600 

•.l¿b5 
-.1061 
-.7387 (-3) 
-.5351 
-.4002 
-.3071 
-.2409 
-.1925 
-.1562 
-.1285 

.0000 
.1450 (0) 
.3425 (-1) 
.1398 
.7210 (-2) 

-.4247 
.2727 

-.1861 
-.1329 
-.9840 (-3) 
-.7494 
-.5843 
-.4646 
-.3756 
.3081 

.1359 (-1) 

.0000 

.1616 (0) 

.4034 (-1) 

.1713 
.9123 (-2) 
.5516 
.3621 
.2518 
.1828 
.1372 
.1058 
.8342 (-3) 
.6698 
.5463 

.6958 (0.) 

.0000 

.1832 (-1) 
.3683 (-2) 
.1403 

-.7019 (-3) 
.4079 

-.2607 
-.1779 
-.1274 
-.9463 (-4) 
-.7238 
-.5668 
-.4528 
-.3678 

.3045 (-2) 

.3225 (-1) 

.0000 
.1814 (0) 
.4604 (-1) 

-.1988 
-.1076 
-.6599 (-2) 
-.4389 
-.3088 
-.2266 
-.1717 
.1336 

-.1061 
-.8582 (-3) 

.1218 (0) 

.6183 

.0000 
-.4637 (-1) 
-.9729 (-2) 
-.3790 
-.1925 
-.1133 
-.7318 
-.5041 
-.3641 
-.2726 
-.2100 
-.1655 
-.1330 

.1213 (-2) 

.7428 

.5291 (-1) 

.0000 
-.2026 (0) 
-.5163 (-1) 
-.2246 
-.1225 
-.7578 (-2) 
-.5080 
-.3602 
-.2662 
-.2031 
-.1590 
-.1270 

.4437 (-1) 

.1392 (0) 

.6093 

.0000 
-.7999 ( — l) 
-.1722 
.6804 (-2) 

-.3491 
-.2071 
-.1347 
-.9342 (-3) 
-.6787 
-.5110 
.3956 

-.3134 

6,0 6,2 7,0 7,2 S,0 8,2 9,0 9,2 

.6180 (-3) 

.3032 (-2) 

.1234 (-1) 

.7454 

.0000 

.2245 (0) 

.5718 (-1) 

.2494 

.1366 

.8493 (-2) 

.5723 
-.4079 
-.3029 
-.2322 
-.1826 

.2163 (-1) 

.5614 

.1485 (0) 

.6247 

.0000 

.1171 

.2564 (-1) 

.1023 

.5283 (-2) 

.3152 

.2061 

.1438 

.1047 

.7918 (-3) 
-.6154 

.3613 (-3) 

.1579 (-2) 

.5094 

.1749 (-1) 

.9672 

.0000 

.2469 (0) 

.6271 (-1) 
.2737 
.1502 
.9368 (-2) 
.63^4 
.4530 

-.3376 
-.2397 

.1233 (-1) 

.2901 

.6255 

.1570 (0) 

.6514 
.*0000 
.1564 
.3468 (-1) 
.1393 
.7230 (-2) 
.4331 
.2842 
.1986 

-.1454 
-.1102 

.2308 (-3) 

.9412 

.2682 (-2) 

.7267 

.2278 (-1) 

.1192 (0) 

.0000 
-.2695 
-.6825 (-1) 
-.2977 
-.1636 
-.1022 
-.6921 (-2) 
-.4961 
-.3707 

.7756 (-2) 

.1721 (-1) 

.3330 

.6755 

.1658 (0) 

.6843 

.0000 

.1973 

.4415 (-1) 
-.1782 
.9287 (-2) 

-.5580 
-.3671 
-.2572 
-.1888 

.1570 (-3) 

.6119 

.1617 (-2) 

.3851 

.2815 (-1) 

.1420 (0) 

.0000 

.2923 
-.7378 (-1) 
.3215 

-.1767 
-.1104 
-.7492 (-2) 
-.5379 

.5220 (-2) 

.1115 (-1) 

.2021 

.3656 

.7212 

.1750 (0) 

.7210 

.0000 

.2394 

.5394 (-1) 

.2186 

.1142 

.6878 (-2) 

.4535 

.3184 

•The number in parentheses indicates the power of ten multiplying the entry and succeeding entries below. 
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TABLE 2—continued 

1 = 2 

2,1 3,1 4,1 4,3 5,1 5,3 6,1 

.4175 (0) 

.7308 (-1) 

.2662 

.1298 

.7399 (-2) 

.4654 

.3132 

.2216 

.1628 
.1233 
.9576 (-3) 
.7589 
.6119 
.5008 

.0000 

.3710 (0) 
.8354 (-1) 
.3368 
.1741 
.1033 
.6692 (-2) 
.4611 
.3326 
.2484 
.1908 
.1499 
.1201 
.9774 (-3) 

.1099 (-1) 

.0000 

.3656 (0) 

.8908 (-1) 

.3753 

.1998 

.1212 

.8000 (-2) 

.5597 

.4089 

.3089 

.2396 

.1899 

.1533 

.1018 (1) 

.0000 
.1242 (-1) 
.2216 (-2) 

-.7902 (-3) 
-.3802 
-.2158 
.1360 

-.9199 C-4) 
-.6553 
-.4855 
-.3709 
-.2905 
-.2322 

.2210 (-2) 

.2782 (-1) 

.0000 

.3748,(0) 

.9419 (-1) 

.4053 

.2194 

.1349 

.9005 (-2) 

.6364 

.4691 

.3571 

.2790 

.2226 

.1566 (0) 

.8902 

.0000 

.3259 (-1) 
-.6205 (-2) 
-.2282 
-.1118 
.6425 (-3) 

-.4086 
.2786 
.1998 

-.1489 
-.1143 
-.8998 (-4) 

.8420 (-3) 

.5837 (-2) 

.4800 (-1) 

.0000 

.3908 (0) 

.9948 (-1) 

.4327 

.2364 

.1466 

.9858 (-2) 

.7014 

.5202 

.3984 

.3129 

6,3 7,1 7,3 9,1 9,3 

.5389 (-1) 

.1862 (0) 

.8443 

.0000 
-.'5788 ( — 1) 
-.1149 
-.4314 (-2) 
-.2141 
-.1241 
-.7950 (-3) 
-.5451 
-.3928 
-.2940 
-.2267 

.4212 (-3) 

.2274 (-2) 

.1033 (-1) 

.7024 

.0000 
.4106 (0) 
.1050 
.4592 (-1) 
.2522 
.1572 
.1063 
.7597 (-2) 
.5659 
.4352 

.2559 (^1) 

.7224 

.1968 (0) 

.8329 

.0000 

.8674 (^-1) 

.1771 

.6754 (-2) 

.3383 

.1975 

.1272 

.8757 (-3) 

.6335 

.4758 

.2448 (-3) 

.1155 (-2) 

.4082 

.1539 (-1) 

.9385 

.0000 

.4326 (0) 

.1107 

.4855 (-1) 

.2674 

.1673 

.1134 

.8136 (-2) 

.6081 

.1442 (-1) 

.3659 

.8082 

.2038 (0) 

.8393 

.0000 

.1181 

.2463 (-1) 

.9503 (-2) 

.4796 

.2815 

.1819 

.1257 

.9122 (-3) 

.1564 ( — 3) 
.6797 
.2094 (-2) 
.6137 
.2081 (-1) 
.1184 (0) 
.0000 
.4560 
.1166 
.5117 (-1) 
.2824 
.1770 
.1203 
.8646 (-2) 

.9034 (-2) 

.2149 (-1) 

.4241 

.8623 

.2103 (0) 

.8558 

.0000 

.1515 

.3208 (-1) 

.1249 

.6339 (-2) 

.3736 

.2423 

.1679 
*The number in parentheses indicates the power of ten multiplying the entry and succeeding entries below. 
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TA RT.R 2—continued 

1 = 3 
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TABLE 2—continued 
1 = 4 

«'f 4,3 3,3 6,3 6,5 7,3 7,5 3,3 

.1047 (1)* 

.1418 (0) 

.4541 (-1) 

.2065 

.1133 

.6984 (-2) 

.4652 

.3277 

.2407 

.1827 

.1423 

.1133 

.0000 

.9220 (0). 

.1779 

.6572 (-1) 

.3226 

.1856 

.1181 

.8055 (-2) 

.5777 

.4306 

.3307 

.2603 

.7376 (-2) 

.0000 
.8632 (0) 
.1908 
.7570 (-1) 
.3881 
.2299 
.1495 
.1036 
.7527 (-2) 
.5670 
.4395 

.1676 (1) 

.0000 

.7693 (-2) 
-.1101 
•3398 (-3) 

-.1482 
-.7847 (-4) 
-.4703 
-.3067 
-.2126 
-.1543 
.1161 

.1174 (-2) 

.1980 (-1) 
.0000 
.8363 (0) 
.1974 
.8151 (-1) 
.4291 
.2591 
.1709 
.1198 
.8790 (-2) 
.6674 

.2018 (0) 

.1492 (1) 

.0000 

.2099 

.3336 (-2) 

.1086 

.4887 (-3) 

.2641 

.1604 

.1056 
.7378 (-4) 
.5387 

■3895 (-3) 
.3435 (-2) 
.3586 (-1) 
.0000 
.8270 (0) 
.2023 
.8552 (-1) 
.4580 
.2801 
.1866 
.1320 
.9747 (-2) 

.5992 (-1) 

.2657 (0) 

.1392 (1) 

.0000 

.3854 (-1) 

.6558 (-2) 
-.2218 
.1021 

-.5599 (-3) 
-.3437 
-.2281 
.1603 

9,3 9,5 10,3 10,5 11,3 11,5 12,3 12,5 

.1787 (-3) 

.1189 (-2) 

.6577 

.5461 (-1) 

.0000 

.8285 (0) 

.2068 

.8871 (-1) 

.4804 

.2965 

.1990 

.1415 

.2592 (-1) 

.9304 

.2909 (0) 

.1337 (1) 

.0000 

.5937 (-1) 

.1061 

.3689 (-2) 

.1727 

.9587 (-3) 

.5935 

.3964 

.9821 (-4) 

.5588 (-3) 

.2344 (-2) 

.1042 (-1) 

.7540 

.0000 

.8370 (0) 

.2113 

.9153 (-1) 

.4994 

.3102 
-.2092 

.1375 (-1) 

.4400 

.1110 (0) 

.3031 

.1308(1) 

.0000 

.8281 (-1) 

.1534 

.5451 (-2) 

.2588 

.1450 
•9037 (-3) 

.6049 (-4) 

.3119 (-3) 

.1121 (-2) 

.3793 

.1480 (-1) 

.9779 

.0000 

.8503 (0) 

.2162 

.6418 (-1) 

.5165 

.3222 

.8270 (-2) 

.2466 (-1) 

.5530 

.1215 (0) 

.3107 

.1296(1) 

.0000 

.1083 (0) 

.2065 (-1) 

.7461 (-2) 

.3582 

.2023 

.4027 (-4) 

.1942 (-3) 

.6330 

.1838 (-2) 

.5480 

.1963 (-1) 

.1214 (0) 

.0000 

.8671 

.2213 

.9677 (-1) 

.5326 

.5415 (-2) 

.1539 (-1) 

.3209 

.6261 

.1285 (0) 

.3166 

.1295 (1) 

.0000 
:i356 (0) 
.2643 (-1) 
.9682 (-2) 
.4692 

sr 13,3 13,5 14,3 14,5 15,3 15,5 16,3 16,5 

.2836 (-4) 

.1303 ( — 3) 

.3974 

.1047 (-2) 

.2684 

.7363 

.2482 ( -1) 

.1461 (0) 

.0000 

.8864 
.2266 
.9934 (-1) 

.3767 (-2) 

.1035 (-1) 

.2054 

.3719 

.6764 

.1336 (0) 

.3220 

.1302 (1) 

.0000 

.1642 (0) 

.3261 (-1) 
.1208 

.2084 (-4) 

.9239 

.2684 (-3) 

.6617 

.1540 (-2) 

.3636 

.9404 

.3029 (-1) 

.1716 (0) 

.0000 
-.9076 
-.2322 

.2742 (-2) 

.7345 

.1407 (-1) 

.2422 

.4084 

.7138 

.1377 (0) 

.3275 

.1315(1) 

.0000 

.1940 (0) 

.3913 (-1) 

.1582 (-4) 

.6825 
.1912 (-3) 
.4492 
.9783 
.2099 (-2) 
.4677 
.1158 (-1) 
.3600 
.1977 (0) 
.0000 

-.9304 

.2067 (-2) 

.5431 

.1013 (-1) 

.1682 

.2693 

.4359 

.7435 

.1413 (0) 

.3331 
.1333 (1) 
.0000 
.2248 (0) 

.1234 (-4) 

.5208 
• 1419 (-3) 
.3214 
.6668 
.1339 (~2) 
.2712 
.5791 
.1386 (-1) 
.4190 
.2245 (0) 
.0000 

.1603 (-2) 

.4147 

.7582 

.1225 (-1) 

.1889 

.2901 

.4579 

.7687 

.1446 (0) 

.3390 

.1354 (1) 

.0000 

5,4 6,4 7,4 7,6 9,4 9,6 

.1372 (1) 

.1651 (0) 

.4902 ( — 1 ) 

.2121 

.1125 

.6767 (-2) 

.4430 

.3082 

.2243 

.1691 

.1311 

.0000 
-.1221 (0 
-.2174 (0) 
-.7613 (-1) 
-.3600 
-.2017 
-.1259 
-.8467 (-2) 
-.6009 
.,4444 
-.3393 

.6294 (-2) 

.0000 

.1139(1) 

.2380 (0) 

.9079 (-1) 

.4525 

.2626 

.1680 

.1151 

.8291 (-2) 
.6204 

.2008 (1) 

.0000 

.6479 (-2) 

.8412 (-3) 

.2420 

.1002 

.5100 (-4) 

.2965 

.1888 

.1285 

.9184 (-5) 

.9010 (-3) 

.1718 (-1) 

.0000 

.1094(1) 

.2480 (0) 

.9944 (-1) 

.5122 

.3043 

.1982 

.1376 
.1002 

.2169 (0) 

.1806 (1) 

.0000 
.1789 (-1) 
.2620 (-2) 
.8041 (^3) 
.3460 
.1806 
.1068 
.68$7 C-4) 
.4728 

.2781 (-3) 

.2729 (-2) 

.3153 (-1) 

.0000 

.1070(1) 
.2542 (0) 
.1051 
.5534 (-1) 
.3341 
.2203 
.1546 

.5979 (-1) 

.2977 (0) 

.1685 (1) 
.0000 
.3318 (-1) 
.5262 (-2) 
.1691 
.7483 (-3) 
.3982 
.2386 
.1553 

n't' 10,4 10,6 11,4 11,6 12,4 12,6 13,4 13,6 

.1212 (-3) 

.8889 

.5366 ( — 2) 

.4858 (-1) 

.0000 

.1060 (1) 

.2590 (0) 

.1093 
.5840 (-1) 
.3567 
.2374 

.2455 (-1) 

.9866 
.3328 (0) 
.1611 (1) 
.0000 

-.5158 (-1) 
-.8662 (-2) 
-.2878 
-.1302 
-.7031 (-3) 
-.4259 

.6421 (-4) 

.3999 (-3) 
.1815 (-2) 
.8679 
.6775 (-1) 
.0000 
.1060 (1). 
.2635 (0) 
.1127 
.6083 (-1) 
.3746 

.1253 (-1) 

.4482 
.1218 (0) 
.3503 
.1567 (1) 
.0000 
.7251 (-1) 
.1271 
.4336 (-2) 
.1995 
.1090 

.3848 (-4) 

.2161 (-3) 
.8352 
.3018 (-2) 
.1255 (-1) 
.8864 
.0000 
.1066 (1) 
.2679 (0) 
.1156 
.6289 (-1) 

.7326 (-2) 

.2437 (-1) 
.5881 
.1360 (0) 
.3605 
.1541 (1) 
.0000 
.9553 (-1) 

-.1732 
-.6032 (-2) 
.2815 

.2509 (-4) 

.1312 (-3) 
.4581 
.1413 (-2) 
.4460 
.1690 (-1) 
.1109 (0) 
.0000 
.1076 (1) 
.2725 (0) 
.1183 

.4694 (-2) 

.1487 (-1) 
.3331 
.6834 
.1454 (0) 
.3675 
.1529 (1) 
.0000 

-.1203 (0) 
.2240 (-1) 
.7936 (-2) 

•The number in parentheses indicates the power of ten multiplying the entry and succeeding entries below. 
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TABLE 2—continued 
/ = 5 

14,4 14,6 15,4 15,6 16,4 16,6 

.1739 (-4)* 

.8644 

.2812 (-3) 
.7844 
.2118 (-2) 
.6104 
.2163 (-1) 
.1344 (0) 
.0000 
.1090(1) 
.2774 (0) 

.3212 (-2) 

.9820 

.2093 (-1) 

.3981 

.7503 

.1520 (0) 

.3732 

.1527 (1) 

.0000 
-.1465 (0) 
- .2790 (-1) 

.1262 (-4) 

.6037 

.1866 ( — 3) 

.4856 

.1186 (-2) 

.2931 

.7922 

.2668 (-1) 

.1588 (0) 

.0000 

.1107 (1) 

.2308 (-2) 

.6874 

.1413 (-1) 

.2553 

.4459 

.7994 

.1571 (0) 

.3784 

.1531 (1) 

.0000 

.1740 (0) 

.9496 (-5) 

.4408 (-4) 

.1311 (-3) 

.3243 

.7394 

.1655 (-2) 

.3839 

.9887 

.3202 (-1) 

.1840 (0) 

.0000 

.1723 (-2) 

.5028 

.1006 (-1) 

.1751 

.2903 

.4819 

.8374 

.1613 (0> 

.3836 

.1541 (1) 

.0000 

/ = 6 

6,5 7,5 3,5 3,7 9,5 9,7 10,5 

.1699(1) 

.1835 (0) 

.5059 (-1) 

.2077 

.1060 

.6199 (-2) 

.3972 

.2718 

.1953 

.1458 

.0000 

.1528 (1) 

.2519 (0) 

.8348 (-1) 

.3792 

.2062 

.1258 

.8309 (-2) 

.5816 
-.4254 

.5482 (-2) 

.0000 

.1426(1) 

.2816 (0) 
-.1030 
.4976 (-1) 

-.2819 
.1771 

-.1195 
-.8509 (-2) 

.2340 (1) 

.0000 

.5599 (-2) 
.6645 (-3) 
.1787 
.7024 (-4) 
.343$ 
.1935 
.1201 

-.800L(-5) 

.7118 (-3) 

.1514 (-1) 

.0000 
.1363 (1) 
.2964 (0) 
.1151 . 
.5782 (-1) 
.3369 
.2160 
.1482 

.2289 (0) 
.2124 (1) 
.0000 
.1561 (-1) 
;2117 (-2) 
.6135 (-3) 
.2525 
.1273 
.7320 (-4) 
.4613 

.204? (-3) 

.2217 (-2) 

.2808 (-1) 

.0000 

.1326 (1) 

.3050 (0) 

.1230 

.6348 (-1) 

.3773 

.2456 
rfl' 10,7 11,5 11,7 12,5 12,7 13,5 13,7 

.5876 (-1) 

.3253 (0) 

.1986(1) 

.0000 

.2918 (-1) 

.4329 (-2) 

.1323 

.5632 (-3) 

.2905 

.1698 

.8475 (-4) 

.6804 (-3) 

.4453 (-2) 

.4365 (-1) 

.0000 

.1304 (1) 

.3109 (0) 

.1286 

.6764 (-1) 

.4078 

.2288 (-1) 

.1021 (0) 

.3709 

.1896 (1) 

.0000 

.4568 (-1) 

.7230 (-2) 

.2298 

.1004 

.5275 (-3) 

.4316 (-4) 

.2927 (-3) 

.1430 (-2) 

.7329 

.6136 (-1) 

.0000 

.1294 (1) 

.3158 (0) 

.1329. 

.7086 (-1) 

.1122 (-1) 

.4449 

.1300 (0) 

.3947 

.1836 (1) 

.0000 

.6461 (-1) 

.1074 

.3521 (-2) 

.1570 

.2509 (-4) 

.1528 (-3) 

.6332 

.2435 (-2) 

.1076 (-1) 

.8083 

.0000 

.1292 (1) 

.3202 (0) 

.1365 

.6359 (-2) 

.2342 (-1) 

.6076 

.1482 (0) 

.4085 

.1798 (Í) 

.0000 
-.8559 (-1) 
-.1479 
-.4968 (-2) 

¿1' 14,5 14,7 15,5 15,7 16,5 16,7 

.1598 (-4) 

.9039 

.3369 (-3) 

.1102 (-2) 

.3669 

.1466 (-1) 

.1018 (0) 

.0000 

.1296(1) 
.3246 (0) 

.3977 (-2) 

.1393 (-1) 

.3353 

.7249 • 

.1604 (0) 

.4175 

.1775 (1) 

.0000 

.1083 (0) 

.1931 (-1) 

.1087 (-4) 

.5828 
•2019 (-3) 
.5949 
.1688 (-2) 
.5104 
.1896 (-1) 
.1240 (0) 
.0000 
.1304(1) 

.2669 (-2) 

.9018 

.2063 (-1) 

.4133 

.8098 

.1690 (0) 

.4242 

.1763 (1) 

.0000 
-.1325 (0) 

.7771 (^5) 

.400L(—4) 

.1314 (-3) 

.3603 

.9227 

.2382 (-2) 

.6715 

.2361 (-1) 

.1472 (0) 

.0000 

.1889 (-2) 

.6211 

.1369 (-1) 

.2605 

.4728 

.8729 

.1754 (0> 

.4298 

.1759 (1) 

.0000 

/ = 7 

7,6 9,6 9,8 10,6 10,1 

.2028 (1) 

.1984 (0) 

.5092 (-1) 

.1983 

.9723 (-2) 

.5511 

.3447 

.2313 

.1637 

.0000 
-.1840 (1) 
-.2819 (0) 
-.8847 ( -1) 
-.3856 
-.2030 
-.1207 
-.7816 (-2) 
-.5383 

.4853 (-2) 

.0000 

.1721 (1) 

.3215 (0) 

.1127 

.5266 (-1) 

.2906 

.1788 

.1187 

.2672 (1) 

.0000 

.4931 (-2) 
••5385 (-3) 
.1358 

-.5076 (-4) 
-.2385 
-.1300 
-.7853 (-5) 

.5759 (-3) 

.1353 (-1) 

.0000 

.1643 (1) 

.3421 (0) 

.1284 

.6282 (-1) 

.3582 

.2258 

.2387 (0) 

.2445 (1) 
.0000 
.1385 (-1) 
.1748 (-2) 
.4795 (-3) 
.1889 
.9195 (-4) 
.5137 

n't' 11,6 11,8 12,6 12,8 13,6 13,8 

.1549 (-3) 

.1835 (-2) 

.2529 (-1) 

.0000 

.1593 (1) 

.3541 (0) 

.1390 

.7018 (-1) 

.4097 

.5724 (-1) 

.3493 (0) 

.2292 (1) 

.0000 

.2605 (-1) 

.3630 (-2) 

.1057 

.4330 (-3) 

.2165 

.6088 (-4) 

.5317 (-3) 

.3752 (-2) 

.3959 (-1) 
.0000 
.1559 (1) 
.3619 (0) 
.1464 
.7565 (-1) 

.2115 (-1) 

.1039 (0) 
.4055 
.2187 (1) 
.0000 
.4102 (-1) 
.6139 (-2) 
.1869 
.7892 (-3) 

.2978 (-4) 
.2188 (-3) 
.1146 (-2) 
.6266 
.5599 (-1) 
.0000 

-.1539 (1) 
-.36?7 (0) 
.-.1520 

.9957 (-2) 

.4343 (-1) 

.1362 (0) 

.4363 

.2115(1) 

.0000 
-.5832 (-1) 
-.9218 (-2) 
-.2906 

•The number in parentheses indicates the power of ten multiplying the entry and succeeding entries below. 
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TABLE 2—continued 
1=1 

14,6 14,8 15,6 15, 16,6 16,8 

.1677 (—4)* 

.1103 (-3) 

.4881 

.1992 (-2) 

.9310 

.7418 (-1) 

.0000 

.1528 (1) 

.3725 (0) 

.5463 (-2) 

.2211 (-1) 

.6153 

.1582 (0) 

.4545 

.2065 (1) 

.0000 

.7761 (-1) 

.1281 

.1041 (-4) 

.6344 

.2518 (-3) 

.8704 

.3051 (-2) 

.1282 (-1) 

.9387 

.0000 
-.1525 (1) 

.3329 (-2) 

.1280 (-1) 

.3303 

.7527 

.1734 (0) 

.4662 

.2031 (1) 

.0000 

.9863 (-1) 

.6934 (-5) 

.3998 (-4) 

.1471 (-3) 

.4571 
.1361 (-2) 
.4305 
.1673 (-1) 
.1.149 (0) 
.0000 

.2187 (-2) 

.8110 

.1987 (-1) 
.4195 
.8559 
.1843 (0) 
.4745 
.2010 (1) 
.0000 

/ = 8 

i,7 9,7 10,7 10,9 11,7 11,9 12,7 12,9 

.2358 (1) 

.2106 (0) 

.5050 (-1) 

.1866 

.8785 (-2) 

.4821 

.2937 

.1930 

.0000 

.2157 (1) 
.3082 (0) 
.9169 (-1) 
.3832 
.1951 
.1130 
.7156 (-2) 

.4351 (-2) 

.0000 

.2022 (1) 

.3578 (0) 

.1202 

.5429 (-1) 

.2915 

.1753 

.3005 (1) 

.0000 

.4407 (-2) 

.4455 (-3) 

.1057 

.3761 (-4) 

.1697 

.8950 (-5) 

.4752 (-3) 

.1222 (-1) 

.0000 
-.1930 (1) 
.3850 (0) 
.1396 
.6642 (-1) 
.3701 

.2468 (0) 

.2768 (1) 

.0000 
.1245 (-1) 
.1470 (-2) 
.3823 (-3) 
.1443 
.6781 (-4) 

.1199 (-3) 

.1543 (-2) 

.2299 (-1) 

.0000 

.1866 (1) 

.4010 (0) 

.1530 

.7552 (-1) 

.5547 (-1) 

.3703 (0) 

.2603 (1) 
.0000 
.2355 (-1) 
.3091 (-2) 
.8590 (-3) 
.3388 

n't' 13,7 13,9 14,7 14,9 15,7 15,9 16,7 16,9 

.4479 (-4) 

.4231 (-3) 

.3203 (-2) 

.3619 (-1) 

.0000 
-.1822 (1) 
-.4114 (0) 
-.1627 

.1948 (-1) 

.1046 (0) 

.4369 

.2485 (1) 

.0000 

.3725 (-1) 

.5285 (-2) 

.1543 

.2104 (-4) 

.1667 ( — 3) 

.9326 

.5417 (-2) 

.5146 (-1) 

.0000 

.1792 (1) 

.4187 (0) 

.8803 (-2) 

.4193 (-1) 

.1407 (0) 

.4750 

.2400 (1) 

.0000 

.5318 (-1) 

.8009 (-2) 

.1147 (-4) 

.8113 

.3820 (-3) 

.1649 (-2) 

.8133 

.6848 (-1) 

.0000 
-.1773(1) 

.4673 (-2) 

.2064 (-1) 

.6141 

.1664 (0) 

.4982 

.2339 (1) 

.0000 

.7105 (-1) 

.6929 (-5) 

.4532 (-4) 

.1910 (-3) 

.6963 

.2564 (-2) 

.1130 (-1) 

.8702 

.0000 

.2771 (-2) 

.1162 (-1) 

.3205 

.7693 

.1847 (0) 

.5132 

.2295 (1) 

.0000 

1 = 9 

9,8 10,8 11,8 11,10 12,8 12,10 13,8 13,10 

.2689 (1) 

.2208 (0) 
.4963 (-1) 
.1743 
.7876 (-2) 
.4181 
.2479 

.0000 

.2476 (1) 

.3314 (0) 

.9358 (-1) 

.3751 

.1847 

.1040 

.3943 (-2) 

.0000 

.2329 (1) 

.3909 (0) 

.1259 
.5494 (-1) 

.3338 (1) 

.0000 

.3983 (-2) 

.3748 (-3) 

.8391 (-4) 

.2847 
.1235 

.3986 (-3) 

.1114 (-1) 

.0000 

.2223 (1) 

.4250 (0) 

.1489 

.6883 (-1) 

.2537 (0) 

.3093 (1) 

.0000 
,1131 (-1) 
.1254 (-2) 
.3100 (-3) 
.1122 

.9458 (-4) 

.1315 (-2) 

.2107 (-1) 

.0000 
-.2147 (1) 
-.4458 (0) 
-.1653 

.5361 (-1) 

.3888 (0) ^ 
.2916 (1) 
.0000 

-.2149 (-1) 
.2667 (-2) 
.7083 (-3) 

14,8 14,10 15,8 15,10 16,8 16,10 

.3365 (-4) 

.3421 (-3) 

.2766 (-2) 

.3333 (-1) 

.0000 
.2092 (1) 
.4592 (0) 

.1792 (-1) 

.1044 (0) 

.4654 

.2787 (1) 

.0000 

.3412 (-1) 

.4602 (-2). 

.1519 (-4) 

.1291 (-3) 

.7686 

.4729 (-2) 

.4758 (-1) 

.0000 

.2053 (1) 

.7776 (-2) 

.4019 (-1) 
.1438 (0) 
.5111 
.2691 (1) 
.0000 

-.4890 (-1) 

.8008 (-5) 

.6068 (—4) 

.3032 (-3) 

.1381 (-2) 

.7166 

.6357 (-1) 

.0000 

.3993 (-2) 

.1913 (-1) 

.6064 

.1729 (0) 

.5396 

.2619 (1) 

.0000 

1= 10 
t/r 10,9 11,9 12,9 12,11 13,9 13,11 

.3020 (1) 

.2295 (0) 

.4851 (-1) 

.1621 

.7036 (-2) 

.3612 

.0000 

.2798 (1) 

.3518 (0) 

.9449 (-1) 

.3636 

.1730 

.3604 (-2) 

.0000 

.2639(1) 

.4211 (0) 

.1301 

.5487 (-1) 

.3671 (1) 

.0000 

.3635 (-2) 

.3197 (-3) 

.6774 (-4) 

.2195 

.3391 (-3) 

.1023 (-1) 

.0000 

.2521-<1) 

.4624 (0) 
.1565 

.2595 (0) 

.3419(1) 

.0000 

.1036 (-1) 

.1082 (-2) 

.2549 (-3) 

14,9 14,11 15,9 15,11 16,9 16,11 

.7592 (-4) 

.1134 (-2) 

.1944 (-1) 

.0000 

.2434 (1) 

.4882 (0) 

.5174 (-1) 

.4052 (0) 

.3233 (1) 

.0000 
-.1976 (-1) 
.2325 (-2) 

.2576 (-4) 

.2804 (-3) 

.2413 (-2) 
.3087 (-1) 
.0000 
.2369 (1) 

.1648 (-1) 

.1037 (0) 
.4913 
.3093 (1) 
.0000 
.3149 (-1) 

.1118 (-4) 

.1015 (-3) 

.6408 

.4164 (-2) 

.4424 (-1) 

.0000 

.6875 (-2) 

.3833 (-1) 
.1458 (0) 
.5445 
.2986 (1) 
.0000 

•The number in parentheses indicates the power of ten multiplying the entry and succeeding entries below. 
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TABLE 2—continued 
l = 11 

/ = 12 

12,11 13,11 14,11 14,13 15,11 15,13 16,11 16,13 

.3683 (1) 
-.2434 (0) 
-.4590 (-1) 
-.1396 

.0000 

.3447 (1) 

.3862 (0) 

.9434 (-1) 

.3075 (-2) 

.0000 

.3267 (1) 

.4738 (0) 

.4337 (1) 

.0000 

.3093 (-2) 

.2407 (-3) 

.2539 (-3) 

.8799 (-2) 

.0000 

.3130(1) 

.2690 (0) 
.4074 (1) 
.0000 
.8880 (-2) 

.5104 (-4) 

.8686 (-3) 

.1683 (-1) 

.0000 

.4812 (-1) 

.4329 (0) 

.3872 (1) 

.0000 

/= 13 

14,13 15,13 16,13 16,15 1.5,14 16,14 

-.4348 (1) 
-.2540 (0) 

.0000 
-.4099(1) 

.2681 (-2) 

.0000 
.5003 (1) 
.0000 

16 .4680 (1) 

‘The number in parentheses indicates the power of ten multiplying the entry and succeeding entries below. 
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RADIATIVE TRANSITIONS 207 

IV. BOUND-BOUND TRANSITIONS 

For completeness we also calculated the bound-bound (line) oscillator strengths.1 The 
(dimensionless) dipole oscillator strength is given by 

1 max (/, V) ( l 1 \ /Z n', A* 

3 21+ \ V»'2 n'i)\aa
Tnl ) 

(41) 

with the matrix elements defined by equation (35). 
Since the matrix elements are real polynomials, the evaluation is straightforward. 

Results are given in Table 2 for all dipole transitions between levels up to and including 
those in the w = 16 shell. 

APPENDIX A 

Evaluation of Free-free Matrix Element Gi 

We consider the real function, 

Vi— if 

Vi + Vf 

ivi+ivf 
F1 1 —irjf, / + 1 —irji; 2/ + 2; 

^ViVf 1 

(Vi — Vf) 2-l ’ 
(A.l) 

where 

Let 

and thus 

Let 

00 

2Fi (a, ô; c; s) = 
m =0 

V (a + m)T (b + m)T (c) xm 

T(c + m)r(a)T(b) w! * 

x = 
(Vi Vf) 2 * 

1 — x = 
( 

Vi + 'o/Y 

Vi “ V/J 
(A .2) 

a =1 + 1 —ivf > b=l+l—ÍT)i, c = 21 + 2 , d = %(a + b — c) . 

Then 

G= (l-x)*F(a, b; c; x) , (A. 3) 

F=(l~a:)-dG. (a.4) 

The h3q>ergeometric function, F, satisfies the differential equation 

x (1 — x) F" + [c — (a + b + 1) x]F' — abF = 0 ; (A.s) 

so G satisfies 

x(l—x)2G"+ (1 — x)[c+x {2d — a — b — l)]G' 
(A. 6) 

+ {x [d2 + db — d (#-|-&)l — db+dc}G = 0 , 

1 After these calculations were completed, extensive tabulations of the squares of radial matrix ele- 
ments were published which cover the same range of levels (Green, Rush, and Chandler 1957). The 
present results are in complete agreement with this earlier work. 
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208 W. J. KARZAS AND R. LATTER 

Substituting for a, b, c, d, we have 

x(\-x)2G"+ (l-x)[2l + 2-x(2l + 2>)]G' 

+ l*[('?iT^)2+ (i+D2]+viV2- a+D2[G=o. (A,7) 

The regular solution to this differential equation can be expressed in the usual manner as a 
power series. The result is 

G= ^2 a»xn> (A.8) 
n=0 

with 
_(/ + l)2 — ViVf 

ao~1’ ai 27+2  

On = 

and 

-an-2[(«-2)(« + 2Z) + (f + l)2+l^]2[, 

X = 
477*77/ 

(Vi — Vf)2' 
(A.9) 

For \x\ > 1 we find the series solution of the differential equation in terms of a series in inverse 
powers. With y = —l/x,we can write 

G = yl+1 [cos (X ln 3O ^4 (y) +sin (X In y)B (3^)] , (A.10) 

where 

X = è (Vi — Vf) 

and A and B are regular series in y. Substituting into the differential equation, we obtain two 
coupled differential equations : 

y(l+y)2A"+ (l+y)(l+2y) A'+ 2\ (1+y)* B' 

- (l+y)(l2+l + W) A- (W + ViVf) A+\(l+y)B = 0 
and 

y(l+y)2B"+ (l+y)(l+2y)B'-2\(l+y)2A' 
(A.11) 

- (l+y)(l2+l + \*)B- W + r,iVf)B-\(l+y) A=0 . 

As before, the solutions are of the form 

*i=n 
anyn, B=^bny\ 

n=0 

with 

aQ = 2Re f r(2¿ + 2)r(Í77/-Í77t) 
Lr (/ +1 — ira) r (/ +1 +ít7/) J ? 

(A. 12) 

¿0 = 
r r(2/ + 2)r(^/-ít?*) 1 

z Lr « +1 - ¿77*) r (/ +1 +ivf) j ’ 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
6l

A
pJ

S
...

.6
..1

67
K

 

RADIATIVE TRANSITIONS 209 

and with the following recursion relations : 

n(4X2 + n2) an= -X(3w-2 + 2a) 6n_i - A (3w - 4 + 20) bn-2 

+ [na — n(n — l) {In — 1) — 2A2 {4n — 3)] an_i 

+ [w0 - w (w - 1) (w - 2) - 2A2 {In - 3)] an-2 
and 

w (4A2 4" w) ó« = A (3w — 2 + 2a) #n—i + A {?>n — 4 + 20) #n—2 

+ [wa — w (w — 1) (2w — 1) — 2A2 (4w — 3)] bn-i (A.i3) 

+ [nß-n{n-\){n-2) -2A2(2w-3)] ôn-2 , 
where 

a = Z (/ + 1) + 2A2 + 77*77/ , 0 = Z (/ + 1) + A2 , A = J (77* — 7)f) . 

APPENDIX B 

Evaluation of Bound-bound Matrix Element 

We here rederive Gordon’s (1929) expression for the dipole matrix element between bound 
states, paying particular attention to those factors for which an ambiguity might result in the 
continuation to the bound-free state: 

r"?-1 =fr2d rÿni ( r) rin>i-i ( r) 

(/2ZV 1 |T(w + Z+l)r(rc'+0 l1/2 1 

i\a0J 2(nn,)2Lr(n-l)r(n'-l+l)J F(2l)r(2l + 2) 

X f rzd r e~ Zr/a«ne~ Zr/a" 
y /2ZrV (2ZrV-' 

\aonJ \aon'J 

X1F16 + I-«; 2l + 2-,^-)1F1(l-n'-, 21-,—X 
\ a0n/ \ a0n'/ 

(B.l) 

For arbitrary n and n' this integral does not converge because the hypergeometric functions, 
in general, grow exponentially in their argument for large r. Specifically, 

iFi (a; c; x) + —T ( ^ r- e^x-“ (b.2) 
rCû1) r(c a) 

as 
OC ^ 00 j —T<SLrgX<7T. 

For a = 0 or a negative integer, the first term vanishes, and the behavior is that of a poly- 
nomial. Thus, ifZ+l —w is 0 or a negative integer, the integrand behaves for large r like 

l+n—n' Zr/aan' —Zr/aan 
r e 0 e , 

and the region of convergence is Re{l/n — 1/n') > 0. This is the region in the complex «'-plane 
outside the circle of radius «/2 centered at n' = «/2. In particular, therefore, the integral exists 
for pure imaginary «' = irj. 

To calculate the integral, we need the result (Erdelyi et al. 1953) 

H0-1 iFi (a; c\ t) (a'; c\ Xt) dt 
(B.3) 
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210 W. J. KARZAS AND R. LATTER 

where F is the ordinary hypergeometric function. The region of validity for this formula indi- 
cated is Re c > 0, Re 5 > X + 1 ; however, for the case a = 0 or a negative integer, it is readily 
extended to Re 5 > Re X. 

Thus, if we can convert, say, \Fi(l + 1 — n, 2Z + 2, IZr/a^n) to some linear sum of terms 
of the form r-3 \Fi{a\ 21; IZr/a^n), we can evaluate the integral with this formula. To do this 
we use (three times) the relation (Erdelyi et al. 1953) 

xiF\ {a; c + \; x) = c [iRi (a; c; x) — iFi (a — 1; c; x)] CB.4) 

and once the relation 

(c — 1) iFx (a; c — 1; x) = (a + 1; c; x) + (c — a — 1) xFx (a; c; x) (B.5) 

to obtain the identity 

iFAl + l-n; 21 + 2; x) =21(21 + 1) x~* [(/+ 1 - w) iRi (/+ 2 - w; 21; x) 

+ (4w — 21 — 2) iFi (/ + 1 — n; 21; x) — ôtiiFi (l — n; 21; x) (B.6) 

+ (4n + 2l + 2)1F1(l-l-n; 21; x) - (l + l+n) ^(1-2-n; 21; x)] . 

We next evaluate the integral, using equation (B.3), and find a sum of five hypergeometric 
functions with first parameters 1 + 2 — n,l+l — n} l — n, l—1 — n, and l — 2 — n. 

We now make use of the relation 

a(l — x)F (a + 1) + [c — 2a— (b — a) x] F — (c — a)F (a — 1) = 0, (B.7) 

which, because of the particular coefficients involved, simplifies the sum of five terms to a sum 
of two hypergeometric functions. 

The result of these operations is equation (35) for the matrix element 

APPENDIX C 

Evaluation of Bound-free Matrix Element Gi 

Here we derive the bound-free matrix element and put it into a simplified real form. 
We wish to extend formula (35) to the case nf = irj. To do this, we note first that the integral 

exists and is defined for this case, as are the hypergeometric and elementary functions on the 
right side of the equation. Thus we need only substitute n* = irj. 

First we look at the behavior of the terms 

(n + n') ~n~n' (ri — n) n,~l (n — ri) n~2_z 

for n' —» irj. As long as n and l are integers, it does not matter whether nr —» or nr —► rje^3^2. 
The result differs only by a factor we find, for the product, 

(fi2 H- t/2) -i-i eW-*/2) e-îVze2iô(z+1~n) , 

where 6 = tan“1 rç/w, 0 < 0 < tt/2. ^ 
After substituting nf = irj into the formula for rj^"1, simplifying the complex gamma func- 

tions, and multiplying by the factor of equation (34), we find 

E, i—i 22Z r (n+l)\ l1/2Virrj2 exp ( — 4rj cot-1 p) l1/2 

Tnl ~Z (2/ — 1) !L (« — J — 1) J L 2&3 ( 1 — e-2*’’) J 

X {(l2 + >/!!)(23 + ^). . .[(/-D^ + ^Hp'+UI+p2)-” 

X [ [ ( 1 - ip)2n-2'-2] |jF[/ +1 — w, I —ii;; 2/; — ^ y2] 

l — 1 — n^l —ir\; 21; 4^]0. (1 -ip) 
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RADIATIVE TRANSITIONS 211 

where p = rj/n and the first expression in braces is set equal to 1 if /= 1. 
We first show that the last expression in double brackets is real, by using the transformation 

z = 
(1-ip)2’ 25—1 (1+¿P) 

= 25* 

F (a, b-, c; z) = (1 — z) ~aF (a, c - b; c; jzTj)- 

4ip A /1+ipV 25 

B- (1 -if)»--■-= )/■'[( +1 -».¡-.ii; 

Here 

and 

(C.2) 

(C.3) 

(C.4) 

= (l+íp)2’*-2í-2jF[í-!-«,/+»>; 21-, (1^!-pp] 

- (t^í)’^ -1 - '+i’; 2¡; Tirfep] S - fl * • 

Thus H is real. Furthermore, each of the two terms in Z7 is real, and a polynomial in p. 
So Içt 

2 fil A • 
Gi( — m; ri) p) == ¿ ^sPa = l-iv'y 2/;— ^ ^fp)l] * (C,5) 

To obtain the coefficients of the polynomial in the simplest way, we look for the regular 
solution of the differential equation in p satisfied by G. 

With the variable z = — [4zp/(l — ip)2], F satisfies the hypergeometric equation 

2(1-Z)~+ [21- (l+l-m-ir,) z]~ + m(l-ir,)F=0. (c.6> 
ct> z a z 

We transform to the variable p and find the differential equation satisfied by Gj: 

p(l+P*)^+2[l + 2Vp + PHl-l-2m)]dGl 

dp2 dp (C.7) 

— 2m [27] + p(l — 2m — 21) ]Gi — 0 . 

The polynomial solution of this equation is 

2 T7t 

Gi( — m, v, p) ='^2 b‘P"’ 
8=0 
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212 

with 

ba = 

W. J. KARZAS AND R. LATTER 

2mr] 

1 

5(5 + 2/-!) 

ô0 — 1 , bi — 

[4:r] (s — 1 - m) b,-! 

l 

(C.8) 

-(- (2 w -{-2 — 5) (2m 2Z -f-1 — 6,-2] 

An interesting feature of the solution is that the coefficients are antisymmetric about the 
middle term; that is, 

bm+P= ( “ ) pbm-p . (C.9) 

This is most easily seen by investigating the differential equation satisfied by p~m Gi and 
noting that it is invariant to lie change of variable p—* — 1/p. Thus p~™G = /(p) = /(—1/p). 
As a result, only half of the coefficients of the polynomial need be computed from the recurrence 
relation. 

An exactly analogous procedure is used for the case E,l + 1, and the same polynomials 
are involved in the solution. The results are quoted in equations (36) and (37). 
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