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ABSTRACT 
The energy radiated from the chromosphere, the corona, and the upper chromosphere is approximate- 

ly estimated from observational data. The energy carried upward by sound waves generated in the hydro- 
gen convection zone is estimated and found sufficient to balance these losses, though the numerical 
result is highly uncertain because of its great dependence on the turbulent velocity field The spectrum 
of this noise is a broad band with maximum near the frequency of 0 01 cps. The waves propagate in the 
so-called “fast” mode and become increasingly magnetohydrodynamic in character as they run out 
through the chromosphere, because of the negative density gradient. Little, if any, energy is emitted 
by the hydrogen convection zone in the “slow” or “Alfvén” modes, and these modes are, in addition, 
strongly absorbed in the photosphere. The cross-sections for collisions between neutral atoms and ions 
in the chromosphere is large, and, as a result, the dissipation of the fast-mode waves by the frictional 
damping mechanism is very small. The waves build up to shocks, and the dissipation of these shocks is 
the main energy source for the chromosphere The dissipation of the shocks is worked out by using a 
similarity principle, in a way analogous to the Brinkley-Kirkwood theory of the dissipation of pure gas- 
dynamic shocks At great heights, where the magnetic field dominates, the shocks become weaker, 
the dissipation decreases, and the rays are refracted back downward toward the photosphere. However, 
at these heights, collisions between shocks must be expected to feed some energy into the slow mode and 
the Alfvén mode, and these modes then propagate straight up the magnetic line of force, with essentially 
no weakening by refraction, and carry energy into the corona. The plages are regions of larger magnetic 
field, where there is extra generation of noise in the hydrogen convection zone below and where the re- 
fraction and shock-collision effects are more important. The spicules seen at the limb of the sun are 
interpreted as slow-mode disturbances carrying chromospheric material up along the magnetic lines of 
force into the corona. 

I. INTRODUCTION 

It has been known for some years that near the visible surface of the sun the tempera- 
ture gradient becomes zero and that in the chromosphere and corona the temperature 
(defined by the average microscopic kinetic energy of the material particles) increases 
outward. The physical explanation of this phenomenon was given independently by 
Schwarzschild (1948) and Biermann (1948), who showed that it is due to the dissipation 
of shock waves. These disturbances are generated as small-amplitude sound waves by 
the turbulence in the hydrogen convection zone and propagate outward, increasing in 
amplitude because of the decreasing density they encounter in the solar atmosphere, 
until they build up to shocks, and then are rapidly dissipated. The small fraction of the 
sun’s energy carried by the waves is transported in this way through the photosphere and 
reversing layer and is liberated farther out, in the chromosphere and corona. These outer 
layers thus come to a temperature set by the balance between the energy supplied to 
them by the waves and the energy radiated from them as light. These ideas were worked 
out in a detailed way by Schatzman (1949) and by Schirmer (1950), who showed that 
many of the observed features of the chromosphere and corona could be understood 
through them. 

However, beginning with Alfvén (1947), many authors (van de Hulst 1953; Pidding- 
ton 1956; De Jager 1959a) have emphasized that, since the solar atmosphere is a partly 
ionized gas in which there is a non-zero magnetic field, the electromagnetic forces may 
be expected to have some importance in the generation, propagation, and dissipation of 
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348 DONALD E. OSTERBROCK 

the waves. The most direct evidence of the correctness of this view is provided by the 
observational results (Babcock and Babcock 1958; Howard 1959; Leighton 1959) that 
the calcium plages, which are regions where the chromospheric K emission line of Ca n 
is exceptionally bright, exactly coincide with the regions of strong magnetic field. Thus 
there is observed, in these regions, enhanced heating apparently directly caused by 
magnetic fields. 

Another indication of the importance of magnetic fields in the heating of the outer 
layers of the sun is provided by the spicules (Roberts 1945) or jets (Mohler 1951) ob- 
served at the limb in the upper chromosphere. These features have been considered by 
many authors (Thomas 1948; van de Hulst 1953) to be visible examples of shock waves 
propagating out from the chromosphere and dissipating in the corona, but their direction 
corresponds quite closely with the direction of the solar magnetic field, as indicated by 
the coronal rays (van de Hulst 1958). This can be seen especially clearly in the compari- 
son of the appearance of the corona at the eclipse of June 30,1954 (Gold 1955), very close 
to sunspot minimum, with the mean directions of the spicules about a year later, still 
close to, but not exactly at, sunspot minimum (Lippincott 1957). It is also known that 

TABLE 1 

Ca ii 3933 Emission Line in Main-Sequence Stars 

Star Classification Line Width 
(km/ sec) 

Line 
Intensity* 

k Get.. 
o2Eri A. . . 
61 U Ma.. 
£ Boo br . 
70 Oph br 
<r Dra . . 
16 Cyg foil 

G5 V 
(KO V) f 
G8 V 
G8 V 
KO V 
KO V 
G5 V 

48 
47 
50 
46 
48 
50 

* Intensity scale: 0 = invisible; 5 > continuum 
t Spectral type estimated from trigonometric absolute magnitude 

spicules close to coronal arches depart from the radial direction and lie in the direction 
tangent to the arches (Rush and Roberts 1954). Thus there appears to be a close connec- 
tion between the solar magnetic field and the outward-propagating disturbances in the 
upper chromosphere. 

Another more indirect indication of the importance of magnetic fields in the heating 
of the chromosphere is provided by observations of the K emission lines in the spectra of 
late-type stars. Though the surface structure cannot be resolved in any of these stars, it 
seems clear that the emission line must arise in an outer chromosphere, as in the sun. 
The observational results (Wilson and Bappu 1957) show that the width of the K emis- 
sion line is completely fixed by the luminosity of the star but that the strength or inten- 
sity of the line is not fixed by the spectral type and luminosity. This is illustrated in 
Table 1, where the widths and intensities are given for the Ca n emission lines in the 
spectra of all the dwarf stars observed by Wilson and Bappu (1957) in the interval G5- 
K0. The wide range of intensities shown in this table could not occur if the chromospheric 
heating in these stars depended only on the dissipation of pure gas-dynamic waves, be- 
cause, according to the Russell-Vogt theorem (see, e.g., Chandrasekhar 1938), the whole 
structure of a star, including the properties of its hydrogen convection zone, depend only 
on its mass and composition, and there should therefore be a unique correlation between 
spectral type and luminosity, on the one hand, and chromospheric structure and resulting 
K-line intensity, on the other. However, we can easily imagine that the stars differ 
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HEATING OF SOLAR CHROMOSPHERE 349 

among themselves in magnetic-field strength and distribution, probably as a result of the 
conditions in the gas clouds from which they formed (Cowling 1945; Spitzer 1958), and 
therefore the observed differences in chromospheric properties can be understood if the 
heating mechanism depends on magnetic effects (Leighton 1959). 

From a theoretical point of view, it is clear that magnetohydrodynamic effects must 
become important at some height in the chromosphere, because the velocity of sound Vs 
is, to a first approximation, constant, while the Alfvén-wave velocity Va = B/(47rp)1/2 

increases rapidly outward, because of the outward decrease in density. The magnetic 
effects are small when Va < Vs but cannot be neglected when Va > Vs; the condition 
Va = Vs holds at a height of 2000 km with an assumed field strength B = 2 gauss and 
the density distribution tabulated by van de Hulst (1953), but, because of the steep 
density gradient, the conclusion that the equality is satisfied somewhere in the chromo- 
sphere applies over a very wide range of models. 

The present paper is therefore concerned with the generation, propagation, and dissi- 
pation of the magnetohydrodynamic waves that heat the outer layers of the sun. The 
actual structure of these layers, as derived from observational data, is not at all well 
known; in addition, the theory of magnetohydrodynamic waves has not yet been com- 
pletely worked out, and those parts that have been are in many cases mathematically 
quite complicated. For these reasons their treatment in the present paper is approximate 
and highly schematic and is aimed chiefly at isolating the important physical processes 
for further detailed study rather than at providing a complete and final picture of the 
chromosphere and corona. It is intended to be a critical synthesis of separate ideas origi- 
nally proposed by many individual authors. 

We first discuss the relevant observational material for the sun and then describe 
briefly the magnetohydrodynamic-wave modes that can occur in an ionized gas in a 
magnetic field. Next the generation of the waves in the hydrogen convection zone is 
treated in a more detailed way, and it is shown that the energy produced is about the 
correct amount to balance the observed radiative losses. This energy propagates outward 
in the fast mode; little, if any, energy is emitted by the hydrogen convection zone in the 
Alfvén or slow modes, and these modes are, in addition, shown to be strongly absorbed 
by the Piddington frictional process in the photosphere. However, this mechanism is 
shown to play little part in damping the fast-mode waves in the chromosphere, which, 
instead, build up to finite-amplitude shocks and then are dissipated. It is shown quantita- 
tively that this shock dissipation begins at approximately the observed level in the solar 
atmosphere, that is, that the wave energy largely passes through the photosphere and 
reversing layer with little damping and that the shock dissipation provides approxi- 
mately the correct amount of heating for the lower chromosphere. At greater heights, 
where the magnetic field dominates, it is shown that the shocks become weaker and that 
the fast-mode waves are refracted back down toward the photosphere and that, for both 
these reasons, the dissipation decreases rapidly. However, it is shown qualitatively (but 
not quantitatively) that some energy must be fed into the slow and Alfvén modes in the 
chromosphere and that the dissipation of these waves, which travel upward along the 
lines of force without refraction, is probably responsible for heating the uppermost part 
of the chromosphere and the corona. The spicules observed at the limb of the sun are, on 
this picture, slow-mode disturbances propagating upward, but some difficulties remain, 
particularly in the heights to which they reach. The plages can be understood as regions 
of larger magnetic field, where the wave generation in the hydrogen convection zone 
below is probably larger and where refraction and shock collisions in the chromosphere 
are more important, both of these effects leading to greater heating. 

II. OBSERVATIONAL DATA 

In principle, if all the relevant physical processes were known, it should be possible to 
calculate the entire structure of the chromosphere and corona, beginning with only a few 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
61

A
pJ

. 
. .

13
4 

. .
34

70
 

350 DONALD E. OSTERBROCK 

solar parameters, such as the flux of energy in the form of acoustical waves incident from 
below, the acceleration of gravity, etc. However, at the present time, much of the theory, 
though known in outline, remains incompletely worked out, and it seems preferable to 
base our discussion as much as possible on the observed properties of the outer layers of 
the sun. Thus, in all the calculations reported here, the table of density, temperature, and 
degree of ionization as functions of height given by van de Hulst (1953) has been used as 
defining the average properties of the chromosphere. It is based on the analysis and inter- 
pretation of large amounts of observational data obtained by many investigators, and 
considerable selection and judgment are involved; for this reason, we cannot trust those 
parts of the results of the present paper that depend in a detailed way on the temperature 
or density distribution, but, in fact, all the main results are invariant to a change to any 
reasonable model chromosphere. Now it must be understood that at any particular 
height in the chromosphere there are pronounced fluctuations in temperature, density, 
etc., and the values listed in the table are only average values that represent a first ap- 
proximation to the structure; the next higher approximation is a two-element model with 
hot and cold elements at each height (see Woltjer 1954; Athay and Menzel 1956; De Jager 
1957), while the true structure involves a continuum of temperatures and density at each 
height. As will be seen below, particularly in Sections VII and VIII in this paper, the 
lower temperature of the two-element approximation, which corresponds fairly well to 
the single temperature of van de Hulst’s model, is regarded as being a property of the 
relatively undisturbed chromosphere ahead of a shock wave, while the high temperature 
is regarded as applying to the overheated material behind the shock or in the region in 
which two shocks have just collided. 

The main data needed for checking the results of the present paper are the amounts 
of energy radiated from the outer layers of the sun, as a function of height, because this 
radiation balances the heating we are considering. However, the energy radiated from the 
chromosphere cannot be observed directly, because the bulk of the chromospheric light 
received at the earth is actually light emitted in the photosphere and reversing layer and 
has simply been scattered by resonance fluorescence in the chromosphere (Wurm 1948; 
see also Ambartsumyan 1958). Furthermore, radiation that is emitted in the chromo- 
sphere does not always come directly out; it is in many cases, in particular in all the 
strong resonance lines, scattered many times before emerging. And, as a consequence of 
this line scattering together with continuous absorption, there is some radiative transfer 
of energy within the chromosphere, particularly in the lower levels. Thus the observa- 
tions cannot be directly used to find the rate of heating at each height in the chromo- 
sphere, and in the absence of the complete solution of the transfer problem we can use the 
measured data only to estimate the dissipation in the entire chromosphere and in the 
corona. The observations may also be supplemented by theoretical calculations of the 
energy emitted by various processes important in the different layers. 

Apparently, the most important single mechanism of energy loss is the H“ continuum 
emitted by the lowest levels of the chromosphere. According to Minnaert (1953), the 
optical depth in the continuum at the visible limb of the sun, Ä = 0, is r = 0.003, while, 
according to van de Hulst (1953), the temperature increases outward beginning at this 
same height. If bT is the mean temperature excess of this layer over the temperature it 
would have in the absence of non-radiative heating, namely, To, the boundary tempera- 
ture of the sun, then the excess outward flux irF+ in the continuum is approximately 
given by 

7tF+ ( H_ ) = 4oTjJ bTT , (L 

and with Tq = 4600°, bT = 200°, r = 0.003, the result is 7rF+(H-) = 1.5 X 107 ergs/cm2 

sec. The uncertainty is large, because the values of To and bT are known only approx- 
imately. 
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In the Lyman continuum of atomic H, the chromosphere is optically thick, and the 
NRL rocket observational results quoted by Morton and Widing (1960a) give T = 
6900° K for the equivalent black-body temperature just short of the Lyman limit, cor- 
responding to an outward flux of only 7nF+(Ly C) = 3 X 102 ergs/cm2 sec. However, in 
the other continua of H the chromosphere is optically thin, and the energy radiated can 
be calculated from the emission coefficients. The necessary formulae have been given in 
convenient form by Parker (1953) and Cillié (1932), andj, the emission coefficient per 
unit volume (integrated over all solid angles), can be written 

y (Ba, Pa,. . . ,C) =8.94X10-23^-‘, (2) 

where (Ba, Pa, . . . , C) is intended to represent the Balmer, Paschen, and all other higher 
continua of H. The flux emitted in the outward direction in these continua, then, is 

7nE+(Ba, Pa, . . . , C) = 4/jdh O) 

where h is the height co-ordinate, and for the chromospheric model tabulated by van de 
Hulst (1953), the result is 7rF+(Ba, Pa, . . . , C) = 5 X 105 ergs/cm2 sec. The free-free 
contribution is even smaller than the bound-free emission at chromospheric tempera- 
tures, and thus we conclude that the main energy loss in the continuum is due to H~. 

The flash spectrum in the visible region is dominated by hydrogen lines, and we must 
therefore also estimate their importance in cooling the chromosphere; this calculation is 
quite difficult to make, and the results are highly uncertain. The higher Balmer lines in 
the flash spectrum are not affected by self-absorption, so the distribution with height of 
the emitting atoms can be calculated from the eclipse observations, and then the flux 
emitted in the outward direction can be found (see, e.g., Menzel and Cillié 1935). In this 
way we obtain from the results for the 1952 eclipse given by Athay, Billings, Evans, and 
Roberts (1954) corrected by Athay, Menzel, and Orrall (1957) the flux emitted in all the 
higher Balmer lines (10 < n < «5 ) to be ttF+ = 2 X 106 ergs/cm2 sec. 

The lower Balmer lines in the flash spectrum are affected by self-absorption, and the 
computation of the outward flux therefore involves more assumptions. For instance, 
according to Woltjer (1954), the intensity in Ha in the direction tangent to the sun’s 
limb at the base of the chromosphere is about / = 3.5 X 106 ergs/cm2 sec sterad. The 
observations show definitely that the chromosphere is optically very thick at the center 
of this line in this direction, and, if it were equally optically thick in all directions, then 
the outward flux in Ha would simply be ttF+ = tt/ = 1 X 106 ergs/cm2 sec. However, 
also according to Woltjer (1954), the Ha line arises completely in the spicules, which are 
idealized as long thin columns directed radially to the solar surface and covering in 
projection only 2 per cent of it. According to this model, the outward flux is only 4 per 
cent (because of projection effects) of the value above, that is, about 4 X 104 ergs/cm2 

sec. Finally, according to De Jager (1957a), the optical depth at the center of Ha of the 
interspicular matter is about 0.15, so its contribution to the outward Ha flux may be as 
large as 1.5 X 105 ergs/cm2 sec, and, furthermore, the spectroheliograms show that 
much more than 2 per cent of the solar disk is bright, presumably because there are many 
more emitting regions low in the chromosphere that are not observed as spicules at the 
limb. Thus the outward flux in Ha from the chromosphere is decidedly uncertain; but 
we will estimate it as about 5 X 105 ergs/cm2 sec. The other lower Balmer lines Hß, 
H-y, . . . , H9 presumably have fluxes intermediate between the fluxes in Ha and in the 
higher lines, and our final estimate for all the Balmer lines together, Ha through Hoo 5 

is 7rF+ = 4 X 106 ergs/cm2 sec. 
Among the strongest lines in the flash spectrum are the H and K lines of Ca n, and 

their flux can be found from direct observations of the disk. The equivalent width of the 
K2 emission feature in the case of the K line, as seen in quiet regions at the center of the 
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disk, is about 0.002 A (Goldberg, Mohler, and Muller 1959), corresponding to a flux of 
only about 1.2 X 104 ergs/cm2 sec. Stronger resonance lines of other metals, however, 
occur farther in the ultraviolet and must also be taken into account. This spectral region 
has been very completely discussed by De Jager (1955), but many new observational 
results have since become available. Among the strongest ultraviolet lines that arise in 
the chromosphere are the Si n pair X 1808, X 1816, with a measured outward flux about 
1.3 X 105 ergs/cm2 sec (Aboud, Behring, and Rense 1959), and the Mg n pair X2791, 
X 2798, with a measured flux of the order of 2.5 X 105 ergs/cm2 sec (Clearman 1953; 
Johnson, Purcell, Tousey, and Wilson 1953). The fluxes due to all the metallic lines 
together thus probably add up to a few times 106 ergs/cm2 sec and are not as important 
as the H~ continuum but are perhaps almost comparable with the Balmer line emission. 

Thus our final result is that the part of the radiative flux of energy outward from the 
chromosphere that is balanced by non-radiative heating processes can best be estimated 
as about 2 X 107 ergs/cm2 sec, but this estimate is highly uncertain and could easily be 
reduced or increased by a large factor, of the order of 3 or so. Since there must be an 
equal flux directed inward from the chromosphere toward the photosphere, the best 
estimate of the total non-radiative energy supplied to the chromosphere is about 4 X 107 

ergs/cm2 sec. 
These estimates are all intended to apply to the quiet, undisturbed sun. It is known 

that in the plages, which appear bright on Ca n spectroheliograms, the magnetic field is 
large (Babcock and Babcock 1958; Howard 1959; Leighton 1959) and the chromospheric 
and coronal emissions are both enhanced (Athay and Thomas 1957). About the only 
available quantitative data for the chromosphere is that the flux in the Ca n K line 
from a plage is often five times as high as from the undisturbed sun, that is, it can be 
7 X 104 ergs/cm2 sec or even more (Smith 1960). Either the strengthening of this single 
line could represent an increased flux of energy into the plage region, or else the dissipa- 
tion in more favorable circumstances for producing the K line of the same flux of energy 
as is available in the undisturbed chromosphere. The fact that the entire chromospheric 
spectrum is strengthened, particularly the lines formed at high temperatures (Athay and 
Thomas 1957), favors the first alternative, but the additional flux is not known quantita- 
tively. 

The outward radiative flux for the corona, which must be completely balanced by 
non-radiative heating, has been estimated by Woolley and Allen (1948) as about 9 X 103 

ergs/cm2 sec, the greatest part in the Mg x X 610 emission line. The far ultraviolet and 
X-ray rocket observations of the sun have been summarized by Friedman (1959, 1960), 
and they show that there is considerable emission, presumably almost entirely from the 
corona, in the wave-length interval 10-200 A. The best estimate for the outward flux in 
this region from the quiet sun near sunspot minimum is about 6 X 103 ergs/cm2 sec, and 
the Mg x line, though it is observed, is probably somewhat weaker than the calculated 
value above. Making some allowance for the longer-wave-length emission and doubling 
the outward flux to account for the inward radiation also, we estimate the total radiative 
heat flux from the quiet corona to be around 1.5 X 104 ergs/cm2 sec, with again a large 
uncertainty because it is a value based on a relatively few observations. 

The rocket observations also show that the X-ray emission from the corona can be 
eight times as high as the value given above, at times around sunspot maximum, when 
the coronal excitation as measured by the relative strength of (Fe xiv) 5303 is also a 
maximum (Friedman 1960). Thus the energy flux into the corona is considerably larger 
at these times (none of the observations used in this discussion were made at times of 
flares, which can enhance the solar X-ray emission even more). 

Finally, we discuss the observed flux in the Lyman-a line, for which the measurements 
made with ion chambers since October, 1955, all give about 3 X 105 ergs/cm2 sec (Fried- 
man 1960). Earlier measurements with other instruments had suggested smaller and 
variable fluxes, but they are perhaps less reliable, and, since for the period October, 1955, 
through March, 1958, covering the sunspot cycle from just after minimum to maximum, 
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¡ 

all the measurements give essentially the same flux, there is no strong observational evi- 
dence for variation. However, the Lyman-a radiation comes almost entirely from plage 
regions (Purcell, Packer, and Tousey 1960), and, since these vary greatly in size and 
number through the sunspot cycle, it seems likely that there should be some changes in 
the flux. Now it appears both on theoretical grounds (Woolley and Allen 1950) and from 
the interpretation of the observed Lyman-a profile (Morton and Widing 1960a, Ô) that 
the line arises in the transition region between the chromosphere and corona and, further- 
more, that it is likely that this region is heated by conduction of heat inward from the 
corona (Giovanelli 1949; Woolley and Allen 1950). Therefore, the energy radiated by the 
sun in the Lyman-a line is balanced ultimately by non-radiative energy dissipated mostly 
in the corona, and this must be taken into account in calculating the energy balance. The 
other lines possibly of importance in the transition layer, such as the He n resonance line 
X 304, higher Lyman lines, and lines of intermediate ionization in the far ultraviolet, are 
all considerably weaker than Lyman-a (Friedman 1960; Hinteregger, Damon, Heroux, 
and Hall I960). Because of the observed variation of the coronal X-ray fluxes and be- 
cause the Lyman-a situation is still somewhat in doubt, it has been assumed here that 
there is some variation in the Lyman-a flux with the sunspot cycle and that the outward 
flux 3 X 105 ergs/cm2 sec refers to sunspot maximum, while we will more or less arbi- 
trarily assume 1 X 106 ergs/cm2 sec as the outward flux from the undisturbed sun at 
sunspot minimum. These figures probably do not have to be doubled, because the 
Lyman-a photons emitted in the inward direction most likely are scattered back out 
without absorption, but this is not certain. This is the best estimate we can make of the 
energy loss by the corona, though it would be too high if it turned out that a large frac- 
tion of the Lyman-a radiation originated in the lower chromosphere and was scattered 
without absorption until it diffused out; in this case the energy loss by the corona could 
not be less than 1.5 X 104 ergs/cm2 sec derived above from the X-ray data. 

All these figures are in fair, though by no means perfect, agreement with the set of 
results presented by De Jager (1959), who gives 3 X 104 ergs/cm2 sec for the energy loss 
by radiation of the corona and 2.5 X 105 ergs/cm2 sec for the energy loss of the transition 
layer, together with an independent estimate, based on radio determinations of the tem- 
perature gradient, of the energy conducted back from the corona to the transition layer 
as 4 X 105 ergs/cm2 sec. 

The measurements of the large-scale solar magnetic fields have been summarized by 
Babcock and Babcock (1958). They show that, in high latitudes, fields of the order of 1 
gauss often cover large areas, while, in addition, at lower latitudes large UM and BM 
regions, often centered on sunspots but covering a much greater area than the plages, 
have aligned fields of the order of 1 to several gauss. Both types of fields are, very approx- 
imately, directed mostly radially to the sun’s surface, and, though all published measures 
have been made with absorption lines formed in the photosphere, nearly the same fields 
must extend up into the chromosphere and lower corona. In the present paper 2 
gauss and occasionally 0.5 gauss have been adopted as representative values for the 
magnetic fields of the sun outside plage regions. 

In the plages, however, the fields are considerably larger. Detailed measurements with 
high angular resolution made by Howard (1959) and Leighton (1959) show that wherever 
the field is larger than about 20 gauss, a plage can be distinguished on a calcium spectro- 
heliogram, while fields as high as 100 gauss are observed in these plages (but outside 
the spots, where the fields are even higher). We have adopted 50 gáuss as a representative 
value of the field in a plage. 

III. MAGNETOHYDRODYNAMIC WAVES 

In a compressible gas, small disturbances propagate as sound waves, at the velocity of 
sound Vs given by 

FS = V^. (4> 
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and the motion of the material is longitudinal, that is, in the direction of propagation. 
On the other hand, in an incompressible fluid that is a good electrical conductor and is in 
a magnetic field, small disturbances propagate in the direction of the field as magneto- 
hydrodynamic or Alfvén waves, at the Alfvén velocity, Va, given by 

Va = “777—r i w 
V (47Tp) 

and the motion is transverse to the direction of propagation. In an electrically conducting 
compressible gas in a magnetic field, mixed forms of the waves occur, and they have been 
analyzed by Herlofson (1950) and van de Hulst (1951), as well as by several later au- 
thors, in most detail by workers at New York University (Bazerand Ericson 1959; 
Bazer and Fleischman 1959; Grad 1959) and, very recently, by Lighthill (1960). The 
properties of the various types of modes are described in the listed references, but we 
summarize here very briefly the main features that are important for our problem. 

In general, there are three types of waves—the fast mode, slow mode, and Alfvén 
mode. The fast mode can propagate in any direction, and the phase velocity Vf is given 
by 

V2
F=h{V¡+V*A+ [(FJ+F^)2-4FJF^ cos2 6]^}, («) 

where 6 is the angle between the direction of the magnetic field and the normal to the 
wave front. For a very weak magnetic field, Vs Va and Vf = Vs, while, for a very 
strong field, Vs <3C Va and Vf = Va; in both these limiting cases the velocity is inde- 
pendent of the direction of propagation, while at intermediate fields the velocity depends 
weakly on the direction. The most extreme variation occurs when Vs = Va = F, in 
which case 

V2
f = F2 [ 1 + sin 0] . (7) 

At weak fields the direction of material motion is longitudinal, and the waves are essen- 
tially sound waves, while at large fields the motion is perpendicular to the direction of the 
field and lies in the plane of propagation, and the waves are essentially magnetohydro- 
dynamic in character. Numerical values of the velocity of sound and of Alfvén waves are 
given in Table 2, derived from the models given for the photosphere by Minnaert (1953) 
and the chromosphere and corona by van de Hulst (1953). It can be seen that, for all 
reasonable assumed field strengths, the fast-mode disturbances are sound waves in the 
hydrogen convection zone and photosphere, and magnetohydrodynamic waves in the 
upper chromosphere and corona, the transition occurring in the lower chromosphere. 
(Since there is some question whether the sound waves propagate nearly adiabatically, 
with 7 = 1.67, or more nearly isothermally, with y = 1.00, a harmonic mean 7 = 1.29 
has been assumed in all the calculations of the present paper, going over smoothly at 
depths below —200 km to the adiabatic value 7 = 1.67 at —400 km.) 

The slow mode can propagate only in directions close to the direction of the magnetic 
field, and both at very weak fields, Vs Va, and very strong fields, Vs <3C Va, the only 
allowed direction of propagation is exactly along the field, while at an intermediate field, 
Vs = Va, the allowed directions lie within a cone with half-angle x = tan-1 0.5 = 27°. 
The velocity of these slow-mode disturbances, along the direction of the field, is approxi- 
mately Va for Fs > Va, and Fs for Vs < Fa. The material motion is perpendicular to 
the direction of propagation and in the plane containing the magnetic field for Fs Va 
and is in the direction of the field for Vs<& Fa. 

Finally, the Alfvén mode in the compressible case has the same properties as in an 
incompressible fluid ; it propagates in the direction of the magnetic field with the Alfvén 
velocity Fa, and no change in density or pressure is involved. 

Some laboratory experiments have been performed to verify the predicted properties 
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HEATING OF SOLAR CHROMOSPHERE 355 

of magnetohydrodynamic waves in a conducting liquid, but the observations of disturb- 
ances propagating through the earth’s ionosphere are most relevant to the astronomical 
case of a compressible gas. Such shock disturbances have been detected traveling up 
through the ionosphere as a result of atomic-bomb explosions on the ground (Daniels, 
Bauer, and Harris 1960), and also the effects resulting from disturbances generated by 
high-altitude bomb tests have been measured on the ground (Berthold, Harris, and Hope 
1960). In both cases two separate disturbances arrived at the point of detection, with 
time delays which could be identified with the Alfvén and sound velocities, and, since in 
the ionosphere Vs < Va, presumably one disturbance was a combination of fast and 
Alfvén modes, while the other was a slow-mode shock. 

TABLE 2 

Sound and Alfvén Velocities in Solar Atmosphere 

Height 
k 

(km) 

Sound 
Velocity 

V8 
(km/sec) 

Alfvén Velocity 
VA 

(km/sec) 

B = 2 gauss -B = 50 gauss 

+6000 
+5000 
+4000 
+3000 
+2000 
+1500 
+1000 
+ 
+ 

750 
500 

+ 250 
0 

- 100 
- 200 . 
- 300 
- 350 
- 400 
- 450.. 

10 3 
9 7 
8 7 
8 0 

57 
41 
25 
16 

7 
2 
0 82 
0 41 
0 20 
0 092 
0 041 
0 025 
0 015 
0 010 

0 0082 

1440 
1020 
644 
407 
181 
65 
20 
10 

5 
2 
1 
0 62 
0 38 
0 25 

Ó 20 

IV. GENERATION OF WAVES 

We now examine in detail the generation of small-amplitude waves by the turbulent 
motion in the hydrogen convection zone, the original source of the energy for the chromo- 
spheric heating mechanism we are considering. Since the fast-mode waves are, as seen in 
the previous section, sound waves to a very good approximation in the hydrogen convec- 
tion zone, the problem is the generation of acoustical noise by turbulence. It has been 
studied quantitatively by Lighthill (1952), and a numerical estimate of the amount of 
sound produced was made by Proudman (1952), while the theory was further worked 
out, compared with experiment, and summarized by Lighthill (1954). All these papers 
deal with isotropic turbulence, while in the sun there is a preferred direction—the radial 
direction; however, it is apparently a fairly good approximation to treat the turbulence 
as locally isotropic but with properties that vary in the preferred direction (Lighthill 
1954). The rate of generation of acoustic noise per unit volume derived by Lighthill 
(1952) is 

/<fl2>\5/2 
7i = ap€Vi^7 =ap 

(<*2>) 
vy 

(8) 
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356 DONALD E. OSTERBROCK 

where «fl2))1/2 is the root mean square of one component of the turbulent velocity, e is 
the rate of dissipation per unit mass, given in terms of the scale length of turbulence /, by 

(< fl2>)3/2 
(9) 

p is the density, and a is a numerical constant which depends only weakly on the form of 
the spectrum of turbulence and has the value 38 for the Heisenberg spectrum (Proudman 
1952). The result is approximately confirmed by experimental measurements of the noise 
due to turbulence produced by jets of gas escaping into air (Lighthill 1954). 

We have applied this formula to the model solar hydrogen convection zone calculated 
by Vi tense (1953) under the assumption l = H, that is, that the scale length of the tur- 
bulence is identical with the local scale height of the atmosphere. The calculation is sum- 
marized in Table 3 (the velocity of sound was assumed to have the adiabatic value at 

TABLE 3 

Acoustical Energy Generated in Hydrogen Convection Zone 

(km) 
(V2) 1/2 

(km/sec) 
l 

(km) (gm/cm3) 
Vs 

(km/sec) 
n 

(ergs/cm3 sec) 

350 
400 
450 
525 
600 
700 

0 0 
0 5 
2 3 
2 1 
1 8 
1 5 

127 
148 
175 
206 
227 
281 

9X10-7 

1 
3 
6 
0 
2X10"7 

7 
8 
9 
9 

10 
11 

0 00 
0 00004 
9 55 
2 94 
0 68 
0 097 

these great depths), where it can be seen that, because of the strong dependence on tur- 
bulent velocity, practically all the energy is generated in a narrow shell between 425 and 
550 km in depth. 

The upward flux of energy in the form of sound waves 7rE+, is then calculated by 
integration through the emitting layers, 

ttF+ = jxdh = 3.3 X 107 ergs/cm2 sec , GO) 

a result in very satisfactory agreement with the estimate (made in Sec. II) of the energy 
dissipated in the chromosphere. Indeed, the sensitivity of the numerical value of the 
turbulent velocity, which, of course, is not exactly known, is so high that one can only 
say that there is no disagreement between the calculations of the energy generated in the 
hydrogen convection zone and the excess energy radiated by the chromosphere. 

The frequency spectrum of the sound waves emitted by turbulence has been discussed 
from the experimental point of view by Lighthill (1954) and in terms of the spectrum of 
turbulence by Meecham and Ford (1958). The resulting energy spectrum of noise drops 
off to zero at high frequencies as v~7/2 and at very low frequencies as p4, while at inter- 
mediate frequencies it depends strongly on the spectrum of turbulence, including the 
large eddies, which depend, in turn, on the energy-input mechanism and thus are not 
described by the universal Heisenberg spectrum. The experiments in air generally show 
that the spectrum is relatively broad, with a flat peak at a frequency near 

( < z;2 > ) V2 

di) 
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HEATING OF SOLAR CHROMOSPHERE 357 

dropping off at lower frequencies until the intensity is down by a factor of 100 at a 
frequency of about 0.1 fq. At higher frequencies the intensity drops off rapidly above a 
frequency vi, at which the acoustical wave length is equal to the scale length of tur- 
bulence, 

vs Vs 
v' = -T = Tv*W*n' ' 

because, for these short wave lengths, interference effects within a turbulent eddy reduce 
the emitted sound (Lighthill 1954). 

If there is a large mean shear, that is, a flow in which 

dvz 

dy l 
(13) 

then additional noise is generated by the shear flow, mostly at frequencies above vi. In 
the hydrogen convection zone, however, we generally think of the motions as nearly 
completely turbulent, and this source of noise can then be disregarded. 

Thus we shall consider the spectrum of fast-mode disturbances to be relatively flat, 
with a maximum at the frequency 

/ ^2 >1/2 
vq = -—-, =1.2X10“2 sec“1, (14) 

and with nearly all the power included between the frequencies 

^min ^ > 

ï'max =^1 = 4ï'o , 
(15) 

where all the numerical values are estimated for a mean level near the center of the noise- 
producing region. 

Next we must discuss the effects of magnetic fields on the generation of fast-mode dis- 
turbance, and this requires some knowledge of the magnetic field within the hydrogen 
convection zone. This field is not directly observed, because the absorption lines used in 
the solar magnetograph measurements (Babcock and Babcock 1955,1958) are all formed 
higher up in the photosphere. However, the difference in depth is so small that there is no 
doubt that the mean organized field hardly changes at all from the photosphere to the 
noise-producing layer. But it is not so clear whether or not there is a much larger tur- 
bulent magnetic field within the hydrogen convection zone; there are arguments for and 
against the idea of equipartition between turbulent kinetic and magnetic energies, which 
have been summarized by Cowling (1953, 1957). In the present paper we have adopted 
the picture that over most of the area of the sun the magnetic field in the hydrogen con- 
vection zone is small but that, in the plage regions where the surface field is of the order 
of 50 gauss, the turbulent field in the hydrogen convection zone has the equipartition 
value 

< ¿>2 >1/2 == ( 4.Wp( <i)2y ^ 1/2 _ 45o gauss (i<5) 

for the root mean square of one component. It is hard to see how the plages can preserve 
their existence for periods of days or weeks without having a fairly large field below 
them, and, in addition, as will be seen in the succeeding sections, it seems to be the only 
way in which the enhanced chromospheric and coronal emission in excited regions can be 
understood. 

The generation of magnetohydrodynamic waves by isotropic turbulence has been in- 
vestigated by Kulsrud (1955), who again found that the results were not extremely sensi- 
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tive to the adopted form of the spectrum. The presence of an equipartition turbulent 
magnetic field increases the rate of energy generation in the fast-mode disturbances by a 
factor 10, while the presence of a constant field much smaller than the equipartition value 
does not essentially affect the result at all. Furthermore, essentially no energy is delivered 
into the Alfvén or slow modes as long as the constant field is considerably 
below the equipartition value, though this result is an estimate not based on calculation. 
Thus, no matter what the constant magnetic field is (so long as it is smaller than several 
hundred gauss), energy is generated only in the fast-mode waves, and the upward flux at 
the bottom of the photosphere varies from about 3 X 107 ergs/cm2 sec in the undisturbed 
sun to about 3 X 108 ergs/cm2 sec in the plage areas. 

The work of Kulsrud (1955) is based on the calculation of the quadrupole emission of 
sound by the fluctuating turbulent velocity and magnetic fields. However, in the case of a 
finite constant magnetic field, additional dipole terms may, in general, be expected to 
enter the expression for the emission. Our next problem is therefore to estimate approxi- 
mately their magnitude. Following the method and notation of Kulsrud (1955), the 
equation for sound propagation is found to be 

d2p _ d2p _ d2(pvj vj) 

dl2 0 dxjdxj dXidXj 

1 d 
47t dxj 

(vXb) X (2?X b) }y. (17) 

The excess sound energy emitted as a consequence of the constant magnetic field B has 
the second term on the right-hand side as a source, and, if we write 

F=(VXb)XB, (is) 

we find, following the arguments and notation used by Lighthill (1952), the intensity of 
sound resulting from it to be 

Z (19) 

at great distances x from the source. Finally, the total acoustical energy output inte- 
grated over all directions from this source may be written 

■f ‘ - JVd) l<F-<2'JVi>'i2 • 

Now, for the constant field B = Bok in the 2-direction, 

Bo d bx Fx = 
U  Bq d by 

y~^~dz' 

(20) 

(21) 
47T d 2 ’ 

and the dipole emission per unit volume may finally be approximately estimated to be 

p VIV W fir 
(22) 

= ß 
Bl{ b2Xv2) 

lô^pVU 

where ß is a numerical constant, in principle to be evaluated from an integration over the 
turbulent spectrum, analogous to a in equation (8); / , as before, is a characteristic length 
of the turbulence; t a characteristic time, defined by 

<*2>; 
(23) 
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(b2') is the root-mean-square component of the turbulent magnetic field; and we have 
again labeled the velocity of sound Vs, instead of a0, as in equations (17)-(20). Then, if 
we adopt the equipartition turbulent magnetic field of equation (16), the sound-wave 
generation by this process is given by the emission coefficient 

■r)2 / 2 \ 2 

47T Vÿ * 
(24) 

Comparing this expression with equation (8), which gives the quadrupole emission in the 
absence of a field, we have 

ii_^V47rp<*2>V<^ 

h WV B2 A Vl)' 
(25) 

and, for the energy-producing region in the solar hydrogen convection zone, the second 
and third factors approximately cancel for J50 = 120 gauss. Since ß has not been evalu- 
ated, we can only use an estimate of its value, and, under the plausible assumption that 
a and ß are approximately the same, it follows that the dipole process never adds sig- 
nificantly to the fast-mode emission, because for small fields yi y>j2, while for the largest 
plage fields ji~ jz but the wave generation due to the turbulent magnetic-field quad- 
rupole process is, as stated above, then about 10yi. If, on the other hand, a/ß = 0.1, the 
dipole effect would double the fast-mode emission at the largest plage fields. 

Here we have seen that the introduction of a constant magnetic field removes the 
isotropy and causes dipole terms to enter the wave-emission coefficient. Cowling has sug- 
gested that, even in the absence of a magnetic field, the pressure and density gradients 
define a preferred direction, and there might be additional dipole emission of sound waves 
due to them; but we have not yet investigated this question. 

V. PROPAGATION OP FAST-MODE DISTURBANCES 

We shall describe the propagation of wave energy through the photosphere and chro- 
mosphere by calculating the rays followed by waves originating in the hydrogen convec- 
tion zone, in a way exactly analogous to geometrical optics. Since the wave lengths are 
typically of the order of 700 km, while the depth of the wave-emitting zone is only about 
450 km below the surface and the whole height traveled by the waves only a few thousand 
kilometers, this cannot be expected to be a very precise scheme, but it should give the 
general features of the way in which the energy is transported. The alternative—to 
integrate the relevant differential equations—is mathematically quite complicated even 
for the case of a steady state (standing waves) in an atmosphere with constant scale 
height and with no allowance for dissipation (Ferraro and Plumpton 1958; Weymann and 
Howard 1958) and has not yet been worked out for the case of a damped traveling wave. 
The ray treatment of material waves was applied to the chromosphere by Schatzman 
(1949), and it has been particularly exploited for pure gas-dynamic shocks by Keller 
(1954) and for magnetohydrodynamic disturbances by Bazer and Fleischman (1959). 

First, we discuss the angular dependence of the intensity of the sound waves near the 
layer in which they are generated in the hydrogen convection zone. Since this layer is 
quite thin, if we neglect refraction, absorption, and scattering altogether, we can simply 
derive the intensity of sound energy emerging at a particular angle (¡> from the vertical: 

/(<*>) 47T J 47T cos 0 
jidh = h 

COS (¡) 1 
(26) 

and the total flux in the upward direction, 
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Z'71’/2 

7rF+ = 2tt I I (</>)cos <í) sin </>¿</) 
(27) 

2itIq = jidh , 

where s is the co-ordinate along the ray, h is the height, and the integrals are taken 
through the entire emitting layer. According to equation (26), the intensity diverges at 
<£—>7t/2, and this actually would be correct for a horizontally infinite layer without 
absorption, but in the sun the flux is limited by at least two separate effects. One is that, 
on account of the curvature of the sun’s surface, the path length of a ray through a layer 
of vertical extent ho reaches a finite limit given by 

y=V(2hoR) (28) 

as the angle to the vertical tends to tt/2 from below, where R is the sun’s radius. As a 
result, the intensity reaches an upper limit approximately given by 

/= 7 (29) 

and, in the case of the sun, with ho = SO km about, F = 7 X 105 km? the upper limit to 
the path length is about y = 104 km, corresponding to an upper limit to I of about 
102/o. 

A second cause for a finite intensity even in the horizontal direction is the scattering of 
sound by turbulent eddies within the hydrogen convection zone. We can estimate this 
effect approximately by analogy to the optical case, assigning to an eddy in which the 
velocity of sound differs from the mean velocity Vs by an amount ôFs an index of refrac- 
tion n, given by 

n — 1 = — . (30) 
Vs 

In the optical theory, the scattering cross-section depends on the parameter 

TT D Tri TïVs 
< z;2>l/2 

0.8, (31) 

where we have taken the mean eddy diameter D to be the same as the turbulent scale 
length Z, and the numerical value is computed for the region of greatest contribution to 
the emission coefficient. For this value of the scattering cross-section is given by the 
Rayleigh-Gans theory as 

0 = 0.4 (32) 

(van de Hulst 1957), and it only remains to estimate (ôVs/Vs)- It appears that fluctua- 
tions in the sound velocity in the hydrogen convection zone are minor in comparison 
with convective effects, that is, that an eddy moving with speed v carries the sound along 
with it and gives it a speed, in a stationary reference system, of Fs + a, so we may iden- 
tify 8Vs — <fl2>1/2, the mean turbulent velocity, and thus find Q = (tt/^O)/2; that is, a 
sound wave penetrates about 40 eddies or a distance of 7 X 103 km before being strongly 
scattered. This calculation is quite schematic, but it is correct in order of magnitude, and 
we see that each of the two effects discussed sets an upper limit of about 102 7o to the in- 
tensity of sound in the nearly horizontal directions in the hydrogen convection zone. 

In discussing the upward propagation of the waves, we must take some account of the 
reflection of sound energy by the density gradient (Biermann 1948). The scale height H 
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in the photospheric layers is roughly constant (see Table 4), and so the theory of sound 
waves in an atmosphere with constant scale height (see Lamb 1945) may be used as a 
guide. According to this theory, there is a critical frequency, 

vc = 
Vs 

AttH 5 
(33) 

and waves with frequencies equal to or higher than this frequency are transmitted un- 
damped (though waves with frequencies just above the critical frequency suffer a disper- 
sion in velocities), while waves with frequencies below the critical frequency are re- 
flected, with the energy transported by the waves decreasing by a factor e in a distance 

^ [1 — O'A'c)2]1/2 ’ 

TABLE 4 

Scale Height as Function of Height in 
Solar Atmosphere 

Height 
h 

(km) 

■350 
■300 
•200 
•100 

0 

Scale Height 
H 

(km) 

223 
148 
113 
101 
85 

Height 
h 

(km) 

100 
250 
500. 
1000 

Scale Height 
H 

(km) 

140 
170 
180 
200 

Thus only sound with frequency above the critical frequency for a layer with just about 
the minimum scale height, say H = 100 km, penetrates through the photosphere and 
reaches the chromosphere above h = 1000 km; and, since 

vc 

7 km/sec 

47t X 100 km 
= 6 X 10-3 sec-1, (35) 

so that i^min <vc< Fo, nearly but not quite all the spectrum of acoustical noise produced 
in the hydrogen convection zone penetrates to the chromosphere. 

Now we shall examine the effects of refraction in the transport of wave energy up into 
the chromosphere. In general, fhe fast-mode velocity Vf depends on direction, though in 
the limits Vs Va and Vs <£ Va it does not, and the maximum difference between 
horizontal and vertical velocities is only 40 per cent at Va = Vs (see Sec. III). Though it 
is possible to find the ray paths taking this directional dependence into account (Bazer 
and Fleischman 1959), the calculations are unduly complicated for a preliminary study, 
and we have therefore simplified the problem by taking the velocity to be independent of 
direction, and to have the values 

F^Ff + ln for VS>VA, 

(36) 
V%=V\ + hV¡ for VS<VA, 

as an approximate average from equation (6). Velocities calculated according to these 
formulae for fields oîB = 0.5 and 2 gauss, representing the undisturbed sun, and B = 50 
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gauss, representing a plage area, are given in Table 5, derived from the data of Table 2. 
The ray paths may then be calculated directly according to the methods of geometrical 

optics, from the equation 

w sin 0 = const. , (37) 

where n is the relative index of refraction, given by 

(38) 

TABLE 5 

Fast-Mode Velocities in Solar Atmosphere 

Height 
h 

(km) 

+6000 
+5000 
+4000 
+3000 
+2000 
+1500 
+1000 
+750 
+500 

Fast-Mode Velocity 
VF 

(km/sec) 

5 = 2 gauss 

58 
41 
26 
17 
9 
7 
6 
6 
6 

5 =50 gauss 

1440 
1020 
644 
407 
181 

64 
21 
11 

7 

Height 
h 

(km) 

+250 
0 

-100 
-200 
-300 
-350 
-400 
-450 

Fast-Mode Velocity 
VF 

(km/sec) 

5=2 gauss 5 = 50 gauss 

Vo being the velocity at the level where the waves are emitted, Fo = 9.0 km/sec in our 
case. The maximum height to which a ray with initial direction <j>o penetrates can thus be 
found immediately by solving 

sin 4>o — n = 
Vo 
VF' 

(39) 

while the whole ray path can be determined by integrating numerically the differential 
equation 

1 r1+ ]1/2 = ^ = Fo  i40) 

sin 0 L '\dx/j sin 0o F^sin^o 

Ray paths calculated in this way for B = 2 and 50 gauss are shown in Figure 1, where it 
can be seen that in all cases the rays are first refracted toward the normal because of the 
decrease of sound velocity outward in the photospheie, then at greater heights are re- 
fracted away from the normal because of the increase of Alfvén velocity outward. In all 
cases the horizontal and vertical distances from the point of emission in the hydrogen 
convection zone to the turning point in the chromosphere are of the same general order of 
magnitude. 

Finally, we may notice that, because of the increase in sound velocity inward in the 
hydrogen convection zone, rays emitted in a downward direction (with 0O > 90°) do not 
penetrate very deeply but are refracted back up toward the surface, arriving back at the 
level from which they were originally emitted with an angle 0 = 180° — 0O to the verti- 
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cal and propagating up into the chromosphere. Thus the entire amount of wave energy- 
generated in the convection zone, not just half of it, is available for dissipation in the 
chromosphere and corona. 

VI. JOULE AND FRICTIONAL HEATING 

As magnetohydrodynamic waves propagate through an ionized gas, they dissipate 
energy by Joule heating at a rate that depends on the electrical conductivity (van de 

Fig. 1.—Computed ray paths for fast-mode waves in the upper hydrogen convection zone, photo- 
sphere, and chromosphere. Ail rays originate at Ä = —450 km and are labeled with their initial direc- 
tion to the vertical. Solid lines, B = 2 gauss; dashed lines, H == 50 gauss. 

Hulst 1953), which in turn depends on the rate of collisions of electrons with positive ions 
and neutral atoms. Another dissipative process, considerably more effective under many 
conditions, is the frictional damping due to collisions between the positive ions, which are 
directly affected by the magnetic-field oscillations, and the neutral atoms, which tend to 
lag behind (Piddington 1956, 1958). These dissipative effects occur for small-amplitude 
waves as well as for shocks, and in this section their effect in the heating of the chromo- 
sphere is calculated. 

For pure Alfvén waves propagating in the direction of the magnetic field in a homoge- 
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neous medium, fi, the damping length due to conductivity and viscosity (the distance in 
which the energy flux drops by a factor 1/e) is given by 

fi = 
 Va  
47rV2 [( £2/47TO-) + (m/p)] 

(41) 

(van de Hulst 1951; Dungey 1958), where a is the electrical conductivity (in e.m.u. units, 
sec-1)? M is the viscosity, and c is the velocity of light. The damping length, fo, due to the 
frictional process is given by 

Va 1 + V 
47T2P2 7) Tn 

(42) 

(Piddington 1956), where rj is the ratio of the mass density of neutral atoms to the mass 
density of ions, while rn is the mean collision time of an atom to lose its momentum in 

TABLE 6 

Alfvén-Wave Joule-Heating Damping Length 

h 
(km) 

- 400 
- 300 
- 200 
- 100 

0 
-f 250 
+ 500 
-f 750 
+1000 
+1500 
+2000 
+3000 
+4000 
+5000 
+6000 

LOG Ne 
(cm-3) 

14 8 
13 5 
12 9 
12 5 
12 0 
11 4 
11 
10 
10 
10 
10 
10 
10 0 
9 8 
9 6 

LOG Nh 
(cm-3) 

17 2 
17 0 
16 
16 
15 
15 
14 
13 
13 
12 
11 
10 
10 0 
9 2 
8 4 

c2/47ro- 
(cm2/sec) 

1 3X107 

1 4X108 

2 2X108 

2.4X108 

2 3X108 

8X108 

3X108 

2X107 

9X107 

5X107 

1 2X107 

1 2X107 

1 2X107 

1 1X107 

1 1X107 

m/p 
(cm2/ sec) 

1 3X103 

1 6X103 

3 1X103 

8 3X103 

2 6X104 

8 9X104 

4 6X105 

1 8X106 

7 6X106 

1 5X107: 

fi 
(km) 

B = 2 gauss 

7 4X10-2 
1 4X10-2 
2 7X10-2 
1 IXIO"1 

5 3 X lO-1 

7 6 
1 1X102 

2 1X103 

2 6X104 

1 X106: 

5 = 50 gauss 

1 2X103 

2 2X102 

4 2X102 

1 8X103 

8 2X103 

1 2X105 

1 7X106 

3 3X107 

4 0X108 

1 X1010: 

collisions with ions. The combined effect is given by the sum of the reciprocals; so the net 
damping length f o is 

_i=JL.+!i 
r0 fi f2‘ 

(43) 

For the fast-mode waves in the regions of very strong magnetic field Vs <£ Va, the same 
expressions apply in the direction of propagation, but the transition region where Vs and 
Va are similar in order of magnitude is more complicated and will be discussed below, 
after we have treated the simpler case of Alfvén waves. 

The electrical conductivity set by electron collisions with positive ions is given by 
Spitzer (1956), while the effect of collisions with neutral atoms, which are particularly 
important in the photosphere, has been computed by Osterbrock (1952). Furthermore, a 
table of viscosity coefficients by Edmonds (1957), though intended for the hydrogen con- 
vection zone, also covers the photosphere and can be extrapolated slightly to apply to the 
low chromosphere; the coefficients calculated from these sources are listed in Table 6. At 
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heights above 1000 km in the chromosphere, the density is too low to apply the viscosity 
table, but, as we shall see below, the frictional damping process is much more effective at 
these levels. The damping lengths calculated from these values of the conductivity and 
viscosity using the Alfvén velocities of Table 2, and the average frequency v0 = 1.2 X 
10“2 sec-1, are also listed in Table 6. 

Next, to compute the frictional damping length, it is necessary to know the cross- 
sections for collisions between positive ions and neutral atoms. The most important of 
these processes are H+ + H, and in the upper chromosphere where hydrogen is nearly 
completely ionized, H+ + He, while in the photosphere M+ + H, where M is an easily 
ionized metal, also is effective. Since the main part of the motion between two light atoms 
is due to their thermal motion, unless the wave oscillations are extremely large, we shall 
estimate all the cross-sections for a relative energy of motion of 0.75 ev, corresponding to 
the mean thermal energy at T = 6000° K. 

First, in the collision H+ + H, the charge-exchange process H+ + H —» H + H+, has 
a large cross-section, and, since in most of the charge-exchange collisions the nuclei pre- 
serve very nearly their original directions of motion (Dalgarno and Yadav 1953), they 
have the effect of exactly interchanging the directions of motion of ion and atom, that is, 
they are highly effective as momentum-transferring collisions between the ionized and 
neutral components of the plasma. The cross-section for the charge-exchange process, 
according to the calculations of Dalgarno and Yadav (1953), is approximately 50 tt a2

0. 
In addition, there is true elastic scattering, and we may roughly calculate its cross-section 
by using the adiabatic approximation and the potential curves for the molecular ion 
given by Bates, Ledsham, and Stewart (1953). If we assume the potential U(r) to have a 
simple r~6 dependence and integrate the momentum transfer along the straight line that 
represents the zero-order approximation to the orbit, we find that q{6), the cross-section 
for scattering by an angle of 6 or greater, is given by 

where 
q(6) = irp2 , 

U(P) 
16 dE 
157t ; 

(44) 

(45) 

here E is the relative kinetic energy and p is the impact parameter. The numerical coef- 
ficient does not depend strongly on the assumed power law, and so we may solve equation 
(45) with the numerically available potential function for U(r). With 6=1 radian, the 
result is g = tt (6.4ao)2 for the Iso-*, state, q = t (6.0&o)2 for the 2pcrw state, and q = 
40 tt a\ for the weighted mean. However, according to Dalgarno and Yadav (1953), al- 
most exactly half of these collisions lead to charge-exchange, so the correct cross-section 
for elastic scattering without charge-exchange is g == 20 tt a\. Furthermore, of the other 
half, the charge-exchange collisions, a considerable fraction, say half, must be collisions 
with the very large angle of scattering, near 180°. In such collisions the nuclei exchange 
considerable momentum, but the net result after the collision is a hydrogen atom and a 
proton with very nearly the same momenta that the hydrogen atom and proton had 
before the collision, so these are not effective collisions. Therefore, about 10 tt^o must be 
subtracted from the charge-exchange cross-section to allow for the ineffective collisions, 
and the final result is g = (50 — 10) + 20 ira2 = 60 ira2 = 5 X 10-15 cm2. 

In the collisions between He and H+, charge-exchange cannot occur, and the elastic 
scattering cross-section can be found by the method described above for H + H+. The 
potential curve L of Coulson and Duncanson (1938) was used, and the resulting cross- 
section is g = 7r(2.9a0)2 = 8 X 10-16 cm2. 

For the collisions H + M+ and He + M+ in the photosphere, the necessary potential 
curves are not available, but we may crudely estimate the cross-section to have the same 
order of magnitude as the H + H+ and H + He+ elastic-scattering cross-sections, 
namely, g = 8 X 10-16 cm2. 
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In applying equation (42) to calculate the frictional damping length in the chromo- 
sphere, the average collision time for both the H+ + H and H+ + He collisions can be 
found by using the equation 

= + 
Tn Tl T2 ’ 

(46) 

which can easily be derived for 27r^ri <3C 1, 2ttvt2 <$C 1, where 771 and 772 are the ratios of 
mass densities of two different types of neutral atoms (hydrogen and helium in our case) 
to the mass density of ions, and n and r2 are the mean times of collision of each type of 
atom with the ions. With the cross sections given above, 

2.2X108 

Tl=—F— = 
(sec) (47) 

TABLE 7 

Alfvén-Wave Frictional Damping Length 

Height 
h 

(km) 
log Np 
(cm-3) 

log Nw 
(cm-3) 

1/r 
(sec-1) 

(km) 

B=2 gauss £ = 50 gauss 

- 400 
- 300 
- 200 
- 100 

0 
+ 250 
+ 500 
+ 750 
+1000 
+1500 
+2000 
+3000 
+4000 
+5000 
+6000 

14 8 
13 3 
12 
11 
9 

10 
10 
10 
10 
10 
10 
10 
10 0 
9 8 
9 6 

13 3 
13 0 
12 7 
12 3 
12 0 
11 4 
10 
10 
9 
8 
7 
6 
6 

» 1 
» 1 
» 1 
» 1 
» 1 
» 1 
> 1 
» 1 

1 
88 
14 

3 8 
1 8 
0 76 
0 46 

2 0X106 

7 7X104 

1 5X104 

1 7X103 

9 3X102 

3 1X102 

1 8X102 

1 7X102 

1 7X102 

1 0X102 

8 4X10 
5 0X10 
2 6X10 
1 0X10 
3 2 

2 8X106 

1 3X105 

9X104 

4X103 

6X103 

0X103 

3X103 

1 2X104 

5X104 

5 OXIO4 

1 2X105 

1 9X105 

1 9X106 

1 9X105 

1 IXIO5 

OXIO7 

3X106 

8X106 

9X105 

7X105 

2X105 

6X105 

1X106 

2X105 

1 2X106 

0X106 

7X106 

8X106 

7X106 

7X106 

(note that, on the average, a hydrogen atom loses half its momentum in a collision with a 
proton, while a helium atom loses one-fifth of its momentum) and the degree of ionization 
of hydrogen has been taken from van de Hulst (1953), while helium has been assumed to 
be mostly neutral throughout the chromosphere and to have an abundance ratio 
(AXHeViVXH) = 0.10. In the photosphere the mean-free time of a neutral atom is deter- 
mined by the number of collisions with both hydrogen and metallic ions, but, since 
hydrogen is mostly neutral, the ratio of numbers of hydrogen and helium atoms is con- 
stant, and the average collision time is 

JL = Ki a- Nm (sec-1) 
rn 3.0X108^1.1X109 v ^ 

where Nm is the number of metallic ions. The results of these calculations are summarized 
in Table 7, where again the damping lengths have been calculated for the frequency 
vo = 1.2 X 10-2 sec-1. 

Inspection of Tables 6 and 7 shows that in the undisturbed disk, with a representative 
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field of = 2 gauss, the Joule heating mechanism is the dominant dissipation process 
below 1000 km, while above this level the frictional damping is most important. The 
damping is very great in the photosphere and the low chromosphere below 500 km 
height; so any Alfvén waves generated in the hydrogen convection zone would surely be 
completely absorbed long before reaching the surface of the sun. The same conclusion 
applies to slow-mode waves, which are essentially Alfvén waves at these depths. The 
physical reason for the great damping is that the Alfvén-wave velocity is very small 
(because of the high density), the wave length is consequently quite short, and the wave 
dissipation, which depends on gradients of the field quantities, is consequently large. At 
heights above 1000 km in the chromosphere, the damping length rapidly becomes larger 
than the remaining height above, and consequently only relatively small fractions of any 
energy flux carried by Alfvén waves can be absorbed at these levels. The damping lengths 
both depend on the wave frequency in the same way, and at the extreme high-frequency 
end of the spectrum generated in the hydrogen convection zone, where v = = 4j/0, 
the damping lengths become smaller by a factor of 16, and so about 30 per cent of the 
flux at this frequency incident at the height 2000 km would be absorbed in the chromo- 
sphere; but, in general, the heating effect of the Joule and frictional damping mechanisms 
is small. 

This conclusion differs from that of Piddington (1956) for two reasons. First, the 
atom-ion collision cross-sections estimated above are large in comparison with the value 
q — 2.3 X 10-16 cm2 adopted by Piddington from the extrapolation of calculated cross- 
sections for protons with energies above 90 ev, together with experimental data on low- 
energy atom-atom collisions, and the larger cross-sections decrease the phase lag between 
the motions of the atoms and ions and hence decrease the dissipation. Second, the fre- 
quency spectrum derived in Section IV above is considerably lower in frequency and 
wider than the spectrum used by Piddington to estimate the dissipation, namely, a band 
between vmin = 0.016 and ^max = 0.048 sec-1. 

In the plage areas, with a representative magnetic field of 50 gauss, the Alfvén velocity 
is larger, and the damping is therefore smaller, as Tables 6 and 7 show. The variation of 
the Joule heating process with the strength of the magnetic field is greater than the varia- 
tion of the frictional process, and for this reason the latter process is more important in 
plage areas for all heights in the chromosphere above 250 km. In the photosphere the 
damping is small enough that a fraction, of the order of e-1, of any flux there might be in 
the form of Alfvén waves can penetrate through to the chromosphere, where, however, 
the damping is so low that essentially all the energy would pass through to the corona. 

Now, as has been seen in Section IV, it is expected that only fast-mode waves will be 
generated in the hydrogen convection zone, and the dissipation of these waves is the most 
relevant process for the heating of the chromosphere. The full study of the damping of 
fast-mode waves by viscosity, Joule heating, and frictional processes is extremely compli- 
cated (see Lehnert 1959), but, for our purposes, relatively simple estimates are sufficient. 
In the photosphere Vs Va, and the fast mode is essentially a sound wave, with a 
damping length given by 

f3 = 
3 fJp (48) 

which is always very long, of the order of 107 km for the largest viscosity listed in Table 
6; hence the sound damping is completely negligible, a very well-known result used by 
Biermann (1948) and Schwarzschild (1948). Therefore, it is only the electromagnetic 
processes that are important in damping the fast-mode waves, but these processes can 
be effective only when the waves have become essentially hydromagnetic in character, 
that is, at heights for which Va Vs- We have already seen that, at these heights, above 
2000 km in the undisturbed sun and above 500 km in the plage areas, the damping of 
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Alfvén waves is small. Therefore, the fast-mode waves suffer essentially no dissipation by 
the Joule heating and functional processes, and the main dissipative effects must occur 
after the waves have built up to finite-amplitude disturbances. The physical reason is 
that the fast-mode waves always have a sufficiently high velocity that the wavelength is 
large for the frequencies that occur in the sun and the dissipation is correspondingly 
small. 

VII. DISSIPATION OF SHOCKS 

In the previous section the dissipative mechanisms that occur for small-amplitude 
continuous waves were discussed and found to be insufficient to remove more than a 
fraction of the energy transported into the chromosphere by the waves. However, as they 
run out, their amplitudes build up, and shock fronts or near-discontinuities develop, in- 
creasing the dissipation very greatly. The same kind of microscopic collision processes as 
in the case of small-amplitude waves are responsible for the damping but at a greatly 
enhanced rate in the narrow transition zone at the shock front, with its steep gradients of 
density and temperature. The most straightforward way to evaluate this dissipation 
would be to work out in a detailed way the structure of the shock front, but this is a com- 
plicated and difficult problem even for pure gas-dynamic shocks (see Lighthill 1958), and 
only some general results are available for magnetohydrodynamic disturbances (Marshall 
1955). 

The alternative method for evaluating the dissipation, due to Brinkley and Kirkwood 
(1947) and applied to the gas-dynamic waves in the chromosphere by Schatzman (1949) 
and Weymann (1960), makes use of the fact that the irreversible processes all occur at the 
discontinuous shock front, so that their effect can be estimated purely from the strength 
of the shock, together with a simple assumption about the return behind the front to the 
original equilibrium state. On the other hand, the energy carried by the disturbance can 
also be expressed in terms of the shock strength, together with an assumption about the 
form of the wave, so in this way the dissipation can be related to the energy transported. 
Thus a combination of thermodynamic reasoning with fairly plausible assumptions cir- 
cumvents the necessity of explicitly working out the details of the dissipative processes in 
the shock transition zone. This method was developed by Brinkley and Kirkwood (1947) 
to apply to relatively weak shocks and was found by them to give good agreement with 
experimental data for shocks in air and water. We shall use the method generalized to 
magnetohydrodynamic waves, and, though the shocks that occur in the chromosphere 
are weak, so that the theory would be applicable if they were pure gas-dynamic shocks, 
the extension to include magnetohydrodynamic effects has never been subjected to an 
experimental test. It is probably not true in detail, particularly when the magnetic 
effects are large, but it seems sufficient for a first survey of the dissipation of shock waves 
in the sun. 

We shall use the results and notation of Bazer and Ericson (1959) to treat the fast- 
mode shocks (symbolized by these authors as M/ shocks) of interest in the photosphere 
and chromosphere. The undisturbed gas ahead of the front has density, pressure, and 
magnetic field p0, Po, and B0, which change discontinuously across the front to pi, Pi, and 
Pi, and the strength of the shock is measured by the jump in density pi — po = ypo- The 
velocity ahead of the front vanishes, while behind the front it is t/i, and behind the front 
all the quantities p, P, P, and u vary continuously from their peak values pi, Pi, Pi, and 
iii at the front, to their equilibrium values p0, Po, Po, and 0 far behind. The available 
mechanical energy D carried per unit cross-section areas by the disturbance can then be 
expressed in terms of an integral over the excess pressure and magnetic field at time t 
after the passage of the shock: 

D= - r\Un[(P-P*) (PnB-Bn0B0) | dt. (49) 
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Here un stands for the component of velocity in the direction normal to the front, meas- 
ured positive in the direction of mass flow across the front (so the velocity of the matter 
behind the front is negative in this co-ordinate system, which is the reason for the minus 
sign in front of the whole integral) ; Bn stands for the same component of the magnetic 
field, while uy and By (used in the next equation) stand for the components of these 
vectors normal to the front, in the plane defined by the normal and Bq. Since Bn is con- 
tinuous across the front, this expression can also be written 

D= - f~\un[{P-P») +-^{3*-B^-^UyEniBy-By^dt, (so) 

or, in terms of quantities just behind the shock, 

n= _ /•“( y Un\(p _p , CP-i>0) , 1 /P2 p2, (B2-Bl)-¡ 
D J0 \ Po) C?! -P0) 

+ Sir ( 1 o)(52_52)J 
(51) 

Our basic assumption, then, is that 

Uy n (ti —Tz \ (By By0) 
47t My\ \Byi Byo) ' 

un (P-Po) un(B2-Bl) 

UWo)’ (Bl-B¡) 
and 

(By I By o') 

My (By ByO ) 
(B^ —B} î/i yo 

all have the same time dependence,/^), so that we can write 

(52) 

= - 1 ««,[>! ~Po) +¿ W-Zl) ] -By.) K • 

Now we can use the results of Bazer and Ericson (1959) to express all the variables inside 
brackets in equation (52) in terms of the shock strength 77, the angle 0 between the initial 
magnetic field Bo and the normal to the front, and the density, sound velocity, Alfvén 
velocity, and fast-mode velocity p0, Fs, Fa, and F/, respectively, in the undisturbed gas 
just ahead of the front, and the result is 

D=PoVFV*to[v\+V\ 
sin2 0 (53) 

This expression has been derived for weak shocks; in the same approximation, 

Pi —Pq = 7^0 + . . . , 

By, -2^ =^——vBo+.. . , 

— — ?? Fj? + . . . , 

sin 0 cos 0 
y i (1 - V2

a cos2 0/F2,) 7 V2
f 

- Va I V -17T+ • « • , 

(54) 
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and these expressions, as well as equation (53), are actually only the first terms of power 
series but are fairly good approximations for 77 < 1. 

Next we calculate the dissipation caused by the rapid irreversible comparison at the 
front, followed by the continuous variation behind it. Following Weymann (1960), for 
this calculation we idealize the changes that an element of material undergoes as first, 
instantaneous compression from the equilibrium pressure and density P0, Po to the peak 
pressure and density behind the front Pi, pi; second, rapid cooling at constant density to 
the state P*, pi, at which the entropy has decreased to the same value it had before the 
compression (this stage is meant to represent the rapid radiative cooling of the heated 
material just behind the front); finally, slower adiabatic expansion (without heat ex- 
change with its surroundings) to the final equilibrium state Po, po, identical with the 
initial state. The energy dissipation, which all occurs during the second stage, can be 
directly evaluated from the pressure and density variations, but it is simplest to use the 
expression for the entropy jump per unit mass AS across the front given by Bazer and 
Ericson (1959), 

AS = 7(y—D 
4 -[^(7+1) 

Va sin2 9 
FJ( t^V2

A cos2 6/V2
f) 

(55) 

where cv is the specific heat at constant volume. Then, since the entropy charge in the 
third, adiabatic stage is zero but at the end of it the material has returned to its initial 
state, the entropy change in the second, cooling stage must be just the negative of that 
given by equation (55). Now the change in internal energy e per unit charge in entropy, 
at constant density is 

(de\ 1 P 

\dS/p cv(y — 1) p 
(56) 

(Courant and Friedrichs 1948), so the energy lost per unit mass during the cooling stage 
is 

Ae yPy3[1, , , Va sin2 e  
4p F2(l-F2

Acos2 0/F2,)2 
(57) 

where P and p are mean pressures and densities that occur during this stage. However, 
since this treatment is intended for weak shocks and we are consistently keeping only the 
first non-zero term, P, p can be replaced by Pi, pi, or, most simply, by P0, Po. Then, 
finally, the energy loss per unit length traversed by the shock, and per unit area of the 
shock, is 

dD 
-j-= — PoAtf 
ds 

Por [|(t+i)fi 
Va sin2 9 

(1 V2
a cos5 e/v2

p) :]+••• 

(58) 

or, using equation (53) for D, the energy per unit area carried by the shock, the mean 
damping length f for a fast-mode shock is given by 

i= _ 1 dD 

f D ds 

ÿ r(7+1) FI/3+FÍ sin2 0/(1 - Fl cos2 Ö/F2*-)2 

4 VFt0l F|+ V2
a sin2 0/(1- V*A cos20 / V2

F)
2 
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Since, for a monatomic gas 7 = f and (7 + l)/3 = f, it is not a bad approximation at 
all to replace the bracketed expression in equation (59) by 1, and to use for the damping 
length the simple formula 

Thus the damping length of a fast-mode magnetohydrodynamic shock depends chiefly 
on its velocity, the effective time required for it to pass a point, and its strength, meas- 
ured by the density jump (or, in other words, the compression caused by the passage of 
the front). 

Radiative cooling and also partial ionization tend to reduce the effective value of 7, 
but, even with the limiting isothermal value 7 = 1, (7 + l)/3 = f, and our approxima- 
tion is not too bad. Actually, however, as Weymann (I960) has shown, if the cooling at 
the front is so strong that the wave behind it is completely isothermal, then the damping 
length has a different form, independent of 77. In the sun, the radiative cooling in the 
photosphere above r = 1 is so effective that this isothermal case is probably reached, 
while deeper down in the hydrogen convection zone the situation is more nearly adiabatic 
(Spiegel 1957). In the chromosphere many observations suggest that temperature fluc- 
tuations occur, with lifetimes of several minutes (De Jager 19596), so here again radia- 
tive cooling is not completely effective, probably because a considerable fraction of the 
radiation is concentrated in optically thick emission lines and also because the recom- 
bination time is long. We have therefore consistently used equation (60) to calculate the 
dissipation, but it would be instructive to repeat the computations, assuming completely 
isothermal conditions behind the shocks, at least in the photosphere and very low chro- 
mosphere. 

Now equation (60), though it correctly predicts an infinite damping length as the 
strength goes to zero, is not really applicable to very small-amplitude waves because, in 
the derivation, a shock or discontinuity was assumed, while the small-amplitude waves 
are produced and initially propagate as continuous disturbances, which may be schema- 
tized as sinusoidal sound waves. The shock develops in the well-known way described in 
many textbooks (for instance, Sommerfeld 1950), because the crest with maximum posi- 
tive perturbation velocity u runs forward with this speed with respect to the wave, while 
the trough with maximum negative perturbation velocity runs backward with the same 
speed, and they thus approach each other with a velocity 2u. The distance between the 
crest and trough is initially X/2; so, for a wave in a homogeneous medium, the time re- 
quired for the maximum and minimum of velocity to meet and form a discontinuous 
shock front is \/4m. For a wave propagating out in the solar atmosphere, the velocity 
amplitude increases because of the decreasing density. In the very simplest approxima- 
tion we may neglect dissipation, take the velocity of sound Vs (and hence also the wave- 
length X) to be constant, and assume that the density falls with a scale height H, so the 
perturbation velocity can be written 

* = «oexp(¿), 

where here z is the height measured from an arbitrary zero point in the solar atmosphere. 
If the wave propagates at an angle (j> to the vertical, the time required for the trough and 
crest to meet and form a discontinuity and the velocity amplitude at that time are given 
by the solutions to the equations 

Jo i Jzt 
v\2Hj Fs cos 0 (Ol) 

2Hu 

Vs cos <t) ’ 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
61

A
pJ

. 
. .

13
4 

. .
34

70
 

372 DONALD E. OSTERBROCK 

where zi is the height of emission of the waves, and we have used the fact that exp 
(zi/H) <<C exp {z/H). Thus 

2u 
FsX cos 4> 

4Ï7 
Vs cos <¡) 

iüH ’ 
(62) 

and2 when the shock is developed, 2u is the total jump in velocity across the shock, given 
by rjVs for weak shocks. Therefore, 

(63) 

gives the strength rji at which the shock is fully developed (the numerical values are 
v = 1.2 X 10~2 sec, Vs = 6.5 km/sec, H = 200 km, appropriate at a height of about 
h — 1000 km in the chromosphere). Above this shock strength, equation (60) is ap- 
plicable, while for smaller strengths the damping length is greater than the formula 
indicates, although, of course, it does not increase abruptly to infinity, for there must be 
some dissipation caused by the steepened slope before the wave has become a fully 
developed shock. 

We can now also estimate the characteristic time ¿o, defined in terms of the energy 
transported by a shock front by equation (52). In the case of a pure gas-dynamic shock, 
equation (53) reduces to 

£> = Po yz
sñ\ > i(>v 

while the energy flux transported by small-amplitude waves per wave is 

p0w2 Vs 

2v 
(65) 

(Lamb 1945). Now the total difference in velocity between crest and trough is 2u for the 
sinusoidal wave and is rj Vs for the weak shock. Therefore, since a sinusoidal disturbance 
eventually transforms itself into a weak shock with, to the first approximation, no change 
in amplitude, we find, by comparing equations (46) and (65), 

¿o = Tr- = 10 sec 8v 
66) 

for í' = i'o = 1.2 X 10-2 sec“1, the mean frequency in the sun. Note that, by considering 
periodic disturbances, we have essentially treated the transformation of a train of sinus- 
oidal waves into a train of N or saw-tooth waves, while, for a single disturbance or for 
other different assumptions, a different numerical constant might occur in equation (66) ; 
in fact, Schatzman (1949) has used J, and Weymann (1960) has used instead of our 
f. These differences cause only minor changes in the result, however, because of the 
rapid increase in dissipation with increasing shock strength. It can now be seen from 
equation (60) that, for a shock strength ÿ = 0.5, the damping length is equal to the wave- 
length, so that the shocks, once they build up, are much more rapidly dissipated than the 
small-amplitude waves of the previous section. 

Now, finally, our problem is to use the results derived in this section, together with an 
estimate of the upward flux of energy in the fast-mode waves from Sections II and IV 
and the ray paths of Section V to analyze the chromospheric heating. It is clear that the 
most straightforward way to do this would be to study the propagation of individual 
waves, computing the dissipation along the path of each one, and finally combining all 
these individual dissipations to find the total non-radiative energy liberated in the 
chromosphere. This method would involve a considerable amount of numerical work, and 
so, instead, for a simpler preliminary survey we follow Schatzman (1949) in deriving and 
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then integrating an approximate equation of transfer for the average total flux carried by 
all the waves together. 

The most difficult part of the problem in either method is a physically correct descrip- 
tion of the interaction between shock waves We shall idealize greatly and assume that if 
two shocks are going in approximately the same direction—that is, with directions of 
motion differing by less than say 90°—when one overtakes the other, they simply coalesce 
to form a single stronger shock. On the other hand, when two shocks meet at a large angle 
between their directions of motion—say greater than 90°—we shall consider the process 
to be a head-on collision of two shocks. For the moment, in considering the upward 
transport of energy, we shall ignore these collisions, but we shall return to a discussion of 
them at the end of this section and in the next section. 

In the equation of transfer we first take into account the decrease in the flux due to 
dissipation. If the upward flux of energy in fast mode of shocks is written 7rF+, then the 
differential equation with dissipation as the only loss is 

d{irF+) _ 7tF+ V(3)7tF+_ ^ {?>)irF+ _ ^ 

dh f(cos</>) f 4 Vph ' 

where the approximation of equation (60) has been used for the damping length, and 
<cos <£> = 1/V3 represents the mean value that applies to a radiation field with con- 
stant intensity in all upward directions. Actually, of course, in the hydrogen convection 
zone the correct mean value of the cosine is smaller, because the intensity is largest in 
the nearly horizontal directions, as discussed in Section IV, while near /& = 0 the mean 
is larger because the intensity is peaked in the upward direction; but we shall ignore 
these improvements and always take 

< sin <£ > = V f , < sin2 <£>=§, 
(68) 

<COS0> = Vi, <cos24>> = !, 

for simplicity. 
In consistency with the assumption that upward-moving shocks reinforce one another, 

we shall assume that at any point the average frequency of passage of shocks is ^o, the 
same as the mean frequency with which the waves are emitted, so that the average flux 
at a point can be written 

7rF+ = !><cos 0) 

_ PoVfvH y2 , 2 V2a 1 
8V3 l 3 (T~~V\/3 V2

F)
2A1 

where we have used equation (53) for D and equation (66) for ¿0, with the average values 
of equation (68). Note we have assumed here that the solar magnetic field is predomi- 
nantly vertical in the photosphere and chromosphere, so that <cos2 6) = <cos2 <£> = 
etc. 

Weakening by distance, which occurs as a shock produced by a point source spreads 
out in three dimensions, does not have to be taken into account here because our as- 
sumption that shocks catch up with and strengthen each other exactly balances this 
effect. It would have to be allowed for at distances from the source comparable with the 
radius of curvature of the sun; but, since these calculations apply only to the chromo- 
sphere, a few thousand miles thick, the problem is essentially one-dimensional, and the 
distance effect is negligible. 

However, the effect of refraction, which prevents rays originally emitted in directions 
making large angles with the vertical from reaching great heights, must be taken into 
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account (Schatzman 1949). We can introduce it into the differential equation by noticing 
that in the optical analogy, in the absence of dissipation, the quantity //w2 is constant 
along a ray, where / is the intensity and n is the relative index of refraction. If we set 
w = 1 at the level where the waves are emitted, as in equation (38), then, for a radiation 
field with equal intensities in all upward directions, 

ttF+ = constant for n i 

7rF+ 

n1 ttF+ = constant for n 

(70) 

give the effect of refraction alone. Thus, combining equations (67) and (70) the differen- 
tial equation for the net flux is 

d_ 

Tk 
UF+) = - 

V ( 3 ) 7rF+ _ 

4 7^0 n for VF>V0, 

A. 
Th 

V 3 v\ ttF+ _ 
4 V2 V t ^ ^ V Q V F Q 

(71) 

for VF> Vq y 

with defined in terms of the flux by equation (69). For numerical calculations it is 
simplest to use the auxiliary functions, 

and 

gi(h) 
T/3 

_pVj_ 
7^8 V 3 

 2Va  
3(1 - V\! 3 V2

F)
2 

 271  
3(1-V2

a/3V2
f)

2 

for Vf < Vo , 

(72) 

for VF>V0, 

gi ( h) = 
V 3 

4 
(73) 

in terms of which the differential equation becomes 

A 
dh 

[In i?2gi(/z)l — Vg2(h). (74) 

Now the differential equation (74) applies only when the dissipation by the shock 
actually occurs, that is, according to the discussion leading up to equation (63), for 
rj > (rji) — 0.68 <cos <£> = 0.39. At smaller shock strengths, the dissipation is less than 
equation (74) suggests, but not zero, and we can approximately account for this by tak- 
ing the damping to be identically zero below some strength smaller than 0.39, say 0.30, 
and applying the full dissipation above that strength. The boundary condition is given 
by the energy flux incident from below, for which we have adopted, on the basis of the 
discussions in Sections II and IV, /irF+ = 3 X 107 ergs/cm2 sec for the average undis- 
turbed sun. With this value, equation (69) for the flux leads to rj = 0.32 as the mean 
shock strength at the base of the chromosphere, and /z = 0. This is close enough to the 
0.30 mentioned above that the integrations have been started at this point, that is, the 
boundary condition that has been adopted is if = 0.32 at Ä = 0. The results are not very 
sensitive at all to this assumption; in fact, one integration was carried out, assuming that 
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HEATING OF SOLAR CHROMOSPHERE 375 

no dissipation occurs for rj < 0.50, which, with the same net flux, is reached at a height 
of about h = 450 km in the chromosphere, but at greater heights this solution converges 
rapidly to the solution begun at Ä = 0. 

Numerical solutions for assumed magnetic fields B — 0.5 and 2 gauss, to represent the 
disk of the sun, as well as 5 = 50 gauss, to represent a plage area, were carried out nu- 
merically and are listed in Table 8. Also, for the plage field, additional solutions are listed 
for assumed fluxes ttF+ = 1 X 108 ergs/cm2 sec and 3 X 108 ergs/cm2 sec, the last value 
being the estimated flux in a plage area according to Section IV, and there is one solution 
for a normal field (B = 2 gauss), but a low assumed flux (wF+ = 3 X 106 ergs/cm2 sec) 
calculated for comparison purposes. The calculated dissipation per unit mass as a func- 
tion of height, which must be balanced by the radiation and thus tends to determine the 
local temperature, is shown graphically for each solution in Figure 2, while the upward 
energy flux as a function of height is plotted for each solution in Figure 3. 

Some general features are common to all the solutions. At first, at the lower heights, 
the shock strength 77 rises, because of the decreasing density and the nearly constant 
upward flux and velocity of sound. However, the dissipation grows rapidly as the shock 
strength increases, which, as a result, is limited to a maximum value of about 0.8 over the 
whole range of tabulated integrations. At greater heights the increase in the wave veloc- 
ity, due to the increasing importance of magnetohydrodynamic effects, tends both to 
decrease the shock strength (for a given flux) and also to decrease the flux by refraction, 
and both these effects decrease the dissipation still farther out. The greatest heating (per 
unit mass) occurs at heights between 1000 and 2000 km in the chromosphere for the 
magnetic fields 0.5 and 2 gauss assumed to apply, on the average, to the sun. Now if the 
equilibrium at a given height in the chromosphere were independent of density, then the 
relative number of atoms and ions in excited states and able to emit radiation would de- 
pend only on temperature, and the emission rate per unit mass would also depend only 
on temperature, and therefore the maximum temperature would occur between 1000 and 
2000 km. However, particularly at the low densities occurring in the outer part of the 
chromosphere, the equilibrium is strongly density-dependent, and most radiation proc- 
esses are a consequence of two-body collisions; hence it is the heating rate per unit mass 
and per unit density that fixes the temperature (Athay and Thomas 1956). This quantity 
continues to increase outward beyond 2000 km, eventually nearly flattening off from 
4000 to 6000 km, and these calculations therefore predict that the chromospheric tem- 
perature continues to increase (or at least does not decrease) outward to the boundary 
of the corona. 

In the plage regions the magnetohydrodynamic effects become important at smaller 
heights in the chromosphere, and, as a result, the shock strength is smaller, and the dis- 
sipation is concentrated to smaller heights, with a maximum height (per unit mass) be- 
tween 500 and 750 km. However, the increased refraction is a little less effective than the 
decreased dissipation, and, as a result, the remaining upward flux at a given large height 
increases with increasing magnetic field, for the same initial flux at the bottom of the 
chromosphere (compare solutions 1,2, and 5). Furthermore, the increased upward flux 
in the plage regions causes the shock strength to be large lower down and therefore causes 
dissipation to occur at depths down to — 200 km in the photosphere (see solutions 6 and 
7)* .... 

The effect of refraction naturally decreases with decreasing magnetic field, and in- 
tegration of the dissipation tabulated in Table 8 gives the result that, at 13 = 0.5 and 2 
gauss, essentially all the wave energy entering the chromosphere is absorbed there, and 
only a negligible amount is refracted, while, for i? = 50 gauss, about 78 per cent is dis- 
sipated, and 22 per cent is refracted back down into the photosphere, for the solution 
with flux 3 X 107 ergs/cm2 sec incident from below, and for larger fluxes the fraction dissi- 
pated is larger, reaching 98 per cent for the flux 3 X 108 ergs/cm2 sec incident from be- 
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TABLE 8 

hock Strength, Energy Flux, and Dissipation 
for Fast-Mode Waves 

Mean Shock 
Strength 

V 

Flux 
irF+ 

(ergs/cm2 sec) 

Dissipation 

(ergs/cm3 sec) 

Dissipation 
e/ p 

(ergs/gm sec) 

1 .¡3=0 5 gauss, xF+(0) =3X107 ergs/cm2 sec 

0 32 
41 
62 
71 
78 
74 
68 
32 
19 
12 

0 078 

3 0X107 

1 5X107 

7 2X106 

2 6X106 

8 1X105 

8.2X104 

1 1X104 

8 0X102 

1 8X102 

6 4X10 
3 1X10 

6 4X10-1 

3 9 X10“1 

8X10-1 
ixio-i 
9X10"2 

6XIO-3 

OXIO-4 

1 2 X lO-6 

1 3X10-6 

2 2X10-7 

6 5X10-8 

4 0X107 

8 3X107 

0X108 

7X108 

5X108 

0X108 

3X108 

8 OXIO7 

2 2X107 

9 0X106 

4 7X106 

2. B = 2 gauss, 7rF+(0) =3X107 ergs/cm2 

0 32 
43 
61 
70 
78 
72 
55 
12 
058 
029 

0 018 

3 OXIO7 

1 6X107 

7 1X106 

2 5X106 

8 1X106 

8 8X104 

1 6X104 

1 IXIO3 

4 6X102 

1 5X102 

7 8X10 

4X10-1 
5X10-1 
8X10"1 

1x10-1 
8X10"2 

7X10"3 

IXIO"4 

2X10“6 

2X10"7 

4X10-8 

7X10“9 

OXIO7 

5X107 

9X108 

6X108 

4X108 

IXIO8 

5X108 

IXIO7 

OXIO6 

8X106 

IXIO6 

3 I? = 2 gauss, 7rF+(0) =3 XIO7 ergs/cm2 sec No Dissipation for »j ^0 50 

0 32 
58 
75 
79 
83 
73 
55 
12 
058 
029 

0 018 

3 OXIO7 

3 OXIO7 

1 OXIO7 

3 2X106 

9 IXIO6 

9 OXIO4 

1 7X104 

IXIO3 

2X102 

5X102 

8X10 

1 1 
5 OXlO-i 
1 6XIO-1 
4 6X10-2 

8XIO-3 

2X10"4 

2X10-6 

2X10“7 

4X10-« 
7X10-9 

4X108 

3X108 

4X108 

6X108 

3X108 

6X108 

IXIO7 

OXIO6 

8X106 

8 IXIO6 

4. B = 2 gauss 7rF+(0) =3X106 ergs/cm2sec 

0 10 
18 
37 
51 
64 
68 

.54 
12 
057 
029 

0 017 

3 OXIO6 

3 OXIO6 

2 6X106 

1 3X106 

5 4X106 

7 6X104 

1 6X104 

IXIO3 

3X102 

5X102 

6X10 

IX lO”2 

IXIO"2 

IXIO"2 

OXIO"3 

9X10-4 

OXIO”6 

8XIO-7 

3X10"8 

9.6X10“9 

5X107 

7X108 

5X108 

9X108 

2X108 

OXIO7 

3X106 

8X106 

8 OXIO6 
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TABLE 8—Continued 

Height 
h 

(km) 

0 
250 
500 
750 

1000 
1500 
2000 
3000 
4000 
5000 
6000 

- 100 
0 

+ 250 
+ 500 
+ 750 
+1000 
+1500 
+2000 
+3000 
+4000 
+5000 
+6000 

- 200 
- 100 

0 
+ 250 
+ 500 
+ 750 
+1000 
+1500 
+2000 
+3000 
+4000 
+5000 
+6000 

Mean Shock 
Strength 

v 

Flux 
ttF+ 

(ergs/cm2 sec) 

Dissipation 
€ 

(ergs/cm3 sec) 

Dissipation 
e/p 

(ergs/gm sec) 

5 2? = 50 gauss, 7rF+(0) =3 X107 ergs/cm2 sec 

3 1X107 

1 7X107 

9 0X106 

3 4X106 

8 3X105 

8 4X104 

1 0X104 

2 1X103 

8 4X102 

3 3X102 

1 7X102 

5X10-1 
4X10-1 
5X10-1 
0X10"2 

OXIO"3 

2X10-6 

1X10"7 

9X10-9 

7X10-1° 
6X10-11 
8X10-12 

1X107 

4X107 

7X108 

7X108 

4X107 

9X106 

5X105 

9X104 

2X103 

9X103 

8 2X102 

6 ^ = 50 gauss, 7tF+ ( —100) = 1X108 ergs/cm2 sec 

8X107 

5X107 

2X107 

3X107 

7X106 

1 1X10° 
1 1X105 

1 3X104 

2 6X103 

1 2X103 

4 2X102 

2 1X102 

4 6X10-1 
6 2X10-2 
3 0X10-3 

1 7X10-* 
1 6X10-7 

4 2X10"9 

6 2X10-1° 
6 7X10-11 
1 4X10-11 

1X107 

5X108 

4X108 

9X108 

6X108 

OXIO7 

8X10° 
1X106 

8X104 

OXIO4 

8X103 

2X103 

7. £ = 50 gauss, xF+( —200) =3 X108 ergs/cm2 sec 

8X108 

2X108 

5X108 

8X107 

1 7X107 

5 6X10° 
1 3X10° 
1 2X105 

1 6X104 

3 1X103 

1 3X103 

5 OXIO2 

2 5X102 

8 
9 
8 
1 
8X10-1 
1X10-2 
9X10“3 

IXIO“6 

OXIO"7 

OXIO"9 

8X10-i° 
8 6X10-11 
1 8X10-11 

2X107 

3X108 

2X108 

4X108 

7 2X108 

4X108 

4X107 

6X10° 
7X105 

OXIO4 

1X104 

6X103 

5X103 

low. Thus the assumption that we have implicitly used—that the wave energy generated 
in the hydrogen convection zone can be equated to the total energy dissipated in and 
then radiated from the chromosphere and corona—is approximately verified. 

In summary, we have seen in this section that the shock dissipation of fast-mode 
waves can be worked out and that the heating of the chromosphere can be understood 
in terms of this process, except that possibly the calculated energy dissipated in the 
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Fig. 2.—Computed fluxes, transported by fast-mode waves in the sun. Upper, undisturbed sun: 
1, 5 = 0.5 gauss, solid line; 2, B = 2 gauss, solid line at left (coincides with 1), alternate dots and dashes 
at right; 3, B = 2 gauss, no dissipation until rj — 0.50, alternate dots and dashes (coincides with 1 at 
right); 4, B = 2 gauss, smaller initial flux, dots at left, alternate dots and dashes at right (coincides with 
2 and 3). Lower, plage area: 5 = 50 gauss, 5, 6, 7 from bottom to top in order of increasing initial flux. 
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Fio, 3.—Computed dissipation by fast-mode waves in sun. Upper, undisturbed sun: 1, B = 0.5 gauss, 
solid line; 2, B = 2 gauss, long dashed line at left, alternate long and short dashes at right (coincides 
with 3); 3, B = 2 gauss, no dissipation until rj — 0.50, alternate long and short dashes; 4, 2? = 2 gauss, 
smaller initial flux, short dashes. Lower, plage area: B — 50 gauss, 5, 6, 7 from bottom to top in order of 
increasing initial flux. 
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upper chromosphere is slightly too small. The increased dissipation in plage areas in the 
chromosphere can be understood as a result of the increased flux incident from below, 
which also causes excess non-radiative heating in the photosphere below, but not nearly 
enough to provide the energy source for the photospheric faculae observed at the limb in 
white light (Ambartsumyan 1958; Rogerson 1961). However, the coronal heating cer- 
tainly cannot be directly due to the fast-mode waves, simply because the flux incident at 
the top of the chromosphere is only of order 102 ergs/cm2 sec (see Table 8 or Fig. 3), 
while the required dissipation in the corona is of order 104 or 105 ergs/cm2 sec (see Sec. 
II). Also, the dissipation of the fast-mode disturbances does not provide enough energy 
to explain the emission from the upper chromosphere above plage regions. 

Now we have omitted from our simplified treatment of the fast-mode waves the effects 
due to the collisions between shocks, including both increased dissipation and also the 
generation of additional disturbances. Furthermore, we have not treated in any way the 
generation of disturbances caused by the passage of fast-mode shocks through the 
chromosphere. Neither of these processes can be worked out quantitatively at the present 
time because the required physical theory is not available, but we discuss them qualita- 
tively in the next section and show that it is quite likely that slow-mode disturbances 
generated in this way provide additional heating in the upper chromosphere and that the 
Alfvén waves, together with the slow-mode waves, heat the corona. One further ques- 
tion, that could be treated only by a more refined statistical treatment of shocks, is 
whether it is possible that, in a distribution of shocks, the smallest shocks with therefore 
the longest dissipation lengths can carry significant amounts of energy to greater heights 
than the average shocks considered in the differential equation (71). 

VIII. ALFVÉN- AND SLOW-MODE WAVES 

In the analysis of the preceding section, the interactions between fast-mode shock 
fronts have been entirely omitted, and we next discuss qualitatively the effects they 
cause. For overtaking collisions, in which one shock strikes another from behind, it is 
probably not too bad an approximation simply to add the intensities as we have done; 
for, at least in the case of pure gas-dynamic waves, the only other effects are a contact 
discontinuity and a reflected rarefaction wave, which is generally weak (see Courant and 
Friedrichs 1948) and which therefore can be neglected in the first approximation. How- 
ever, particularly at the level at which the refraction bends the fast-mode rays toward the 
horizontal direction, approximately head-on collisions must be common. In such a col- 
lision the shock fronts pass through each other, a heated region with a contact discon- 
tinuity in it is left between them, and in the magnetohydrodynamic case some energy 
must, in general, be fed into the other two modes as well, and thus Alfvén-mode and 
slow-mode disturbances are generated in the collision. This is particularly true in the 
present case because the head-on collisions occur as a consequence of refraction, which in 
turn is caused by the increase in the Alfvén velocity outward, and, indeed, reference to 
Table 2 and Figure 1 shows that, at the levels both in the undisturbed sun and in the 
plage areas where collisions occur because of refraction, Va ~ Vs and the mixing be- 
tween the three modes is a maximum. However, no quantitative basis for calculating the 
amplitude excited in each mode in such a shock collision is available at the present time. 
Piddington (1956) has mentioned this effect, referring to it as an interaction of the waves 
with the observed small-scale inhomogeneities in the structure of the chromosphere, and 
these inhomogeneities are here identified as the disturbed regions behind the shocks. 

Another process in which the Alfvén- and slow-mode disturbances are generated has 
been discussed by Grad (1959), namely, that the passage of a fast-mode wave in general 
leaves behind it residues in the other two modes, which then propagate away along the 
lines of force. Finally, because in the particular case of the chromosphere the wave 
length of the fast-mode disturbances is of the same order as the dimensions of the layer 
involved, the approximation of geometrical optics, which is strictly true if the variations 
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HEATING OF SOLAR CHROMOSPHERE 381 

in the medium occur over distances large in comparison with the wavelength, is not well 
fulfilled. It is therefore plausible that an outward-running fast-mode disturbance will be 
partly transformed into the other modes, a process that might be called the generation 
of Alfvén- and slow-mode disturbances by interaction of a fast-mode wave with the 
large-scale structure of the chromosphere. 

From these remarks, it is clear that, particularly at higher levels in the chromosphere, 
some energy is removed from the fast-mode flux by effects not included in the integra- 
tions of the previous section and that this excess is partly dissipated as heat (by shock 
collisions) and partly fed into the other modes by all three processes mentioned. Further 
theoretical work on magnetohydrodynamic disturbances will be necessary before the 
excitation of the various modes can be quantitatively calculated; therefore, we can only 
indicate, by schematic computations, plausible connections between these expectations 
and observed features of the sun. 

First, for the slow-mode waves, we shall assume that approximately 10 per cent of the 
fast-mode flux incident at the level where Vs = Va (h = 2000 km in the undisturbed 
disk with B — 2 gauss, 500 km < & < 750 km in the plage regions with I? = 50 gauss) is 
converted into upward-traveling disturbances of this type. If much of the excitation is 
due to the collisions between fast-mode shocks, only a fraction of the sun’s disk can be 
covered at any one time by the slow-mode disturbances, and, guided by observations of 
spicules, which will be identified below with these disturbances, we shall assume that 10 
per cent of the area of the sun is covered by them. Thus, specifically, we assume that 
above the level Vs = a total of 10 per cent of the area is taken up by slow-mode 
shocks propagating upward along the assumed vertical field and that at this level the 
total flux in the slow-mode shocks is approximately 10 per cent of the fast-mode flux, so 
that, within the area where there is a slow disturbance, the fast-mode and slow-mode 
fluxes are comparable. The upward-traveling slow-mode shock is discussed by Bazer and 
Ericson (1959) ; it is called the 0° limit of an M8W shock under the circumstances we are 
discussing, Vs < Va, and it is a gas-dynamic shock (G8 shock in their terminology) 
moving essentially with the speed of sound and with the material motion along the direc- 
tion of the magnetic field. For very strong disturbances, this goes over continuously into 
a switch-on shock (Sw) moving with the Alfvén velocity and with material motion per- 
pendicular to the field as well as parallel, but in the chromosphere the waves will not have 
this property except very near the level where Va = Vs- The slow-mode disturbances 
can therefore be discussed as pure gas-dynamic or sound shocks, propagating only along 
the direction of the field, and they can be analyzed by omitting the magnetic-field and 
refraction effects and the angular dependence of the intensity from the relations of Sec- 
tion VI. Thus the flux irF+s can be written in terms of the mean shock strength r¡s: 

■xF+s = Dsvs = Po ’ (7S) 

the damping length Çs can be written 

^ Vs1™ 
vs 

and the differential equation for the flux can be written 

jh{irF+s) = 
nF+s 

4 
vs 

(76) 

(77) 

We have again adopted tos ^ | as for the fast-mode shocks, but, since many of the 
slow-mode disturbances are, according to the discussion above, generated by collisions of 
two fast-mode shocks, which certainly occur less frequently than the passage of a single 
disturbance at a point, it must be that v > vs and, correspondingly, > ¿o. Guided 
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382 DONALD E. OSTERBROCK 

again by the observations of spicules, we have adopted ¿0 = 100 and 40 sec, 10 and 2.5 
times the characteristic time for fast-mode shocks, in the integrations that follow, two of 
which were carried out for the undisturbed disk with B — 2 gauss and one for a plage 
area with i? = 50 gauss (the magnetic field does not enter the differential equation but 
does determine the starting level, where Va = Vs, and also the initial flux at that level). 

The solutions are listed in Table 9, where it should particularly be noted that the flux 
and dissipation are given within the area covered by slow-mode disturbances. Hence, to 
find the average of those quantities over the whole solar surface, the tabulated values 
must be multiplied by the fraction of the surface covered by these disturbances (0.10 
according to our assumption). First of all, it can be seen that the average shock strength 
is quite large in comparison with the fast-mode strength; this is a consequence of the 
fact that the energy is transported by a relatively ineffective process, namely, the sound 
mode in regions where Vs < Fa. In fact, the shock strengths are large enough that the 
equations used for the flux and the dissipation, based on the weak-shock approximation, 
are no longer valid, so that the solutions themselves are only poor approximations and 
can be trusted only in order of magnitude. The dissipation is relatively ineffective in 

TABLE 9 

Shock Strength, Energy Flux, and Dissipation 
for Slow-Mode Shocks 

Height 
h 

(km) 

2000 
3000 
4000 
5000 
6000 

2000 
3000 
4000 
5000 
6000 

750 
1000 
1500 
2000 
3000 
4000 
5000 
6000 

Mean 
Shock 

Strength 
Flux 
ttF+s 

(ergs/cm2 sec) 

Dissipation 

(ergs/cm3 sec) 

8 B = 2 gauss, /o = 40 sec 

2 1X104 

1 0X104 

4 8X103 

2 5X103 

1 4X103 

1 4X10"4 

8 2X10-6 

3 4X10-5 

1 5X10-5 

7 7X10"6 

9. B = 2 gauss, /o = 100 sec 

2 1X104 

1 5X104 

1 0X104 

6 8X103 

4 4X103 

5 5X10-5 

6 OXIO"6 

4 3X10-5 

2 8X10“6 

1 8X10"5 

10. B = 50 gauss, io = 40 sec 

6X106 

4X106 

8X106 

6X106 

4X104 

1X104 

3X103 

1X103 

2X10"2 

6X10-2 
1X10-2 

1 4X10-2 
2 X10-4 

2X10"4 

5X10-5 

1 4X 10- 

Dissipation 
e/p 

(ergs/gm) 

1 8X108 

5 4X108 

5 7X108 

6 3X108 

6 4X108 

7 3X107 

4 0X108 

7 1X108 

1 2X109 

1 5X109 

1 8X107 

9 3X108 

6 9X109 

1 9X1010 

4 8X109 

2 0X109 

1 5X109 

1 2X109 
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reducing the flux because of the long characteristic time assumed (compare solutions 8 
and 9), which corresponds physically to a long wave, transporting a large amount of 
energy, headed by only a single front at which the dissipation chiefly occurs. Also, of 
course, there is no refraction to reduce the flux. In the upper chromosphere the dissipa- 
tion in the slow-mode shocks, averaged over the solar surface, is larger than the fast- 
mode dissipation, as shown in Figure 4, where the presumed best solutions are plotted for 
the normal sun (solutions 2 and 8) and for a plage area (solutions 7 and 10). 

When the upward-propagating slow shocks reach the top of the chromosphere, they 
excite disturbances in the corona and also themselves carry chromospheric matter up 
into the corona. It thus appears quite plausible to identify the spicules observed at the 
limb of the sun as this chromospheric material, carried up along the magnetic lines of 
force, above the top of the average chromosphere. We can treat the boundary value that 
arises in an approximate way by considering the slow shock as a pure gas-dynamic shock 

HEIGHT (KM) 

Fig. 4.—Computed dissipation in chromosphere above undisturbed sun, B = 2 gauss, solid line, solu- 
tions 2 and 8, and in plage area, B = 50 gauss, dashed line, solutions 7 and 10. In both cases left-hand 
curve is result of fast-mode disturbances; right-hand curve, of slow-mode disturbances (assumed to cover 
10 per cent of sun’s area at any moment and averaged in this drawing over whole area). 

in the corona, as well as a reflected disturbance moving down into the chromosphere, and 
we shall idealize the transition from the chromosphere to the corona as a sharp interface, 
plane and perpendicular to the magnetic field and therefore parallel to the incident front. 
The velocity of sound is much higher in the corona than in the chromosphere; for this 
computation, we shall treat the disturbances as adiabatic with t = f and take the 
velocities of sound to be Vs = 12 km/sec at the top of the chromosphere and Vs = 160 
km/sec in the corona, corresponding to a temperature of about 1200000° K, while the 
pressure is assumed constant across the interface. When the shock in the cooler gas strikes 
the interface, a shock is excited in the hotter gas and runs rapidly ahead, while a rarefac- 
tion wave is propagated back into the cooler gas, which is thus speeded up enough that 
the interface keeps up with the rapidly moving hot gas ahead of it. In the limiting case 
in which the hotter gas has infinite temperature and therefore (because of the pressure 
equilibrium) zero density, the problem becomes one of expansion into a vacuum, for 
which the well-known solution is that the interface moves with the escape speed, three 
times the speed of sound in the gas behind the rarefaction wave; so we expect that, for a 
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finite coronal temperature, the speed of the interface will be intermediate between the 
material velocity behind the shock and the escape speed. Reference to the x-t diagram of 
Figure 5, together with the relations for shocks and rarefaction waves given by Courant 
and Friedrichs (1948) (however, the interaction process of a shock in a cooler gas striking 
a hot gas is incorrectly described in this book), with the definitions 

give the equations 

7+1 
7-1 ’ 

ui   y io — 1 M — 1  

To" V (vyio+i) V(m+D ’ 

(78) 

(79) 

V¡ 

Fl 

743 — 1 M — 1  

V ( M 743 + 1 ) V (m+ 1) ’ 

ryio(M + yio)i1/2 ^ 

L M7io+i J °’ 

f5= v i 

(80) 

(81) 

(82) 

/ f5 v^-1) 
(83) 

743 = 751710 • (84) 

Fig. 5.—x-t diagram of a gas-dynamic shock wave passing from a cold gas (chromosphere) to a hot gas 
(corona) and exciting a rarefaction wave running back into the cold gas. Shock discontinuities and rare- 
faction boundaries shown as solid lines, particle paths as dotted line, the boundary between the hot and 
the cold gas, across which the pressure and velocity are continuous, shown as a dashed line. 
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Note that we have here written the velocities of sound Fs in the various regions Fo, 
Fi, . . . , and it can be seen that, with Fo and F3 known (the initial conditions in the 
gases at rest), as well as ;yi0 (the shock strength in the cooler gas), these six equations can 
be solved for the six unknowns Ui, 343, ^51, Fi, F5. 

Since the differential-equation solutions of Table 9 show that strong shocks are inci- 
dent from below, we have carried out one solution of equations (78)-(83) above for a 
strong shock with ^10 = 3.5 corresponding to u\ = 9.\ km/sec, Ui/Vs = 0.76 « vjSi and 
the result is = 19.5 km/sec, the velocity of the interface (which we identify with the 
top of the spicule) up into the corona. This is in the range of velocities of observed 
spicules, which have a broad distribution with a maximum around 20 or 30 km/sec 
(Rush and Roberts 1954; Lippincott 1957). Furthermore, for this solution, Fi = 15.9 
km/sec, which indicates that the material behind the front is heated by a factor slightly 
less than 2 before it reaches the top of the chromosphere, while Fg = 12.9 km/sec, which 
indicates that the expansion as it enters the corona cools the spicular material to a tem- 
perature close to that of the top of the average chromosphere. Thus many of the ob- 
served properties of the spicules can be understood from the theoretical picture that they 
are the visible effects of slow-mode shocks. One fundamental difficulty remains, however, 
namely, that we have completely omitted gravity from our treatment of the waves, al- 
though we have used the observed structure of the chromosphere and corona that is ulti- 
mately a result of the sun’s gravitational field. Therefore, though these ideas should cor- 
rectly give the initial velocity of a spicule, they do not explain how the spicules can con- 
tinue to rise for times as long as 5 minutes, reaching heights of 4000 km or more above 
the chromosphere (Rush and Roberts 1954; Lippincott 1957) in spite of the deceleration 
of gravity, which would limit their heights to about 1000 km (for an initial velocity of 
20 km/sec) on the absence of continuing source of energy. However, a combination of a 
somewhat stronger shock with a long wave behind it may be sufficient to explain all the 
observational data, and we may perhaps adopt this picture of spicules as a working 
model for the time being. 

Finally, we discuss briefly the heating of the corona. The integrations of Tables 8 and 
9 indicate that the supply of energy carried by the fast and slow shocks is insufficient to 
supply the coronal losses, which were estimated in Section II to be probably about 
1 X 105 ergs/cm2 sec at sunspot minimum, possibly larger by a factor of 3, possibly 
smaller by a factor of 10. Therefore, the main source of heating of the corona must be the 
dissipation of Alfvén waves, a conclusion many previous authors have reached (Alfvén 
1947; Piddington 1956; Parker 1958). We have seen in Section VI that these waves can- 
not penetrate up through the photosphere, so they must be generated in the chromo- 
sphere, presumably by the same processes as those discussed above that also generate 
slow disturbances. The supply of energy in Alfvén waves incident at the top of the chro- 
mosphere must be larger than the amount dissipated in the corona, because a consider- 
able fraction is refracted back down without entering the corona. This can be estimated 
quantitatively if we again idealize the transition as a sharp interface, normal to the 
magnetic field, because across such a boundary the ratio R of transmitted to incident 
energy can be found to be 

4WPL)1/2 

[1 +Wpl)1^]* 
(85) 

from the amplitude relations derived by Roberts (1955), where pu and pl stand for the 
densities in the upper and lower media, corona and chromosphere, respectively, in our 
case, with the wave incident from below. For the case of the corona-chromosphere transi- 
tion, pu/pl = too about, so Æ ^ about. Thus, to deliver 105 ergs/cm2 sec of energy to 
the corona in the Alfvén mode required that about 3 X 105 ergs/cm2 sec be incident from 
below. This is a rather large amount, considerably greater than the energy that must be 
put into the slow mode to explain the heating of the upper chromosphere. It can con- 
ceivably occur, lower down in the chromosphere, as a consequence of the same processes 
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that generate the slow-mode disturbances, but again a quantitative calculation is not 
possible at the present time. Excess heating above plages can certainly be understood as a 
consequence of excess generation of fast-mode disturbances by magnetic turbulence in 
the hydrogen convection zone, leading to excess generation of Alfvén waves in the lower 
chromosphere. In fact, according to this picture, a considerable amount of coronal heat- 
ing should be due to the plages, and variations in the X-ray and Lyman-a flux would be 
expected through the solar cycle. 

We have seen in Section VI that the Alfvén disturbances pass freely through the 
chromosphere, with only very small damping by the Joule and frictional heating proc- 
esses. No compression is involved in an Alfvén disturbance, and hence there is no excess 
shock dissipation. Parker (1960) has discussed in detail how Alfvén waves in the corona 
build up to large perturbation velocities, of the order of the Alfvén velocity itself, which 
is Va = 150 km/sec for an assumed field B = 1 gauss and electron density Ne = 108 

cm-3, and then are dissipated. Hence we shall not discuss this process further, but simply 
consider that whatever energy enters the corona in the form of wave motion will be 
dissipated there. 

However, one further remark concerning the interpretation of the coronal observa- 
tions may be made at this point. A discrepancy between the coronal temperature deduced 
from line-width measurements, about 2 X 106 ° K, and the temperature deduced from 
the ionization equilibrium, about 6 X 105 0 K, remains with the present best estimated 
values of the relevant ionization cross-sections (Burgess 1960). But the line profiles 
measured are those of [Fe x] and [Fe xiv], for which the root-mean-square thermal com- 
ponent of velocity is about 20 km/sec, and this is so small in comparison with the ex- 
pected velocities in the Alfvén waves that it is quite likely that these non-thermal mo- 
tions make some contribution to the widening of the profile and thus falsify the derived 
temperature, even in regions selected to be relatively quiet. The observation that in the 
cases studied by Pecker, Billings, and Roberts (1954) the relative widths of the Fe x, 
Fe xiv, and Ca xv lines agreed with the thermal widths at a temperature 3500000° K 
argues against non-thermal motions, but, as these authors point out, further study of 
other cases is necessary. 

IX. PINAL SUMMARY 

It has been seen that the generation of fast-mode disturbances in the hydrogen convec- 
tion zone, their passage through the photosphere, and their dissipation as shocks and the 
resulting heating of the lower chromosphere can be approximately understood in a quan- 
titative way. The enhanced heating in plage areas is probably due to excess generation of 
fast-mode disturbances by turbulent magnetic fields in the upper part of the hydrogen 
convection zone beneath them. The heating of the upper chromosphere is chiefly due to 
slow-mode shocks, and the spicules observed at the limb are probably chromospheric ma- 
terial pushed up into the corona by these disturbances. The corona is probably heated 
mostly by Alfvén waves, but the flux required is fairly large if the solar Lyman-a line is 
emitted in a high-temperature transition zone, with energy provided by conduction of 
heat inward from the corona. Though Alfvén- and slow-mode waves would be completely 
absorbed in the photosphere, small-amplitude fast-mode waves are not appreciably dissi- 
pated in the chromosphere by Joule heating or frictional heating processes. 

More precise estimates of the effects of the slow- and Alfvén-mode waves could be 
made if their rate of generation were known, but the physical theory for calculating these 
rates is not at present available. Therefore, a theoretical study of the interaction between 
two colliding fast shocks, as well as of the mixing of modes caused by the passage of a fast 
shock through a region with a relatively steep density gradient, is necessary for further 
quantitative understanding of the outer solar atmosphere. Other complicating effects 
that have been ignored here but which must be taken into account in a more detailed 
treatment of the waves in the sun include the preheating of the material ahead of the 
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shock by radiation excited in the shock and the ionization energy absorbed by material 
passing through the shock, so the real problem is very complicated indeed, and consider- 
able effort will be required to reach a complete solution. 

I should like to express my gratitude to Dr. J. R. Oppenheimer for his kind hospitality 
extended to me at the Institute for Advanced Study. I am greatly indebted to Drs. 
R. F. Christy, M. Schwarzschild, B. Strömgren, T. D. Wilkerson, and L. Woltjer for 
helpful discussions and suggestions on the subjects of this paper and to the John S. 
Guggenheim Foundation, the Institute for Advanced Study, and the University of 
Wisconsin Graduate School for support of this research. 
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